The Homology of the Double Loop Space of the Thom Space MU(n)
Qien Zhou

§0. Introduction

In this paper, we calculate the homology of the double loop space of the Thom
space of the classifying space for complex n-plane bundles with coefficients Fy, n > 1,
H. (22 MU ((n); F»), where F; is the field with 2 elements. The main result is as follows.

Theorem 6.9 H,(Q?MU(n); F) is a polynomial algebra. The module of generators
QH,(Q2MU (n); F») has a basis isomorphic to {[e}],[e5], - - -}, where {€,e5,...} is a basis
of the primitive module PCotor™MUMiF2) (k) Fy) and deg[e}] = dege] — 1.

We consider the following natural map f : S?2MU(n—1) — MU (n). It then induces
an injective map (Q2f)* : H*(QMU (n); Fy) — H*(QS>MU(n — 1); F3) (See Proposition
3.5). Therefore we expecte to study H(QMU (n); F3) and H(Q?MU (n); F») by studying
H(QS?MU (n —1); Fy) and H(Q?S?2MU (n — 1); F3). Using the Eilenberg-Moore spectral
sequence, we obtain that H*(QS2MU (n—1); F») is an exterior algebra (See Theorem 2.9).
Hence H*(QMU (n); F3) is an exterior algebra (See Theorem 3.7).

In order to calculate H*(Q?MU (n); F3) by Eilenberg-Moore spectral sequence, we
need to obtain generators of H*(QMU(n); F»). We notice that since H,(QS?MU(n —
1); F») is the tensor algebra T'(3_ . Hq(SMU(n — 1); F»)) (see [3]), the primitive mod-
ule of H,(QS?MU (n — 1); F») is the free restricted Lie algebra on H,(SMU(n — 1); Fy)
(See Proposition 5.6). So we consider the dual of our result and obtain that the map
Cotor (SQMU(”_1)5F2)(F2, Fy) — CotorfMUMSFR) (B [ is surjective and that the ker-
nel of the map is the ideal in T'(}_ o Hy(SMU(n — 1); F3)) generated by

m1—1,...,mn_1—1

{ Z Giryeorin1 @ Gma—in,ooymn_1—in_s - My > 1, for all 5}
i1=1 00— 1=1
(See theorem 4.3), where g;, . ; , = s '(bj, o...0bj ,), bj o...0bj , is the basis
of H,(MU(n — 1); F3) and S is the suspension isomorphism S, : H,(SMU (n — 1); F3) —
H,_1(MU(n — 1); Fy). Denote H' = Cotor™(MUM:F2)(p, '[) We have the homomor-
phism H,(QS?MU (n—1); F3) — H' induces a surjective homomorphism on their primitive
module PH,(QS?MU (n — 1); F3) — PH' (See Theorem 5.7). Furthermore the primitive
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module PH' is spanned by LG'U{g1,..1} as a vector space, where LG’ is the restricted Lie
algebra on G’ and G' is a vector space spanned by {gi,....i,_, 1 0<i1 < ... <ip_1,5p_1 >
1} (See Theorem 5.12).

We denote by EPH' the exterior algebra on PH’, which is isomorphic to
H,(QMU (n); F») as a coalgebra by the Poincaré-Birkhoff-Witt Theorem. Since the compu-
tation of the homology of the Eilenberg-Moore spectral sequence only needs the coalgebra
structure, we can show the theorem 6.9.

This paper is an extended version of the author’s thesis. The author wishes to thank

her advisors W.S. Wilson and J. Boardman for their guidance and very helpful conversa-
tion.

§1. The Eilenberg-Moore Spectral Sequence

In the remaining sections, K always denotes the field F5, and we abbreviate H*( ; K)
to H*( ), etc.

Let A be a differential graded augmented algebra over K with differential 9. Define
B*AK)=A®QA®---® A, where A = Ker[e : A — K]. It is customary to denote
——_———

k
B7F(A,K) as B7%, a generating element of B™* as aglay|as|- - - |ax], and an element of
B as ag[]. Define 6 : B™% — B=*+1 9. p=kn , p=Fn+1l and ¢ : B — K, as follows,

k—1
8(aolas|---|ar]) = aoa(as| - -|ak] + ) aolas| ---|aiaisa| - --|ax],
=1

k
d(aolar|---|ak]) = (Jao)lar]- - |ar] + Zao[all -+ [daq] - - - a]

and

e(ao[]) = €(ao).
We can check that 60 = 0,00 = 0,00 + 00 = 0 and that ¢ is an A-morphism.

Definition 1.1 Tory(K,,K) = H(B",D). where B° = K ®4 B* and the K-graded
differential module (B®, D) formed by letting (B*)) = & (B™)", D =4§+ 0.

n+m=j



Let ¥,14 be the group of permutations of the set {1,2,...,p+ ¢q}. Any 0 € ¥p4, is
called a (p, q)-shuffle if the following hold:

o(l) <o(2) <...<a(p),
ocp+1l)<o(p+2)<...<o(p+9q).
Suppose

S

-k __
[a1|a2|---|ak]€B , [bl‘b2|‘bs]EB .

