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Abstract

Hopf rings are algebraic objects that appear regularly in homotopy theory. They
can for example arise as homology modules of certain spaces, for certain gener-
alized homology theories. It becomes thus important to have available efficient

methods for computing Hopf ring structures in different environments.

One way to devise such methods is to construct functors from a category of
coalgebras, for which Hopf rings are the ring objects, to other categories where it
might become easier to perform calculations and deal with the structure. Some
of these categories are categories of Dieudonné modules. Hopf rings correspond
thus to ring objects in these categories, and such objects are called Dieudonné

rings.

This work proposes a study of ungraded and periodically graded Dieudonné
rings. These correspond, in the associated category of coalgebras, to ungraded
Hopf rings, and generalize the known constructions for the graded case. This
generalization is important because, even though certain useful homology theo-
ries — like singular homology and various bordisms — do give rise to graded Hopf
rings and thus to graded Dieudonné rings, there are nonetheless important gen-

eralized homology theories that do not carry a natural grading.

Morava K-theories, on the other hand, can be viewed as a middle term in this
discussion: they do carry some grading, but it is periodic and thus of a different

nature from the grading that appears, for example, in singular homology.
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Chapter 1

Background material on
category theory

This chapter settles some basic notions on category theory that will be used
later. We define abelian group objects and abelian ring objects for some cat-
egories. In this work we will typically be looking at such kinds of objects for

some special categories of coalgebras.

Suppose C is a category with finite products II. Given two objects X and
Y in C, write Hom¢ (X,Y) for the set of morphisms from X to Y. The element

1x € Home (X, X) will denote the identity morphism for the object X in C.

In this work, we further assume that C has a terminal object, i. e. a N in C
such that, for each X in C, the set Hom¢ (X, N) contains exactly one morphism

ex (It may be regarded as the product of the empty family).

An abelian group object of C is an X € C together with maps n € Home (V, X)
(abelian group wnit, or zero), *x € Home¢(XTIX,X) (addition) and

X € Home (X, X) (inverse). These have to satisfy the following commutative



diagrams:

NILX —> X
nlx \L llx
XX — X
(addition by zero)
XTI X
(p2,p1) / X
XIIX
(commutativity)
1x
XTIXTIX XTI X
*T11 x \L \L*
XIIX X
(associativity)
X (1x,x) XTIX

(existence of inverses)

We will deal in this work with abelian group objects for several categories

of coalgebras, and these will be called Hopf algebras.

Consider for instance the category C. Ay of cocommutative coassociative coal-
gebras with counit over a ring k with unit. For each object C in C.A we have
a coproduct Uo: C — C ®; C and a counit ec: C — k. The category has k
as a terminal object, with natural coproduct and counit. The category also has

finite products: CIID is defined as C' ®; D and, given maps f: B — C and



g: B— D, the map (f,g): B— C ®; Bisgivenby (f®g) o Up.

The abelian group objects for this category C.Aj form the category of com-
mutative Hopf algebras over k. Such an Hopf algebra is thus a cocommutative
coassociative coalgebra with counit over k, together with an “addition” (or
product) * € Home 4, (X ® X, X) and a “zero” 1 € Home 4, (k, X) that satisfy
the previous diagrams. In particular, the coproduct and product have to be

compatible in a precise way:

XoXx—2  xoxoxeoXx —2%  XeXoX&X

*l ¢ %@

X X®X

(Here T : X ® X —» X ® X is the switching map taking r ®y € X ® X to

Y1)

ek~ kok

% |

Xx—>XeX
Given still a category C with finite products, we can also consider its com-
mutative graded Ting objects with unit. These are by definition a collection
X. = {Xu}nez of abelian group objects of C together with maps
o = 0;; € Hom¢(X;IIX;, X, ;) (multiplication) and e € Hom¢ (N, Xy) (mul-

tiplicative unit) such that:

Uy =(1x,1x) € C(X, XIIX)



1x;Io

XXX, —— o XTIX s

oHlxkl lo
]

X X Xitjtk
(associativity)
XIIX; —% > Xiyj
(p2,p1) l lx“
XX —° > Xipj
(commutativity)
Pl x ;nx;

XILXGIX; 2 X Tx X, PR Py TIXGIIX,

(lxi)H*J'\L loHo

XX ° Xit; tits Xiy;TIX

(distributivity)

NIIX; —2- X;

el'[lxi l llx,-

X J0X;, — X;

(multiplication by the unit)

NIOX; —° =N

ﬂHlle ln

XillX; —>= X,y

(multiplication by zero)



As before, we concentrate on several categories of coalgebras and study their

graded ring objects, which we will call Hopf rings.

For the category CAy, for instance, we get as Hopf rings collections of Hopf

algebras { X} }rez together with a multiplication
o = o;; € Homeua, (X; ®k Xj, Xiy;)

and a multiplicative unit e € Homc4, (k, Xo) that satisfy the corresponding

commutative diagrams.
Further information on Hopf rings can be found in [12].

For the basic result in Dieudonné theory, we will need two more category

definitions.

An additive category C is one that contains a zero object 0 (i. e., an ob-
ject that is both an initial and a terminal object of C) and, for each two ob-
jects A and B of C, a binary composition + defined on Hom¢(A, B) making
(Hom¢ (A, B),+,048) an abelian group. (Here 04p is defined as 0p50.40, where
0pp is the unique map Opp : 0 — B and 04 is the unique map 040 : A — 0;
these maps are given from the definition of both initial and terminal object.)
We further impose that each binary composition be distributive with respect
to the original product (composition of maps) on C. Also, C must have finite

products.

An abelian category C is an additive category such that each morphism in
C has a kernel and a cokernel, every monic is a kernel of its cokernel and every
epic is a cokernel of its kernel (in this general context, a kernel for a morphism

f:A— Bin (Cis a morphism k : S — A satisfying fk = 0sp and every



h:C — A with fh = 0¢p factors uniquely through k. The notion of cokernel

is defined similarly; it is dual to the notion of kernel).



Chapter 2

Background material on
Hopf algebras

In this section we discuss some special Hopf algebras that will be used in the

construction of Dieudonné modules for given Hopf algebras.

Fix a prime p and consider the p-adic integers Z,. Let zg,z1,--- be a se-
quence of indeterminates. We focus on some particular elements in Z,[zo, 21, - -],

the free commutative algebra over Z, in the indeterminates z;:

Definition 2.1. The Witt polynomials w,, for n > 0, are given by

wn(z) = a:g" -I—p:z:’l’n_ +-o-+p"z,

where z = (zg, 21, )

The Witt polynomials are important for the next result.
Theorem 2.2. [6] There ezists a unique Hopf algebra structure on the algebra

Zy|zo, 1, -...] such that the Witt polynomials wy, are primitive.

From now on, whenever we refer to the Hopf algebra Z,[zo, 1, - - -] we mean

10



the free commutative algebra over the indeterminates together with the unique

coproduct that makes the Witt polynomials primitive.

We can also consider just the algebra Zp[zo, 21, - ,2¢]). In this case, the
coproduct defined from Theorem 2.2 restricts to a coproduct in this finitely
generated algebra, and we will call CW (k) the Hopf algebra Z,[zo,z1,- - , k]

together with the restricted coproduct.

If we want to work in the graded case, start by giving each x; degree p‘m
for some fixed m and then define CW,, (k) to be the graded Hopf algebra that

corresponds to CW (k).

Proposition 2.3. [6] Let [p] : Zpxo, 21, -] = Zplxe,T1,---] be p-times the
identity ~map in  the abelian group of Hopf algebra  maps

Lplxo, x1,-- -] = Lplxg, 21, --]. Then [p](z;) = «¥_; (modp)

Next we want to consider Hopf algebras over a perfect field F,, with charac-
teristic p. Define Hopf algebras H (k) = F, ® CW (k) = F,[zo,21,--- ,2x). In
the graded case, write H(n) = F,[zo, %1, - , %], where n = pPm for (p,m) =1
and each z; has degree p'm. We will make no other distinctions in the notation
for the graded and ungraded case. It will be clear from context if we mean that

H (k) has or does not have an associated grading.

Definition 2.4. For a Hopf algebra H over F,, the Frobenius is the homomor-
phism F : H — H taking an element z to the element xP. The Verschiebung

V : H - H is the dual to the Frobenius in the dual algebra.

The Verschiebung can be described as follows: If an element € H has

p-fold coproduct ¥P(z) = £2' ©2' @+ © ' + Siaor sty enuan¥ @Y @+ - @y,

11



then the Verschiebung on z is V(z) = Xz’

Since we are dealing with Hopf algebras over a perfect field IF,, both the

Verschiebung and the Frobenius are homomorphisms of Hopf algebras.

12



Chapter 3

Bilinear maps and tensor
products

In this section we present general constructions that will be used in the proof

of the equivalence between ring categories in various cases.

Let C be a category with finite products and A C C a subcategory of abelian

objects.

Since any A € A is an abelian object, F4 = Home(-, A) is a functor to
abelian groups - see Chapter 1 (Note: The functor is defined on the opposite

category COF.)

Definition 3.1. If A, B and C are objects in 4, a morphism ¢ : A x B — C

in C is a bilinear map if for all X € C the induced map
Fy(X) x Fp(X) = Fo(X)

is a natural bilinear map of abelian groups.

We are interested in initial bilinear maps.

