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Abstract

In this work we describe the mod p ordinary homology of QS* for k > 0 as a
Hopf ring. We give the explicit relations for the o-product and x-product which
allow us to calculate H,(QS*;F,) as a Hopf ring. We also give new generators for

H,(QS*;F,) as an algebra for any prime p.
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1 Introduction

The homology of the infinite loop space QS* = nh_)nolo Q"S™F (k> 0) is well known
and the reader can find detailed information about the calculation in [May] and
[CLM] where the answer is given to us as a Hopf algebra. There, only one of
the spaces {QS*}x>o is discussed at a time and so the answer is given in terms
of the Hopf algebra. In this work we will consider {QS*},>o as the Q-spectrum
associated to the sphere spectrum S. The sphere spectrum is a ring spectrum
and so we can consider the mod p homology Hopf ring {H,.QS*}rcz. For an
introduction to Hopf rings the reader is refered to [RW] and we will give a brief
review with the terminology and conventions established there. In this case the
Hopf ring * and o products have a more conventional interpretation as those
arising from the loop sum and the composition product.

This thesis is organized as follows. Section 2 contributes the necessary prepa-
ration for this work. Section 3 gives the relations on the o-product. In Section 4
we use the results of Section 3 to compute the Hopf ring {H,(QS*;Fs)}is0. In
Section 5 we give the formulae for the *-power in terms of the o-product. Finally,

in Section 6, we compute the Hopf ring {H,(QS¥;F,)}x>o for an odd prime p.



2 Preliminaries

In Section 2.1, we introduce Hopf algebras. The standard references for this sub-
ject are Milnor and Moore [MMj] and Sweedler [Sw]. In Section 2.2, we introduce
Hopf rings and the standard reference for this subject is Ravenel and Wilson [RW].
In Section 2.3, we review the Dyer-Lashof operations, and the reference for these
materials is May [May|. In Section 2.4, we recall the the description of the Hopf
algebra H,(QS*;F,) where k > 0.

2.1 Hopf Algebras

Assume that R is a commutative ring with unit. A Hopf algebra over R is a graded

R-module A, = {Ag}rea with R-module maps

e Multiplication ¢: A, ® A, — A,

Unit for multiplication n: R — A,

Comultiplication ¢ : A, — A, ® A,

Counit for comultiplication ¢: A, — R

Conjugation x: A, — A,

such that
(1) (As, ¢, n) is an algebra over R with augmentation ¢,

(2) (A4, 1, ¢) is a coalgebra over R with coaugmentation 7, and



(3) the diagram

¥ P

14*6944* > 14* > f1*@§14*

YRy PRp

A, R A, ® A, ® A, WA*QQA*@A*@A*

commutes, where T : A, ® A, — A, ® A, is the twist map.

The dual of a Hopf algebra (A., ¢, n,1,¢,x), where A, is a free R-module of
finite type, is the Hopf algebra ((A.)*,¥* &%, ¢*, n*, x*); note that (A, ® A,)* =
(4.)" ® (A"

Example 2.1 The polynomial algebra P|x] and exterior algebra E|x| can be given
a Hopf algebra structure by defining the coproduct, counit and conjugation as fol-
lows, respectively.

Y(r)=201+1Q«x

Note that the above construction can be generalized to n generators by taking

tensor products.

Example 2.2 The divided power algebra D|x] is the dual of the polynomial alge-
bra Plz]. The dual basis is {v!1} where v is dual to «*, and the structure maps

are:

J
(1) =1=1"

o0l @ vl = ( ity ) Lli+]



Also, we can give the Hopf algebra structure on the divided power algebra with

n generators by taking tensor products.
2.2 Hopf Rings

Now we give a brief review of the basics of Hopf rings. Let R be a graded (as-
sociative, commutative) ring (with unit). We let D = CoAlggr be the category
of graded cocommutative coassociative coalgebras with counit over R, henceforth
coalgebras. For each object C' we have a coproduct ¢¥¢ : € — C®gC and a
counit ¢¢ : C' — R. Morphisms are maps of coalgebras with unit. R is in the
category in a natural way and is a terminal object. The unique map from C' to
R is e¢. The product in the category, CIID, is given by CQgrD = C ® D, where
1®ep:CRD —»>Candec®1:C®D — D are the projections. If f: B — C
and g : B — D are given. then the map (f,g9) : B > C® D is (f ® g)¢¥, i.e.,
(f,9)(0) = > f(b') @ g(b") where ¥(b) = > 0 ®b". We call a ring object over
CoAlgr a (graded) Hopf ring. The following lemma is extracted from Ravenel
and Wilson [RW].

Lemma 2.3 Let H(x) = {H.(n)}nez € CoAlgg be a Hopf ring. Let a € H;(n),
be H;(k), c € Hy(k). Define deg(z) by x € Haeg(a)(m).
(a) Each H,.(n) € CoAlgg.

(i) There is a coassociative cocommutative coproduct for all n

Y : Hy(n) = H.(n) ® H.(n)



Yla)=) dead =) (~1)% e g d
(ii) There is a counit, ¢ : H,(n) — R such that

4

1y, (n)®¢€
H.(n) % H.(n) ® H.(n) ™%

H,(n)®rR ~ H,(n)

is the identity, i.e. a = a'e(a").
(b) Each H.(k) is an abelian group object of CoAlgg, i.e. a bicommutative bias-
soctative Hopf algebra with unit, counit and conjugation:

(i) There is a product
x: H,(k) @ H.(k) — H.(k)
which is associative and commutative,
bxc=(=1)"%cxbe Hjy,(k)
(ii) The map * is in CoAlgg

Bore) = 9(b) s () = YW @) (¢ & )
= Z(_l)deg(d) deg(b")(b/ " CI) Q (b” % C”)

(iii) The abelian group object unit, zero, is n : R — H.(k). We define [0f] =

n(1) # 0,

(iv) The conjugation x : H.(k) — H.(k) has xx = identity and ne(b) =

S % x(B).