Define the shuffie product
k—s

«: BB B
by

[a1]az] - - - |ak] * [b1|ba] - - - [bs] = Z [wa—l(l)‘w0—1(2)| T ‘wa—l(k—f-s)]a
(k,s)—shuflles o

where w; = a; for ¢+ <k, w;j="0bj_ for k< j<k+s. Theshuffle product induces
a multiplication
x:  Tors(K,K)® Tors(K,K) — Toru (K, K).

We also can define the coproduct

A B @ B eB

r+s=n
on a typical element, [a1|as|---|ay], by
n
Alaylag| -+ an] =Y [as]az| - |aj] @ [aj11]a 2| - - an].
§=0

Theorem 1.2 If A is a graded differential algebra over K, then with the x multiplication

and A comultiplication, B' isa differential Hopf algebra and this induces the structure of
Hopf algebra on Tor (K, K) with multiplication, *, as given above.

Proof See [1] p241 (7.15).

Theorem 1.3  (Eilenberg-Moore) There is a spectral sequence, lying in the second
quadrant, with B3 = Tor;I”EA) (K, K), which converges to Tory"(K,K), where A is a
differential graded algebra over K.



Proof See [1] p226 (7.5).

Theorem 1.4 The FEilenberg-Moore spectral sequence
TerOM(B;f():=>quA(K;}()

18 a spectral sequence of Hopf algebras, converging to its target as a Hopf algebra. The

natural Hopf algebra structure on Torg ) (K, K) agrees with the Hopf algebra structure

induced by the spectral sequence.

Proof Since the spectral sequence is induced by the filtration F~*(B*) = @ B °,
—s>—k

it is easy to check that the multiplication and comultiplication are compatible with the

. . —s S
filtration. Since % =B °, we have

S N

El_s,* = H_S+*(F—s+1’

;0),

where 0 is the differential on the tensor product AQ A®---® A, i.e., E{** = B "(H(A))
by the Kiinneth theorem. By the map

0: B "(H(A)— H(B ’(A)

in the Kiinneth theorem, the product 1nduced by the shuffle product of B® in E; coincides
with natural shuffle product defined on B (H(A)).

Using the Kunneth theorem, we also can prove that the coproduct induced by the
coproduct of B® in E; coincides with natural coproduct defined on B*(H(A)). Hence the
natural Hopf algebra structure on Torg 4y (K, K) coincides with the Hopf algebra structure
induced by spectral sequence.

Q.E.D.

Theorem 1.5 (Eilenberg-Moore) Suppose B is a connected pointed topological space
with Hy(B) = 0. Then there is a natural isomorphism of algebra 0* : Torg(p)(K,K) —
H*(QB), where C*(B) is the cochain complex of B.

Proof See [1] p233 (7.10) and [1] p237 (7.13).

Corollary 1.6 If the pointed topological space B is simply connected, then there is a
spectral sequence with Ey = Torg« gy (K, K) converging to H*(2B) as a Hopf algebra.
Proof 1.6 is an immediate conclusion of 1.5 and 1.4.
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Q.E.D.

If A and A’ are differential graded augmented algebras over K, and h: A — A’ isa
homomorphism of differential graded augmented K-algebras, then A induces a map

B(h): B'(4,K) — B (A, K).

B(h) commutes with D and the coproduct A. So it induces a homomorphism of Hopf
algebras
Torp(1,1) :  Tors(K,K) — Tora (K, K).

If we consider the duals of all the above definitions and theorems, etc., we can get a
similar result for the homology case.

Let C be a differential graded coaugmented coalgebra over K (see [7] p217) with
differential d and coproduct A : C' — C' ® C. Let M be a right C-comodule and N be a
left C-comodule. Define the cotensor product M| |¢cN =ker[i: M@ N — M ® C ® N],
where 1 = Ay ® Iy + 13 @ Ay with Aps and Apx being the structure morphisms of the
comodules.

Put C = C/K, so that if C' is connected,

0, n =0,
Q”_{Cn, n > 0.

Let B_,(C,K) = C®C®---®C, where By(C,K) = C, and B.(C,K) = ¥ B_,(C).
N — r>0

Denote B_, = K[ ]¢B_.(C,K) = C®...®C, and B, = K[ ]cB.. The canon-

ﬂ{

ical isomorphism E_TLC) ® B_4(C) — E:T_S(C) induces a product by juxtaposition
p: Be(C) @ Bo(C) — Bo(C). Define ¢’ :  B_,.(C) — B_,_1(C) by

r
5/(a1®a2®"'®ar):Zal®"'®(Aai)®"'®ar-

=1

Let D be the boundary of B, (C) defined by

5(a1®a2®---®ar)=Za1®---®dai®---®ar+(5'(a1®a2®---®aT).



Also we denote [a1|as| - |ar] = a1 ® - ® a,.
Definition 1.1’ (See [2]) Cotor® (K, K) = H(B,(C), D).

Proposition 1.7 Let (B,b) be a 1-connected space with base point. There is a natural

algebra structure on Cotor®* (B) (K, K), which is induced by p, and a natural isomorphism
Cotor®B) (K, K)=H,(QB).
Proof See [2] p410.