Definition 3.2. If A and B are objects in A, an initial bilinear map

13



e: Ax B - AKX B in A is called a tensor product of A and B. That is, if
¢ : Ax B — (' is any bilinear map, there is a unique morphism ¢ : AXB — C

in A making the diagram

commute in C.

As with any initial objects of a category, if A X B exists it is unique up to

isomorphism in A.

Theorem 3.3. [8] Assume that the categories A and C satisfy
a) both C and A have all limits and colimits;
b) the forgetful functor A — C has a left adjoint S.

Then any two objects A, B € A have a tensor product AX B in A.

If C is a category of coalgebras over a commutative ring k and 4 C C is a
category of bicommutative Hopf algebras, a bilinear map becomes a morphism
of coalgebras ¢ : Hy @ Ho — K between Hopf algebras Hy,Hs and K. This
morphism has to reduce to a bilinear map of abelian groups once we apply the
functor Home (-, X) for any coalgebra X . In these cases, we have tensor products

H1 ®H2 —)Hl &HQ [6]

14



Chapter 4

Dieudonné theory for
graded Hopf algebras

This chapter will deal with some categories of graded Hopf algebras over I,
their Dieudonné modules and Dieudonné rings. All our Hopf algebras will be
bicommutative, that is, in each case the product will be commutative and the
coproduct will be co-commutative. We call such a Hopf algebra connected if
Hy 2 F,. It will be called group-like in degree zero if Hy = F,[G], a group ring.

Connected Hopf algebras are group-like in degree zero.

4.1 Graded connected Hopf algebras and their
Dieudonné modules

In this section we will consider the category H.A. of graded, connected, bicom-

mutative Hopf algebras over F,. The main results can be found in [14], [11] and
[6]-

Consider the Hopf algebras H(n) = F,[zg,-- ,z;], where n = pFm for

(p,m) = 1 and each z; has degree pm. These Hopf algebras form a set of

15



projective generators for H.A, [5].

We have a morphism v : H(n) = Fp[zo,- -+ , 2] = Fp[zo,- - ,2r+1] = H(pn)
given by inclusion. Also, by Proposition 2.3, there exists a unique map of Hopf

algebras f : H(pn) — H(n) making the following diagram commute.

H(pn)

This map satisfies vf = [p] and also fv = [p].

We now define Dieudonné modules for Hopf algebras in H.A..

Definition 4.1. The Dieudonné module for a Hopf algebra H € HA, is the

graded abelian group

{DnH}nZI = {Hom’H.A* (H(TL), H)}nZl

together with homomorphisms

F:D.H — D,,H

and

V:DyH — D H

The homomorphisms above come from the previous maps f and v by com-

position on the left:

Hom) = H () A
F(yp)

16



Ao

V()

H

These homomorphisms reflect thus, in Dieudonné modules, the Verschiebung

and the Frobenius defined on Hopf algebras.
We have VF = FV = p (Here, p stands for p times the identity map).

Also, by Proposition 2.3, if n = p®k with (p,k) = 1 then the order of the

identity map in Homy 4, (H(n), H(n)) is p**!, and so p**' D, H = 0.
We define a category of Dieudonné modules.

Definition 4.2. We call DM, the category of graded modules M together
with maps V, dividing degree by p, and F', multiplying degree by p, such that

FV =VF =p.

Note: For V, it is assumed in the definition that, if the degree of x € M; is
not a multiple of p for some 4, then Vx = 0. In particular, given any x € M,

V™x = 0 for some n > 0.

The above category can also be defined as the category of graded modules
M over R =TF,[F,V]/(FV —p), where we put deg(F) = 1 and deg(V) = —1 and
define deg(az) = pie&(®) deg(z) for a € R and = € M (or zero, if this calculation

provides a fraction).

We have defined thus a functor D, : HA, — DM,. This functor will provide

an equivalence of categories.

The following theorem was proved by Schoeller and independently by Ravenel.

17



Theorem 4.3. [14] [11] The above functor D, has a right adjoint

Uy : DM, — HA., and the pair (D,,U,) forms an equivalence of categories.

The proof confirms in this case the fact that an abelian category with a set
of small projective generators is equivalent to a category of modules over some

ring. [3] [4]

4.2 Graded connected Hopf rings and their
Dieudonné rings

In this section we consider ring objects in the category H.A. of graded connected
Hopf algebras over F,, and look for corresponding ring objects in the category

of Dieudonné modules.

As in the previous section, let CW,, (k) = Zp|zo, - ,Tk], where n = p*m
with (p,m) = 1 and H(n) = F, @ CW,, (k) = F,[zo,---,zx]. Define
G(n) = QCW,,(k), the indecomposables of CW,, (k). We can view G(n)®G(n')

as a Zp[V] module for each n and n'. We have the following result.
Proposition 4.4. [6] There exists an isomorphism
R ®z,v) (G(n) ® G(n')) = Dy(H(n) ® H(n'))
where R = F,[F,V]/(FV —p)
This isomorphism takes the element 1® (zx ® z/) € R®z [v](G(n) ®G(n'))
into the element in Dy (H(n) X H(n')) = Homya, (H(n+n'), H(n)X H(n'))

that gives to Zpirr € H(n + n') the value ¢(zp ® zp), where

¢: H(n)® H(n') - H(n) X H(n') is the tensor product map, and such that it

18



commutes with Verschiebungs (details are in [6]). Call ¢,, ® ¢,y this element in
D.(H(n)XR H(n')). These elements, for various values of n and n', will allow us

to construct ring structures in Dieudonné modules.

Let now H = {H,}nez be a Hopf ring in the case we are considering in this
section. That is, {Hp, }nez will be a graded ring object in the category C.A. of

graded connected coassociative coalgebras over IF,.

By Section 4.1, we know we can determine the corresponding Dieudonné
module for each Hopf algebra H,, , and then get an algebraic object {D.Hp, }nez.
We are interested in determining how the ring structure in H carries over to
{DH,}nez and also how this new ring structure relates to the various homo-

morphisms V and F' in the Dieudonné modules.

Consider then the bilinear pairing

oi : Hi @ Hy — Hiy

that is given by the ring structure of H. We can get an induced pairing

D, H; x DnHJ — Dm+nHi+j

as follows.
Givenz € Dy, H; = Homy 4, (H(m), H;) and y € D, H; = Homy 4, (H(n), H;),
consider the obvious map z ® y : H(m) ® H(n) - H,, ® H,. The composition

H(n) ® H(m)—"2"

H; ® Hj——Hiy;

is a bilinear map, so by definition of tensor product X we can get a unique map

of Hopf algebras g : H(n) X H(m) — H;; that makes the following diagram

19



commute as coalgebras:

H; ® H; Hiy;

(Here the top map is the one given in the definition of tensor product X).

Note that this homomorphism depends on the original x € D,,H; and

y € D, Hj.
Using g : H(m) X H(n) — H;;; we can produce an element in Dy, pnHiy ;.

Apply the functor D, to g and get

D.g:D,(H(m)X H(n)) = D.H;;

D.g is given simply by composition with g on the left. That is, if
a € D.(H(m) X H(n)) = Homy 4, (H(r),H(m) ® H(n)), then D,g(c) is the

map H(r)—2 > H(m) R H(n)—> g

Using Proposition 4.4, we can obtain an element Dy g(tm ®tpn) in DpyynHiy ).

Nm Q@Nn

It is given by the composition H(m + n) H(m)R® H(n)—L~ i+

taking zyx t0 g(p(xr Ry )), where as before ¢ : H(n)®@H(n') — H(n)XH(n')

is the tensor product map.

We obtained pairings
DpH; x DpyHj = Dy nHiy
and these pairings finally produce a pairing
o' :DyH; ® D,H; = D.H;.;

20



of Dieudonné modules.

We now want to determine how the homomorphisms V' and F' defined on

each D, H; relate to the new ring structure put on them.
We have the following result.

Proposition 4.5. [6] Given bilinear pairings o;; : H;® H; — H; j, the induced
bilinear pairings o;j :D.H; ® D.H; = D,H;; satisfy:

(0) V(zo'y) = Vo Vy;

(b) Fro' y= F(xo Vy);

(¢) zo' Fy=F(Vzoy).

With this information, it becomes natural to define a category of Dieudonné

rings.

Definition 4.6. A graded connected Dieudonné ring over a perfect field F, is
a sequence {M,;}icz of graded connected Dieudonné modules together with
bilinear maps o;j : M,; @ My; — M,  satisfying the conditions in the previous

proposition.
We are interested in obtaining universal bilinear pairings for Dieudonné mod-
ules in DM,.

Definition 4.7. A bilinear pairing in DM, is a map f : My x My — N of
graded abelian groups satisfying deg(f(z,y)) = deg(z) + deg(y), Vf(z,y) =

f(Vz,Vy), Ff(z,Vy) = f(Fz,y) and Ff(Vz,y) = f(=, Fy).

Proposition 4.5 above stated that a bilinear pairing o : H; ® Hy, — K in

HA, induces a bilinear pairing o' : D,H; ® D,Hy — D, K in DM,. This is the

21



reason for defining bilinear pairings in DM, this way.

Proposition 4.8. There exist universal bilinear pairings
’l’]:Mlng—)Mlg'DM*Mg

in DM.,.
Proof. Consider the graded tensor product M ® N. This can be viewed as a
Z,|V] module by putting V(z ® y) =Vz @ Vy.