(c¢) There are associative maps

o: H.(n)® H.(k) > H.(n+k)



such that:

(i) The map o isin CoAlgg

Y(aob) =) oy(®) =) (d@d) o &b
— Z(_l)deg(a”) deg(b’)(al o b’) ® (a// o b”)

(ii) Multiplication by zero
[0n] 0 b = ne(b)
(iii) There is a unit map e : R — H,(0). Define e(1) = [1] € Hy(0), then
[1ob=b
(iv) Define x([1]) = [=1] € Ho(0). Then
x(a) =[-1]eca
and

Xx(aob) =x(a)ob=aox(b)

(v) Commutativity
aob=(-1)9[-1]""%oboa = (-1)"x"*(boa) € Hiyj(n+k)
(vi) Distributivity
ao(bxc) = (—1)%e) 4B (g o b) x (a" o c)
(vii) Let [n] = [1]"* = [1+ 14 ---+ 1], then
[n]oszb’*b”*---*b(")

where ¥ : H,(k) — H.(k) ® --- ® H.(k) denotes the iterated n-fold coproduct
and Vo=V Q0" ® - ® b,



The following description refers to Turner [Tu]. Hopf rings arise in topology
in the study of the homology of the spaces of a multiplicative 2-spectrum. Recall
that any unreduced multiplicative cohomology theory G*(—) can be represented
unstably by the infinite loop spaces G,, of its associated 2-spectrum (i.e. G¥(X) =
[X, Gk] and QGy11 ~ Gy, where [X, Y] means homotopy classes of unbased maps
from X to Y). To study the homology of these spaces it is convenient to consider
all of them simultaneously and regard the collection G, = {G}rea as a graded

ring space. We have products
m: Gk X Gk — Gk

and

GIGkXGl—)Gk+l

arising from the loop structure on G and from the ring map GAG — G. Suppose
now we are given another such spectrum, E, for which we have the Kiinneth
isomorphism

E*Gk®E*E*Gl = E*(Gk X Gl)

for all £ and [. In view of Section 2.1 we then have that E,G} is a Hopf algebra.

Further, we can use o to define a circle product

0: E.Gy®p, E.Gi 2 E, (G, x G)) 55 E,Gryy
turning E,G, = {E,Gy}rea into a Hopf ring.
2.3 Dyer-Lashof Operations

In this section, we review the Dyer-Lashof operations, and most of the materials

can be found in May [May]. By an infinite loop space B = {B;|i > 0}, we



understand a sequence of based spaces such that B; = 0B, ;;byamapg: B — C
of infinite loop sequences, we understand a sequence of base-point preserving maps
gi : B; = C; such that ¢g; = Qg;;1, i > 0. We denote H,(B) = H,(By;F,) for
some fixed prime p and regard H, as a functor from the category of infinite
loop sequences to that of graded F,-modules. H,(B) admits homology operations
which are analogous to the Steenrod operations in cohomology. More precisely,

there exist homomorphisms
Q" : H,(B) — H,(B)

for all 7+ > 0. We state the results for an arbitrary prime p; the modifications

needed in the case p = 2 are indicated in square brackets.

Theorem 2.4 The Q' satisfy the following properties:

(1) The Q' are natural with respect to infinite loop maps and have degree
2i(p—1) [ degree i |.

(2) Q°(¢) = ¢ and Q () = 0 for i > 0, where ¢ € Hy(B) is the identity
element for the loop product in H,(B).

(3) Q(z) = 0 if 21 < deg(x) [ if i < deg(z) J.

(4) Q(z) = 2P if 2i = deg(z) [ if i = deg(z) /.

(5) 0.Q" = Q'o,, where o, : IH,(QB) — H,(B) is the homology suspension.

(6) Cartan formula: Q*(zy) = Y i, Q' (z)Q* "(y) and, if Y(z) = > 2’ @ 2",
then $Q°(z) = S0, X Q' (e!) @ Q° (s,

(7) If x : H.(B) — H,.(B) is the conjugation (induced from the map x(1)(t) =
I(1—1), x: QB — QB ), then xQ*' = Q'x.



(8) Adem relations: If p > 2 and a > pb, then

QQ =) ()™ (pi-aa—(p-1b—i-1)QTQ

%

If p> 2, a > pb, and B is the mod p Bockstein, then
Q"BQ" = Z(—l)““(pz' —a,a—(p—1)b—9)BRQ’
- Z ) pi-a=1a-(p-1b-)Q""BQ’

(9) Nishida relations: Let P : H,(B) — H.(B), of degree —2s(p — 1), be
dual to P* (i.e. P* = Homg, (P;,1) with H*(B) = Homg, (H.(B),F,)) if p > 2;

and let P} = Sq;, of degree —s, if p = 2. Then

PrQ = 3 (=1)7 (s — pi, r(p — 1) — ps + pi)Q P

and if p > 2,
PRQ = Z(—l)i“( —pi,r(p—1) — ps + pi — 1)BQ"**'P}
- Z )+ (s —pi = 1,7(p— 1) — ps + pi)Q " Pip

In (8) and (9), the binomial coefficient (i,7) = (i + j)!/ily! ifi > 0 and j > 0,
(1,0) =1 =(0,4) if i > 0, and (¢,7) = 0if 1 < 0 or j < 0; the sums are over the
integers.

When B is an E, ring space [CLM], we have the following result.
Theorem 2.5 Let b € H,(B) and f € H.(B), then
Q*bo f =) Q" (bo Pif)
and for an odd prime p, z

BQFbo f =" BRF (o Pif) = (=1)* Qi (ho PIBS)

J
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Let e, be the image of the generator of Hy(S¥) in H,(QS*) by the homomor-
phism H(S*) — Hi(QS*) if k > 0. By convention, e; = [1] denotes the class
of the point other than the base-point. Since Ple, = 0 for i > 0 and Se, = 0, we

have

Example 2.6 For instance, Q'[1]oex = Q'ex, and also

P:pQ e, = (=1)°(s, r(p— 1) —ps — 1)BQ"’en
2.4 The Homology of QS*

We review the mod p homology of QS* for k > 0. The materials can be found in
Cohen, Lada and May [CLM], and May [May|. For p = 2, the materials can also

be found in Madsen and Milgram [MM], and Turner [T].

Definition 2.7 (a) For p = 2, consider the sequence I = (s1,...,8k), where
each s; > 0, and define the degree d(I) = Z§:1 s;, length I(I) = k, and excess
e(l) = sk—z_];:Q(Qsj—sj,l) = 51—2?22 s;. I is said to be admissible if 2s; > s;_1
for 2 < j < k. Each I determines an element Q' = Q*' -- - Q%.

(b) For an odd prime p, consider the sequences I = (€1, sy, .., €k, Sg) where

every €, = 0 or 1 and each s; > €;. Define the degree, length, and excess of I by

k

d(I) =) [2s;(p—1) — ]
7j=1
I =k
k
6([) = 281 — €1 — Z[zsj(p - 1) — Gj]
=2

I is said to be admissible if ps; —€; > s;_1 for 2 < j < k. Each I determines an

element QT = Q% - - - Q5.
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Convention The empty sequence I is admissible and satifies d({) = 0, [(I) = 0,
and e(I) = oo; it determines the identity homology operation Q' = 1.

