Midterm1 — 201, Fall 2016

Instructor: Wenjing Liao

o Please keep your own work covered up as much as possible dur-
ing the exam so that others will not be tempted or distracted.

e No notes, books or calculators are allowed.

e Read each problem carefully. Show all work for full credit.

e Make sure you have 10 pages, including the cover page (Page
1) and the score page (Page 2).

Name: Section:

I would not assist anybody else in the completion of this exam. I
would not copy answers from others. I would not have another
student take the exam for me.

Signature:



'Total



Problem 1: (20 points):

Write down T if the following statement is true and F if the
statement is false. (2 points each)

Example: F 10 vectors in RY can be linearly independent.

(1) T The transformation T(A) = AT from R5*® to R5*5
is an isomorphism.

(2) E_ Consider the linear transformation:
T(f) = det [?71 'UQ ‘e ﬁn——l f]
from R™ to R, where 1,75, ..., 7,-1 are linearly indepen-
dent vectors in R™. The nullity of T is equal to n.
(3) _I Determinant of the following matrix is necessarily 0.
a1b1 a1b2 albg (1164
CLle a262 a2b3 CLQb4

a3b1 agbg a3b3 CL3b4
&4b1 a4b2 Cl,4b3 a4b4

(4) .E The dimension of W+ is equal to 2, where

W = span

IR N
|
[$V)



6) E If the n X » matrices A and B are orthogonal matri-
ces, A+ B must be orthogonal as well.

I Consider an orthonormal basis @, @, . . , Uy in R™,
The least-squares solution of the system A:r = U, where
A=ty Uy, ..., U] is &=0.

(8) o (£,9) = f(L)g(1) + f(2)g(2) is an inner product in

(9) I Let A be an n xn matrix. If X is an eigenvalue of A,
then A2+ \+1is an eigenvalue of the matrix A% + A+ I,,.

(10) J:_ There is an orthogonal transformation 7" from R3 to
R? such that
2 3 -3 2
T3 =10 and T|2| =13
0 2 0 0



Problem 2 (12 points):

Let
1 00
A=111 1/.
011
(1) Find the elgenvalues of A. (5 points)
A =~ 0 O -
A-AL= 1 ]
YO 1 =N

Chosssterstepolynanad  PaN= dot (A A1) = (FX) [(F)*=1]
| = (1)) (R =20 = (IFORN(N2)

E(&LQAVL\M% Ni=| A2=0 A3= 2,

(2) Find the eigenvectors of A. (7 points)

for W=14 B ker(A-NT) = g?“"‘{ L‘ﬂ }
K ?”;‘;} SR “ m
o I 01lx 0 270 =X
} 0
Jor =D Bay = ker{A-R1) = 5@{ [J,} }

I o OZ[)Q 0 Xi=0 I 0
! [ XL | = [OJ Xt Xr=0 Xl]:[ﬁ.}
[ o | 1. 7(5} Lo }X}‘ Xz) %
o

ForN=2 By = ker(A-NI) = Span { (;‘J }

| © o "Xy 70 X1=9 X O
I HXl]:‘O] o x| = [X‘L]
{O [ - - X} o | B : X2

)0),



Problem 3 (16 points):

- =
Let Vi \2
-1 1
1 3
A= 1 3l
-1 1
(1) Find the QR factorization of A. (10 points)
7 ‘ -1
= Vi 4 |
ﬁ::ll—\ml':a?, W= "= = ‘]
-1
— P 7l = — ‘ -l 2
= Y- V=% Vi = W—-ml = 30 _ ] - 2z
3 c 2
Lo | 2
—- —,D*.L )
. bard pi 1
By = IVl = 4 U=—""= =L |,
kﬂfp |
K —t——
-] 2 2]
= gl b 0 4
A > I

(2) Let V = image(A). Compute Proj,, . (6 points)

A \ |
o2 2] pg g (0T (B-DR

=3 (-4t342-0) T + 2 (3211 W

[l SOREEV TN

= bla

if
&

A ——

LT



fi

Problem 4 (20 points, 5 points each):

a b ¢ a d g
Let A= |d e f andB:(b e h | such that det A =2
g h i 12 3
and det B = 3.
001 -2
(1) Compute det 3 : ]Cc ;
g h 1 3
+ - L
(*l)ia&d d e:g,)*co £ det Ofef
| 9 h Fho
3‘4’2(«’?/):7 2 1
(2) Suppose T = (:1:2 is the solution of A7 = (2) Evaluate
z 3
Za- ‘o b
dek (d e 2
Xy = 9 h 3 desB

ot A detA

(3) Let C = (ABA)2918 Compute det C.

)

dot:C =( MCABH‘U)M:@M desB 7&7%

- 52@%

b

(4) Compute det E, where E is the reduced row echelon form

of B.
I 0O o
o 0 |



Problem 5 (20 points):

Consider the linear transformation 7" : Py — P5 such that
T(a+bt+ct® +dt®) = a+dt + (b+ )t® + (a + d)e°.

(1) Given the basis B = {1,¢,#?,t*} in P;. Find the B-matrix
of T' with respect to the basis %B. (8 points)

fo-t pt Hm=tt fay -t

[l Crpls  (rpls  UTf+1s

T‘FrZP‘*‘T’?B
S ! © o O
T—Fl‘; + B = o o o |
‘ 2 o I [0
TH =3 I o 0 |
Th=ttt’

continue to the next page ...



Bosis 0{3 ker T = { O- fit+a-f +(-Of3+ 0- 70‘* }v

- v

(2) Find a basis of the kernel of T". (6 points)

3
]
- 2]} = s '-"7]}

Basis o kerB - Lﬂ

0

Basis of kerT . 05 [_,} where (o 15 e coordinete map

D
(3) Find a basis of the image of T (6 points)

T |

Bosis of Tmage B . {"] [ﬂ Iﬂ

Ly -

Busis of Imge T. J144>, ¥, ﬁ+f3}

Second W&ﬂ + do D)

kerT = {OHDHF Cti+de?> ;:cio 0;2:0 }
= { bt -btr]
= E(Dan{'twt)}

Basrsof Ker T = t-t>
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Problem 6 (12 points):

Let € be a unit vector in R®. Consider the linear transformation
T : R3 — R® such that T(Z)=2(e-7)e— 7

(1) Given a geometric interpretation of T. In other words,
express T" in terms of reflections, projections, or rotations.

- (4 points)

X

1

{

T 1 the reflesron with r@@ﬁw‘@
the g m -ehe dlﬂedmr\a??

(2) Is T an isomorphism? Why? (4 points)

T > 7
Yes , T 5 lhewr TEAG)=2[€-E+B)]T - (X+05)

=RE-R-T) ¢ (38R - R)
| =TX + TS
T(k2) = k(8- -%] = kT

T3 ertble | Vf{TSE) =X %o the mverse o Trs
(3) Is T an orthogonal transformation? Why? (4 points)
T rwaQ{Z,

Yes . refleaston preseves e l@ﬁm of Vieerors |