Consider the module I, [F, V]®z [v](M®N) and the submodule K generated
by the relations Fz@Vy =10 FzxQyand FRVz®y =1Qz ® Fy for all

z € M and y € N. Now define M Rppry, N = ]FP[F,V] ®zZ,[V] (M@N)/K

We claim that the map 7 : My X My — My Rpaq, Mo taking (z,y) to 1@zQy

is an initial bilinear pairing in DM.,.

First we show it is bilinear. Since the degree condition is trivially verified,

we consider the other relations. We have:
Viz,y) =V(0ezey)=10V(Eey) =10 Ve Vy = f(Vz,Vy)
Ff(z,Vy)=F(1lezeVy)=FereVy=10 Fry = f(Fz,y)

FfVz,y) =F1Vzey)=F@Vzy=102z2 & Fy = f(z,Fy)

Now we show it is initial. Given any bilinear pairing £ : M; x My — N,
we define a map ¢ : My Bpy, Mo — N by pla® z ®y) = a&(z,y)
fora € F,[V, F], x € My andy € M. This is a morphism of Dieudonné modules,

since p(V(a®z®y)) = p(Va®V(z®y)) = ¢(Va®@VzVy) =Va{(Vz,Vy) O

22



Given an initial bilinear pairing H x K — HX K in ‘H.A,, we get an induced

pairing in Dieudonné modules D, H x D, K — D,(H K K) (see [6]).

This is a bilinear pairing, and thus we get an induced map

D.H Rpp, D.K - D, (HRK).

Theorem 4.9. [6] For any Hopf algebras H and K in HA., the induced map

D.H Xppy, DK = D.(H R K) in D, is an isomorphism.

The proof of this theorem is long, technical, and involves analyzing spe-
cial categories of torsion-free Hopf algebras over Z, (those with a lift of the
Verschiebung). We present the result here to show one way of proving the
equivalence between ring categories of Hopf algebras and Dieudonné modules in
the special case of Section 4.3. We will give an alternative, direct proof of this

equivalence that does not rely on such techniques.

4.3 Dieudonné theory for graded Hopf algebras,
group-like in degree zero

The universal bilinear map X on the previous category H.A. does not supply
that category with a symmetric monoidal structure, as we don’t have a unit

object for X.

We extend the category in order to include such an object and then we can

prove the equivalence between the categories of Hopf rings and Dieudonné rings.

Suppose H is a non-negatively graded Hopf algebra over a commutative
ring k and let Hy C H be the sub Hopf algebra of elements in degree zero.

Let H. = k ®u, H be the connected component of the identity. We have

23



H=H,Q®; H.

Definition 4.10. Call H.A? the category of bicommutative Hopf algebras over
IF, that are group-like in degree zero; that is, of those for which Hy in the above

decomposition is a group ring.

Now define H(0) = F,[Z] and remember that, for n > 0, H(n) was defined

as H(n) = F, @ CWp(k) = Fp[zo,--- ,zx] for n = p*m with (m,p) = 1.

For a Hopf algebra H in H.A7, define D, H = {D,H = Homy a2 (H(n), H)}n>o0.
We have homomorphisms V : D,,H — D,H and F : D,H — D,,H for
n > 0 (given by the previous definitions) and, for n = 0, we know that
V : DoH — DyH is the identity (since the Verschiebung is the identity on

a group-ring) and also that F': DgH — DgH is p times the identity.

We can thus define a new category.

Definition 4.11. The category DM? has as objects non-negatively graded
abelian groups together with maps V : Mp, — M, and F : M,, = M, satisfy-
ing

(a) M. = {M,}n>0 is a Dieudonné module in DM,;

(b) VF = FV =p;

(c) V is the identity on M.
Theorem 4.12. [6] The functor D, : HA, — DM, gives an equivalence of

categories.

Let CA? be the category of cocommutative coalgebras over F, that are set-

like in degree zero, i.e. of those that can be written as C = C, ®; Cy, with Cy

24



a ring. The category H.A2 consists of the abelian group objects of C.AS and the
forgetful functor HA, — C.Aj has a left adjoint [6], so by Theorem 3.3 there

exist universal bilinear pairings H ® K — H K K in HAj.

Proposition 4.13. For every H € HAJ we have an isomorphism

F,[Z|RH=H.

We also have universal bilinear pairings in DM :

Similarly to what happened in Section 4.2, a bilinear pairing in DM is de-
fined as a Dbilinear map of non-negatively graded abelian groups
f: M xN — K such that f(Vz,Vy) = Vf(z,y), f(Fr,y) = Ff(z,Vy)

and f(z, Fy) = Ff(Vz,y).

Then we have a map M X N = M Kppe N,
where M Rppe N ~ R®z,v) M ® N/K, with K the submodule generated by

FEeVy) -1 (Fzey)and FR (Vzy) —1® (r® Fy) for all z and y.

A Dbilinear pairing H; ® H, — K in HA? induces a pairing

w:DHy x D,Hy = DK in HA? as follows:

If x € D,H, and y € D,,H> with both n and m greater than zero, then

Section 4.2 gives an element u(z,y) in Dy, K.

If either m or n is zero, the isomorphism H 2 F,[Z]X H provides a map
H(n) - H(n) X H(0), and the diagram on page 20 also defines an element

w(z,y) € D, K.

Theorem 4.14. The universal pairing in HAJ, H @ K — H X K, induces a

pairing D.H x D, K — D, (H X K) in DM3.
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This pairing is bilinear in DM and induces an isomorphism

D.H®ppe DK - D (HRK).

Corollary 4.15. The categories HA, and DM? are symmetric monoidal cat-
egories and the equivalence D, : HA2 — DM? is an equivalence of categories

with symmetric monoidal structure.

The previous Corollary allows us to prove that the ring objects of H.AJ are

equivalent to the ring objects of D2.

First, notice that in H.A? products are defined as
$: (A4 ®Ac) ® (B, ® B:) = (Co ® Ce)

with @(az ® by) = p(a @ b)¢'(x ® y), where p : A, ® B, = C, is a product
of group rings and ¢’ : A, ® B, — C, is a pairing of graded connected Hopf

algebras. (Here we write ax fora® x € 4, ® A, etc.)

In order to analyze bilinear maps in DM, first notice that any M € DM?
can be written as M, ®r, M, where M € DM, and M, is the graded module
concentrated in degree zero and for which V is the identity. A bilinear map
in DM¢ is then a map ¢ : (M, ® M) ® (N, ® N) = (K, ® K) given by
Plam @ bm) = p(a ® b)¢'(m ® n), where p : M, ® N, = K, is a product in

group rings and ¢’ : M ® N — K is a bilinear map in DM, as defined before.

Following the reasoning from Section 4.2, any pairing o;; : H; @ H; — H;;

in HA? will induce a pairing o}; : D.H;® D«H; — D.H;yj in DMS. We simply
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notice that the diagram

H(0) ® H(0) — H(0) X H(0)

o) |

(Hi)o ® (Hj)o —— (Hiyj)o

allows us to define products o : (D;)o ® (D;)o = (Dit+;)o. We also have
the induced products on the Dieudonné modules for the connected parts of the
Hopf algebras H, given by the restriction to H.4,. of the pairing o. Thus we
define

az o' by = (aob)(z oy)

This definition takes care of the cases of a o y and z o' b, for we simply have

ao'y=alo lyand z o' b= 1z o bl.

Let HR, denote the category that has as objects sequences {H;}icz of
graded Hopf algebras that are group-like in degree zero together with pairings
H; ® H; — H;y; and DR the category whose objects are sequences {M;}icz
of Dieudonné modules in D? together with pairings M; ® M; — M, ; satisfying

the conditions we had before.

Consider now the functor DF : HR? — DR that takes each sequence
of Hopf algebras {H;};cz to the sequence of Dieudonné modules {D.(H;)}icz,
where D, is the previous functor D, : H A, — DM, and such that the products
o;; : H;®@ H; — H;,; carry over to the products o';; : D,H; ® D,H; — D, H;, ;

as given in the preceding paragraph.

Corollary 4.16. The functor DX : HR? — DR has a right adjoint

UR : DRS = HRE and the pair (DR, UR) forms an equivalence of categories.
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The proof follows from the fact that HA2 and D¢ are equivalent categories,
that both have a symmetric monoidal structure (given respectively by X and
Xp,) and that by the previous theorem the symmetric monoidal structure is

preserved by the equivalence D, : HA2 — D?.

4.4 An alternative proof of the equivalence
between ring categories

This section offers an alternative proof of the equivalence between the two ring
categories of the previous section, which dealt with the case of group-like in
degree zero graded Hopf algebras. The method presented here involves the
construction of an inverse functor for the previously given functor and the proof

that the two functors do define an equivalence of categories.

Similar arguments can be used to prove the equivalence between ring cat-
egories in the graded connected case, which the previous proof did not allow
us to do. The method of constructing an inverse functor will also be used in
the next chapters, when we deal with ungraded and periodically graded Hopf

algebras.