The following result is extracted from [CLM].
Theorem 2.8 For any k > 0, we have
H,(QS*;F,) = P[Q"ex | I admissible and e(I) > k|
For k =0, we have
H,(QS°% ) = P[Q'[1]| I admissible and e(I) > 0] ® Fy[Z]

Every element Q'ey of H,(QS*;T,) can be expressed as a linear combination of

products of the form Q®*[1] o --- o0 Q*[1] o e.
For odd primes p, we have

Theorem 2.9 For k > 0,

H.(QS*;F,) = P[Q"ex, | I admissible, e(I) > 2k, d(I) is even ]
QP[ Q'ey | I admissible, e(I) =2k and e =1]

QFE| Q%eq | I admissible, e(I) > 2k and d(I) is odd ]
For k=0,

H,(QS%F,) = P[Q'[1] | I admissible, e(I)>0, d(I) is even |
QP[Q'[1] | I admissible, e(I) =0 and ¢ =1]

QE[ Q" ey | I admissible, e(I) >0 and d(I) is odd]|® F,|Z]

where P denotes the polynomial algebra, E denotes the exterior algebra and F,[Z]

denotes the group algebra of Z.
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Theorem 2.10 For k > 0, with the same notation as above,

H,(QS* 1;F,) = P[Q"eyr 1 | I admissible, e(I) > 2k —1 and d(I) is odd ]
QP Q'eg 1 | I admissible, e(I) =2k —1 and e =1]
QE[ Qe 1 | I admissible, e(I) > 2k —1 and d(I) is even |
Theorem 2.11 For k > 0, every element Q%ex of H*(QSk;]F'p) can be written

as a linear combination of products of form Q[1]o---o0Q™[1] o (BQ[1])o---0

(BQ™[1]) o ey where i, > 0 and j, > 0 for any r.
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3 The Relations for the Formal Power Series

The Nishida relations link the actions of the Dyer-Lashof operations ¢, the Bock-
stein 8, and the duals P! of the Steenrod cohomology operations on H,(B;F,).
Let U, V be indeterminates of degree —2(p—1) (degree of —1 if p = 2) commuting
with each other and with anything else that occurs. Put S = U(1 — V~'U)P~!
and T = V(1 — U~'V)P~. For an indeterminate Z, write Q(Z) = Y, Q" Z',
P.(Z) =Y, P! Z'. Following Steiner [S], we have

Lemma 3.1 For any prime p

and for an odd prime p

P(UTHBRV) =1 -UWV)BRT)P.(S™!) —U'VQ(T)P.(S7")B]
Definition 3.2 Define X; = Q'[1] for i > 0 and, for odd p, Y; = BQ7[1], where
j>0.

Let X(s) = Y 20 X, s®=Y for any prime p, where s is an indeterminate of

degree —2 (degree —1 if p = 2), Y(s) = Yoo, Yis®= V=L for an odd prime p,
Y(s)=>32,V; sV = 5V (s).

We have the following theorem. For p = 2, see Turner [T], where he proved it
using coinvariants of rings and transfer.

Theorem 3.3 X(s)o X(t) = X(s)o X(s+1)

Proof: For the sake of simplicity, let S = 7', T = P71 L = (s + t)P7},

U=T1-8'Ty 'V =81-7T"15r" and U = L(1 - S'Ly'. By
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Theorem 2.6 and Lemma 3.1,
X(s)oX(t) = ZQi[l] o Q[1)8'TI
= fj@”’“PfQj[l]SiTj
_ QPEem
= Q(S)RW)P. (V]
= QS)RU)[]
since P,(V-1)[1] = [1] as [1] is in degree 0. Here U = uP"!, where u = #(1 —

s~(=1=1)_ Similarly, replacing ¢ by s + ¢, we find
X(s)o X(s+1t) =Q(S)QU)[]

where U = uP~! and @ = (s +1)(1 — s~ P"Y(s+¢)?71). Recall that we are working
over the ring IF,,, so we have

u = t(1—s @D
= t— S*(pfl)tp
= s+t—s5 PU(sP 4P
= (s+8)(1— s (s + )P

= u

Thus U = U, and we have proved our theorem. ]

The following results concern the odd prime situation.

Theorem 3.4 Y(s)o X(t) =Y(s+1t)oX(t)
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Proof: With the same notation as in the proof of Theorem 3.3,

since B[1] = 0. Similarly,

X(t)o V(s +1) = Q(T)

2@ e pQuTs?
ZZ’J: Q" PEBQT' S
Q(T)P.(T™)BQ(S)[1]
Q(T)
QT) g AR)I]

1
1-T-18
1

BRU)P.(VTH[1]

1

As in the proof of Theorem 3.3, we have U = U. Also

1-T7'L

so we have

X(t) oV (s+1t) =

and we have proved our theorem.

11—t (s t)r!
s+t —t P (P 4 1P)
s+t

s — ¢~ (P=gp
s+t
(1- t—(p—l)sp—l)

S

s+t
s

s+t

(1-T719)

s+t
S

X(t) o V(s)

Applying the Bockstein [ to the above theorem, we get

Theorem 3.5

Y(s)oY(t) =Y (s+1t)oY(t)
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Expanding the relation
0=X(s)oX(s+1t)—X(s)oX(t) =X(s)o[X(s+1) — X(t)]
we have

0= ZX o X; s®PVi((5 4 ¢)P=HI — 4(p=1)7)

,J
(p—1)j-1
_ Z Xio X Z ( )S@ms(pwbtb

Considering the coefficients of s®~DN=tb for a fixed b, so that we must take

1=N —j, we get

Theorem 3.6 For any positive integer N and b > 0, we have

> <( _bl) )XNJOX =0

(p—1)j>b

Now assume p is odd. Similarly expanding the relation
0=Y(s+t)oX(t)=Y(s)o X(t) =[Y(s+1t) —Y(s)] o X(¢)
yields

0= YioX;((s+ 1)t — sE=imtyyp=1i
Y]
p 1 z 2

Zy o X; Z ( - 1 )i—1 ) gPP—Di—1-by(p—1)j

N-1-b

Considering the coefficients of s?¢®—1) , we get

Theorem 3.7 For any positive integer N and b > 0, we have

5 ((p—lb)i—l)EoXN_izo

(p—1)i—1>b
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Analogously from Theorem 3.5, we have

Theorem 3.8 For any positive integer N and 0 < b, we have

5 ((p—lb)z'—1>yioym:o

(p—1)i—1>b
By convention, X; = 0 for ¢+ < 0 and Y; = 0 for j < 0 in all these formulae.
Next, we give another formula concerning the product X; o Y;. Applying the

Bockstein 3 to the relation
X(s)o X () = X(s) o X(s+1)
and using X (s) = sY (s), we have
SY(s) o X(t) + 1Y (£) 0 X(s) = sY(5) 0 X (s + 1) + (s + 1)V (s + 1) 0 X (5)

By Theorem 3.4, we can write Y (s 4+ t) o X(s) = Y(s) o X(s), so the relation

becomes

sY(s)o X(t) =sY(s)o X(s+1t) + sY(t) o X(s)
so we have
Lemma 3.9 Y(s)oX(s+1t)=Y(s)o X(t) — Y(t) o X(s)

