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Abstract

In this work we recompute the known ordinary mod 2 homology of the spec-
trum bo as a Hopf ring. In addition, we do the same for the connective
covers bo(1l), bo(2), and bo(4). We compute this result using the Bar Spec-
tral Sequence and explicit relations for the o-product and x-product of our
elements. We also use maps from our spectrum to the Eilenberg-Maclane

spectrum K (Z/2) to simplify the result.
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0 Introduction

The object of this paper is to compute the Hopf ring H,bo, for the connec-
tive real Bott spectrum bo. There is an obvious map of spectra to the periodic

Bott spectrum, bo — K. There is also the fundamental class
©:bo— K(Z) - H=K(Z/2).

We show that the sum of these maps, ® : bo - KO x H, induces a

monomorphism for all n,
o, : H.bo, — H.KO, ® H.H,,

and we compute H,bo,, as a sub-Hopf ring of the known Hopf ring on the right,
where we have used the notation H, = K(Z/2,n) and H. X = H.(X;Z/2).
We find that unlike most Hopf rings that have been computed, H,bo, requires
a large number of generators.

We start with some basic definitions and then proceed to the actual com-

putation.



1 Definitions and Background Materials

1.1 Hopf rings

The following is a collection of basic facts about Hopf rings, from [1]. Let R
be a graded associative commutative ring with unit. We let CoAlg, be the
category of graded cocommutative coassociative coalgebras with counit over

R.
Let H(x) = {H«(n)},cz be a Hopf ring over the ring R. Let a € H;(n),

be H;(k), and c € Hy(k).

Define deg x by = € Hgegz(m). We sometimes write deg x as |z|.
(a) Each H,.(n) is an element of CoAlgg:
(i) There is a coassociative cocommutative coproduct for all n,

V: H,(n) — H.(n) ® Hi(n),

which we write as

U(a) =3d ®a".

(ii) There is a counit, € : H,(n) — R such that ¥ o (1g,(») ® €) is the

identity.
(b) Each H,(k) is an abelian group object of CoAlgp:
(i) There is a product

w1 Ho(k) ® H.(k) — H.(k)

which is associative and commutative.



(ii) The map * is in CoAlgg:
Ub*xc) =) *V(c) =20 @V x (@),
where we use the usual * product on H,(k) ® H,(k), and

e(bxc) =e(b)e(c).

(iii) The abelian group object unit, or zero, is n : R — H,(k), which is
in CoAlgg. If we define [0x] = n(1) # 0, then

(iv) The conjugation x : H,(k) — H,(k) has xx = identity and ne(b) =

X0 * x(b"). It is the abelian group object inverse.
(c) There are associative maps
o: H,(n)® H.(k) = H.(n+k)
with the properties:
(i) The map o is in CoAlgp:
V(aob) =V(a)o¥(h) =X(d ®a")o () ®b")

and

e(aob) =e(a)e(b).
(ii) Multiplication by zero: gives

[0n] 0 b = ne(b).



(iii) There is a unit map e : R — H,(0). Define
e(1) = [1] € Hy(0).
Then [1]ob = b.
(iv) Define y([1]) = [=1] € Ho(0). Then
x(@) = [-1]oa

and

X(aob) = x(a)ob=aox(b).
(v) Commutativity:
aob=(~1)7[-1]" o boa = (~1)ix"(bo a),
where a € H;(n) and b € H;(k).
(vi) Distributivity:

ao (bxc)=X(—1)%8a" %/ 5 p) x (a" o ¢).
In our notation we use a? instead of ¢*? and be instead of b * c.

1.2 Q-spectra

An Q-spectrum E consists of a collection of H-spaces E, such that for each
n > 0 there is an isomorphism of H-spaces £, ~ QF, ;. Thus the spectrum

bo has its spaces related by bo, ~ Qbo,, ..



1.3 The elements [z]

Let C° be a homotopy category of topological spaces (with certain properties).
Let E,(—) be an associative commutative multiplicative unreduced generalized
homology theory with unit, and let G*(—) be a similar cohomology theory,
both defined on C°. Let E, and G* denote the two coefficient rings. Let

G*(—) have a representing 2-spectrum

G, ={G,}nez € GC°,

ie. G"(X) ~ [X,G,] and QG, ., ~ G, (with GC? the category of graded

n

objects of C?). Let z € G™ have degree —n in the coefficient ring. Then
r € G™ ~ [point, G, ] and so we have a map in homology z, : E, — E.G,.
We define [z] € EyG,, to be the image of 1 € E, under this map.