In the following results we will extend somehow the definition of Dieudonné
module for a graded connected Hopf algebra: they will not be positively graded
modules as before, but non-negatively graded ones, since we will define
DoH = Homy 4, (H(0), H). (Here, as before, H(0) = F,[Z] ). Thus, for each
graded connected Hopf algebra H in H.A., DoH = F, as a Fp-module. This def-
inition does not bring anything new and this category of non-negatively graded

Dieudonné modules is easily seen to be equivalent to the previous one with pos-
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itively graded ones, but with this new convention it will be easier to write down

the following results.

We start with a lemma that offers a result symmetric to the one on Propo-

sition 4.5.

Lemma 4.17. Any bilinear pairing o;; : D,H; ® D.H; — D,H;,; induces a

bilinear pairing o;; : H; @ H; — H;y ;.

Proof. We focus on the primitive elements of H; ® Hj.

Suppose x € H; is a primitive element in degree m and consider the element
1 € H; in degree zero. Define the homomorphism & € D, H; = Homy 4, (H(m), H;)
by (1) = 1, Z(z,,) = = and %(z;) = 0 for i # m. Define also the homomor-
phism 1 € DoH; by 1(1) = 1. Then & o 1 belongs to D, H;,;, and we define

251 as [# o 1](wm), Where wy, is the m** Witt vector.

We can similarly define loy when y is a primitive element of H; in degree

n. We put 1oy = [1 o §](wn)-

Since H; and H; are both connected Hopf algebras, we know H = H; @ H;
is also a connected Hopf algebra. By [9], this implies that it is connected in
the more general sense of having a co-augmentation filtration {F;H };>¢ that
exhausts it (see Chapter 5). If an element € H is in some F;H, then its
coproduct is of the form Uy(z) = 1@z +z® 1+ > 2’ ® 2, with all 2
and 2" in those F.H with r < s. By the exhaustive part in the definition, if
z=a®be F;H, we can put aob = ¢(z) to be the unique element in FyH;;

that has ¥g,,; (¢(2)) = 1®¢(x)+9(z)®1+ > ¢(z') ®p(z"). Thus one defines

29



aob = p(z) for all z = a®b € H by induction on the filtration. Since we defined
it for the primitives of H, the definition carries over to the whole H and, by

construction, ¢ is a map of coalgebras. O

As before, we denote by HR. the category of Hopf rings for graded connected

Hopf algebras and by DR. the category of graded connected Dieudonné rings.

Consider the functor DE : HR, — DR, that takes each sequence of Hopf
algebras {H;}icz to the sequence of Dieudonné modules {D,.(H;)}icz, where
D, is the previous functor D, : HA, — DM,, and such that the products
0ij : H; ® Hj — H;y;j carry over to the products o}; : DuH; ® DxH; — Dy H;yj

as given by Proposition 4.5.

We want to define a functor U : DR, — HR. in a way that makes the
pair (DE UF) an equivalence of categories. We will use the previous functor U,
from Dieudonné modules to Hopf algebras. For this we first need an auxiliary

proposition.

First some notation. We know from previous sections that (D, U,) forms an
equivalence of categories between graded connected Hopf algebras and Dieudonné
modules. Thus, for each Hopf algebra H € H.A,, we have H =2 U,D,(H). Call
@H, or simply ¢, this isomorphism ¢ : H — U,D.(H). Also, for each Dieudonné

module M € DM, there is an isomorphism ¢ : M — D, U,(M).

Remark: If M is of the form M = D,H for some Hopf algebra H, then
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¢ :D.H — D, U,D,M, and the following diagram

s b

U.D.H

defines, for each n, the isomorphism ¢ in terms of ¢ and vice-versa. That is,
we can pick ¢ and v in such a way that ¥ (x)(a) = ¢(z(a)) for x € M = D, H

and a € H(n) (for all n).

Proposition 4.18. Any bilinear pairing o;; : M; ® M; — M;y; in DM, in-

duces a bilinear pairing o}; : U(M;) ® Us(M;) = Us(Miy ;).

Proof. Given the pairing M; ® MJ-—°>M,~+]- we can get a natural pairing

D.UL(M;) @ D.U.(M;)—>>D.U.(M;4;)

by ¥(2)8%(y) = 1 (zoy). This defines also a pairing U, (M;) ® U, (M;)——=U.(M;y;)

as in the previous lemma, and so we define the pairing o’ as o. O

We can now define the functor Uf : DR — HR, as follows:

For each sequence {M;};cz of Dieudonné modules we get the corresponding
sequence {U.(M;)};cz of Hopf algebras, where U, : DM, — H.A, is the inverse

functor to D, : HA, — DM,, as given in Theorem 4.3.

Then, given a product o;; : M; ® M; — M;;;, we define the product
oi; : Us(M;) ® Us(M;) — Us(Miy;) as in Proposition 4.5.
(Note that, since U, and D, are inverse functors, for each M € DM, we

have M ~paq, {Homya, (H(n),Us(M))}n>o - Thus each M € DM, is in fact

isomorphic to D, (H) for some Hopf algebra H).
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We will need the following auxiliary calculation in the proof of the next

Corollary.

Lemma 4.19. For each primitive x in a Hopf algebra H, we have

Proof. Suppose z is in degree m. We simply follow the calculation:

— —

7 (@) (2:) = ¢ (@) (21)]

O

Corollary 4.20. The functor D® : HR., — DR. has a right adjoint

UR : DR. — HR. and the pair (DF,UR) forms an equivalence of categories.

Proof. Since the equivalence between Hopf algebras in HA, and Dieudonné
modules in DM, was already established, at this point we have to deal just

with the products o;; and of; defined on these categories.

Suppose we start with the product o;; : H; ® H; — H;y;. This product
induces o}; : D«H; ® D« H;j — D, H;j. This new product o;; induces in its own
right a product o; : p(H;) ® p(H;) — ¢(H;y ;) where here, as before, ¢ stands

for the isomorphism U, D, in the category H.A..

On the other hand, the product o;; : H; ® H; — H;y; induces directly a
product 6;; : p(Hi) ® p(Hj) = ¢(Hitj) by p(2)op(y) = p(z 0 y)-

In order to prove the equivalence of ring categories, we need to see that

6 = o, that is, that the two products defined on ¢(H;) ® ¢(H;) are the same.
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Start with p(x) € ¢(H;) and ¢(1) € ¢(H;), where z is primitive in degree

=

m. Then we have ¢(z) o" o(1) = p(x)o'¢(y).

By definition of & this becomes [cp/(:c\)c?’go/(T)](wm)

—— —

Then, by definition of 6, this becomes [1)(v) 1 (p(x)) o' v~ (p(1)))(wm)-
We also get this to be equal to ¢[[v~1(P(x)) o v~ (@(1)(wm)]-

Now use the previous Lemma 4.19 and get the last expression equal to
¢l o' 1(wm)]-

But, by the construction of o’ for Proposition 4.5, this is the same as ¢(x o

1) = ¢(z)d¢(1), and so the result is proved for this case.

We should also determine that the product of (1) € ¢(H;) and
o(y) € p(Hj) is the same in both cases whenever y is a primitive element

of H;. This is accomplished in exactly the same fashion we used.

Finally, we should notice that, as seen before, for connected Hopf algebras

n

the map of coalgebras o' : p(H;) ® ¢(H;) — ¢(H;t;) becomes completely

determined once we define it on the primitives. Thus the two above products

on Hopf algebras are the same for all elements.

To conclude the proof of the equivalence of ring categories, we must do the
same reasoning for the two natural products we can have in Dieudonné modules.

Thus, we proceed as above.
Start with the product o;; : M; ® M; — M;4;.

This product induces o;-j tUM; @ UelMj — Ui My .
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This new product o;; induces now a product of; : ¢ (H;) @y (H;) — ¢(Hiy ;).

Here, v is the isomorphism D,U, in the category DM..

On the other hand, the original product o;; : M; ® M; — M;y; induces
directly a product 6;; : ¢(M;) @ (M;) = Y(Miy;) by ¢¥(x)6:;¢(y) =Y (z 0 y).
We need to show that 6 = o” as products defined on ¥(M;) ® ¢¥(M;).

Start with £ € ¥(M;) = D.U.(M;) = {Homya, (H(n),Us(M;))}n>o in
degree m > 0 and 1 € ¥(M;) in degree 0, where z € U.(M;) is a primitive in
degree m and 1 € U,(M;) is in degree zero.

Then, at w,,, we have

[# 0" 1)(wm) = [#(8)'1](wm) = &(zm)81(1)

because of the diagram below defining ()’ in terms of 6.

H(m)

H(m)® H(0) —— H(m) X H(0) #(8)'1

i@il

U(M;) @ U(M;) —— U(My;)

Now we get the previous expression equal to z61 by definition of # and 1.
This is [£#61](wy,) by definition of 5, and so 6 and o” do indeed agree at wy, for

~
A~

Z and 1.

This implies that they agree on all z € H(m): First, notice that the map
tm ®tg : H(m) — H(m)X H(0) was defined in a way that makes it depend only

on its value at z,, (because of commutation with Verschiebungs). Thus, fixing
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the value of & o” 1 at wy, fixes its value everywhere.

But #51 also depends only on its value at z,,, because # € ¥(M;) and

1 € ¥(M;), which are in DR, and thus satisfy V (#61) = V(z) o V(1).

To see that it is enough to show the result in the case of # and 1, with
primitive, notice that, by connectedness, 6 is completely determined by its value

on primitives.

Also, because of V(£6¢) = V(&) o V(§), o is completely determined by its

value on primitives.