1.6' If B is 1-connected, then there is a spectral sequence with
E? = Cotor®*B) (K, K)
converging to Cotor™ B (K K).

1.4  The spectral sequence in 1.6 is a spectral sequence of Hopf algebras, converging to
its target as Hopf algebra.

If C and C’ are differential graded coalgebras over K and h : C — (' is a
homomorphism of such, then & induces amap B(h) : Be(C) — Be(C’) which commutes
with D and p. So it induces a homomorphism of Hopf algebras

Cotor™(1,1):  Cotor®* (K, K) — Cotor®* (K, K).

§2. The computation of H*(QS2MU (n)); n > 1.

Let BU(n) be the classifying space for complex n-plane bundles (the limit of com-
plex Grassmann manifolds lim,, 00 Gr(C™) ), ¥™*(C>) be the canonical complex n-plane
bundle over BU(n), E(v™) be the total apace of v and MU (n) be the Thom complex of

E(X").



Theorem 2.1 The cohomology H*(BU (n); Z) is the polynomial ring over Z generated by
Chern classes c1,¢s...,c,. There are no polynomial relations among these n generators.
Proof See [4] p161 (14.5).

Theorem 2.2 One has an exact sequence
0 «— H*(BU(n — 1); K)«*H*(BU(n); K)<~H*(MU(n); K) +— 0

where B is identified with zero section, B(u) = ¢, identifying H*(MU (n); K) with ideal
generated by c, in H*(BU(n); K) where u is the Thom class.
Proof See [5] p73.

Proposition 2.3 Let X be a connected space and A be a commutative ring (with unit
element) such that Hy(X; A) is a free A-module for each ¢ > 0. Then we have a natural
isomorphism of H.(QS(X); A) with the tensor algebra T (3 o He(X;A)).

Proof See [3], p22-07 Corollary 2.

Lemma 2.4 B
H*(QS?MU (n))=B" (H(S2MU (n)))
as vector space.

Proof By Proposition 2.3, we have

H,(QS*MU(n)) =T()_ Hy(SMU(n))).
q>0

Then
H*(QS*MU (n)) = (T() | Hy(SMU(n))))*
=B (H*(S*MU(n)))
as a vector space.
Q.E.D.

We can use the Eilenberg-Moore spectral sequence to compute H*(28?MU (n)). Since
the multiplication on H*(S2MU(n)) is trivial, the differential on B" (H*(S2MU(n))) is
trivial. Thus

Tor (52 mu(ny) (K, K) = B" (H*(S2MU (n))).
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By Lemma 2.4, the Eilenberg-Moore spectral sequence
Tor g« (S2MU(n)) (Ka K) = Torg (S2MU(n)) (Ka K)

collapses. Hence
B*(H*(8’MU(n))) = H*(QS2MU (n)).

Lemma 2.5 Let A be any algebra. We have o? = 0 for any o € Tor’y(K, K), where
n > 0.
Proof For any

a = [a1]az]---|ay] € B (4),

we have

o’ = Z [wa*1(1)|wa[3_1(2)\ e |w0*1(2n)]‘

(n,n)—shuffles o

For any (n,n)-shuffle permutation o, there exists one and only one (n, n)-shuffle permuta-
tion ¢’ such that
o' (n+1i) =o0(i) i=1,2,...,n;

d(j)=ocn+j) j=12,...,n.
Then
[wa_1(1)|wa_1(2)| e |w0_1(2n)]
:[U)o-lfl(l)|wo-lfl(2)| R |1U0-l_1(2n)].
Since o ;i o/, and K = F», the terms of a2 cancel out in pairs. Then a? = 0. Thus for
any o € B (A), we have o2 = 0.
Q.E.D.

Theorem 2.6 (Borel) If A is a connected Hopf algebra over the perfect field K, the
multiplication in A is commutative, and the underlying graded vector space of A is of finite
type, then as an algebra, A is isomorphic with a tensor product ), ; A; of Hopf algebras
A;, where A; is a Hopf algebra with a single generator x;.

Proof See [7] p255 (7.11).

i€l

Lemma 2.7 Torg-(s2pmum)) (K, K) is an exterior algebra,
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Proof By Theorem 2.6,

TorH*(S2MU(n)) K K ®A
i€l

By Lemma 2.5, we have z7 = 0 where z; is the generator of A; for i € I.
Q.E.D.

Lemma 2.8 We have o =0, for all « € H*(QS?MU (n)) with dega > 0.

Proof Let H = H*(QS?MU(n)), a connected filtered Hopf algebra whose associated
graded Hopf algebra GrH is F.,. The spectral sequence collapses by Lemma 2.4,

GrH = E, = B (H*(82MU (n))).

But the primitives in B® (H*(S2MU (n))) are exactly F_l(H* (S2MU (n))), which is en-
tirely in odd degrees. Thus all nonzero primitives in GrH have odd degree.

Let o be any primitive in H, with filtration exactly —k. Then « gives a nonzero
element @ € GrH which is also primitive. Then

dega = dega
must be odd. Hence we have that all nonzero primitives in H have odd degree.

