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ABSTRACT

In this paper, we not only determine a basis of the quotient of
W (4), the polynomial algebra over F, generated by 4 variables,
by the action of the divided differential operator algebra %, we
are able to represent every element in the quotient as a linear
combination of the basis elements. This leads to a description
of the action of the symmetric group Sy too.
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Introduction

For a long time people have been interested in the hit problem of polynomial algebras
by the action of the Steenrod algebra. The task is to find a minimal basis for the quotient
of the polynomial algebra with the relation that Sq‘w = 0 for any 4 > 0 and any polynomial
w. Franklin Peterson has a very interesting conjecture, Reg Wood proved his conjecture in
[4], later William Singer generalized the conjecture in [5].

All the above results can determine that certain elements in the polynomial algebra are
0 in the quotient, but it is unfeasible to determine a minimal basis of the quotient in this
way. Kameko [2] fulfilled such a task for W(3).

In [6] Reg Wood raised a problem of determining a minimal basis of the quotient of a
given polynomial algebra by the action of the divided differential operator algebra.

In this paper we completely solve this problem for a polynomial algebra generated by 4
variables. And actually we get far more than the minimal basis; since we are also able to
represent every element as a sum of basis elements, we are able to understand the action of

the group S4.

1 Main Results

Before we state our results, let’s recall some facts about the divided differential operator
algebra and some already known results. Notations W (n) and W (n) will be used, and here

are the definitions.

Definition 1.1. W(n) is the polynomial algebra generated by n wvariables x1,x2,... Ty
over Fy, with x; in degree 1 for i from 1 to n. We will use W (n) to denote the ideal

generated by x1x9 ... %y,.

Definition 1.2. W (n) is the quotient of W(n) by the action of the divided differential
operator algebra (see below). If a and b are elements of W(n), a = b means that they have

the same image in W (n).

Recall [6] that the divided differential operator algebra over the integer ring Z on the
polynomial ring Z[z1, z2, . .. , zy] is generated by the D;/" /7! (this will be denoted by D(k"))



under wedge product. Here

n
Dk = Z .’EZ-H—I %
i=1 *
and the wedge product is defined as
a’l’

D,V Dy, V...V Dy, = ghtl ghtl__ 2
¥ Tk b= 0z, ... 0z,

71 g
(314 yir)

The summation in the above is taken over all r-vectors.

Actually it is shown that the space generated by the D}" /r! under wedge product is the
same as the space generated by the D)" /r! under composition.

By [6] Theorem 2.6, or originally from [3], the elements D(17") and D(2P") generate the
whole divided differential operator algebra D, here p ranges over all prime numbers.

When working mod 2, by lemma 2.2 of [6], we have
Sq" = D(17).

Since it is very easy to show D(2") also satisfies the same Cartan formula as the Steenrod
operation Sq", I will denote it by Sq5.
Explicitly, we have

Proposition 1.1. 1. Sq"(z7) = (7).

s 2

2. Sq5(z™) = (m)wm“’".

T 2

8. Sq"(zy) = D 4ip—r Sq*(z)Sq’(y)-

4 Sdb(xy) = gy Sa5(7)Sab(y)-
In the above, formula 3 and formula 4 are the Cartan formulae; all computations are

over Fj.

Since the mod 2 divided differential operator algebra is generated by Sq" and Sq), with
r nonnegative integers and the divided differential operators are additive, the above propo-
sition determines the action of the mod 2 divided differential operator algebra on W (n).

For the same reason, it is very easy to notice the following proposition.

Proposition 1.2. An element is hit by the mod 2 divided differential operator algebra if
and only if it lies in the sum of the images of Sq° for all t > 0 and Sq} for all v > 0.



It is Suo Xiao [9] who first determined a basis for the quotient of W (3), the polynomial
algebra generated by 3 variables, acted on by the mod 2 divided differential operator algebra,

though we have independently such a result. The result in our language is

Theorem 1.1. The quotient of W(3), the polynomial algebra over Fy with 3 variables, by
the action of the mod 2 divided differential operator algebra has

e (0,0,0) in dimension 0;

(0,0,1), (0,1,0), (1,0,0) in dimension 1;

(0,1,2), (1,0,2), (1,1,1), (1,2,0) in dimension 3;

(1,2,3) in dimension 6;

(1,2 —1,0), (1,0,27 — 1), (0,1,27 — 1), in dimension 2P for p > 1, also (1,1,2P — 2),
(1’2’217 - 3) fO’I"p Z 2;

e (1,27 —1,1), (1,1,2P — 1) in dimension 2P + 1 for p > 2, also (1,3,2P — 3) for p > 3;

as an additive basis. Here (m,n,t) means the monomial zTz%x.

Xiao has also many results about the quotient of W (4) by the mod 2 divided differential
operator algebra. We may work in the ideal W™ (4) since Theorem 1.1 takes care of other

monomials. The following are Xiao’s results:

Proposition 1.3. A monomial (a,b,c,d) with a,b,c,d all positive and at least two of them

even is hit except when a + b+ c+d = 2F for some k, or if the dimension is 6 or 10.

Remark: It should be noticed that in Xiao’s thesis, he did not exclude the dimensions
6 and 10, which is a mistake. We give a proof in section 2.

He stated the following conjecture 6.22 [9]:

Conjecture 1.1. A monomial of the form (a,2F—1,2%+1,1) is hit if it is not in dimension

2™ 4+ 2™ for some m, and for some n among the set {0,1,k,k + 1, —o0}.

This would imply his conjecture 6.23:



Conjecture 1.2. The non-hit elements in dimension > 8 of W (4) lie in odd dimensions

2 4 1,2™ 4+ 3 and in even dimensions 2™,2™ + 2% where m >k > 1.

Remark: Actually, the condition dimension greater than or equal to 8 can be removed.

The first result of this paper is a proof of Xiao’s conjecture, let’s state it as:

Theorem 1.2. All elements of W (4) in dimensions other than 2™,2™ + 2k(m > k >
0),2™ + 3 are hit.

The second result is for dimension 2" for n > 4.
Theorem 1.3. In dimension 2™ with n > 4,

® (15 17 ]-a 2" — 3)7

(17 1a27 2" — 4)7

o (1,1,27 1 — 1,271 1),

(15 27 15 2" — 4)7

(1,3,27 1 -3 271 1),

(1,27t —1,1,2""1t — 1)

form a basis of the quotient of W (4) by the mod 2 divided differential operator algebra.

Moreover, in terms of this basis,

1. (a,b,c,d) with d odd contains a term (1,1,1,2" — 3) unless a,b,c,d are all odd and
a+d=2""1

2. (a,b,c,d) with a + ¢ odd contains a term (1,1,2,2" — 4).
3. (a,b,c,d) with a,b,c,d all odd and a+c = 2"~ contains a term (1,1,2""1—1,27~1_1).
4. (a,b,c,d) with a + b odd contains a term (1,2,1,2" — 4).

5. (a,b,c,d) with a,b,c,d all odd and no two the same and the sum of two of them 2"~!

contains a term (1,3,2" 1 — 3,271 — 1),

6. (a,b,c,d) witha,b,c,d all odd and a+b = 2"~! contains a term (1,271 —1,1,2""1-1).



Monomials not listed here are 0.
For dimension 8, we have basis elements:(1,1,1,5), (1,1,2,4), (1,1,3,3), (1,2,1,4),
(1,2,3,2), (1,3,1,3). In terms of basis elements, we have

1. (a,b,c,d) with d odd contains a term (1,1,1,5) unless a, b, c,d are all odd and a+d = 4.

IS

. (a,b,¢,d) with a + ¢ odd contains a term (1,1,2,4).
3. (a,b,c,d) with a,b,c,d all odd and a + ¢ =4 contains a term (1,1,3,3).

4. (a,b,c,d) contains a term (1,2,1,4) ifc = 1 and (a, b,d) is any permutation of (1,2,4),
or if c =2 and (a,b,d) is any permutation of (1,2,3).

5. (a,b,c,d) contains a term (1,2,3,2) ifd =1 and (a, b, ¢) is any permutation of (1,2,4),
or if d =2 and (a,b,c) is any permutation of (1,2,3).

6. (a,b,c,d) with a,b,c,d all odd and a + b =4 contains a term (1,3,1,3).

Monomials not listed here are 0.

Dimension 4 has only (1,1,1,1) trivially.
The third result is about dimension 2™ + 1.
Theorem 1.4. In dimension 2™ + 1 with n > 3,

b (13 1a 13 2" — 2)7

o (1,1,2,27 — 3),
e (1,1,3,27 — 4),
o (1,1,2" — 2,1),
o (1,2,1,2" — 3),
e (1,2,3,2" — 5),
o (1,2,27 —3,1),
o (1,3,1,2" — 4)



form a basis of the quotient of W (4) by the divided differential operator algebra. Moreover,

in terms of this basis,

1.