We should also have determined that the product of 1 € v(M;) and
g € ¢¥(M;) is the same in both cases whenever y is a primitive element of

H;. This is accomplished in exactly the same fashion we used. O

To deal with the case of group-like in degree zero, we have to construct an
inverse functor UF : DR? — HR?. For this, we generalize the definitions of

induced pairings 6 and 6 we introduced in the connected case.

(It should be remarked here that the Dieudonné module for a group ring
is the underlying F,-module, concentrated in degree zero and with identity

Verschiebung).

Thus, a pairing o : D H; ® D,H; - D,H;; in DM} induces a pairing
o: H; ® Hi — H;yj in HA] by (az)o(by) = (a o b)(zoy), where we use the
previous definition of & for connected algebras.

Also, a pairing o : H; ® H; — H;;; in HA? induces a pairing 6 : p(H;) ®

(Hj) = ¢(Hiyj) in HAZ by p(az)op(by) = ¢(a o b)(p(z)op(y)), where again
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we use the previous definition of 6 for connected algebras.

Then a pairing o : M; ® M; — M;;; in DM;] induces a pairing
o' : H; ®Hj — Hi+j in H.A: by o = 8.

It becomes just a routine matter to prove that o’ = 6 on ¢(H;) ® ¢(H;),
since the basic work was done already. The same considerations are in order for
the two pairings o” and & one can define on (M;) ® Y(M;), where M; and M;

are Dieudonné modules in DM.

We have thus:

Corollary 4.21. The functor DX : HR? — DRS has a right adjoint

UR :DR? = HRS and the pair (DR, UR) forms an equivalence of categories.
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Chapter 5

Dieudonné theory for
ungraded Hopf algebras

This chapter will generalize the results from the previous section to some cate-
gories of Hopf algebras over F,, that now don’t necessarily carry a grading. We
study their Dieudonné modules and Dieudonné rings and prove equivalences
between categories of Hopf algebras and Dieudonné modules, and between cate-
gories of Hopf rings and Dieudonné rings. We continue to consider that all Hopf
algebras are bicommutative. An ungraded Hopf algebra will be called con-
nected if it contains an exhaustive coaugmentation filtration. It will be called
geometric-like if it can be written as F,[G] ® H,, where F,[G] is a group ring
and H, is a connected Hopf algebra. Ungraded connected Hopf algebras are

geometric-like.
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5.1 Ungraded connected Hopf algebras and their
Dieudonné modules

Suppose A is an ungraded cocommutative, coassociative coalgebra with counit
over a ring R, together with a coaugmentation R — A. We construct its coaug-

mentation filtration {F;A},>0 by taking the short exact sequence
0>R—- A= JA) =0

and, using the iterated coproduct on A, defining F, A = ker(4 — J(A)®(a+1))

for ¢ > 0.
(In particular, FoA ~ R and F; A/Fy A ~ P(A).)

Definition 5.1. A coalgebra A as above is connected if its coaugmentation

filtration exhausts it (that is, if any = € A is in some F, A for some g > 0).

We will denote by CA the category of connected, cocommutative, coasso-
ciative coalgebras with counit over I, together with a coaugmentation. We
will also call HA the corresponding category of Hopf algebras; that is, the one

formed by the abelian group objects of C.A.

We consider the Hopf algebras H(n) = Fp[z1,--- ,z,] for n > 0 (H(0) is
just ). These Hopf algebras are in H.A and moreover they form a basis of

projective generators for that category. [2]

We have Hopf algebra maps a : H(n) - H(n + 1) (given by inclusion) and
V :H(n+1) = H(n) (defined by V(x;) = x;_; for i > 0 and V(zo) = 0). Va

gives the Verschiebung on each H(n).
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We have thus a sequence

——>H(n +1)—L>H(n)—~

H(n—1)—> -

For each Hopf algebra H in H.A, this sequence induces a sequence of F,-

modules

e > HOm’H_A(H(n — 1),H) —V> HOHIHA(H(”),H)

Homys(H(n+1),H) — - --

where each V is given by composition with V on the left.

Consider now the F,-module DH = colim,Homy 4(H (n), H). Composing
on the right with the Verschiebung v : H — H and the Frobenius f: H - H
givesmaps V : DH — DH and F': DH — DH. Since these maps reflect the
Verschiebung and the Frobenius, and since f and v satisfy fv = vf = p, we
have FV = VF = p as maps from DH to DH. (The same definitions arise
from considering composition on the left with the Verschiebung and Frobenius

on FP[Z'(),.’IIl,"'D

Definition 5.2. Given a Hopf algebra H € H.A, we define its Dieudonné mod-
ule as the F,-module DH = colim,Homy 4(H (n), H) together with the homo-

morphisms F': DH —- DH and V : DH — DH given above.

Since any H in H.A is connected, its coaugmentation filtration exhausts it

and, moreover, if we write
Y@ =1r+r01+) o' @z"

for each z € F,H, then all the 2’ and 2" that appear in the expression are in

39



those Fiy H that have ¢’ < g. Thus, the Verschiebung on such Hopf algebras is

eventually zero (that is, for each z € H we have v"z = 0 for some n > 0).

This carries over to DH, where we have that for each + € DH there must

exist an n > 0 such that V"z = 0.

We are ready to define a new category.

Definition 5.3. The category DM of ungraded connected Dieudonné modules
has as objects IF,-abelian groups M together with endomorphisms F' : M — M
and V : M — M satisfying F'V = VF = p and such that for each z € M there

exists an n > 0 with V™z = 0.

Similarly to what was done in the graded connected case, we can view a

Dieudonné module as a module over the ring R = Z,[V, F|/(FV — p).

The considerations we made above give us a functor D : HA — DM that
takes a Hopf algebra H € HA and produces its Dieudonné module

DH = colim,Homy 4(H(n), H).
Theorem 5.4. [2/ The functor D : HA — DM has a left adjoint

U:DM — HA, and the pair (D,U) forms an equivalence of categories.

5.2 Ungraded connected Hopf rings and their
Dieudonné rings

Following our previous definition of products D.H; ® D,H; = D,H; ; of
Dieudonné modules for graded connected Hopf algebras, we want to get similar

natural products in the ungraded connected case.
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From the remarks made in Chapter 3, there exist tensor products X in this
category. We will denote them by X, to distinguish them from those in the

graded case.

Suppose then that o;; : H; ® H; — H;yj is a product of ungraded connected

Hopf algebras. We want to obtain products
DH; ® DHJ — DHH_J'
in the corresponding Dieudonné modules. This can be achieved in several steps.

First, consider x € Homy 4(H (m), H;) and y € Homy 4(H (n), H;). We will
get an element z oy € DH; ;. The composition

H(m) ® H(n)&Hz ® Hj&Hi-i—j

is a bilinear map, so there exists a unique g : H(m) X, H(n) — H;}; making
the following diagram commute.

H(m) ® H(n) —= H(m) X, H(n)

o

Hi®Hj — > H;y;

where the top map is the one given in the definition of X,,.

Notice that this construction is similar to the one done before, only now all

maps belong to H.A and not to H.A..

As before, we consider the map 7, ®ny, : H(m+n) — H(m)X, H(n) taking
Tmtn 10 ©(Tm ® T,,) and commuting with Verschiebungs.
We can form the composition

tm Q@ln

H(m +n) H(m) &, H(n)——H;;
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We get thus an element z oy in Homy 4 (H(m +n), Hiy ;).

Now suppose o € DH; and § € DHj, and write @« = ¢™(z) for
z € Homy(H(m), H;) and B = ¢"(y) for y € Homy(H(n), H;), where oF
represents, for each k, the map Homy 4(H (k), H) — DH given by the definition

of colimit.

We get, as above, an element oy € Homy 4(H(m +n), H;1;), and also an

element a0 B = ™t (x 0y) € DH; ;.

Proposition 5.5. The element a o § does not depend on the x and y picked.

!

That is, if o™ (z) = @™ (z') and ¢"(y) = ™ (y")

then g™ " (z 0y) = ™+ (2 0 y')
Proof. Suppose ¢™(z) = ™t (z'), where x € Homy4(H(m),H;) and
z' € Homy 4 (H(m + 1), Hj).

By definition of colimit we have a commutative diagram

We get thus a diagram

Hm+1)® Hn) —2— = Hm+ 1) R, H(n)

vr| |

H(m)® H(n) ————~ H(m) K, H(n)
z®yl
H; ® H; Hi\;

Here, f is the unique map given by the definition of tensor product
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Hm+1)® H(n) - Him+ 1) X, H(n).
Then zoy € Homy 4(H (m+n), H;y ;) is the Hopf algebra map completely de-
termined by its value g1 (2., ®2y,) on T4y, and commuting with Verschiebungs.
Also, z' oy € Homy 4 (H (m +n + 1), H;y;) is completely determined by its
value fgpa(Tmi1 @ Tn) ON Tyygnt1-

We hayve:

' oy(Tmint1) = fgp2(Tmi1 ® zn)
= g901(VZmt1 ® Tp)
= 9¢1(Tm ® Tn)
=z 0Y(Tmin)

=zoy(Vemin)
and so in this case ™" (z o y) = ™" Fl(2! o y).