We use induction on degree to prove the result.
Suppose o2 = 0 for any o € H® and 0 < s < n, which is vacuously true for n = 1.
For o € H™, we have

A’ =10’ +a ®1+Za'2®0/’2

where
Aa=a®l+1@a+ ) o;®a]

and of € H®, o € H" with s+r =mn, s >0, r > 0. Then by the inductive
hypothesis
Adl=1®a*+a’®1.

So a? is primitive, has even degree, and must therefore be zero.
Q.E.D.



Theorem 2.9 H*(QS2MU (n)) is an exterior algebra.
Proof Since H*(Q2S?2MU (n)) is a Hopf algebra and o? = 0 for any

a € H*(QS*MU (n)),

Theorem 2.9 follows from Theorem 2.6 immediately.
Q.E.D.

§3. The cohomology of the loop space over MU (n),n > 2.
Let Cy; (C B (H*(MU(n))) be the vector space spanned by

2 1 2 1
(MLm= ),

Co=K

and 6’1 be the vector space spanned by

{[cnckn_1 » -c’§2c’f1] ck 4 4+ kT > 0).

n—1

(Cs, dy) is a subcomplex of (B® (H*(MU(n))),d;) and

B'(H*(MU(n)) = P Cs,

s=0

where d; = 0* in §1. Here it is convenient to write Hs( ) for the homology of the bar
construction.

Theorem 3.1 Fors>1,

H,(C)=C1®C, ®...®Ch,
N——

s—1

and Hg(Cs) is a subgroup ofﬁ_S NCs. H(Cs) =0 fort # s.

Proof For s = 1, we have H;(Cy) = C1. The result holds. Suppose that for s — 1 the
result holds. For s, let C’ be the subcomplex of Cy spanned by

n 1 n 1
cﬁl...ckl---cﬁm...ck"‘ kY 4+ .. kD =s, and kI >1
1 1 1 m

m
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and h be the chain map
h: Cs_1— C.

given by
n n 1
h[cﬁ1 L 1 |cf{” ...c’f”‘]
n 1 1
:[cﬁqf .. .cl1 |- |c’,§m_1 . .c’lcm_1 |cﬁ’?erl e c’lcm].

h is an isomorphism on the chain level. The short exact sequence of complexes

0—C-5C,—— Cs —0

Cl
induces a long exact sequence
Cs , Cs
—>Ht+1(01) — Hy(C]) — Hy(Cs) — H: 5) — Hy 1(CL) — - -+

The theorem follows from the following two lemmas.

Lemma 3.2
Hs(_);Hs—l(Cs—l) ® Cl-

Ht(c—f)=0 for t#s.

S

Proof Define the chain map

Cy

: Cm1®C) — =2

g —1 1 C;

by
U ki k3 k3 kD 1 1
g[cﬁl"'cll‘an“'C]_2|""Cnm_._ ]®[Cn kn ‘ ’f]
1 1
:[Cz? ki |C£g . ,C’;Q | ... |Cf;n - -Clm|CanLn_11 . C’fl]_

Since g is an isomorphism on the chain level,
Cs. ~
H(@):H(C‘s_l ® Cl)

By the Kiinneth theorem, we have
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Hy(Cs—1 ® C1) = Hy_1(Cs—1) ® H1(Ch)
= Ht—l(cs—l) ® C1.

Thus the lemma holds.

Lemma 3.3 The map

is surjective and takes z ® [cp] to z, where

~ C
Hs—l(cs—l) X CIZHS(_

2

and
Hs—l(Cé)EHs—l(Cs—l)-

Proof Recall that
9. {b} = {a; 15, 10}

There is an obvious lifting

g: Cs_1®C; —

of g, by
g([z1] - zs—1] ®@y) = [w1] - w51 y],

which is not a chain map. Instead, from the definition of d;,
d1g(a ® [cp]) = g(dra ® [cn]) + h(a),

for
knfl

1
n—1 °°

knfl kl

n—1
s—1

1 1
.c’1€1|cnck2 e e

a = [cac o1

and therefore for any a € C;_; in filtration index s — 1. If a is a cycle representing z, this
gives 0494(2 ® [cn]) = 2.

Proof of Remainder of Theorem 3.1
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From the long exact sequence and Lemma, 3.3,

- Cs

H,(Cs)=Ker|0, : HS(@) — Hy_1(CY)]
;Ker[a* . Hs—l(Cs—l) &® C’1 — Hs—l(Cs—l)]
= s—l(Cs—l) ® 61

=100 ® 00, @ Ch.

Q.E.D.

Corollary 3.4 Ewvery element of Tor g« (amu(n)) (K, K) is represented by a cycle in

S

Y.B NnC..
Proof Since Y
Torg«(mu(ny) (K, K) = H(B (H*(MU(n))))

= H(ZCS)

=) H(G),

the result follows from Theorem 3.1 at once.
Q.E.D.

Let CP* be the complex projective space. Since BU(1) = CP*°, MU(1)=BU(1)
and S? C CP®, let
f: S*MU(n-1) — MU(2)
be the map g o I, where
I: S*MU(n—1)=S*AMU(n—1) — CP® AMU(n — 1)

is the inclusion and
g: CP®AMU(n—-1) — MU(n)

is induced by the Whitney sum. f induces a cohomology homomorphism
f*: H*(MU(n)) — H*(S?MU(n — 1))
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with
kn k’nfl kl
f*(cn Cp—1 ---C1 ):{

where i is the generator of H?(S?).