Switching s with ¢, we have
Y(t)oX(s+t) =Y (t)o X(s) —Y(s) o X(t)

and hence

(Y(s)+Y(t)) o X(s+1)=0

Let us work on the relation

Y(s)o (X(s+1)—X(t))+Y(t)oX(s) =0
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from Lemma 3.9. Expanding in terms of power series, we have

0= Vio X;s® Vi l((s4 )0 D7 — 40 D7) £ 37y, 0 X, 40 Db 101
Y k,l
(p—1)j—1

— ZYi o X Z ( (» —bl)j ) gPDi-1g(p-1)j—bsb 4 ZYk o X; $(P—1)k—1 (p—1)l
i,j b=0 k,l

Considering the coefficients of t?s®=DN=1=b e must take i = N — j in the

first sum, and hence we get

Theorem 3.10 For any positive integer N and b > 0, we have

(a) If b+ 1) Z0mod (p—1),

—1)i
3 <(p ; )J )YNjoXj:O
(p—1)j>b
(b) If (b+1)=0mod (p—1), say b= (p—1)s — 1 for some s > 0,

(p—1)j _
XN—So}/;’—i_Z((p_l)S_l YN—]OX]_O

jzs
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4 The Generators of the Hopf Ring H,(QS*;TF,)

Now we are going to construct the generator set for the Hopf ring H,(QS*;T,).
Given a set S = {s1, S9,...,8,} of integers, where s; > s9 > --- > s, > 0,
write 25 = 251 4252 4...4 2% then «(2%) is defined as n. If M = 2% and N = 27|

M C N means that S C T.

Lemma 4.1 For any positive integers k and b such that k > b, (’Z) % 0 mod 2 if

and only if b C k.

Given a positive integer M (to be chosen later), write M = 251 4252 ... 4 25n
as above, with s; > s > -+ > s, > 0. We define K; = 251 4 252 + ... 4 25
for1 <t<mn,Ky=0,and L, = (K; + M)/2 (note that L; need not be an
integer ). Then we have K; = K; | + 2% M < K; + 2%, Ly = L; 1 + 2571,
M-Li=(M-K;)/2<2%" Ly =(M+ K;_1)/2 < K;. Thus

Ko=0<Ly=M2<K, <Li<---<K,=L,=M

Define the sets of integers A, = {j € Z : K; < j < Ly} for 0 < t < n and
Bi={j€Z:L<j< K1} for 0 <t < n. This defines a partition of the set
(je€Z:0<j< M}

Recall what we have proved in the last section in Theorem 3.6.

Lemma 4.2 For any positive integer N, we have
3 ( J ) Xy ;j0X;=0

b N—j Jj—
j>b

Here 0 <b< N —1.
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In the statements and proofs of the following results, c¢; or c; denotes an
unknown coefficient in which we are not interested. We first consider the case of

length 2.

Lemma 4.3 Assume that j € A; where 0 <t <n. Taking b = j — 2° in Lemma
4.2, we have

!
XijoXj: Z <b>XNl0Xl+ Z'CkXkaOXk
a(l)=a(j) a(k)>a(j)

where | € Ay_1 whenever | satisfies | # j, | < M and (,l)) # 0 mod 2.

Proof: By Lemma 4.1, (Il)) # O0mod 2 gives | = b+ 2", where v # s;. Then
M>1=7—-2%42"2> K; — 2% + 2V gives 2" < M — K; + 2% < 2% 4 2% and
we get v < s;. Sowe have | >b=3j—-2% > K, —2%=K; and |l =b+2" <

Lt - 23t + 28t_1 = Lt - 25t—1 = Lt—l- D

Lemma 4.4 Assume that j € B; where 0 <t < n. Then taking b = j — 25t+171

in Lemma 4.2, we have

l
XN_jOXj: Z <b>XN—loXl+ Z CkXN—IcOXk
a(l)=a(j) a(k)>a(j)

where | € A, U By, for some h >t orl € A, whenever (é) Z0mod 2 and | < M,
[ # 7.
Proof: Note that 25¢+1~! does appear in the binary expansion of j, since

K+ 250 V< (K +M)/2=L; < j < K;q = K; + 25+

and also, s;11 > 1 if B; is non-empty. By Lemma 4.1, (é) # 0 mod 2 gives
l=b42". Soifl < M,

v — | —j+ %28.54-1 S M — Lt + %25t+1 < 328t+1
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and we get v < s441. But v # 5441 — 1, since [ # j.
Case v = s441. Claim: [ € A, U By, with h > ¢+ 1.

The reason is that [ = b+ 2%+ = j + 28+ 1 > [, 4 98-l — [,
Case v < s411 — 2. Claim: [ € A,.

b
Kt+1 . Then

If ( : > # 0 mod 2, we must have 2° ¢ j. This, with j < K4, gives j +2¥ <

l: b+21) < Kt—|—1 - 25t+171 = (Kt+Kt+1)/2 S (M+Kt)/2 = Lt

but
I>b> L, — 287 = (K, + M —25+)/2 > K,

O

By applying Lemmas 4.3 and 4.4 as necessary, finitely many times, and noting

that [ < M/2 if [ € Ay, we obtain the crucial step in our reduction.

Corollary 4.5 We have
XN—jOXj :ZCIXN—ZOXI
!
where ¢; # 0 only if a(l) > a(j) orl > M orl < M/2.

By induction on «(j), we deduce

Corollary 4.6 We have
XN—j OXj = ZCZXN—I OXl
1

where ¢, # 0 only if | > M orl < M/2.
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Proposition 4.7 For any integers i and j, we have

)+ S
X; o X2j+1 = Z ( J s > Xiy1-25© X2(j+s)
$>0

Proof: Let i +25+ 1= N. Taking b =25 in Lemma 4.2, we have

2k 2k +1
Z ( 2 ) Xn_ok 0 Xog + Z ( 2 ) XN—(2k+1) © Xog41 =0
k>j k>j
Taking b = 27 + 1 in Lemma 4.2, we get

2k + 1
Z ( 2 +1 )XN—(2k+1) 0 Xogy1 =10

k>j

() -("")=(5:1)-(5)

Comparing the above two equalities and writing £ = j + s, we get our result. [J

But

Definition 4.8 Given I = (ig,41,---,%_1) with 4y_1 > 0, define the length of
I by I(I) =1, and the degree of I by d(I) = 2_:10 ir. We call I allowable if
I = (50,251,--,27 5 1) with jx < Jrq for all0 < k <1 —1. Given I and J
with 19 <11 < -+ <41 and jo < j1 < --- < ji_1, define I > J lexicographically:
there exists m with 0 < m < [ such that iy = ji for all 0 < k < m, and 1y, > jm.

Denote X; = X;,0X;, 0---0

i—1-
We combine these results to obtain our theorem for length 2.

Theorem 4.9 For any k and [, we have

XpoX; =) X0 Xy

i<k

where 1 + 25 = k + 1 and in each nonzero term, i < j.
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Proof: Write N = k+1, and choose M = | (2N —1)/3]. First, we apply Corollary
4.6 to express X o X; in terms of monomials X; o X; with j > M or j < M/2.