(a,b,c,d) withb > 1 odd and a > 1 and ¢ = 1; or withb > 1 odd and ¢ > 1 and a = 1;
or with a > 1 odd and ¢ > 1 and b = 1; or with a even and both b and c equal to 1; or

with all a,b,c being 1’s contains a term (1,1,1,2" — 2).

(a,b,c,d) with b =1 and d > 1 odd; or with d =1 and b > 1 odd contains a term
(1,1,2,2" — 3).

(a,b,¢,d) with (a,b) = (1,0dd), or with (b,d) = (1,0dd), or with (¢,b) = (1,0dd)
contains a term (1,1,3,2" — 4) unless (a,b,c) = (1,1, even) or (a,b,c) = (even,1,1),

or (a,b,c) = (1,0dd, 1).
(a,b,c,d) with (b,d) = (odd,1) contains a term (1,1,2" —2,1).
(a,b,c,d) with (c,d) = (1,0dd) contains a term (1,2,1,2" —3).

(a,b,¢,d) with (¢,d) = (1,0dd); or with (¢,d) = (odd,1); or with (a,d) = (1,0dd); or
with (b,d) = (1, 0dd) contains a term (1,2,3,2"—5) unless (a,b,c,d) = (1,1, even, odd)
or (1,even,1,0dd > 1) or (1,even,odd > 1,1) or (a > 1,b > 1,1,1) or (even,1,o0dd >
1,1) or (even,1,1,0dd > 1).

(a,b,c,d) with (¢,d) = (odd,1) contains a term (1,2,2" —3,1).

(a,b,c,d) with (a,b) = (1,0dd) and b > 1; or with (b,a) = (1,0dd) and a > 1 contains
a term (1,3,1,2" — 4).

Monomials not listed here are all 0 in the quotient.

Dimension § has trivially (1,1,1,2),(1,1,2,1),(1,2,1,1) as a basis.

The fourth result is about dimension 2™ + 2.

Theorem 1.5. In dimension 2™ + 2 with n > 4,

(15 17 ]-a 2" — 1)7

(17 1a37 2" — 3)7



(17 1,271. - 1’ 1);

(17 3a ]-7 2" — 3)7

(13 3,271 - 37 1);

(1,27 — 1,1,1)

form a basis of the quotient of W (4) by the divided differential operator algebra. Moreover,

in terms of this basis,
1. (a,b,c,d) with (a,b,c) = (odd,1,1) contains (1,1,1,2" —1).

2. (1,1,0dd > 1,d > 1) and (odd > 1,1,1,d > 1) and (odd > 1,1,¢ > 1,1) contain a
term (1,1,3,2" — 3).

3. (odd,1,0dd,1) contains a term (1,1,2" —1,1).

4. (1,0dd > 1,1,0dd > 1) and (odd > 1,1,1,0dd > 1) and (odd > 1,0dd > 1,1,1)

contain a term (1,3,1,2"™ — 3).

5. (1,0dd > 1,0dd > 1,1) and (odd > 1,1,0dd > 1,1) and (odd > 1,0dd > 1,1,1)

contain a term (1,3,2" — 3,1).
6. (odd,odd,1,1) contains a term (1,2" —1,1,1).

Monomials not listed here are 0 in the quotient.
For dimension 10, there is one more generator (1,2,3,4); all permutations of (1,2,3,4)
are equivalent to this monomial. The other conditions above are not changed.

Dimension 6 has basis elements (1,1,1,3),(1,1,2,2),(1,1,3,1),(1,2,1,2),(1,3,1,1).
The fifth result is about dimension 2" + 3.
Theorem 1.6. In dimension 2" + 3 with n > 3,
e (1,1,2,2" — 1),
o (1,1,27 —1,2),

o (1,2,1,27 — 1),



b (172a372n _3)7
b (1’2’271. - 1’1);
o (1,2 —1,1,2)

form a basis of the quotient of W (4) by the divided differential operator algebra. Moreover,

in terms of this basis, where a,b,c,d are all odd except one of them is 2,
1. (a,b,c,d) with a + ¢ = 3 contains a term (1,1,2,2™ — 1).

2. (a,b,c,d) with a +d = 3 and ¢ # a; or c+d = 3 and ¢ # a contains a term
(1,1,2" — 1,2).

3. (a,b,¢,d) with a+c¢ =3 and b # a; or with b+ ¢ = 3 and b # a contains a term
(1,2,1,2" — 1).

4. (a,b,¢c,d) with sum of two of them 3 and no two terms the same contains a term

(1,2,3,2" — 3).

5. (a,b,c,d) witha+d=3 anda#banda #c; orb+d=3 and b # a and b # ¢; or
c+d=3 and c # a and c # b contains a term (1,2,2" — 1,1).

6. (a,b,c,d) with c+d =3 contains a term (1,2" —1,1,2).

Those monomials not listed in the above are 0 in the quotient.
Dimension 7 has basis elements (1,1,1,4), (1,1,2,3), (1,1,3,2), (1,2,1,3), (1,2,3,1),
(1’ 3, 1’ 2)'

The sixth result is about dimension 2" + 4.
Theorem 1.7. In dimension 2" + 4 with n > 4,

e (1,1,3,2" — 1),

e (1,1,2" —1,3),

e (1,3,1,2" — 1),

e (1,3,5,2" —5),



(17 3’271. - 3’3);

(1,2 — 1,1,3)

form a basis of the quotient of W (4) by the divided differential operator algebra. Moreover,

in terms of this basis, where a,b,c,d are all odd,

1.

(a,b,c,d) with a + ¢ = 4 contains a term (1,1,3,2" —1).
(a,b,c,d) with b+ d =4 contains a term (1,1,2" — 1,3).

(a,b,c,d) with a+c =4 and b # a; or with b+ c = 4 and b # a contains a term
(1,3,1,2" — 1).

(a,b,¢,d) with no two of them the same and sum of two of them 4 contains a term

(1,3,5,2" — 5).

(a,b,¢,d) witha+d=4anda#banda#c; orb+d=4and b+ a and b # c; or
c+d=4 and c # a and ¢ # b contains a term (1,3,2" — 3,3).

(a,b,¢,d) with c+ d =4 contains a term (1,2" — 1,1, 3).

All monomials in this dimension not listed above are 0 in the quotient.

For dimension 12, the basis elements in 4) and 5) are the same (1,3,5,3); the elements

containing (1,3,5,3) are (a,b,c,d) with a,b,c different from each other.

The seventh result is about dimension 2P + 27 with p > g > 2.

Theorem 1.8. In dimension 2P 4+ 29 with p > q > 2,

(1,1,29 —1,2P — 1),
(1,1,2P — 1,29 — 1),
(1,3,29 — 3,2P — 1),
(1,3,27 — 3,27 — 1),
(1,22 —1,1,27 - 1),

(1,27 —1,1,29 — 1)



form a basis of the quotient of W (4) by the divided differential operator algebra. Moreover,

in terms of this basis, where a,b,c,d are all odd,

~

. (a,b,c,d) with a + ¢ = 29 contains a term (1,1,27 —1,2P — 1).
2. (a,b,c,d) with b+ d =29 contains a term (1,1,2P — 1,29 —1).

3. (a,b,¢,d) with a+c = 2% and b # a and b # ¢; or with b+ c = 27 and a # b and
a # c; or with a +b =29 and ¢ # a and ¢ # b contains a term (1,3,29 — 3,27 — 1).

4. (a,b,c,d) witha+d=2%anda#band a#c; orb+d=2% and b # a and b # ¢; or
c+d=27% and c # a and c # b contain a term (1,3,2P — 3,29 — 1).

5. (a,b,c,d) with a +b =29 contain a term (1,29 —1,1,2P —1).
6. (a,b,c,d) with ¢+ d =27 contain a term 1,2P —1,1,27 — 1).

All monomials of this dimension not listed above are 0 in the quotient.

10



2 Some preliminary results.

Lemma 2.1.
(Sa? (@), b,¢,d) = (a,5q (b, ¢, d)).

Proof By the well known trick that (X(Squ)x)y = xquiy, we only have to show
X(Squ) has the same effect as Sq2i on a monomial with only one variable. By the well

known formula (see Proposition 7.1)

. 24 .
(xSq’)z" = (nJ; j)w"“ :

since (”"';Hl) = (;) mod 2 and Sq2i:c” = (;)x”‘m, we are done.
Lemma 2.2. Assume (a1,a2,a3,a4) = (b1,ba,bs,bs), where

e (a) Only the operations S¢’ and ng with 7 < 2™ are used; or

e (b) The dimension is at most 2"*1; or

e (c) The dimension is 2"t + 1 or 2" + 2 and greater than 10.
Then for any ki, ko, ks, kg >0,

(a1 + k12", a9 + k22", a3 + k32", a4 + k42") = (b1 + k12", bo + k22", b3 + k32", by + k42")

Similarly, under the same conditions, if (a1, a2, a3, a4) is hit, so is (a1 + k12", ag+ k92", a3+

k32™ a4 + k42n) .