Proposition 3.5 The map
f*: H*(MU(n)) — H*(S*MU(n — 1))
induces an injective map

Tor g+ (MU (n)) (K, K) — Torgr-(s2 mun—1)) (K, K).

Proof Since Y°° B " N C, is spanned by

kn—l
2
n—1 **

n—1

1 1 1
{[Cnczl_l . .C’fl lenc 2|.. ko,

k kl .
e leney™y coiei™] s kD > 03,

the map
B(f*): Y B 'NC, — B (H*(S*MU(n - 1)))
s=1
is injective. Also (see §2)
Torg-(s2 mu(n—1)) (K, K) = B H*(S?MU (n — 1)).

Hence by 3.4
Tor g« (MU (n)) (K, K) — Torgr-(s2 mu(n—1)) (K, K)

is injective.
Q.E.D.
Theorem 3.6 The spectral sequence
Torg- (MU (n)) (Ka K) = Torc- (MU (n)) (Ka K)
collapses.
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Proof We denote the spectral sequence
Tor g« (s2 MU (n—1)) (K, K) = Torg=(s2 MU (n—1)) (K, K)
as (E',d") with
Eé = TOI'H* (S2MU(n—1)) (K, K)

and
Tor g+ (mu(n)) (K, K) = Torg- (MU(n)) (K, K)

as (F,d) with
EZ == TorH*(MU(n)) (K, K)

Since the spectral sequence (E’,d’) collapses by Theorem 2.6, di, = 0 for k = 1,2,---.
Since
f* : EQ — Eé

is injective, dy = 0. Then F3 = F3 and
[*: Es — E}
is injective and ds = 0. Inductively, we obtain

dip, =0 for k> 2.

Thus the spectral sequence (E,d) collapses.
Q.E.D.

Theorem 3.7 H*(QMU(n)) is an exterior algebra.

Proof Since
Qf)*: H*(QMU(n)) — H*(QS*MU(n — 1))

is an injective map of Hopf algebras, and H*(Q2S2MU(n — 1)) is an exterior algebra,
H*(QMU (n)) is exterior algebra, by Theorem 2.6.

Q.E.D.

We would like to find a set of exterior generators. To do this we have to dualize.

§4. The homology of the loop space of MU (n),n > 2.
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Let b; € H,(CP>) be the dual of ¢ € H*(CP>). It is known that the Whitney sum
CP>® NCP*® — MU(2)
induces a surjective homomorphism on homology
H,(CP* ANCP*®) — H,(MU(2))

by ep - .

non = {08 s
and that H,(MU(2)) has a basis

{biob; : 0<i<j}.
The notation o is from [9]. Inductively the Whitney sum
CP*ANMU(n—1) — MU(n)
gives a surjective homomorphism on homology
H,(CP* AMU(n—-1)) — H,(MU(n))

by

bi®bi10bi2 O...biﬁ_1 '_>bi1 O---bij ObiobijJrl o"'binfu

where i, < ...i; <i <ij41 <...<in_1. The basis of H,(MU(n)) is
{bjy obj,0...0b; :0<by <b;, <...<b; }
The inclusion map
I: S*MU(n—1) — CP®AMU(n—1)
induces an injective homomorphism on homology

I,: H,(S’MU(n—-1)) — H,(CP® AMU(n-1))

I*<i®bilobi20...0bin_1)=b1®bi10bi20...0b'

In—1-
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The map
f: SMU(n—-1) — MU(n)

in §3 induces a homology homomorphism
fe: H(S’MU(n —1)) — H,(MU(n))

with
fx(i®bj,0...b; _,)=brob,0...0b; _,

where i is the generator of Ho(S?).

Put G = H,(SMU(n — 1)), where S is the suspension isomorphism
Sp: Hpy(SMU(n—-1)) — H,_1(MU(n—1))
for all p > 1. Denote
S™H(bi, 0biy 0. . 0biy ) = Girsin,in_1-

G has a basis
{9i100,ip_ 10 0<iy1 <i3 <...<ip_1},

and

Gitseesiyeansibyeatin_1 — Git,eensip,eensijyeein_1-

By the definition of E', we have
B*(H,(S*?MU(n —1))) = TG,

the tensor algebra on G.

Let J be the ideal in T'G' generated by

mi1—1mao—1 Mp_1—1
{ E : E : E Gi sizyevin—1 Qmi—is;ma—is,ymp_1—in_1 mj > L,y= 1a2an_1}

11=1 i2=1 in—1=1

Theorem 4.1 Cotor’*(1,1) is surjective and the kernel of Cotor’*(1,1) contains J.
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Proof Since
f: S*MU(n—-1) — MU(n)

induces an injective homomorphism
TOI'f* (1, ]_) : TOI'H* (MU(n)) (K, K) — TOI'H* (S2MU (n—1)) (K, K),
f induces a surjective homomorphism

Cotor’ (1,1) : Cotor™=S"MUM=1) (g ) - Cotor®-MUM) (K K).