Second, if j < M/2, we write X; o X; = X, o X;. This ensures only terms
X;0X; with j > 24 and 7 < k.

Third, if j is odd, we apply Proposition 4.7. O

Theorem 4.10 (a) Given I with iy < iy < --+ < 4;_1 which is not allowable, we

have

XI:ZCJXJ

J<I

summing over J with I(J) = I(I) and d(I) = d(J).
(b) For any I, we have
XI = ZCJ XJ

J<I

where J is allowable, I(J) = I(I) and d(J) = d(I).

Proof: We will use induction on the length to prove this theorem. The case of
length 2 is Theorem 4.9. Next we discuss the case of length 3 to clarify the key
idea of the proof, which we can make explicit.

Given any monomial X, o X, o X,,, we apply Theorem 4.9 to X, o X, if this is
not allowable, or to X, o X, if this is not allowable. We repeat until we have only
terms X, o X, o X,y with both X, o X,y and X, o X, allowable. Then we have

XyoXy,0X, =Y cX;joXp0Xypn+ Y Xg
i<j<k K
for certain K, where K is allowable and K < (u,v,w), and certain triples (4, j, k)
that satisfy (7,27, 4k + 2) < (u,v,w) if ¢ # 0. Of course, all terms have the same

degree and length.
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Now taking b = 4k in Lemma 4.2, we have

Xi o X2j OX4k+2 = Xz o X2j+1 OX4k+1 + Z CXZ' o Xj/ o ch’

J'<2j

The first term does not have the required form, but by Proposition 4.7,

)+ 5
X;o X2j—|—1 o Xypy1 = Z ( J s ) Xiy1-25 0 X2(j+s) o Xyps1
s>0

This proves (a) for length 3, and (b) follows by repeatedly applying (a) to each
non-allowable term on the right. The process terminates because there are only
finitely many monomials with given length and degree.

Suppose we have proved the theorem for the length less than n+2, now we deal
with length n+2. Again, for any U = (ug, 1, ..., Ups1) With ug < uy < - < upy,
we get the following result if we apply part (b) of our theorem for length n + 1,

as often as possible:

XU:ZCIXI+ ZCKXK

I<U K<U
where (1) each K is allowable, and (2) each I has the form (ig, 27y, . . ., 2%, 2" i, 1+

2n) with io S ’il S e S in+1.

Now taking b = 2"*14, ., in Lemma 4.2, we have

Xio o X2i1 O-++0 XQn_lin—l o XZ"in o X2”+1in+1+2"

2" —1
= E CS Xio (@] X2i1 O---0 XQn—lin71 (@] XQnin-i—Q"*S (@] X2"+1in+1—|—8
s=1
—|— E Cj/ Xio O X2i1 O---0 XQn_lin—l O X]I O Xk’
J'<2min

The terms in the second sum are acceptable. Applying part (b) of our theorem

for length n + 1 to a typical term in the first sum, we get

X’io e} X2i1 O0---0 inin_|_2n,s e} X2"+1in+1—|—s = E Cr XI’ e} X2"+1in+1+s
II
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where I' = (i, 2d),...,2") < (o, 2i1,-..,2%, + 2" — 5). If i, = i) for all
k < n —1, the equation
n n

D 2R =) ki + 2 —s

k=0 k=0
gives a contradiction, as 0 < s < 2". Hence there exists an integer m < n—1 such
that i}, = ix for all 0 < k < m and 4}, < i,,. Thus I' < (49, 271, . . ., 2" i1, 2",).
This proves part (a) of the theorem, and again, part (b) follows from part (a). O

With our notation, and Theorem 4.10, we have

Theorem 4.11 Every element Q'e;, of H,(QS*) can be written as a linear com-

bination of elements of the form X o ey, where I is allowable.
Theorem 4.12 As an algebra
H,(QS°) = P[ X; | I is allowable, iy > 0]® Fy[Z]
H.(QS*) =P[X,0e | I is allowable ig > k]

Proof: Note that X, = [2]. Then X; o Xo; = X;* is not needed. Again,
ex 0 Xx = Q%er = €3 and e, 0 X 0 Xor = €} 0 Xor = (ex 0 X1)*? is not needed.
For i < k, Example 2.6 and Theorem 2.4(3) give us e, o X; = 0.

We next give a counting argument to show that we have the correct number

of generators in each degree. Given I = (ig,y,...,%,—1) admissible, we take
j() = 6(1), jl = 211 —_ i(), ey jn—l = 2’in_1 —_ in_g

then I' = (jo, 2(jo + j1),-- -, 2" ' (dg + 41+ - - - +4,_1)) is allowable and deg(Q’) =

deg(Xp). It follows that the X; must be polynomial generators. O
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We should point out that Turner had proved the first part of Theorem 4.12
with Dickson coinvariants and transfer [T], but his method cannot be applied to
the odd prime situation. And the second part of Theorem 4.12 has been proved

by Wilson et al. [ETW] using bar spectral sequences.
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5 The Formulae for the p-th Power

In this section, we only discuss odd primes p.
Definition 5.1 Consider elements written in the form
y=BQ"z
where Bz = 0. Define the pseudo-excess of y as
pex(y) = 2t — deg(z)
Lemma 5.2 If pex(y) <0, theny=0.

This is a direct conclusion of Theorem 2.4(3) and (4).
Applying Theorem 2.6 to the spaces B = {QS*} for k > 0 by taking b = [1],

we have
Lemma 5.3

Yiof=Y BQPIf
for any f such that Bf = 0. Also
Xpof =) QPif

For instance, we have Y o e, = 8QFe,.
In the following results, ¢, ¢; and ¢’ etc. denote numerical coefficients in which

we are not interested.
Lemma 5.4 Assumet <m+1 and fz =0. Put h = pex(8Q'z). Then
Yip-1 0 8Qz = SO (Y, 00) + 3y

where the first term has pseudo-ezcess h— 1 and each y' has the form BQY ' with

pex(BQY2") < h—2, t' < pm and Bz’ = 0.
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Proof: By Lemma 5.3, and applying the Nishida relation, we have
Vip-10BQ'z =) Q™ T PIAQ'
i
— Z C,ﬁQmp_l+i,BQt_i+il Pi’l'
ii!
where i >pi' ie., i/p>i,and =1ifi=p7.

Now we apply the Adem relation
5Qmp—1+zﬂQt—i+i’ — Z csﬁme—l-f—H—i'—s/BQs
s
where ps > pm—1+i+1,i.e, s >m+i/p, and ¢; = 1in case s = m+i/p. Write
ti=pm—1+t+i —s
and we have the following summation

Yip-10BQ'w =) cfQBQ Pz =) cfQ"m
where z; = SQ* P! z. Then we have
H<(p—1)m+t—1
and

deg(z1) =2(p—1)s+deg(z) =1 —-2(p—1)i' > 2(p — 1)m + deg(z) — 1

Thus pex(8Q"xz;) < h — 1, with equality only if s =m + i’ and ¢ = p#, in which
case c = 1.