Proof Suppose

ZSqi(u,v,’w,x) + qu‘%(m’ta Oap) = (alaa2aa3aa4) + (blabZab3ab4)'

We only have to prove Sq*(u,v,w, z) - (12", k92", k32", k42") and
Sq% (m,t,0,p)- (k12" ko2™, k32™, k42™) are hit; the latter is obviously hit since we must have
7 < 2™ and

S, ((m,t,0,p) - (k127 ko2", k32", k42™)) = Sc(m, t,0,p) - (k12" ka2™, k32", ks2").

11



To see the former is hit, just notice that
qu((u7 v, w, ‘T) ) (k12n’ k22n7 k32n7 k42n)) = qu(ua v, w, $) ) (k12n7 k22na k32na k42n)

if 1 < 2. If 4 = 2", we have three cases.

Firstly, if the dimension is 2", then Sq*" (u, v, w, z) = (2u, 2v, 2w, 2z) and Sq*(u, v, w, x)-
(k12™, ko2™, k32™, k42™) has 4 even components; but a monomial (2a,2b, 2¢, 2d) is hit since
Sq'(2a — 1,2b,2¢,2d) = (2a,2b,2c,2d). Secondly, if the dimension is 2"*! + 1, every term
of the expansion of Sq*" (u,v,w,z) with u +v +w + z = 2" + 1, must have at least 3 even
numbers, so Lemma, 2.4 applies. Thirdly, if the dimension is 2"t + 2, every term of the
expansion of Sq>" (u,v,w,z) with u+v+w+2z = 2" +2, must have at least 2 even numbers,
so Lemma, 2.5 applies. Thus we have the Lemma.

This lemma will be repeatedly used to prove inductively the theorems of this paper.

Lemma 2.3. Any (a,b,c,d) with a,b,c,d all positive is equivalent to a sum of (a;, b, c;, d;)

with (a;, bi, c;) in the basis of Theorem 1.1.
Proof: Write (a,b,c) =), 0;(as, b;, ¢;), with each (a;, b;, ¢;) as in Theorem 1.1 (where
0; could be the identity operation). Then

(a,b,c,d) =Y (0i(as, by, ci),d) =Y _(ai, bi, ci, x0(d)).

% %
Lemma 2.4. (a,b,c,d) with at least three of them even and a,b,c,d all positive is hit if

a+b+c+d>T.

Proof This lemma can be found in [9]. If a,b,c,d are all even, then (a,b,c,d) =
Sql(a —1,b,¢,d). Otherwise, we can suppose a is odd and others are even. If a > 1,
then (a,b,c,d) = Sqs(a — 2,b,c,d). If a = 1 then one of b,c,d is greater than 2; without
loss of generality, suppose b > 2. We have (a,b,¢,d) = (a + 1,b — 1,¢,d) by expanding
Sq'(a,b —1,¢,d). Now (b—1,a + 1,¢,d) is hit since b — 1 is odd and b — 1 > 1, and the

other three are even; so by permutation (a + 1,b — 1, ¢,d) is hit, so (a, b, ¢, d) is hit.

Lemma 2.5. (a,b,c,d) with a,b,c,d all positive and two of them even, two of them odd is

hit if it is not in dimension 6 or 10 or 2™ for any n.

12



Proof Again this can be found in [9]. The proof is our method.

For dimension no greater than 15, this has been proved by direct computation of our
program; we only consider dimension greater than 15 in the following proof.

We may assume d even. In the proof of Lemma 2.3, x6;(d) has even degree whenever it
is nonzero. Then (a;, b;, ¢;) also has even degree, and must be one of (1,1,2% —2),(1,2,2% —

3),(1,2,3). So we only need to prove the following proposition:
Proposition 2.1. In dimension other than 6, 10 and 2", with s even:
1. (1,2,3,s) =0
2. (1,1,2F —2,5) =0
3. (1,2,2F -3,5) = 0.

Part (1) holds for s < 14 by direct computation. Otherwise, suppose s = 2™ + u, with
0<u<2m

If u >0 and u # 4 and u # 2¥ — 6, we conclude (1,2,3,s) = 0 using Lemma, 2.2 from
(1,2,3,u) =0.

If 0 < u < 2™, we have m > 4, and by Lemma 2.1
(L,2,3,2" +u) = (1,2,3,S¢" 2™ " +u)

= (S¢¥"7'(1,2,3),2" ! +u) = 0.

Note that if u = 2¥ — 6 and u > 2™~ we must have £k = m. This makes the dimension
2m+1 which is excluded.

This proves part (1); to prove parts (2) and (3), let’s first prove the following proposition:
Proposition 2.2. For k > 3,

1. (1,1,2F —2,2k-1) =0

2. (1,2,2F —3,2k71) = 0.

Proof Using Lemma 2.1,

2k—2 2k—2

0=(Sq* (1),1,2F —2,2%72%) (1,8¢% " (1,2% —2,2F72))

= (1,1,2F 4+ 2F-2 2 2k=2) 4 (1,1,2F — 2,2k 1)
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for £ > 3 and

0= (S "(1),1,26 L 42k 2 2 9k2) = (1,8q% (1,28 ! + 2k 2 — 2 2k2))

= (1,1,2F 4 2k-2 _ 2 2k 2,

These give us the first result.

Similarly we have

0=(Sq* " (2),1,25 —3,25%) = (2,8¢" (1,2 - 3,22))
= (2,1,2F 4 2F"2 _3 2Fk=2) 1 (2,1,2F — 3,2k 1))
for k > 4 and
0=(Sq® ' (2),1,2" 1 42k 2 - 3282 = (2,8¢* (1,21 + 22— 3,282

= (2,1,2F 4 2k2 _3 2k,

These give us the second result. For k¥ = 3, both results can be shown by direct computation.

Now we can prove part (2) and part (3) of Proposition 2.1 as part (1).

For part (2), suppose s = 2™ + u, with 0 < u < 2™.

If £ > m+ 1, where m > 2, (1,1,2¥ — 2,2™ 4 4) = 0 follows by Lemma 2.2 from
(1,1,2m+1 — 2 2™ 4+ 4) = 0, which is the case k = m + 1. if u > 0, the latter follows
from (1,1,2™ — 2,u) = 0 by Lemma 2.2 and induction, unless m = u = 2, in which case
(1,1,6,6) = 0 by direct computation. If u = 0, it is Proposition 2.2. If m = 1, we must
have u = 0, and the same method applies, except that induction starts at £k = 3, where
(1,1,6,2) = 0 by direct computation.

If k <mandu>0andu # 2: 2%, (1,1,2F —2,2™ 4-u) = 0 follows from (1,1,2F —2,u) =
0, which is true by induction unless k = u = 2. If k = u = 2, we compute (1,1,2,2™+2) =0
for m = 2,3, and deduce that case m > 4 from the case m = 3 by Lemma 2.2.

Note that if u = 0, the dimension is 2¥ +2™ and we must have k¥ < m. Also if u = 2t — 2%,
the dimension is 2™ + 2¢ and we must have k < ¢t < m. So if u = 0 or u = 2! — 2%, we have

by Lemma 2.1

(1,1,2% — 2,2™ + u) - (1,1,25 —2,8¢2" (2™ + u))

= (Sq>" 7' (1,1,2F — 2),2m1 4 u).

14



This is zero if & < m — 2, and has all entries even if K = m — 1.
Part (3) is entirely similar.
All the above shows that an element with at least two even entries is hit if it is not in

dimension 2" for some n or 6 or 10.
Lemma 2.6. (*'7*) =0 ifr > 0.

T

Proof If r is odd, this is 0 obviously; if 7 = 2s, then it equals (2n_;_25); by induction
this is 0.

Lemma 2.7. (2"—T1—r) =0ifr>0.

Proof Since 2" — 1 — r and r have no common digits in the dyadic expansions, the

result follows.
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3 Proof of theorem 1.2

Lemma 3.1. Elements in dimensions 8n+5,8n+6,8n+7 for positive n are all hit.

Proof This follows from the computation that all elements in dimension 13,14,15 are
hit. An element of the form (1,¢,a,b) with ¢ < 3 in these dimensions can be written as
(1,¢,8z+k,8y +1) with 1 <k,l < 8. So dimension of (1,t,k,1) is < 20, so it must be 13, or
14, or 15 or 5,6,7. If the dimension is 5,6,7, we use (1,t,k + 8,1) or (1,t,k,l + 8) instead.
Therefore by lemma 2.2, (1,%,a,b) is hit. Similarly we can show (1,¢,a,b) with a < 3 is hit.
But by Lemma 2.3 every element is a sum of elements (1,%,a,b) with ¢ < 3 or a < 3 in the

quotient, hence the lemma.

Lemma 3.2. All elements in dimensions 2PT1 4+ 2P 4 1, 2p+t1 4 9P 4 9 9opt+l 4 9P 4 3
2P+l L 9P 4 4 are hit for p > 3.

Lemma 3.3. All elements in dimension 2P + 29+ 2" with p > q > r > 3 are hit.