Since ) B
Cotorf+(S"MU(—1) (K K) = B*(H,(S?MU(n — 1)),
ne 2 _
COtOI'H*(MU(n))(K,K)EB (H*(S MU*(’I’L 1)))
Ker Cotor/" (1,1)
Since

B(f.): B*(H.(S?MU(n-1))) — B*(H.(MU(n)))
is injective, it induces an isomorphism,
Ker Cotor’™ (1,1)ZIm &' N Im B(/,),
where ¢’ is the differential of the spectral sequence defined on §1.
Cotor*MUM)(K K) = H,(QMU (n)).
In H,(CP%)), we have
Ab, =b,14+b,_19b1 +b,_2oQ@bs+...+1Rb,.

The homomorphism I, and Whitney sum are homomorphisms of coalgebras, so is f.. In
H,.(MU (n)), we therefore have

A(bgo by, 0...0by, )
=1® (bgoby, 0...0by, )+ (b20bpm, 0...0by, ,)®1

mi1—1mao—1,...;om,_1—1

+ Z (blob'h O"'Obin—1)®(blobm1—i1 O"'Obmn—1—in—1)

i1=1,ia=1,...,in_1=1

for n > 2. Since

f*(gi1,i2,---,in—1) = f*[[Z ® b’il ©...0 bin—l]] = [[bl © bil ©...0 bin—l]]a
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we have B
B(f«)(J) C Im ¢,

as required. Thus the theorem holds.

Q.E.D.
Lemma 4.2 TG/J is spanned by
{901, 00 ®gziz 2 ®...®gua a1}
where i,_1 > 1, forr >1; 0< ] < ... <4 _;allr >0
Proof Recall that
91,1,.,1®01,1,.,1=0.
For any other (mqy,ma,...,mp_1) with mp_1 > 1 and 0 < m; < mg < ... < Mmy_1, we
have
gml,mg,...,mn,1 029 gl,l,...,l
=01,1,...1 @ gm1,mo,...;mn_1
m1—1 mn—l_l
+( Z SRR Z Gi1ia,.sin—1 ® 9mi—iy,..cmp_1—in_1
11=1 in—1=1
_g].,...,l ® gml,...,mn_l - gml,...,mn_l ® gl,...,l)
in TG/J. So we can move all g1.1,...1’s to the left.
Q.E.D.

Theorem 4.3 The elements in 4.2 give a basis of TG/J and Cotor™MUM)(K K).

Proof Comparing Lemma 4.2 and Theorem 3.3, we have that TG/J and
Tor g+ (MU (n)) (K, K) have the same size. Thus Ker Cotor” (1,1) = J. That means

TG
- = Cotor-(MU(™) (K, K).

Q.E.D.

§5. The primitives of H,(QMU(n)),n > 2.
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Definition 5.1 If ¢ € C, where C is an augmented coalgebra over K and
Ac=1®c+c®1,
then c is called a primitive element of C. The set
PC ={c: cis primitive in C}

is called the primitive module over K of C.

Recall that K = F5.

Definition 5.2 A restricted Lie algebra over K is a Lie algebra L together with a function
¢: L, — Ly, satisfying
{@+y) =€z +Ey+[zy]

and
[z,§y] = [[=,y], y]-

Any algebra A over F5 can be made into a restricted Lie algebra by setting

[z,y] =2y —yx, Ex= z2.

The axioms hold since
(z+y)?=2>+y"+ [z,y]

and
[z,y°] = [[z,y], y].

Proposition 5.3 PC is a restricted Lie algebra over K.
Proof We can check the definition directly.
Q.E.D.

Definition 5.4 If L is a restricted Lie algebra over K, the universal enveloping algebra of
L is an algebra V(L) together with a morphism of restricted Lie algebras iy, : L — V(L)
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such that if A is an algebra and f: L — A is a morphism of restricted Lie algebras, there
is a unique morphism of algebras f: V(L) — A such that the diagram

L V(L)
NS
A

is commutative.

The universal enveloping algebra is easily constructed. Put

where T'(L) is the tensor algebra of L and I is the ideal of T'(L) generated by all the
elements

{zy+y®x+[z,y] and zQx+{zx}.

Proposition 5.5 If L is a restricted Lie algebra over K with basis
{z1, T2, z3, ... },
then V(L) has the basis
{Ziymiy -2y, 0 11 <i2<---<ig, k>0}
Proof See [7] p247 (6.19).

Proposition 5.6
P(H,(QS*MU(n - 1))) = L(G),

where L(G) is the free restricted Lie algebra on G.

Proof Since G generates
H.(QS*MU(n —1)) = TG,
and G C PTG by definition, T'G is primitively generated. By [7] (6.10), we have
TG = V(PTG).
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By definition,
V(L(G)) =TG,

since both sides have the same universal property. We deduce from 5.5 that

PTG = L(G).
Q.E.D.
Denote
H' = Cotor®-MUM) (K K),
and _
f. = Cotor’™(1,1): TG — H'.

Then TG

H =2

J

is also primitively generated, and So H' = VPH'.