By now, the result of our lemma is obvious, with the help of Lemma 5.3. [
Lemma 5.5 Assume Bz =0, t <m, and pex(8Q'z) = 1. Then

Xpm—l © /Bth = (Ym o x)*p
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Proof: The proof is similar to the proof of Lemma 5.4. By Lemma 5.3, and

applying the Nishida relation, we have

Xmp 10 B8Q'z =) Q™ "HPIQ'x

i
— Z CIQmP—l—I—iIBQt—i—H’ P:’.Z'

ii!
where i > pi' ie., i/p>i,andd =1ifi=pi.

Now we apply the Adem relation
Qmp—1+z'5Qt—z'+z" — Z chpm—l—I—t-l—i’—s/BQs + Z cuﬂQPm—l-l—t-l—i’—UQu
S u
where ps > pm —1+i+1,1i.e, s >m+i/p, and pu > pm — 1 +i. Write
th=pm—1+t+i —s
to=pm—1+t+i —u

and we have the following summation

Xmp10BQz = de, Q"BQPlz+) ey, BQPQ Pl

1,48 1,0

= de, QM xy + Z ce, BQP x4

,8',8 4,8 u
where z; = fQ*P?z and z, = Q“P?z. For the first summation, with the same
discussion as above, taking h = 1, Lemma 5.2 shows that the only surviving terms

are

Y QU = (Ypox)”
4,8 ,8

For the second summation, we have
pty = p*m — p + pt + pi’ — pu
< pP—pHpt+pil —pm+1—i

< pPPm—p+pt—pm+1
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So again we have

th<(p—1)m+t—1

and
pdeg(z2) = 2(p — 1)pu + pdeg(z) — 2(p — 1)pi’
> 2(p—1)(pm — 1) + pdeg(z)
= 2p*m — 2pm — 2p + 2 + pdeg(2)
So we get,
deg(za) > 2(p — 1)m + deg(z) — 1
Thus pex(8Q™1y) < 0, and we get [Q"2zo =0 from Lemma 5.2. d

By induction, we get
Theorem 5.6 Given mq, mo,...,mgy1 where myy > n+(p—1)[mi+---+my| -1

for alll >1 and my > n — 1, we have

Xpmk_,_lfl © Y;Jmkfl ©---0 Y;)mzfl © Y;Jmlfl © Yn O €on—k—1

:(Y

*p
mga1 © Ymk ©0---0 sz © le % eankfl)

Proof: By induction on [ for 0 <[ <k,

vamlfl ©---0 }/;)’HZ2*1 © Y;)mlfl © Yn C€am—k-1

— BQTH-(P—I)(m1+m2+..-+m,)—l(le 6+-:0 Ym2 o le o e2n—k—1) + chy/

where the first term has pseudo-excess k + 1 — [, each 3’ has the form v’ = Q2
with pex(y') <k—l,and ' <n+(p—1)(mi +ma+---+my) — L.

The induction starts from [ = 0, which is

Y,o0em_p—1 = BQneZn—k—l
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Lemma 5.4 gives the induction step.
When | = k, apply Lemma 5.5 and note that there are no terms ¢y’ by Lemma
5.2. O

Denote Ay =1+p+p*+---+p"~tforl > 1, and Ay = 0. The following two

results are the special cases of this Theorem that we need.
Theorem 5.7 When ic >n —k andi; >0 for all j > 1,

*p
(€2n—1© Yigtak © Yli+ir-+2k-1)]-Ar ©*** © Yp2hfigpootinl—Ane)

= €211 Yok O Yyligr2k] A; © Yp2ligiy+(2k—1)]-As

O+ O Vpokfig pootigg_+1]— g, © XpPH1fig o ting]~ Agea
Theorem 5.8 When ig > n —k andi; >0 for all j > 1,

(6271 ° Ko-&-(?k*l) °© Y;J[Zo+11+(2k*2)]*A1 ° ° va2k_1[ZO+"'+12k—1]*A2k—1)

= €200 Yoyt © Ypligr(2k—1)]=A1 © Yp2[igti1+(2k—2)]—As

-0 }/;72,071[i0+"'+i2k—2+1]_A2k—1 © Xp2’°[i0+"'+i2k—1]—A2k
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6 The Generators of the Hopf Ring H.(QS*;TF,)

Now we are going to construct the generator set for the Hopf ring H,(QS*;TF,)
for £ > 0, with p an odd prime, by analogy with the case p = 2.

Let S = (s1,82.-.,8,) with 51 > 89 > --- > s, > 0 and A = (a1, 0a2,-..,0,)
with 0 < ax < p for all 1 < k£ < n. Then any integer M can be written uniquely
in the form M = Ap® = a1p®* + aop®* + -+ + a,p®. Then (M) is defined
as > p_,ar. And also if T = (t1,t2...,t,) with t; > to > -+ > ¢, > 0 and
B = (by,by,...,by) with 0 < by < p for all 1 < k < m, we define Ap® C Bp” to
mean that for each k (1 < k < n) there is an h (1 < h < m) such that s, = t; and
ar < by, .

Recall that

Lemma 6.1 For any positive integers k and b such that k > b, ('Z) # 0 mod p if
and only if a(k) > a(b) and b C k.

Let M be a positive integer (to be chosen later). Write M = a;p®* + asp® +
<ot app® with s > 59 >---> 5, >0and 0 < ap < p foreach k(1 <k < n), as

above.

Definition 6.2 For any i (1 <i < n), define

i—1

Ki=) ap™ +tp"
k=1

where 0 <t < a;, and
M - K}

We define sets of integers

Ay={jeZ K <j<L}
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for 0 <t <a;, and

Bi={jeZ:L<j<K}
for 0 <t < a;.
From the above definition, we have

Proposition 6.3 (1) K(} =0, L(l) = M/p, Kr =Lt =M.

(2) For anyi (1 <i<n),ifu>s;
K, +p">M
(8) For any i (1 <i<n),

Y Y

T 141 i __ rit+l Y YR
Kai - KO Lai - LO Aai - AO

(4) The sets A}, {At:1<i<n, 1<t<a},and {B!:1<i<n, 0<t<
a;} form a partition of the set {j € Z: 0 < j < M}.
(5) Ay={j€Z:0<j<M/p}

We give the analogues of Lemmas 4.3 and 4.4.

Lemma 6.4 Assume that j € A%, where 1 <t < a;. Supposel # j, | < M, and
[ #j—p%. Then ( j _lpsi ) Z 0mod p only when

(i) a(l) > a(j) or

(ii) a(l) =a(j) andl € A}_,.