We may freely permute the entries in any monomial here. By Lemma 2.3, we need only
consider elements of the form (1,¢,a,b) with 1 < ¢ < 3. Further, Lemma 2.5 allows us to
ignore all monomials with two or more even entries.

Proof of theorem 1.2

Assuming the above lemmas, suppose an element is in dimension k2PT! + 2P 4 m, with
m among 1 to 4, k > 1, p > 3. If the element is of form (1,¢,a,b) with ¢t among 1 to 3,
we can find appropriate x > 0,y > 0 such that (1,¢,a — z2P*1 b — y2PT1) is in dimension
2P+11.9P L yp. This is possible because if z, v are the greatest numbers that a—22P+1, p—y2P+!
are still positive, then (1,¢,a — z2P*! b — y2PT1) is in dimension < 2P*2 4 4. So it must be
in dimension 2PT! + 2P 4+ m or 2P 4+ m; if it is the second case, we just put back a 2P, i.e.
decrease x or y by 1 so as to have dimension 2P+ + 2P + m. Now we can use lemma, 3.2
and 2.2 to conclude that (1,¢,a,b) is hit.

Similarly we can prove elements in dimension k2P 4 29 4 2" are hit for p > g > r > 3
if Kk > 1. Again we consider (1,%,a,b); we can find (1,¢,a — 22P,b — 42P) in dimension
2P + 294 2" and apply Lemma 2.2.

Consider monomials in dimension 8n + m, with 0 < m < 7.

Case m = 5,6,7 and n > 1: by lemma 3.1 they are hit.
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Case m = 1,2,3,4 and «(n) > 2: write 8n = k2PT1 + 2P k > 1, p > 3, this reduces
to Lemma 3.2. Here and below we use a(n) to denote the number of 1’s in the dyadic
expansion of n.

Case m =0, a(n) > 3: write 8n = k2P + 274+ 2", p > g > r > 3, this reduces to Lemma
3.3.

Since in Theorem 1.2 we only consider monomials in the above 3 cases, if we prove all
the lemmas, then we are done.

Proof of Lemma 3.3 We show that if the result holds in dimension 2P 4 29 4 27, it
holds in dimension 2P*! 4+ 29 4 27. After permutations, it is enough to consider elements
of the form (1,%,a,b) in dimension 2P! + 29 4 2" with 1 +¢ < 4, so one of a,b must be
greater than 2P. Say a > 2P, then (1,¢,a — 2P,b) is hit, so by Lemma 2.2 (1,¢,a,b) is hit.

This shows Lemma 3.3 is equivalent to the following lemma.
Lemma 3.4. All elements in dimension 29t 4+ 29 4 27 with ¢ > r > 2 are hit.

Proof Let’s consider elements of the form (1,1,25 — 1,297 427 4+ 27 — 2% — 1) and
(1,3,2% — 3,291 429 4+ 27 — 25 —1). By Lemma 2.5, we may ignore monomials with two or
more even entries.

If r <s <gq, then
0=(Sq?(1,1,2° —1),29+t 427 — 25 1) = (1,1,2° — 1,S¢%" (2971 + 2" — 2° — 1))

by Lemma, 2.1, so (1,1,2% — 1,291 29 4 27 — 25 — 1) is hit; similarly (1,3,2° — 3,29F! +
2¢ 4 27 — 25 — 1) is hit.

If s < r, we have

(1,1,2° — 1,8 (291 + 29— 2* — 1)) = (Sq* (1,1,2° — 1),29F1 +29 - 25 — 1) = 0.

So (1,1,2% —1,29+L 429 4+ 27 — 25 — 1) is hit; similarly (1,3,2° — 3,29F1 + 29427 — 25 — 1)
is hit.

If s = g + 1, then we have (1,1,2¢7!1 — 1,29 + 2" — 1) and (1,3,2¢7! — 3,29 + 2" —1).
They are equivalent to (1,1,29t! +27 — 1,29 —1) and (1, 3,291 27 — 3,29 — 1) respectively
by Lemma 2.1 using (Sq® (1,1,29+1 —1),27 —1) = (1,1,291 —1,Sq% (27 — 1)) etc. Then

(1,1,2971 42" — 1,29 —1) = (Sq*(1,1,2942" —1),29 — 1)

= (1,1,2942" - 1,8¢% (27 - 1)) =0
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and similarly for (1,3,291 427 — 3,29 —1).

This finishes the proof of Lemma 3.4, thus that of Lemma, 3.3.

Proof of Lemma 3.2

We deal with dimensions 2P11 4 2P 4 1,2, 3, 4 separately, here p > 3.

Proof of dimension 2P*! 4+ 2P + 4 with p > 3.

This is Lemma 3.4 with r = 2.

Proof of dimension 2P*! + 2P + 2 with p > 3.

We only have to show (1,1,2F —1,2P1 427 — 2k 4 1) and (1,3,2% — 3,2+ 127 — 2k 1 1)
are hit.

If k < p,

(1,1,2% —1,8¢%" (27! — 2% + 1)) = (S¢*"(1,1,2% —1),2°FL —2F L 1) = 0.

1s shows that — +27—-2%41) 1s hit. Similar — +2P 2%+
This sh hat (1,1,2%—1,2PF1 427 —2K 1 1) is hit. Similarly (1,3,2%F —3,2PT!14-2P —2k 1)
is hit.

Now suppose k = p + 1. We have (1,1,2P*1 — 1,27 +1) and (1,3,2P*! — 3,27 +1). The
former is equivalent to (1,1,2P+ 4+2P~1 —1,2P~1 1) by lemma 2.1 applied to (1,1,2P+1 —
1,2P=1 4+ 1). Then

(1,1,20F1 pop—t 1 97=1 1) = (Sq¥(1,1,2° + 2P~ —1),2P7 1 4 1)

(1,1,2°P + 2771 —1,S¢* (2771 +1)) = 0

and similarly for (1,3,2P*t1 — 3,27 +1).
Proof of dimension 2Pt! 4 2P + 3 with p > 3.

This time we have to consider

1,2,3,20T1 4 2P _3)

1,1,2F —1,2PF1 2P _ 2k 4 9

(
( )
(1,3,2F — 3,2P%1 2P ok 1 9)
(1,1,2F —2,2PF1 1 9P _ ok 1 3)
(1,2,2F —3,2PT1 ;9P _ 9k | 3)
First,

(1,2,3,8q% 2P+ — 3) = (Sq¥(1,2,3),2°*! —3) =0,

18



o (1,2,3,2PT! 4+ 2P — 3) is hit.
Ifk =1, (1,1,1,2°+! + 2P) is obviously hit by Sq2" .
If2<k<p,

0=(Sq?"(1,1,2F —1),2Ptt —2F 1 9) = (1,1,2F —1,8¢%" (2P — 2F + 2)),

o (1,1,2F —1,2P+1 127 — 2k 1 2) ig hit. Similarly other cases follow.

Suppose k = p + 1. We have by Lemma 2.1 twice

(1,1,2P71 —1,2P 4 2)

(1,1,2PF1 4 2P~ 1 oP=1 4 9)

= S¢?'(1,1,2P + 2P 1 —1),2P 1 4+ 2)

(1,1,2° + 2771 —1,8¢* (2771 +2)) =0

Proof of dimension 2Pt 4+ 2P 4 1 with p > 3.

This time we have to consider

1,2,3,2PT1 4 2P _5)

1,1,2F —1,2pF1 4 2P _ 9k)

(1,

(

(1,3,2F — 3,2PF1 4 2P _ oK)
(1,1,2F —2,9PF1 9P _ ok 4 1)
(1,

1,2,2F —3,2Pt1 1 9P _ 9k 4 1)

The proof that they are hit is same as that of dimension 2711 4+ 2P + 3 except when k = 1,

where we get

(1,1,1,2P%1 427 — 9) = (Sq?"(1,1,1),2°1 —2) = 0.
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4 Linear functionals

To find a lower bound for the rank of the quotient in dimension ¢, we construct linear
functionals W (4)? — F, that map all relations to 0. They are really homology classes. The
symmetric group S4 acts on these in the obvious way. If we find & linearly independent
such functionals, the rank of the quotient must be at least k.

To specify a linear functional, we pick a set M of monomials in dimension g and take
its characteristic function x s, which maps M to 1 and all other monomials to 0. To verify
the condition, we take any integer r > 0 and monomial (z,y, z,t) in dimension g — r, and

expand

Sq'r(x’ Y, z, t) = Z(a’ ba ¢, d)

We have to show that the number of monomials (a, b, ¢, d) that lie in M is even. We have
Sas(z,y, z,t) similarly, except that (x,y, 2,t) lies in dimension ¢ — 2r; this case is simpler,

because a, b, ¢, d always have the same parity as =, y, z, t.

> ()0)-(%)

i+j=k

Lemma 4.1.

Proof: This is the coefficient of u* in (1 + u)*(1 +u)¥ = (1 + u)**v.