Theorem 5.7 The homomorphism
f.: TG — H'
induces a surjective homomorphism
P(f,): PT(G)— PH'.

Proof Put M =Im(Pf,). Since PT(G) and PH’ are restricted Lie algebras and f, is
a homomorphism of restricted Lie algebras, M is a restricted Lie algebra. Since

TG =VPTG, H'=VPH' by ][7] (6.10), the homomorphism

VPTG — VPH

pN /!
VM

is an epimorphism. So the injective homomorphism
VM — VPH'
is an epimorphism. Thus M = PH' by 5.5.
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Q.E.D.

Note that the kernel ideal J is generated by JNPTG = JN LG, because the generators
can be written

mi1+1 mo+1 my_1+1
2
[< 21 1 s 11 ]+ 2

gu,zz,...zn_lagm1+1—11,z2,...,zn_l gm1+1 mat+l my _1+1
i1=1 do=1 in—1=1 A 2 T 2 1ty 2
if all mq, mq,...,my_1 are odd,

[mty ety [Tegit

E g E § [911,12, z lagml-l-l 11,22, . _] (*)

'Ll— 7/2— 'Ln 1=1
otherwise,

where » is the sum over all such indices
A

A= {(ilaigv .- '77;;1—1; my+1— ilaigv .. '7%4—1)}

that satisfy: either i = i; and i = m; + 1 —4; or
noticed that if ¢; = m; + 1 — 4;, then only

o . g . .
=mj+1—1ij and i =d;. It is
. .I . -I -I . . -II 3 _ -‘ -l, .II
(zl,...,zj_l,zj,szrl,...,zn_l, ni+1—i1,...,%4_q,m;+1 zj,zj+1...,zn_1)

is in A (This has to happen by general nonsense). So

LG

PH = —
JNLG’

the quotient restricted Lie algebra. We need to find PH'.

Let F be the restricted Lie subalgebra of H' generated by

{gi17i27---7i'n—1 c0<i1 <...<4py_1, and 2,1 > 1}.

Lemma 5.8 [g1,1,.1,E] is contained in E, where [ , | is the Lie product in H'.
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Proof We show by induction on n that [g1,1,...1,2] is in E for every basic product z of
weight n in the generators gm, m,,....m,_, of E.

If  has weight 1, then £ = gy ms,....m,_, With 0 <my; <... <m,_; and m,_1 > 1.
Since by (x)

[91,...,1, gm1,...,mn_1]

( mi+1 my_1+1
2 2 9
Z e Z Z[gihi’z,...,i:l_l’gml-l-l—il,'ig,...,i;:_l] +gm1+1 my_1+1
11=1 in—1=1 B 2 o 2
= mi,...,My_1 are odd,
+1 my,_1+1
5= [
‘Zl e > ) ZB:[gil,i;,...,i;z_lagm1+1—i1,i’2’,...,i;{_1] otherwise,
\ 1= n—1=

where ) is the sum over indeices B and
B

B=A-{(1,1,...,1;my,ma,...,my_1)},

[91,1,...,1, Gm1,may..smn_1] € E.

Suppose [g1.1,..1,2] € E for all z of weight < n. Given x € E of weight n, we have
z = [z, y] with weight (2) < n and weight (y) < n or z = y? with weight (y) < n. Since in
the first case

911,10z 9]l = [ (911, Y]] + [y, [91,1,....1, 2],

andy€ EF and z€F,
91,1,...1,7] € E.

If z = y? with weight (y) < n, since y € FE and

[91,1,...,1,?;2] = [% [91,1,...,1,y]],

then
[91,1,...,1,37] e k.

Hence
911,..1, F] CE.

Q.E.D.

Corollary 5.9 PH' is spanned as a vector space by E and g1,1,...1.
Proof We have g7, ,=0.
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Q.E.D.
Let P(A) be the Poincaré series of the module A.

Corollary 5.10 P(H') = (1 +t*"~"1)P(VE).
Proof From 5.5, since g1 1,...1 has degree 2n — 1 and H' = VPH'.
Q.E.D.

Let G’ be the vector space with basis
{Giv,in 2 0< iy <o <lp_q, Gp_1 > 1}
Let LG’ be the free restricted Lie algebra on G’. Then there are epimorphisms
LG' — F and VLG — VE.

Proposition 5.11 F is the free restricted Lie algebra on G'.
Proof Since by 4.3, every element of TG//J can be written uniquely as y + g1,....1z with
Yy, z € TG', we have
PH')=P(TG/J)

=1+ " HP(TG)

=1+ " HYP(VLG").
Since by Corollary 5.10

PH')=(1+t""""HPVE),

we have
P(VE) =P(VLG").

Thus by Proposition 5.5 the epimorphisms above are isomorphisms. E is free on G'.
Q.E.D.