Proof: From Lemma 6.1, we have «(l) > «(j). If a(l) = «(j), we must have
Il =j—p%+p“ Then [ < M implies that u < s;. Since | # j;, we must have

u < s;, hence Ki | <1< Li . O
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Lemma 6.5 Assume that j € BY, where 0 < t < a;. Supposel # j, | < M, and
1 # 4 —p%~t. Then (j,plsi—l) # 0 mod p only when
(i) a(l) > a(j) or
(1) a(l) = a(j) and one of the following is true:
(a) l € A} U B} where v > i
(b) 1 € AL U B where k >t
(c)le Al
(d)l € B! and 1 < j.
Proof: From Lemma 6.1, we have a(l) > a(j). If a(l) = a(j), | = j — p¥ ! + p¥,
with w # s; — 1. Then [ < M implies that u < s;. If u = s;, | > K} 4 so
l€ AYUB} asin (a) or (b). If u < s; —2, we have [ < j and [ > K] as in (c) or
(d). O

Recall that we have proved the formulae in Section 3.

Lemma 6.6 For any positive integer N and 0 < b, we have

(a) '
(P—lz)j>b ( v _bl)j ) Xy_joX;=0
(b) .
<p—1);_1>,] < " 1;3] - ) Yio Xy ;=0

(c) If (b+1) # 0mod (p—1),
Z < (p—bl)j )YN_joXj:()
(p—1)j>b
(d) If (b+1)=0mod (p—1), sayb= (p—1)s — 1 for some s > 0,
XN—SOY;‘+Z< (p_l)j )YN_jOXj:O

= (p—1)s—1
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Definition 6.7 Let I = (iy,i1,...,%-1) be a sequence of non-negative integers.
Define the length L(I) of I to be l, the degree of I by D(I) = Y.y ix. I is called
X-allowable if T = (jo,pj1,---,p ‘5 1) with jr, < jrp1 for all 0 < k < 1 — 1.
We order the sequences lexicographically, as before, and write I < J. Denote

Xr=Xj,0Xy 00X

1—-1"

In the statements and proofs of the following results, ¢ or c¢; denotes an un-
known coefficient in which we are not interested. We first consider the case of

length 2.

Lemma 6.8 If j is not a multiple of p, we can write

Xi o X] = Z Ck Xk o Xi—|—j7k

k<i
Proof: Write (p —1)j = pm +a with0 <a <p. Wetakeb= (p—1)j—1=

pm+a —1 in Lemma 6.6(a) and find

]Xz e} X] = ZC[ X’H—j—l e} Xl

I>j

Theorem 6.9 For any i and j, we have

XioX; :ZCkaoXpl
where in each term, k+pl=1+7j, k <1, and | > k.
Proof: We put N =i+ j and choose

M=[(p-1)(PN-p+1)]/(p+1)]
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If j € AT, with 0 < t < @y, we take b= (p — 1)j — p*" in Lemma 6.6(a) and
use Lemma 6.4 to write

XN_]'OX]' == ZCl XN—lOXl
l

where ¢; # 0 only if (p — 1)l > M or a((p — 1)I) > a((p — 1)j) or a((p — 1)I) =
a((lp—1)j) and [ € A}",.
If j € B™, with 0 < ¢ < a, we take b = (p — 1)j — p~! in Lemma 6.6(a)

and similarly use Lemma 6.5 to write
XN—j OX] = ZCl XN—l OXl
!

where ¢; # 0 only if (p — 1)l > M or (p — 1)l satisfies any of the conditions of
Lemma 6.5.

Keeping in mind that Ag‘“ = A7 , we see that after applying these Lemmas
finitely many times, we can express any Xy _;0.X; in terms of monomials Xy _;0X;
for which (p—1)l > M or (p—1)l € A}. If (p—1)l € A}, we have (p— 1)l < M/p,
and write Xy_;0X; = X;0Xxn_;. In either case, our choice of M ensures that we
have only terms Xy_; o X; for which [ > p(N —1). If [ is not a multiple of p we
apply Lemma 6.8 as often as necessary. ]

Recall A, =1+p+p*+---+p" 1= (p*—1)/(p—1) for n > 0, thus
(p—1A,=p"— 1.

Theorem 6.10 (a) For any I which is not X-allowable, we have

X[:ZCJXJ

J<I

summing over J with D(J) = D(I) and L(J) = L(I).
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(b) For any I, we have

XI:ZCJXJ

J<I

where J is X-allowable and D(J) = D(I) and L(J) = L(I).

Proof: We will use induction on the length to prove this theorem. We have
already proved the case of length of 2. Next we discuss the case of length 3 for
illustration.
For any positive integers u,v and w, we get the following result if we apply
Theorem 6.9 to X, 0 X, or X,o X, as often as possible:
XyoXy0Xy= Y X;joXp0Xppimy+ ¥ cx Xk
i<j<k K
where (1) each K is X-allowable, K < (u,v,w), (2) (i, pj, p*k +mp) < (u,v,w),
0<m<p.

We take
b= (p—1)@P°k+mp)—p=[(p—1Dk+(m—1p"+ (p—m—1)p
in part (a) of Lemma 6.6. Since
(p = D)@’k +mp) —p < (p— 1) < (p—1)(p°k + mp)

gives

p’k+mp—1<Il<p’k+mp

we have

(p — m) ij [e] Xp2k+mp = Cij+1 (¢] Xp2k+mp—1 -+ Z le XJI [¢] Xk’

J'<pj
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where j' + k' = pj + p?k + mp, and so

Xi 0 Xpj 0 Xp2pymp = ¢ X0 Xpjr10 Xp2pymp 1 + E cjr Xi 0 Xjro Xy
J'<pj

To put the first term in the desired form, we apply Theorem 6.9

X0 Xpj1 © Xppprmp—1 = D € Xiv1-ps © Xp(jis) © Xpthsmp-1

s>1

We have proved (a) for length 3, and (b) follows by applying (a) finitely many
times.

Suppose that we have proved the theorem for the case of length n+ 1, now we
deal with the case of length n+2. As in Section 4, for any U = (ug, u1, - .., Unyt1),
we get the following result if we iterate part (b) of our theorem for length n + 1

as often as possible:

XU:ZCIXI+ ZCKXK

I<U K<U

where each K is X-allowable, and each I has the form I = (3¢, piy, - - -, P"in, D" i y1+
We take

b=(p—1)(p" int1 + mp™) — p" = [(p — Vips1 + (m = D)]p* + (p—m — 1)p"

in part (a) of the Lemma 6.6. Since

b=p-1)@" i1 +mp") —p" < (p—1)j < (p—1)(p" int1 + mp")

gives

(pn+17;n+1 + mpn) - An S .7 < pn+1in+1 + mpn

we have

An
(p—m) Xp"inoXp"+1in+1+m n — E Cg Xp"in+80Xp"+1in+1+mpn—s+ E Cy! X]I OXk/
s=1

J'<pMin
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For the typical term in the first sum, we apply part (b) of our theorem for
length (n + 1) to get
X'iO O Xpi1 O---0 Xpnin-‘rs o] Xp"+1in+1+mp"—s = ZXII (@] Xp"+1in+1—l—mp”—s
II
where I' = (i, pi', ..., p"iL) < (o, Pit, .., P"in + S).
-/

So I' < (ig, piy, . ..,p"iy,) unless iy = 4y,..., 4, _; = i,-1, which cannot happen

since all terms have the same degree, and this would imply

n+1-

int1 + mp" — 5) = p"in + (pn+

p i, + (p Yint1 + mp™)

which is absurd.
So we have successfully proved part (a) of our theorem for the case n + 2.
Again, part (b) follows. O

Now we discuss the reduction of terms Y; o Xn_;.