4.1 Dimension 2"

Case 1: Take M= all monomials (a, b, c,d) with d odd.
There are no terms if ¢ is even, so assume t is odd, ¢t = 27"+ 1. The number of terms in

M is

(00 6) -2 () () -2 ) )

summing over %, j, k, L such that ¢ + j + k + 2L = r, by applying the lemma twice. If r is

odd, 2" — 2T — 1 — r is even and (QH_TQ_TQ_LI_T) = 0. If r is even, r = 2R, we have

n—1 _ _ _ n—1 _ _
e A e

L
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by lemma 2.7.

For Sq5, there are no terms unless ¢ is odd, then all terms lie in M. We get

ZOOGOE )= (777) =0 e

by lemma 2.6, summing over all 4,5, k,l such that 1 + 7+ k+1=r.

When we permute by Sy, we get four different linear functionals, of which only three
are linearly independent, as their sum is zero.

Case 2: Take M= all monomials (a,b,c,d) with all entries odd, a + b = 2"~! (hence
c+d=2""1 also).

For Sq", there are no terms in M unless z,y, z,t are all odd. Write z = 2X + 1,y =
2Y +1,2=2Z+4+1,t=2T+1. Thenr =2Rand X +Y +Z+T+R+2=2""1 The

number of terms that lie in M is
2X +1\ (2Y + 1\ [2Z + 1\ /2T + 1
(%) () ) )
X\ /Y\/Z\ (T
(00
X+Y Z+T
- <2n—2—1—X—Y)(2n—2—1—Z—T)’

summing over all i, j,k,I such that X +Y +i+j+1=2"2and Z4+T+k+1+1=2"2

By Lemma, 2.7, this is even unless X +Y =2" 2 — 1 and Z + T = 2" 2 — 1, which implies
R = 0, which is not allowed.

For Sq5 there are no terms unless z,y, z,t are all odd, when we get

) (2X—|—1) (2Y+1) (2Z+1> (2T+1> _ ( 2X +2Y +2 )( 27 +2T + 2 >

i J k l =2 _1-X-Y/)\2"2-1-2-T)’
summing over all 4,5, k,l such that X +Y +14+i+j=2"2and Z+T+1+k+1=2""2
This is even by lemma, 2.6 unless X +Y = Z + T = 22 — 1, which imply r = 0.

When we permute, we find three linear functionals, all linearly independent, provided
n > 4.

In all we have 6 linearly independent functionals. Every coefficient in Theorem 1.3 is a
linear combination of these. (The coefficient of (1,3,2"~! — 3,27~ — 1) is the sum of the

three from case 2.)
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4.2 Dimension 2" +1

Take M=all (a,b,c,d) with a = 1,b odd.
For Sq": No terms unless z = 1,y odd. Put y = 2Y +1, then 14+2Y +1+2z+t+r = 2" +1.

()6 0-26) ) =000

J

We get

summing over all j, k,[ such that 2j +k+1=r.
If ris odd, 2" —2Y — 1 — r is even and we get 0. If r is even, r = 2R, we get
Z Y\ /2" -2Y —1-2R
—\J 2R — 2j

_ 3 Y\(2*'-1-Y-R\ (2"'-1-R mod 2
B AV R—j B R ’

J
which is zero for » > 0 by Lemma 2.7.

For Sqj: This time 1 +y + z 4+ ¢+ 2r = 2" + 1. No terms unless y is odd, then

SO0 -7 = () =0 moa

summing over all j, k,[ such that j+k+1=r.

If we permute b, ¢, d only, we get three linear functionals whose sum is zero, so only two
of them are linearly independent. If we permute a as well, we get 12 functionals, of which 8
are linearly independent. Every coefficient in theorem 1.4 is a linear combinaation of these

functionals.

4.3 Dimension 2" + 3

Take M = all (a,b,c,d) with a + b= 3, c odd, d odd.
For Sq": No terms unless z +y < 3,z =2Z + 1,t =27 + 1.
Casez=y=1:r=2R+1,Z+T+ R=2""!— 1. Counting the terms (1,2,0dd,odd),

OO0

where R = 0 is possible. The count of terms (2,1,0dd,odd), is the same, so the total number

we get

is even.

22



Casex =1,y=2: 7 =2R,Z+T+ R=2""! — 1. The count is

S EED SO0 7 0w

since R > 0.

The case z = 2, y = 1 is similar.

For Sq5: No terms in M, unless z and y are 1 and 2 in either order, and z = 27 + 1 and
t = 2T + 1. Then the count is

2Z 4+ 1\ (2T +1 2" — 2r
Z = =0.
k l r

k+l=r
Permutation gives 6 linear functionals, all linearly independent. All coefficients in Theorem

1.6 are linear combinations of these.
4.4 Dimension 2* +27 (p > ¢ > 1)

Take M = all (a,b,c,d) with a,b,¢,d all odd, a + b = 27.
For Sq": No terms unless z,y, z,t all odd. Write x =2X 4+ 1,y =2Y +1,2=2Z+4+1,t =
27 +1,thenr =2R,and X +Y + Z+ T+ 2+ R = 2P~ 4 2971, The number of terms in

M is
Z 2X +1\ /2Y +1\ /2Z+1\ /2T +1
24 27 2k 21

SO (oA ) )

summing over all 4,5, k,1 such that X +Y +i+j+1=29"1 Z+T+k+1+1=2P1 This
iseven unless X +Y = 27! — 1 and Z+ T = 2P~! — 1, which imply = 0, which is not
allowed.

For Sqjy: Again z,y, z,t must all be odd, z +y + z +t 4+ 2r = 2P 4+ 29. The number of

OO0 = (e ) o)

summing over all 4, j, k,[ such that z + y + 2¢ + 25 = 29,z + ¢ + 2k + 2] = 2P. This is even

terms in M is

unless z + y = 27 and z + ¢t = 2P, which imply r = 0.
Permutation gives 6 functionals, all linearly independent. All coefficients appearing in

Theorems 1.5,1.7,1.8 are linear combinations of these.
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4.5 Dimension 10

Take M = all permutations of (1,2,3,4).

By direct calculation, this is an extra linear functional.
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5 Proofs of theorems 1.3-1.8.

The linear functionals constructed in section 4 show that the proposed basis elements listed
in Theorems 1.3-1.8 are linearly independent in W+ (4). To complete the proof, we have to
show they span. But every element (a, b, ¢, d) is equivalent to a sum of (m, n, 0, p) such that
(m,n,o) is a basis element in W (3) by Lemma, 2.3.

So we only have to consider elements (m,n,0,p) such that (m,n,o) is among (1,1,2?P —
1),(1,27 —1,1),(1,3,2P — 3),(1,2,27 — 3),(1,2,3) and (1,1,27 — 2). We show that all such
elements can be written as sums of basis elements.

The proof below is by induction. We did not pay too much attention to the low dimension

case, since we have a program which has worked out results up to dimension 100.

5.1 Dimension 2".

Case 1: Let’s prove (1,1,20,2m) = (1,1,2,2" — 4).

For n = 3, this says only that (1,1,4,2) = (1,1,2,4), so assume n > 4. By induction,
all monomials (1,1,2a,2b) in dimension 2"~ are equivalent. By Lemma 2.2, all monomials
(1,1,2" ! + 2a,2b) are equvalent, all monomials (1,1,2" 2 + 2a,2" 2 + 2b) are equivalent,
and all monomials (1,1, 2a, 2" ! +2b) are equivalent. But these ranges overlap for n > 5. For
n = 4 we compute (1,1,6,8) = (1,1,2,12), hence by permutation (1,1,8,6) = (1,1,12,2)
and we get the same result.

Case 2: (1,2,27 — 3,27 — 2°) = (1,2,1,2" — 4).

If p<n—1, then (1,2,2° —3,2" 1 — 2P) = (1,2,1,2" ! — 4), and we easily get what
we want by applying Lemma 2.2.

If p = n—1, then we have (1,2,2""1—3,2"71). Since (1,2,2"2-3,2"?) = (1,2,1,2" !~
4), we get (1,2,2"2 41,2771 4272 _4), Now (1,2,2" 241,272 —4) = (1,2,1,2"1 —4),
assuming n > 5, and we get what we want.

Case 3: (1,1,27 —1,2" — 2P — 1) = (1,1,1,2" — 3) if p£ n — 1.

If p<n-—2,then (1,1,2°P — 1,271 — 2P — 1) = (1,1,1,2" ! — 3), we get what we want
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easily. If p = n — 2, then we have

(1,1,2"72 — 1,271 4 an=2 _ 1)

(2,2,2"71 —3,2"7 1 — 1)+ (1,2,2" 1 — 2,277 — 1)

+(2,1,2"t — 2,271 1)

(1,1,8¢%(2" " = 3,2°7 1)) + (1,1,8¢' (2" ' — 2,2"7" ~ 1))
= (1,1,2"t =327t 4 1)

= (1,1,1,2" — 3)

In the first equality we use Lemma 2.1 and Sq2n_2 (1,1,2"72—-1,2""1 —1). In the last equality
we have used (1,1,2" ! —3,2» 1 +1) = (1,1,1,2" — 3), since the induction hypothesis
(1,1,27~1 — 3,1) = (1,1,1,2"~! — 3) in dimension 2",

Case 4: (1,2 —1,1,2" — 2P — 1) = (1,1,1,2" —3) if p £ n — 1.