If p"(y) = " T1(y'), we similarly prove p™t"(z o y) = ™ "1 (z 0 y') for
any z € Homy 4 (H(m), H;). The general case ™" (z oy) = ™+ (' o y)

now follows by induction on both m’ —m and n' — n. O
Corollary 5.6. Every bilinear pairing H;Q H; — H;y; in HA induces a pairing
As before, we analyze how these pairings relate to V' and F' defined on the

Dieudonné modules.

Proposition 5.7. Given bilinear pairings o;; : H; @ H; — H;y;, the induced

pairings o}; : DH; ® DH; — DH,; satisfy:
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(a) V(aoB) = VaoVp;
(b) FaoB = FlaoVB);

(¢) ao Fg=F(Vaop).

Proof. We prove the first condition. The others follow similarly.
Suppose a = ¢™(x) and 8 = ¢"(y).

Then
V(aoB)=V(e™ " (zoy)) =™ "(V(zoy))
where V(z o y) is given by composition on the right with the Verschiebung on

H;, ;. We then get:
P (VeoVy) =™ (Va)op"(Vy) = Vao Vi

where we use the fact that V(z oy) = Vz o Vy for £ € Homy 4 (H(m), H;) and
y € Homy 4 (H(n), H;) (The proof of this last fact is exactly the same as in [6]

once one ignores the definition of degrees at each step). O

Definition 5.8. A bilinear pairing in DM is a map f : My x My — N of
abelian groups satisfying V f(z,y) = f(Vz,Vy), Ff(z,Vy) = f(Fz,y) and

Ff(Vz,y) = f(z,Fy).

Proposition 5.7 above stated that a bilinear pairing o : H; ® Hy - K in HA

induces a bilinear pairing o' : DH; ® DHy — DK in DM.

Definition 5.9. An ungraded connected Dieudonné ring over a perfect field I,
is a sequence {M;};ez of ungraded connected Dieudonné modules together with
bilinear maps o;; : M; ® M; — M;y; satisfying the conditions in the previous

proposition.
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Denote by HR the category of Hopf rings in the ungraded connected case

and by DR the category of ungraded connected Dieudonné rings.

Now define a functor DF : HR — DR by considering for each sequence of
Hopf algebras {H;}iez in HR the sequence of Dieudonné modules {D(H;)}icz,
where D : HA — DM is the previously defined functor, and such that the
products o;; : H; ® H; — H;;; carry over to the products

oi; : DH; ® DHj — DH,; as before.

To construct a right adjoint U for D we proceed as we did in the graded

case.

We start with a lemma that offers a result symmetric to the one on Corollary

5.6.

Lemma 5.10. Any bilinear pairing o;; : DH; @ DH; — DH;,; induces a

bilinear pairing o;; : H; ® H; — H;y; of Hopf algebras.

Proof. We focus on the primitive elements of H; ® H;.

Given x € H; primitive and 1 € Hj, pick a positive m and consider
Z € Homy4(H(m), H;) (given by #(1) = 1, &(z,) = z and &(z;) = 0 for
i # m). Consider also the homomorphism 1 € Homy 4 (H (0), H;) given by
1(1) = 1. Then we have 9" ()0 ¢°(1) € DH;j, and so ¢™(2) 0 %(1) = ™ ()
for some oo € Homy 4 (H (m), H;). Call this element & o 1. Finally, define 251 as

[ 0 1](wm)-

This construction is independent of m: As before, if ¢™(2) = ¢™+!(z') then

we have ¢™ (& o 1) = ¢™+1(z/ 0 1), and so [&01](zy) = [:E’ 0 1)(€mn), proving
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that the induced pairing is well-defined. (As in the graded case, since we are
dealing with connected Hopf algebras, we define the pairing 6 : H; @ H; — H;

completely once we have defined it on the primitives of H; ® H;.)

We also have that pairings o : H; ® H; — H;;; induce pairings
6:UD(H;) @ UD(H;) - UD(H;y;) directly by UD(x)6UD(y) = UD(z o y),
and pairings o : M; ® M; — M;,; induce pairings 6 : DU(M;) ® DU (M;) —

DU (M;4j) by DU(z)8DU (y) = DU (z o y).

Finally, pairings o : M; ® M; — M, ; induce pairings o' : U(M;) @ U(M;) —

U(MH-J) given by of = 6

Now consider the functor DE : HR — DR that takes each sequence of
Hopf algebras {H;}icz to the sequence of Dieudonné modules {D(H;)}iez,
where D is the previous functor D : HA — DM, and such that the products
0 : H; ® Hj — H;yj carry over to the products oj; : DH; ® DH; — DH;yj as

given by Corollary 5.6.

We want to define a functor U® : DR, — HR. in a way that makes the
pair (D% U®) an equivalence of categories. We will use the previous functor
U from Dieudonné modules to Hopf algebras. For this we use the previously
defined induced pairings on U(M;) ® U(M;), for Dieudonné modules M; and

M; in DM.

For each sequence {M;};cz of Dieudonné modules we get the corresponding

sequence {U(M;)}icz of Hopf algebras, where U : DM — HA is the inverse
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functor to D : HA — DM, as given in Theorem 5.4.

Then, given a product o;; : M; ® M; — M;1;, we define the product

of . : U(M;) @ U(M;) = U(M;4;) as above.

t]

Theorem 5.11. The functor DF : HR — DR has a right adjoint

UR . DR — HR and the pair (DE,UR) forms an equivalence of categories.

Proof. To prove the equivalence of ring categories, we first show that the prod-
ucts 6 and o' are the same on UD(H;) ® UD(H;), for Hopf algebras H; and
Hj in HA. Most of the work follows directly from what was done in the graded

case:

Consider UD(z) € UD(H;) and UD(1) € UD(H;). Pick an m > 0 and
notice we have an element m) € Homy 4 (H (m),UD(H;)). Also, there is an

—

element UD(1) € Homy 4(H(0),UD(Hj;)).

Then UD(z) o" UD(1) = UD(2)o'UD(1) = UD(z)o'UD(1)(wn), where
the element UD(2)o'UD(1) € Homya(H(m), Hiy;) was defined uniquely by
¢™(UD(x)9UD(1)) = ¢™(UD(x))d¢* (UD(D)).

The last expression becomes DU[(DU)~! (9™ (UD()))o' (DU)~ (¢*(UD(1)))] =
DU[p™ (&) o' ¢°(1)] = DU[p™ (& o' 1)] = ™ (a),
where a € Homy4(H(m),UD(H;y;)) satisfies a(wm) = UD(& o' 1(wm)) =

UD(z o 1), and so indeed UT)E)QU/D(T)(%) = UD(z o 1), making

UD(z) 0" UD(1) = UD(x)é6UD(1) as we wanted to show.

The same remarks we made for the graded connected case imply that this

is enough to show o” = & on the whole UD(H;) ® UD(H;).

47



To conclude the proof of the equivalence of ring categories, we must do the
same reasoning for the two natural products we can have in Dieudonné modules.

Thus, we proceed as above:

Start with the product o;; : M; ® M; — M;y;. This product induces

of, =06:UM; ® UM; — UM;y; in Hopf algebras, which induces

ij

of, : DUM; ® DUM; — DUM;;.

The original product o;; : M; ® M; — M;; also induces directly

6: DU(M;) ® DU(M;) — DU(M;y;) by DU(2)6DU(y) = DU (z o y).
We show that & = o as products on DU (M;) ® DU(M;).

We have o™ (@)5¢"(8) = ¢™*"(adf), where a € Homsy(H(m),U(M;))
and 8 € Homy4(H(n),U(M;)) (Here, adf is uniquely determined by the ex-

pression above).

But ad8 = a 0" 3 because of Chapter 4, where o” should be interpreted as

in the graded connected case, only with X,, substituted in the diagrams.

We get o™+ (a 0" B) = ¢™(a) o" ™ (B), and so 6 = o'". O

5.3 Dieudonné theory for ungraded geometric-
like Hopf algebras

In this section we generalize the results in Sections 4.3 and 4.4 in order to

accomodate the case of ungraded geometric-like Hopf algebras.

Suppose H is an ungraded Hopf algebra over a commutative ring k& with

unit and consider X (H) = Hom¢ 4(k, H). Define H, as the group ring k[X (H)].
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(Call the elements in this group ring the group-like elements of H). Define also

H. =k ®pn, H. Then H, is an ungraded connected Hopf algebra over k.

We will consider in this section those Hopf algebras H that are isomorphic

to H, ® H,.

Definition 5.12. An ungraded Hopf algebra H over k is geometric-like if it
can be written as H = H, ®j H., where H, is a group ring over k and H, is an

ungraded connected Hopf algebra over k.

Definition 5.13. Call H.A° the category of bicommutative Hopf algebras over

F, that are geometric-like.

Now define H(0) = F,[Z] and remember that, for n > 0, H(n) was defined

as H(n) = F,[z1, -+ ,z,].
For a Hopf algebra H in H.A°, define DH = colim{D,H = Homy 4o (H(n), H)}n>0-

Composing on the right with the Verschiebung v : H — H and the Frobenius
f:H — HgivesmapsV : DH — DH and F : DH — DH. As before, if m > 0
we have FV (o™ (a)) = VF(p™(a)) = pp™(a) for a € Homy4(H(m), H). If
m = 0 we have V¢°(a) = ¢°(a) for a € Homy(H(0),H) since the Ver-

schiebung on group-like elements of H is the identity.