Theorem 6.11 For any positive integers k and [, we have
YyolX; = Z c; Yio Xp; + Z ci Yy o Xpj_1
§>i>0 §'>i'>0

wherei+pj=1i+pj'—1=k+1,i<k, and i < k.

Proof: We put N = k+1 and choose M = |[[(p—1)pN —1]/(p+1)]. We imitate
the proof of Theorem 6.9, except that we use the other three parts of Lemma 6.6
instead of part (a), to express Y;0X; in terms of monomials of the following types:
(i) Yi,0X;, where (p—1)ip—1 < M/p. Then (p—1)ip—1 < [(p—1)N—-1]/(p+1),
SO
P-D+1ip—(p+1) < (p- 1N -1

1
p+1ig<N+—L =N+14+
p—1 p—1
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Thus

(p+1)yig < N+1=ig+i+1

and

pio<tu1+1<i+p—-1

If 77 = 0 mod p or 3 = —1 mod p, we are done. Otherwise we put b = (p—1)i; —2

in Lemma 6.6 (c) and get

( (p - 1)21 > Y:io o Xi1 = — thY;5 o Xy_t

(p - 1)21 —2 pr

(ii) Y;, 0 Xy, where (p—1)ig—1 > M. Then (p—1)ip—1 > [(p—1)pN]/(p+1),

SO
P=1)P+1i—(p+1) = (p—-1)pN
(p+1)ioZpN+%>pN—1
Then part (d) of Lemma 6.6 reduces this case to the previous case. O

Now we discuss the reduction of terms Y7.

Proposition 6.12 For any positive integers k and [, we have
YioYi= ) ¢ YioYy,
§>i>0

where in each term, 1 +pj — 1=k + 1 and i < k.

Proof: We put N =k + [ and choose M = [[(p — 1)pN —1]/(p + 1)] as before.
Again, we imitate the proof of Theorem 6.11, except that we use Theorem 3.8

instead of Lemma 6.6, to express Yy o Y} in terms of monomials of the following

types:
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(i) Y;, 0Y;, where (p—1)ip —1 < M/p. As in the previous result, this implies
pio <it1+1<ii+p—1

If 41 # —1 mod p, we take b = (p — 1)i; — 2 in Theorem 3.8 and obtain

(ii) Y, o Y;, with (p—1)ig— 1 > M. As before, this implies iy +1 > pi;. Then

Y, oY, ==Y, oY, reduces this case to the previous case. O

Definition 6.13 Given I = (ig,i1,-..,%5_1) with every iy positive, I is called
Y-allowable when I = (ig,41 + Ay, ..., 5 1+ A, 1) is X-allowable.
Denote Y =Y;,0Y;, 0---0Y;

-1

Theorem 6.14 (a) For any I which is not Y-allowable, we have

YI:ZCJYJ

J<I
summing over J with D(J) = D(I) and L(J) = L(I).
(b) For any I, we have

YI:ZCJYJ

J<I

where J is Y-allowable and D(J) = D(I).

Proof: We will use induction on the length to prove this theorem. We have
already proved the case of length of 2. Next we discuss the case of length 3.

For any positive integers u,v and w, we get the following result if we iterate
the above proposition finitely many times when necessary,

YooY,oY,= Y cpYioYp 10V mpy 1+ > cx Y
K

0<i<j<k
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where each K is Y-allowable, K < (u,v,w), and (i, pj—1,p*k—mp—1) < (u, v, w)
with 2 < m < p.

We take
b=(p-1)@k—mp—1)—1—p=|[p—1)k—mlp’+ (m —2)p
in Theorem 3.8. Since

b=@p-1)@Pk—mp—-1)-1-p<(p-DI-1<(p-1)@*k—mp—1) -1

gives
p’k—mp—2<l<p’k—mp—1
we have
(m = 1) Ypjo1 0 Yyohomp1 = € Ypj 0 Vyrpmpa + ) cw Xjp 0 Xy
J'<pj—1
and so

(m—=1)Y;0Yp 10Ypep mp1=cYioYy0Ypop p o+ Z cp YioYjoYy
J'<pj—1

Then applying Proposition 6.12, we have
Yio Y})j © Y;:)Qkfmp72 = Z Cs Y;—I—l—ps © Y;)(j—l—s)—l © nzk*mp72
s>1
Every term now has the desired form, and we have proved (a) for length 3. As
before, (b) follows from (a). The general case follows analogously, as in Theorem

6.10. 0

With our notation and previous results, we have

Theorem 6.15 Every element Q'e; of H*(QS’“;]FP) can be written as a linear

combination of elements of the form e o Yy o X1 and x-decomposable elements,
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where J is Y -allowable of length |, I is X-allowable, ig + 1 > pj; if | > 0 with

i = 0mod p orig+ A; = 0 mod p! if I is odd, and ig = 0 mod p if | is even.
Theorem 6.16 As an algebra
H,(QS%T,) = P[X;]® P[Y; 0 Xp]® E[Yy 0o Xin] ® F,[Z]

H*(st,IFp) == P[ek o X[] X P[ek (¢] YJ (¢] XI’] & E[ekz o YJI (¢] X[u]

where I = (ig, i1, .., in_1) 18 X-allowable and iqg > k/2, and

(a) If k is even, J = (Jo, J1,-- -, J2u-1) i Y-allowable and jo > k/2+1—1 and
I' = (i, 4, ...,i,_y) is X-allowable, iy = p(ju—1 + s) for some non-negative s,
J" = (J§s J1s -« s Jom) @8 Y-allowable and ji, > k +m and I" = (ig,4],...,il_) is
X-allowable, if +1 > pjoy, and iy =0 or p— 1 mod p.

(b) If k is odd, J = (Jo,J1,---,J2) s Y-allowable and jo > k/2 + 1 and

I' = (44,4, ...,4,_4) is X-allowable, iy = p(ju + s) for some non-negative s, J' =

(365305« - <+ Jom—1) 18 Y-allowable and j§ > k/2+m+ 1 and I" = (i,4,...,ir_;)

is X-allowable, ig +1 > pjom—1 and iy =0 or p— 1 mod p.
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