But this is a permutation of case 3.

Case 5: (1,2,3,2" —6) = (1,2,1,2" — 4)

Since in dimension 2"~! we have (1,2,3,2""! —6) = (1,2,1,2"~! —4), assuming n > 5,
it follows easily from Lemma 2.2.

Case 6: (1,3,2° —3,2" — 2P — 1) = (1,1,1,2" —3) if p#n — 1.

If p < n—2, since (1,3,2P —3,2" 1 —2P —1) = (1,1,1,2"~! —3), this is easy. If p = n—2,

we have

(1,3,2¢°2 3,201 y2n2 _ 1)

(2,6,2"" 1 — 7,201 —1) 4+ (1,6,2" 1 — 6,271 — 1)

+(2’ 5’ 2n—1 _ 6, 27L—1 _ 1)

(1,5,8¢*(2" " = 7,271 — 1)) + (1,5,5¢" (2" " - 6,2" " — 1))

— (1,5’ 271*1 o 7’ 211.71 4+ 1)

(1,1,1,2" — 3)
The reasoning is like case 3.

5.2 Dimension 2" +1

The result is easy for n = 3 and can be computed directly for n = 4, so assume n > 5.
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Case 1: (1,1,2°P —2,2" — 2P + 1) = (1,1,2,2" — 3) if p < m, else it is (1,1,2" —2,1).

If p < n—1, then (1,1,27 — 2,271 — 27 + 1) = (1,1,2,2" ! — 3), and the result
follows easily. If p = n — 1, we have (1,1,2"72 — 2,272 + 1) = (1,1,2,2""! — 3), so we
have (1,1,2 + 272 2n=1 4 272 _ 3). This is equivalent to (1,1,2,2" — 3) since (1,1,2 +
2n—2 272 _ 3) =(1,1,2,2""1 - 3).

Case 2: (1,2,3,2™ — 5), this is a basis element.

Case 3: (1,2,2P —3,2" —2P +1) = (1,2,3,2" —5) if n > p > 2, else it is (1,2,1,2" — 3)
or (1,2,2" — 3,1).

If2<p<mn-—1,then (1,2,2° — 3,271 — 2P + 1) = (1,2,3,2"! —5), and the result
follows easily. If p = n — 1, we have (1,2,2"72 —3,2" 2 + 1) = (1,2,3,2"! —5), so by

Lemma 2.2

(1,2,2""1 — 3,271 1 1) (1,2,3 + 2772 2n~1 4 on=2 _ 5)

(15 2a 35 2" — 5)

using (1,2,3 + 272272 _5) = (1,2,3,2" ! - 5).
Case 4: (1,1,2P —1,2" —2P) = (1,1,3,2" —4) ifn>p > 1;if p=1, (1,1,1,2" — 2) is a

P ]

basis element.
If1 <p<n-—1,then (1,1,2° —1,2" 1 —2P) = (1,1,3,2" ! —4), and the result follows.
If p=n — 1, we have by Lemma 2.2,

(1,1,27t —1,27 1) = (1,1,2"71 — 3,271 +2) = (1,1,3,2" — 4).

Case 5: (1,27 —1,1,2" — 2P) = (1,3,1,2" —4) forn > p > 1.

This is just a permutation of case 4.

Case 6: (1,3,2P —3,2" —2P) = (1,1,1,2" — 2) 4+ (1,1,3,2"™ — 4) + (1,3,1,2" — 4) for
n>p>2.

Again if 2 < p < n — 1, the result follows easily from
(1,320 = 3,277 = 27) = (1,1,1,2" 7 = 2) + (1,1,3,2"71 —4) + (1,3,1,2"71 —4).
If p=mn—1, we have (1,3,2"~! — 3,2""1). By using
(1,3,2"72 = 3,2"%) = (L,1,1,2" " = 2) +(1,1,3,2" 1 —4) +(1,3,1,2" " —4)
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we get

(1,1,1 427722770 42772 - 2) 4 (1,1,3 +- 2772, 2771 2772 —4)

+ (1,3,1 427220t pon2 _yg),

But the first two terms cancel out since (1,1,2"72 4+ 1,272 —2) = (1,1,2""2 4+ 3,272 —
4) in dimension 2" ! + 1; since (1,3,0dd > 1,even) in dimension 2" ! is equavalent to

(1,1,1,2" 1 —2) +(1,1,3,2" 1 —4) +(1,3,1,2" ! — 4), the result follows.
5.3 Dimension 2" + 2

This time we only have to consider elements made up of odd numbers, by Lemma 2.5.

Case 1: (1,1,2° —1,2" —2P +1) = (1,1,3,2" —3) if n > p > 1, else it is (1,1,1,2" — 1)
or (1,1,2" — 1,1), a basis element.

If p<n—1,since (1,1,2° — 1,271 — 2P +1) = (1,1,3,2"  — 3), the result follows; if
p =mn — 1, then we have (1,1,2" ! —1,2"! +1). Considering (1,1,2" 2 —1,2" 2 +1) =
(1,1,3,2" 1 — 3) (assuming n > 3), we get (1,1,2" 2 + 3,271 4 272 _ 3). We get the
result since (1,1,2"72 4+ 3,272 - 3) = (1,1,3,2"" 1 - 3).

Case 2: (1,27 —1,1,2" — 2P +1) = (1,3,1,2" —3) if n > p > 1, else is (1,1,1,2" — 1)
or (1,2" — 1,1,1), a basis element.

This is a permutation of case 1.

Case 3: (1,3,27 —3,2" — 2P + 1) =0 if n > p > 2, else we get (1,3,1,2" — 3) or
(1,3,2"™ — 3,1), a basis element.

If n —1>p> 2, since (1,3,2° — 3,2"~1 — 2P + 1) = 0, we have the result; if p=n — 1,
we have (1,3,2" 1 —3,2" 1 +1). Since (1,3,2" 2-3,2" 2 +1) =0 for n > 5, we have the
result. For n = 4, we compute directly that (1,3,5,9) = 0.

5.4 Dimension 2" + 3

We assume n > 5. For n < 5 we have direct computation.

Case 1: (1,1,2P —1,2" — 2P+ 2) =0 if n > p > 1, else we have (1,1,2" —1,2).

If p < n — 1, this follows easily since (1,1,2P — 1,271 — 2P £ 2) =0;if p=n — 1, we
have (1,1,2"~! — 1,271 4+ 2). Since

(1,1,3,6) = Sq3(1,1,3,2) + Sas(1,1,5,2) +Sq3(1,1,1,2) + Sqi(1,1,1,6),
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Lemma 2.2 gives (0,0,2" ' —4,2" 1 —4).(1,1,3,6) =0, and the result also follows.

Case 2: (1,27 —1,1,2" — 2P+ 2) =0 if n > p > 1, else we have (1,2" —1,1,2). This is
a permutation of case 1.

Case 3: (1,3,2P —3,2" —2P 4+ 2) =0 if n > p > 1, else we have (1,3,2" — 3,2).

If p<n—1,since (1,3,2° — 3,271 — 2P 4 2) = 0, the result follows; else if p = n — 1
we have (1,3,2" ! — 3,271 4+ 2). Since (0,0,2" ! — 4,21 —4).(1,3,1,6) = 0 by the
computation in case 1, we have the result.

But we also have to show
(1,3,2" —3,2) = (1,1,2" — 1,2) + (1,2,3,2" — 3) + (1,2,2" — 1, 1).
Since by induction and Lemma 2.2 we can show
(1,3,2" —3,2) = (1,1,2" — 1,2) + (1,2,3+ 2" 1,271 —3) 4+ (1,2,2" — 1,1),
we have to show
(1,2,2" 71 +3,2" 71 —3) = (1,2,3,2" — 3).
By Lemma 2.1
0 = (Sq¥(1),2,2" 7 —5,2"7t —3) = (1,8¢%(2,2" ! — 5,271 — 3))
= (1,2,2% ' —5,2" 4 5) 4(1,2,27 - 2,20 £ 2) 4 (1,2,20 1 +3,20 L —3)
+(1,4,277 1 — 4,27t 1 2) +(1,4,277F — 3,27 1)
We may neglect the terms with 3 even entries. By Lemma 2.2, (1,4,2" ! —3,2""1 +1) =0
since (1,4,2"1-3,1) =0, (1,2,2" "1 —5,2""1 +5) = (1, 2,3,2" —3) since (1,2,2" "1 —5,5) =
(1,2,3,2"71 —3).
Case 4: (1,2,3,2" — 3), this is a basis element.
Case 5: (1,1,2P —2,2" — 2P 4+ 3) =0 if n > p > 2, else if p = 2, we have (1,1,2,2" —1).
If p = n, this follows from dimension 2"~ + 3 using (1,1,2"7 ! —2,3) =0. If n > p > 2,
it follows from (1,1,2P —2,2"~1 — 2P 4 3) =0 in dimension 2"~! + 3.