We can thus define a new category.

Definition 5.14. The category DM?°® has as objects abelian groups
M = M, ® M, together with maps V. : M — M and F : M — M satisfy-
ing

(a) M. is a Dieudonné module in DM;
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(b)) VEF=FV =ponl® M,

(c) V is the identity on M, ® 1.

As before, we have:

Theorem 5.15. The functor D : HA° — DM gives an equivalence of cate-

gories.

We next want to deal with ring objects.

First, notice that in H.A° products are defined as
¢: (4, @A) ® (B, ®B,) = (C, ® Ce)

with @(az ® by) = ¢(a ® b)¢'(z ® y), where ¢ : A, ® B, = C, is a product
of group rings and ¢’ : A, ® B, — C, is a pairing of graded connected Hopf

algebras. (Here we write ax fora® x € 4, ® A, etc.)

A bilinear map in DM? will be amap @ : (M,@M.)Q(N,QN,) = (K,QK,)
given by ¢(am®bm) = p(a®b)¢' (m®n), where ¢ : M,® N, — K, is a product

in group rings and ¢' : M ® N — K is a bilinear map in DM as defined before.

Following the reasoning from Section 4.3, any pairing o;; : H; @ H; — H;y;
in HA? will induce a pairing o}; : DH; ® DH; — DH;;; in DM?°. As before,
the diagram

H(0) ® H(0) — H(0) X, H(0)

(Hi)o ® (Hj)o E (Hi+j)o

allows us to define products o;; : (DH;), ® (DHj)o — (DH;yj),. We also

have the induced products on the Dieudonné modules for the connected parts
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of the Hopf algebras H, given by the restriction to H.A of the pairing o. Thus
we define

az o' by = (aob)(z o y)

We will denote by HR? the category of ungraded geometric-like Hopf rings
(that is, of the ring objects for H.A°) and by DR’ the category of Dieudonné

rings in this case.

Consider now the functor DE : HR° — DR° that takes each sequence
of Hopf algebras {H;};cz to the sequence of Dieudonné modules {D(H;)}icz,
where D is the previous functor D : HA° — DM?, and such that the products
o;; : H; ® Hj — H;y; carry over to the products Olz']‘ :DH; ® DH; — DH;y

as given in the preceding paragraph.

To construct an inverse functor U® : DR® — HR°, we again general-
ize the definitions of induced pairings & and 6 introduced in the connected
case. A pairing o : D,H; ® D,H; — D,H;;; in DM?° induces a pairing
6: H;® Hj —» H;y; in HA° by (az)o(by) = (a o b)(zoy), where we use the

previous definition of o for connected algebras.

Also, a pairing o : H; ® Hj — H;y; in HA® induces a pairing

6 : p(H;) ® p(Hj) = ¢(Hiyj) in HA® by p(az)dp(by) = p(a o b)(p(x)dp(y)),

using the previous definition of 6 for connected algebras.

Then a pairing o : M; @ M; — M;; in DM° induces a pairing
of : Hz ®H] — Hi+j in HAO by ol = é
The proof of the next Corollary follows directly from the work we did in

the connected case in Section 5.2 and the methods used in the graded case
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generalizations of Section 4.4.

Corollary 5.16. The functor D® : HR° — DR° has a right adjoint

UR DR’ = HR® and the pair (DR, UR) forms an equivalence of categories.
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Chapter 6

Dieudonné theory for
periodically graded Hopf
algebras

In this chapter we consider periodically graded bicommutative Hopf algebras
over F, and, as before, we study their corresponding Dieudonné modules, plus
the corresponding Dieudonné rings for the Hopf rings. We again focus on con-
nected and geometric-like Hopf algebras, with definitions similar to those we

presented in the two previous chapters.

6.1 Periodically graded connected Hopf algebras
and their Dieudonné modules

The basic material in this section can be found in [13].

We will have to restrict ourselves to a special grading if we want the maps
we define to be in the category of graded Hopf algebras. For this, start by fixing
an n > 0. We will write m = p™ — 1 and consider 2m-graded bicommutative

Hopf algebras over F,, that is, those that are graded over Z/2(p™ — 1), and
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will focus on those Hopf algebras that are concentrated in even degrees (having
elements in odd degree implies, by commutativity, that the Hopf algebra has
elements squaring to zero; in fact, the category of 2m-graded bicommutative
Hopf algebras splits as a direct product of the category of those concentrated
in even degrees and a category of primitively generated exterior algebras - see
7).

A 2m-graded Hopf algebra concentrated in even degrees will be called con-
nected if H, = F,. We should notice that any such Hopf algebra can be viewed
as an ungraded Hopf algebra and that being connected as a 2m-graded Hopf al-

gebra implies that it is connected in the general sense of ungraded Hopf algebras

(that is, having an exhaustive coaugmentation filtration).

Definition 6.1. We will denote by H.A,, the category whose objects are 2m-
graded connected bicommutative Hopf algebras over F, concentrated in even

degrees.

Since Hopf algebras in H.A,, can be viewed as ungraded connected ones, the
definition of Dieudonné modules from Section 5.1 carries over to this section

and we have DH = colim{Homy 4 (H (n), H)} for any H € HA,,.

In this case, though, we want a new definition that takes care of the grading,
as the maps H(n) — H in the colimit above are not necessarily in HA,, (in

fact, we haven’t even put a grading on H(n) yet).

We follow what was done in the graded connected case before. Start by giving
each indeterminate z; degree 2p’t mod 2m for a fixed ¢ satisfying 1 <t < p"—1

and define H(s,t) = Fp[xg, 1, -, ;] for each s, giving it the unique Hopf
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algebra structure graded over 2m that makes the Witt polynomials primitive.

The Verschiebung on these H(s,t) is given by V (z;) = z;—1 for i > 0.

The Hopf algebra maps V : H(s + 1,t) — H(s,t) corresponding to the ones
used in the beginning of Section 5.1 to define the colimit are not necessarily in
HApm, but we can choose some iterate of V' that does preserve degree: in fact,
since the Verschiebung divides degree by p and our grading imposes p™ = 1, we
have that V" is a map in H.A,, and so we can define Dieudonné modules for
H e HA,, by:

D H = colim{Homy 4, (H(s,t),H)}

Notice that each V" is a map from a H(s,t) with s > n to H(s —n,t). This
means that, by definition of colimit, an element a € Homy 4, (H(s,t),H)}
whose image under the colimit map is in DH is completely determined by the

restriction of that map to H(s',t), where 0 < s’ < n and s’ = s (mod n).

If we now vary ¢t we get a collection {D;};<;<pn—1 (one should notice that,
since p” = 1 (mod m) in our grading, the modules D;H for ¢t > p™ — 1 would
start repeating the ones already determined, and SO

DH = {DH }1<¢<pn—1 is a m-graded module).
Next we define the homomorphisms V and F on DH.

For each s and ¢, the map H(s,pt) — H(s,t) that takes x; to x;? preserves
degree, and so is a homomorphism in #.4,,. The following diagram is com-
mutative because the composition of the inclusion H(s,t) — H(s,pt) with the
above map gives the Frobenius F on H(s,t) and the Frobenius commutes with

the Verschiebung.
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H(0,t)<—— H(n,t)<——---<—— H(n(s —1),t) <—— H(ns,t) =<— - -

] | T

H(0,pt) <— H(n,pt) <— - <—— H(n(s — 1),t) <—— H(ns,pt) <— -
This diagram allows us to define the homomorphism V' : D:H — D H.

Similarly, the composition H(s,t/p) — H(s — 1,t) — H(s,t) taking z; to

x;—1 preserves degree, and so the diagram

H(0,t) <—— H(n,t) H(n(s—1),t)<—— H(ns,t) <—— - --

I P B |

H(0,t/p) <—— H(n,t/p) <—— -~ <—— H(n(s — 1),t/p) <—— H(ns, t/p) <— -

allows us to define a homomorphism V' : DiH — D, H.

We can give a new definition.

Definition 6.2. The Dieudonné module for a Hopf algebra H € HA,, is the

m-graded abelian group

DH = {DH = colim{Homy 4, (H(s,t),H)}}

together with the above homomorphisms

F:DH — DptH

and

V. DptH — DiH

We also define a category of Dieudonné modules.
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Definition 6.3. We call DM,,, the category of m-graded modules M over I,
together with maps V' and F satisfying F'V = VF = p and such that for each

x € M there exists an r > 1 with V" (z) =0

The equivalence between Hopf algebras and Dieudonné modules becomes, in

this case:

Theorem 6.4. [13] The above map D is a functor D : HA, — DMy, that
has a right adjoint U : Dy, — HAp, and the pair (D,U) forms an equivalence

of categories.

Again, the proof confirms the fact that an abelian category with a set of
small projective generators is equivalent to a category of modules over some

ring [3] [4].

6.2 Periodically graded connected Hopf rings and
their Dieudonné rings

Denote by HR,, the category of Hopf rings in the 2m-graded connected case,
that is, whose objects are collections { H;} of 2m-graded connected Hopf algebras
(concentrated in even degrees) together with maps H; ® H; — H;;; of 2m-

graded coalgebras.

We want to show this category is equivalent to a category of Dieudonné

rings.