We next describe the structure of the restricted Lie algebra PH'. Since E = LG’ is
free, define a derivation of restricted Lie algebras

d: FEF—F
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Agmy,....m, -

( mit1 mp, 141
2 2 9
Z e E Z[gil,ig,...,i,’n_17gm1+1—i1,i’2’,...,if’£71] +gm1+1 my, 141
i1=1 in_1=1 B 2 2
= Mi,...,My_1 are odd
+1 m _1+1
5= [
Z e Z Z[gil,i;,...C;_17gml—l-l—'il,ig,...,'ix_l] otherwise.
\ 21=1 in_1=1 B

and extend by linearity,
d[xa y] = [d.’l,‘, y] + [.Z', dy],

and
d(z?) = [dz, z].

This works because E is free.
Then dd is again a derivation, and by working in VLG’ = TG’, one can verify directly
that dd g;, 4,,....i,_, = 0, so that dd = 0. Define

[911,..1,2] =dz for z € E.

Then [g1,...1,[91,...1,%]] = ddx = 0 as required.

So we have

Theorem 5.12 PH' is spanned by LG' U{g1,...1} as a vector space. The Lie product is
defined by the structure of LG' and

91,1,y =dy  (ye€ LG

and 9%,...,1 = 0.

Corollary 5.13 To obtain a set of generators of the exterior algebra H*(QMU (n)), we
may take any set of elements that is dual to a basis of PH'.

§6. The homology of the double loop space of MU (n),n > 2.
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Proposition 6.1 If A is a Hopf algebra with basis {1,a} and
Aa=1Qa+a®1,

then CotorA(K, K) is a polynomial algebra generated by [a].

Proof By the definition of Cotor , B*isa polynomial algebra generated by [a]. Since the
element in @ is primitive, d; = 0. Thus Cotor? (K, K) is a polynomial algebra generated

by [a].
Q.E.D.

Proposition 6.2 If A and C are coalgebras over K, then
Cotor? (K, K) ® Cotor® (K, K) = Cotor*® (K, K)

as an algebra.

Proof B(A)® B(C) is an injective resolution of K by A ® C-comodules. The Kiinneth
theorem applies.

Q.E.D.

If X is a vector space, denote by EX the exterior algebra on X, made into a Hopf
algebra with X primitive.

Proposition 6.3 Cotor®* (K, K) = K[[z1], [z2] ...], a polynomial ring, where
{z1, T2, ...} is a basis of X.

Proof From 6.1, 6.2 and direct limits.
Q.E.D.

Let H be any primitively generated Hopf algebra, and let {eq, es, ...} be an ordered
basis of PH. Define the additive homomorphism

h: EPH — H

by

h(eilei2 . ein) = €4,6€45 - - .ein,

where i1 < 15 < ... < i,. BThis formula is not valid if the e; are out of order.
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Lemma 6.4 If H is a Hopf algebra and
T =21X2x3---Tp € H
where x1, X9, ---x, are primitive in H, then

Ar = Z Z To(1) " To(i) ® To(itl) " To(n)-

1=0 (3,n—i)—shuffle o

Proof Since Ax; =1® x1 + 1 ® 1, the result holds for n = 1. Suppose that the result
holds for n — 1. For z = 2125 - - - x,,, Write

Z=T1T2--"Tp—1-

Then
Az = Z 7 ® 2.

%

By the definition of Hopf algebra,

Az = (Az)(Azy,)

/ " / "
= E 2Ty ®z; + E 2; ® z; T,
i i

These are all the shuffles of (z1, z2, ...z,).
Q.E.D.

Lemma 6.5 The homomorphism h: EPH — H defined above preserves the comulti-
plication and is an isomorphism of coalgebras.

Proof By Proposition 5.5, h is an isomorphism. Since the e; are primitive in FPH as
well as in H, the result follows from Lemma 6.4 immediately.

Q.E.D.

Theorem 6.6 For a primitively generated Hopf algebra H
Cotor™ (K, K) = K[[ei], [e2],.- ],
where {e1, es, €3, ...} is an ordered basis of PH.
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Proof Since by 6.5
EPH=H

as a coalgebra and the definition of Cotor only uses the coproduct of H, the result follows
from 6.3.

Q.E.D.

Theorem 6.7 The spectral sequence
Cotor (QS2MU(”_1))(K, K) = Cotor% (QSQMU("_U)(K, K)
collapses.
Proof See [8], p227 Lemma 3.8.
Lemma 6.8 The spectral sequence
Cotor-(MUM) (K K) — Cotor®MUM) (K K)

collapses.

Proof Since
LG — PH'

is surjective, the morphism of polynomial rings

K([ea], [e2],---) — K([e1], [ea].---)
is surjective, i.e. on E2-terms
CotorH+(25*MU(n-1) (K, K) — Cotor® (QMU(”))(K, K)
is surjective. Then the Lemma follows from 6.7.

Q.E.D.

Theorem 6.9 H,(Q2MU(n)) is a polynomial algebra. QH.(22MU (n)) has a basis

isomorphic to
{Hell]]’ |Iel2]]7 v '}1
where {€}, €}, ...} is a basis of PH' and deg [e}] = deg e} — 1.
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Proof Since the spectral sequence collapses by 6.8, so that
E>® = Cotor™ (K, K)
is a polynomial algebra, lifting each generator [e}] to

el € H,(Q*MU(n))

arbitrarily, we have that H,(Q?MU(n)) is a polynomial algebra generated by e,

1,2,....

30

Q.E.D.
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