Case 6: (1,2,2P — 3,2" — 2P 4+ 3) = (1,2,3,2" — 3) if p > 2, else if p = 2, we have
(1,2,1,2" — 1).
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If n—1 > p > 2, the result follows easily. If p = n, we have (1,2,2" — 3,3). By Lemma
2.2, (1,2,2" — 3,3) = (1,2,2" 1 +3,2" 1 — 3), since (1,2,2" ! - 3,3) =(1,2,3,2" 1 - 3).
We have already shown that (1,2,2"~! + 3,271 — 3) = (1,2,3,2" - 3).

5.5 Dimension 2" + 4.

We assume n > 5.

Case 1: (1,1,27 —1,2" — 2P 4+ 3) =0 if n > p and p # 2. Else we get (1,1,2" — 1,3) or
(1,1,3,2" — 1).

Ifp=1lorn—1>p>2 since (1,1,1,2" 1 +1) =0and (1,1,2P — 1,271 —2P 4+ 3) = 0,
the result follows.

If p=n—1, we have (1,1,2"~1 — 1,271 4 3). We use

0 = (ng(la 1)72”‘71 - 1’2n71 - 5) = (15 1aXSq%(2n71 - 172“'71 - 5))
= (1,1,2" -1 2" 4 3) + (1,27 4,2 1) + (1, 1,27 45,27 - 3).

But the latter two terms are hit by Sq?(1, 1,27~ —1,2"~141) and Sq?(1, 1,271 45,271 —5).

Case 2: (1,2P —1,1,2" — 2P +3) =0 if n > p and p # 2. Else we get (1,2" —1,1,3) or
(1,3,1,2™ —1).

This is a permutation of case 1.

Case 3: (1,3,2° —3,2" —2P+3) = (1,3,5,2" —5) if n > p > 2, else we get (1,3,1,2" — 1)
or (1,3,2" — 3, 3).

Again if p < n — 1, this follows from (1,3,2P — 3,2"~!1 — 2P 4+ 3) = (1,3,5,2" " —5).

We have to show

(1,3,2"1 —3,2"1 +3) = (1,3,5,2" — 5).
ignoring monomials with even entries, we expand
0 = (Sq®(3),1,2" ! — 3,27 —5)=(3,9¢%(1,2"1 — 3,21 —5))
= (3,1,2"7t — 3,271 1 3) +(3,1,2" ! 45,2771 —5).

thus by permutation, (1,3,2"71 — 3,271 4+ 3) = (1,3,2""1 45,271 —5).

Next we use Proposition 7.2 to expand

0 = (Sq3(1,8),2"7" —11,2"7" = 5) = (1,3,x8q3(2" ™" - 11,2"' —5))

= (1,3,2" 71 45,2771 —5) +(1,3,2" 1 — 9,271 1 9)
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So (1,3,2" 7' +5,2" 1 —5) = (1,3,2" —9,2" ' +9).
Finally’ (1’ 3’ 2”*1 _93 2,’171 +9) = (13 3, 53 27 _5) fOHOWS by Lemma 2.2 from (13 3, 2”71 —
9,9) = (1,3,5,2""! — 5) in dimension 2"~ + 4.

5.6 Dimension 2™ + 2" with m >n+1>4
Lemma 5.1. (1,9,2% 427 -9 2k —1) =0 in dimension 2571 42" for any k > n+1,n > 3.
Proof Expand
(Sq3" (1,3,2F —2m —3),2% — 1) = (1,3,2% — 2" — 3, (xSa3") (2F — 1))
On the left, there are only three terms,
(1,9,2F +2m —9.2F —1) +(3,7,28 + 2" — 9,28 —1) +(3,9,2% + 2" —11,2F — 1)

The second and third terms are trivial by Lemma 2.2, since (3,7,2" —9,2¥ —1) = 0 and
(3,9,2" —11,2F —1) = 0 in dimension 2¥ + 27,
: B . 2k —143.27—1 2k pontlyon_9
The right side is 0, since ( Jgn ) = ( + 2n+ ) =0.
Case 1: (1,1,2? —1,2" +2™ — 22 — 1) = 0if p < mor m > p > n, else we have
(1,1,2m —-1,2" - 1) or (1,1,2" —1,2™ —1).
If p#m — 1, since (1,1,2P — 1,21 — 2P 4 2" — 1) = 0 in dimension 2™ ! + 27, the

result follows. If p = m — 1, since m — 2 > n, in dimension 2! + 27, we have

(1,1,21 —1,2" —1) = (9,1,2™ 1 —1,2" — 9) + (1,9,2™ 1 —1,2" —9).
By Lemma 2.2,
(1,1,2m=1 —1,2m=1 L 9 1)
= (9,1,2mt —1,2m7t pon _9) 4 (1,9,2mt —1,2m L 42" —9)
= 0

since each term on the right is a permutation of the term in the Lemma.
Case 2: (1,2? —1,1,2™ +2" — 2 — 1) = 0ifn > por m > p > n, else we get
(1,2» —1,1,2™ — 1) or (1,2™ —1,1,2" — 1).

This is a permutation of case 1.
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Case 3: (1,3,27 —3,2m 42" — 2P —1)=0ifn>p>lorm >p >mn;elseif p=n or
p=m, we get (1,3,2" —3,2™ — 1) or (1,3,2™ — 3,2" — 1), which are basis elements.

If p #m — 1, since (1,3,2P — 3,2™~1 — 2P 4 27 — 1) = 0 in dimension 2™~! 4 27, the
result follows by Lemma 2.2.

If p=m —1and m > n+ 2, in dimension 2™~ + 27,
(1,3,2m7 1 —3 2" — 1) = (9,1,2m" 1 —1,2" —9)
By Lemma 2.2 and Lemma 5.1,
(1,3,2m" 1 —32m 7l 4o 1) =(9,1,2m 1 —1,2m L 4+ 2" —9) = 0.
We are done.

5.7 Dimension 2"t! + 2" with n > 3.

Case 1: (1,1,2°P—1,2"t1 427 2P 1) =0if1 < p < n; if p = n, we get (1,1,27—1,2"F1 —1);
if p=mn+1, we get (1,1,2""1 —1,2" — 1); both are basis elements.
If p<n—1, by Lemma 2.1,

(1,1,27 —1,2" L 4 on 9P 1) = (1,1,2° —1,S¢%" ("1 — 2P — 1))
= (Sq?"(1,1,2P —1),2"tt — 2P 1)

=0

Case 2: (1,27 —1,1,2"Tt 42" — 22 — 1) =0if 1 < p < m; if p = n, we get (1,27 —
1,1,27t —1);if p=n+ 1, we get (1,2"T!1 —1,1,2" — 1), both are basis elements.

This is a permutation of case 1.

Case 3: (1,3,27 —3,2"tL 427 22 1) =0if 1 < p < n; if p = n, we get (1,3,2" —
3,20t —1);ifp=n+1, we get (1,3,2"1 — 3,2" — 1); both are basis elements.

If p<n -1, by Lemma 2.1,

(1’35 2P — 3aSq2n (2n+1 — 27— 1)) = (San(11352p - 3),2n+1 — 20— 1) =0
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6 The action of S;.

We shall use F;, ;, to mean the permutation that swaps i and 2, and leaves other elements
unchanged. Tt is well known that the group is generated by P9, P13, P14. We give the action
of S, on WT(4).

6.1 Dimension 2" for n > 4.

Denote (1,1,1,2" —3), (1,1,2,2" —4), (1,1,2"~t —1,2"1 —1), (1,2,1,2" —4), (1,3,2" ! —
3,201 —1), (1,271 —1,1,2" 1 — 1) by vy, ve, v3, vy, vs, vs respectively. The action is as

follows:
1. Pigvy = vy, Pigv1 = v1, Plyvi = vy
2. Piovg = V2, Pisvo = v + V4, Piyjvg =v1 + Va;
3. Piov3 = v3, Pisvs = v1 + vg + vg, Piav3 = vg;
4. Piovy = v9 + v4, P13vs = va, P1avs = v1 + v9;
5. Piovs = v1 + v3 + vs, Pi3vs = v1 + vg + vs5, Pravs = vs;
6. Pioveg = v1 + v3 + vg, Pi13ve = vg, P1ave = v3
These can be read off very easily from theorem 1.3.
6.2 Dimension 2" +1 for n > 3.

Denote (1,1,1,2" — 2), (1,1,2,2" — 3), (1,1,3,2" — 4), (1,1,2" — 2,1), (1,2,1,2" — 3),
(1,2,3,2" — 5), (1,2,2" — 3,1), (1,3,1,2"™ — 4) by v1, v2, vs, v4, Us, Us, U7, Us respectively.