Proposition 6.5. Every bilinear pairing H; ® H; — H;1j in HAy,, induces a

pairing DH; @ DHj — DH;yj in DM,,.
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Proof. Suppose that o;; : H; ® H; — H;,; is a product of 2m-graded connected

Hopf algebras. We want to obtain products
DH; ® DH] — DH,'+J'

in the corresponding Dieudonné modules.

Consider then x € D, H; and y € D,H;. As we said above, we can consider
z to be an element in Homy 4, (H(n,r), H;) (it is completely determined by its
values on g, - - ,,). Similarly y € Homy 4,, (H(n,s), H;). We can get a map

in Homy 4,, using a diagram similar to the ones we used before:

H(n,r)® H(n,s) —— H(n,r) X, H(n,s)

w@yl ” l"

H; ® Hj Hiy;

Here, as before, X,,, is the tensor product in our case. We have a map

N @ ns : Hn,r + 8) = H(n,r) X, H(n, s) and can form the composition

LrQts

H(n,r+s) H(n,r) Ry, H(n,s)—— i+j

This element completely determines a map in Homy 4, (H(n,r + s), Hiyj),

and this map defines an x oy € D,y ,Hiy ;.

As before, we analyze how these pairings relate to V and F' defined on the

Dieudonné modules.

Proposition 6.6. Given bilinear pairings o;; : H; @ H; — H;y;, the induced

pairings o;; : DH; ® DH; — DH,y; satisfy:
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(a) V(zoy) =VzoVy;

(b) Froy=F(zxoVy);

(c)xoFy=F(Vyoy).

Proof. Consider the first condition. The others follow similarly.
Suppose z € Homy 4,, (H(n,r), H;) and y € Homy 4,, (H(n,s), Hj).

Then z oy is given by the following diagram.

H(n,r+s)

!

H(n,r)® H(n,s) — H(n,r) X, H(n, s)

o

H; ® H; H;y;j

The element Vx can be seen to be given by the composition
H(n,r/p) = H(n,r) — H;, where the left map takes z; to z;—; (this definition
agrees with the previous one since the colimit defining = € D, H; is completely

defined by a map H(n,r) — H;).

At the same time, the element Vy is given by the composition H(n,s/p) —

H(n,s) — Hj.

There exists a unique map H(n,r/p) X, H(n,s/p) = H(n,r) K,, H(n, s)
(because of the definition of tensor products). Putting this map into the follow-

ing diagram defining Vz o Vy proves the result.
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n,(r+ 8)/p)

N

H(n,r/p)® H(n,s/p) — H(n,r/p) B, H(n,s/p)

H(n,r) @ H(n,s) H(n,r) Ry, H(n,s)

Hj@Hj Hi+j

O

Definition 6.7. A bilinear pairing in DM, is a map f : My x My — N of
abelian groups satisfying V f(z,y) = f(Vz,Vy), Ff(z,Vy) = f(Fz,y) and

Ff(Vz,y) = f(z, Fy).

We just saw that a bilinear pairing o : Hy ® Hy - K in H.A,, induces a

bilinear pairing o' : DH; ® DHy — DK in DM,,

Definition 6.8. An m-graded connected Dieudonné ring over a perfect field I,
is a sequence {M;};cz of m-graded connected Dieudonné modules together with
bilinear maps o;; : M; ® M; — M;; satisfying the conditions in the previous

proposition.

Denote by HR,, the category of Hopf rings in the 2m-graded connected case

and by DR, the category of m-graded connected Dieudonné rings.
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Define a functor Df : HR,, — DR,, by considering for each sequence of
Hopf algebras {H; }icz in HRn, the sequence of Dieudonné modules {D(H;) }iez,
where D : HA,, - DM,, is the previously defined functor, and such that the
products o;; : H; ® H; — H;;; carry over to the products

ogj :DH; ® DH; — DH;, ; as before.

To construct a right adjoint U® for DF, we extend the results in the previous

chapters.

Lemma 6.9. Any bilinear pairing o;; : DH;@ DH; — DH; ; induces a bilinear

pairing 5;; - H; ® H; — H;y; of Hopf algebras.

Proof. The proof follows as in the graded and ungraded cases.

Given z € H; primitive and 1 € H;, consider & € Homy 4, (H(n,r), H;)
(given by (1) = 1, &(x,) = = and Z(z;) = 0 for ¢ # n). Consider also the
homomorphism 1 € Homy 4, (H (n,0), H;) given by 1(1) = 1. Then we define

251 = [ o 1)(wn)

We also have that pairings o : H; ® H; — H;;; induce pairings
6:UD(H;) @ UD(H;) — UD(H;4;) directly by UD(z)sUD(y) = UD(z o y),
and pairings o : M; ® M; — M,y; induce pairings 6 : DU(M;) ® DU(M;) —
DU (M;4j) by DU(z)8DU (y) = DU (z o y).

Finally, pairings o : M; ® M; —  M;y; induce pairings
o' : U(M;) ® U(M;) — U(M;;) given by o' = 5.

Now consider the functor D¥ : HR,, — DR.. that takes each sequence
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of Hopf algebras {H;};cz to the sequence of Dieudonné modules {D(H;)}icz,
where D is the previous functor D : HA,;, — DM, and such that the products
0ij : H; ® Hj — H;yj carry over to the products oj; : DH; ® DH; — DH;yj as

given above.

Define a functor U® : DR, — HR,, by assigning to each sequence {M;};cz
of Dieudonné modules the corresponding sequence {U (M;) };cz of Hopf algebras,

where U : DM,,, = HA,, is the inverse functor to D : HA,, = DM,,.

Then, given a product o;; : M; ® M; — M;;;, we define the product
oi; s U(M;) ® U(Mj) — U(M;4;) as above.

As in the previous chapters, we have:

Theorem 6.10. The functor D® : HR,, — DR,, has a right adjoint

UR :DR,, = HRm and the pair (DE UE) forms an equivalence of categories.

6.3 Dieudonné theory for periodically graded
geometric-like Hopf algebras

This section contains the generalization of the results in the previous sections

in order to accomodate the case of 2m-graded geometric-like Hopf algebras.

Following Chapter 5, we will call geometric-like m-graded Hopf algebras those
that can be written as H = H, ® H., where H, is a group ring over k and H,

is a 2m-graded connected Hopf algebra over k (concentrated in even degrees).

Definition 6.11. Call H.A;, the category of bicommutative Hopf algebras over

IF, that are geometric-like.
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Now define H(0, s) = F,[Z] for any s and remember that, for n > 0, H(n, s)

was defined as H(n,s) = F,[xo, - - , ], with each z; in degree 2p's.

For a Hopf algebra H in HA;, , define D,H = Homy 4o (H(0,s), H) and

D.H (for t > 0) as before.

We have that the Verschiebung on H (0, s) is the identity, and so we can
extend V on Dieudonné modules by declaring it to be the identity on D,. Also,

define F' on D, in a way that preserves F'V =V F = p.

We can thus define a new category.

Definition 6.12. The category DM, has as objects abelian groups
M = M, ® M. together with maps V : M — M and F : M — M satisfy-
ing

(a) M. is a Dieudonné module in DM,,;

(b)) VF=FV =ponl® M;

(c) V is the identity on M, ® 1.
Theorem 6.13. The functor D : HA,, — DM, gives an equivalence of cate-
gories.

We next want to deal with ring objects.

A bilinear map in DM, will be amap ¢ : (M,@M.)Q(N,QN,) = (K,QK,)
given by @¢(axz @ by) = p(a®b)y'(z ®y), where p : M, ® N, — K, is a product
in group rings and ¢' : M ® N — K is a bilinear map in DM,,, as defined

before.
Any pairing o;; : H; ® Hi — H;y; in HA? induces a pairing
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o;; : DH; ® DH; — DH;;; in DMy, (same reasoning as for the previous

two cases).
We will denote by HR?, the category of 2m-graded geometric-like Hopf rings
(that is, of the ring objects for H.A;) and by DR, the category of Dieudonné

rings in this case.

There is a functor DF : HR?, — DRS, taking each sequence of Hopf
algebras {H;};cz to the sequence of Dieudonné modules {D(H;)};cz, where
D is the previous functor D : HA?, — DM? , and such that the products

o;; : H; ® Hj — H;yj carry over to the products o';; : DH; ® DH; — DH;, ;.

To construct an inverse functor UT : DR® — HR°, we again generalize the

definitions of induced pairings ¢ and ¢ introduced in the connected case.

A pairing o : D,H; ® D,H; = D,H;; in DM;, induces a pairing
5: H;® Hi - H;y; in HA} by (az)3(by) = (a o b)(xdy), where we use the
previous definition of o for connected algebras.

Also, a pairing o : H; ® Hi — H;y; in HA?, induces a pairing
6 : p(Hi) ® p(Hj) = o(Hiy;) in HAZ, by p(az)op(by) = ¢(a o b)(p(x)sp(y)),
using the previous definition of 6 for connected algebras.

Then a pairing o : M; ® M; — M;;; in DM? induces a pairing
of : Hz ®H] — Hi-l-j in HA;)n by ol = é

The proof of the next Corollary follows directly from the work we did in

the connected case in Section 6.2 and the methods used in the graded case

generalizations of Section 4.4.
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Corollary 6.14. The functor DE : HRS — DR, has a right adjoint

UR:DRS, — HRS, and the pair (DB, UR) forms an equivalence of categories.
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