The action is as follows:
1. Piovy = v1, Pisvy = v1, Plavy = v1 + vg + v5 + vg + vy
2. Piovg = vg, Pi3ve = v1 +vg + v5, Plave = v1 + v3 + v4 + v + vg;
3. Piovs = vs3, Pisvs = v3 + vs, Piav3 = vs + v4 + vy
4. Piovy = vy, Pisvg = v1 +v4 + v5 + vg + vy, Pravy = vy
5. Piovs = v1 + v + vs5, Pi3vs = v, Plavs = vs + vr;
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6. Piovg = v9 + v + vg, Pi3vg = v5 + vg, Prave = v + v7;

7. Pyovy = v3 + vg + v7, Pi3vr = v5 + v7, Piyvr = vy

8. Piovg = v3 + vg, P13vg = vg, Plavg = v1 +v2 + v3 + vg +v5 + v7
Again this can be read off very easily from theorem 1.4.

6.3 Dimension 2" + 2 for n > 4.

Denote (1,1,1,2" — 1), (1,1,3,2" — 3), (1,1,2" — 1,1), (1,3,1,2" — 3), (1,3,2" — 3,1),

(1,2™ — 1,1,1) by vy, va, vs, v4, Vs, ve respectively. The action is as follows:
1. Pov; = vy, Pi3v; = v1, Pryvi = v1 + v3 + vs;
2. Piov9 = v2, Pi3ve = v1 4+ v2 + v, P1av2 = v2 + v3 + vs;
3. P12’U3 = v3, P13’U3 = v1 + v3 + vg, P14'U3 = V3;
4. Piovs = v1 + v2 + v4, Pi3vs = v4, P1avs = v4 + 5 + vs;
5. Piovs = vy + vz + vs, Pigvs = v4 + vs + v, Piavs = vs;
6. Piovg = v1 + v3 + vg, Pi13ve = vg, P1ave = Vg
6.4 Dimension 2" + 3 for n > 3.

Denote (1,1,2,2" — 1), (1,1,2" — 1,2), (1,2,1,2" — 1), (1,2,3,2" — 3), (1,2,2" — 1,1),

(1,2" — 1,1,2) by vy, va, vs, v4, U5, vg respectively. The action is as follows:
1. Pyv; = vy, Pigv1 = v1 + v3, Piav1 = vo + v3 + v5 + vg;
2. Piovg = v9, Pigve = vg + vg, Prave = vo + vs;
3. Piov3 = vy + v3, Pi3v3 = vs, Piavs = v3 + vs;
4. Piovg = vg, Pi3vg = v3 + 4, Pravs = v4 + vs;
5. Piovs = va + vs, Pi3vs = v3 + v5, Piavs = vs;

6. Piovg = vo + vg, Pi3vg = vg, Piavg = v1 + v2 + v3 + v5
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6.5 Dimension 2" + 4 for n > 4.

Denote (1,1,3,2" — 1), (1,1,2" — 1,3), (1,3,1,2" — 1), (1,3,5,2" — 5), (1,3,2" — 3,3),

(1,2™ — 1,1, 3) by v1, va, vs, v4, Vs, v respectively. The action is as follows:
1. Piovy = vy, Pigvy = v1 + v3, Plav1 = vs + vs + vg;
2. Piovg = vy, Pi3vg = vo + vg, Piavy = vs;
3. Piov3 = v1 + v3, Pi3vs = v3, Piavs = vg + v3 + vs;
4. Piovg = vy, Pi3vs = v3 + vyg, Piavg = vo + v4 + Us;
5. Piovs = vg + v, Pi3vs = v3 + vs5 + vg, Pravs = v9;
6. Piovg = vo + vg, Pi13vg = vg, Piavg = v1 + v3 + vs
6.6 Dimension 27 + 29 for p > ¢ > 3.

Denote (1,1,29 — 1,27 — 1), (1,1,27 — 1,29 — 1), (1,3,27 — 3,27 — 1), (1,3,2° — 3,29 — 1),
(1,29 —1,1,27 — 1), (1,27 — 1,1,29 — 1) by vy, ve, v3, V4, U5, Ve respectively. The action is

as follows:
1. Piyv; = vy, Pisvy = vy + vs, Prlav1 = vz + v4 + vs;
2. P12’UQ = V2, P13’l)2 = V9 + Vg, P14U2 = v3 + vq + Us;
3. Piov3 = v1 + v3, Pi3v3 = v3 + v5, Piavz = vs;
4. Pi1ovs = v + V4, P13vs = v4 + ve, P1avs = va;
5. Piovs = vy + vs, Pi3vs = vs, Piavs = v + v3 + vg4;

6. P12’UG = V2 + Ve, P13’116 = Vs, P14’06 = U1 + U3 + V4
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7 Appendix: two formulae about xSq' and xSqb.

Proposition 7.1. For z in dimension 1,
. t 42 .
(xSq')z' = ( + Z)x“’“ mod 2
1

This is a well known result, but we feel it is still necessary to give a proof here. We
provide two proofs, the first one is algebraic, and the second one is more geometric, and is
provided by Prof. Boardman. By definition of Yy,

] i+1 ]
xSath =) (xSa"F)sq".
k=1
Proof 1: When i = 1, the proposition is obvious, since xSq! = Sq' and (tf) = (f)
We suppose the proposition is correct for ¢ and lower values, and use induction to prove

it is correct for ¢ + 1. By the above formula we get

i+1
(xSa")z" = Y (xSa't'*)sqtat
k=1
+1 .
_ ’2: k2042 -2k (1) i
— i+1—k k
t .
e\ t+i+1 J\k

All the above computation is mod 2. Consider

t
t . . :
> (k) (14+2) 2270 = (14 14 2)"(1+2)"72 = 2" (1 + 2)" 2.
k=0
The coefficient of z!***! on the right side is (21.11'12), which is 0 mod 2; but the coefficient on

the left side is 3} _, (t+ﬁ;f; k) (1), so we get

t+ 2+ 2 _i t+2i+2 k) (t
t+i+1 _k_ t+i+1 k)

1

Since (t+2i+2) = (t+2i+2), this shows

t+i+1 i1
. t+2142 .
S 141\ ..t _ t+z+1'
(xSq"")z iv1 )°

This finishes the induction proof of the proposition.
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Proof 2: Recall that Poincaré duality in RP? !, H*(RP?* ') = H,(RP?1) is an
isomorphism of A-modules. Take z € H'(RP?™1), z € H;(RP?!) dual to zf, and
compute (xSq')z" in H*(Rle_l).

Since z™ corresponds to zy_,_, and z"t¢ corresponds to zy_;_,_;, (xSq*)(z") cor-
responds to (xSq")zyi_1_, = (?)2zy1_1_,_s» here “?” is the coefficient we want to know,

and

<$2l_1_n_ia (XSqi)Z2l—1—n)> = <Sqi$21_1_n_ia 22l—1—n>

2 _1—mn—i
()
(2 =1-n—i
a i

We only have to show ( 1 n— Z) (”+21)

20—1-n—i\ [(2'—=1-n—-i\ (n+2\ (n+2i
i S \2—-1-n-2i) \n+i) i )

Proposition 7.2. For z in dimension 1,

- 43— 1\ 4o
(xSap)z" = <'+ X )x“”

]

mod 2 for [ large enough. Since

we are done.

By definition,

i+1

XS +1 Z(XSqH—l k:)Sqé:
k=1

Another lemma we will use is

Lemma 7.1.

(3_Z+2) =0 mod 2
14+ 1

Proof: 1If i is even, the equality is obvious. Suppose the lemma is true for k < 7. If

3i+2\  [(6j+5\  (3j+2
i+1) \2j+2) \j+1

By induction, the right side is 0 mod 2, so we are done.

i=2j+1,
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Proof of the proposition: When i = 1, xSqi = Sq3, and (*1?) = (), so the

proposition is true. Using the formula, we get

i+1
(xSa5™)z" = D (xSast' *)Sqba’

k=1
i+1 .

_ 32 b+ 2k +3i+2 = 3K\ (1) iioio
] i+1—k k

4 .

- EH3i 2Kk () oo

e\ t+2i+1 ) \k

All the above computation is mod 2. Consider

¢
t . . .
> (k) (1+2)F2 0 = (14 14 2) (1427 = 2" (14 2)" 2.
k=0
The coefficient of z!+2*1 on the right side is (g;ﬁ) = (?’ii'f), which is 0 mod 2; but the
coefficient on the left side is ZZ:O (t+3i+2_k) (}é), so we get

t+2i+1
Lt 3i 42—k [t
o\ 42 +1 k)

t+3i+2 _E
t+2i+1 _k ‘

Since (t+3i+2) = (t+3i+2), this shows

t+2i+1 +1
- t+3i+2 :
Sttt — t+2i+2
(xSay" )z i1 )®
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