If we let z € G and 2,y € G¥, then in [1] we have the results:
(i) [e] o [2] = [22] = [-1]""* o [#] o [2].
(i) [2] *[y] = [z +y] = [y + 2] = [y] * [«].
(iii) V[z] = [z] @ [2]-

(iv) The sub-Hopf algebra of E,.G, generated by all [x] with x € G™ is the

group ring of G™ over E,, i.e. E,[G"] (using (ii)).

(v) The sub-Hopf algebra of E,G, generated by all [z] with x € G* is the
ring ring of G* over E,, i.e. E,[G*] (using (i) and (ii)).

1.4 Definition of the homotopy elements [a], [5] and [}]

The homotopy elements «, 8, and A are defined by the relation:

KO, = Zla, B, ]/ (e?, 2a, af, % — 4)),



where bo, = Z[a, 3, \]/(c?, 20, a3, 3% — 4)) C KO,

and

lal =1,|8] =4, |\ =8.

These define the elements [a], [5], and [A\]. (We have used the notation X, =

T X. )

1.5 The elements z;,z; and ¢

We take RP® = 1 x BO(1) C 1 x BO C Z x BO = bo,. The elements
z; € H;(bo,) are defined by:

H.RP™® =Z/2{z i >0},
with zo = [1] € H.(Z x BO). We also need the elements
Zi = zi x [—1].

Equivalently, z; = Z; * [1]. Thus z; o [v] = (Z; o [v]) * [v] for any homotopy
element v.
The fundamental class in H; KO, is denoted e - this is also the suspension

class. The element 1; is the unit for the star product in Hy KO .

1.6 Relationships of elements in H, KO,

In [3] we learn of the following relationships:
(i) 1. =1[04]
(ii) 2 =eoz

(iii) (e*?)? = e o0 2y



(iv) (e)? =0
(v) eola] =7
(vi) e o [f] =7 007
(vii) e o[\ =Zs0[f]
(viii) U(e) =e®@1+1®e¢
(%) Uz = 1o 2 ® 2m
(x) 2 02 = <’“ : h) topn = B mod 2
(xi) Z, 0% =72
(xii) 2 0[8] =0
(xiii) zp0[8] =0
(xiv) 2 0[a?] = 0.

We also have the equality

(e7)? = €™ o z,.

This only gives us a nonzero result if z, is indecomposable, i.e. if n = 2°.

We note that e o z; = e 0 Z; for 7 > 0, since
eoz;=eo(zx[-1])=(eoz)*x(1o[-1]) + (1o z) * (eo[—1]) =eo 2.

Also,

e o (decomposable elements) = 0,

where we call an element x decomposable if x = ab, with ea = b = 0.



1.7 Types of algebras

In this paper E(z1,...) is the exterior algebra on generators (z1,...), and
P(zy,...) is the polynomial algebra on generators (z,...).
['(y) is the divided power algebra, defined as follows: it has Z/2-module

generators 7;(y) for i = 0,1,2,..., where |y| =n and
(1) %(y) =1
(i) ny) =y

(iii) |y (y)| = kn

@) o = (*5") et

We note that as an algebra, ['(y) = E(nyj (y):j> 0). (See [2].)

1.8 The Hopf ring for KO

In [3] we learn that space by space H.KO, has the following description:
H.KO, = H,(Z x BO) = Pz k> 0) @ P([1],[1] ")
HKO, = H.(U/0) = P(coz)
H.KO, = H,(Sp/U) = P(e°2 o m)
H.KO, = H,(Sp) = E(€°3 o Z4k)
HKO, = H.(Z x BSp) = Pz 0 [8A7]) ® P(18)7], [8A7]7")
H.KO,=H.(U/Sp) = E<€ O 24 © [5)\_1]>
H.KO4 = H.(O/U) = E(z% o [0®A71], [a2A7Y] — 1)
H.KO, = H.(0)=E (20 oA '], laA ]~ 1)

H.KO, = H.(Z x BO) = P(zk oA k> 0) ® P([/\*l], [xl]*l).



1.9 The Frobenius and Verschiebung maps

If we are given A, a bicommutative Hopf algebra over Z/p (p prime), the
Frobenius map F : A — A is defined by F(z) = zP. Let A* be the dual of A,
A* = Homg,,(A, Z/p). We define the Verschiebung map V : A — A as the
dual of F on A*.

From [2] these maps have the following properties for p = 2:

(i) With a shift of grading V' and F are Hopf algebra maps.

(i) VF = FV:
V(z**) = VF(z) = FV(z) = [V (2)]**.

(iii) For the coalgebra I'(x),
V (4()) = 74()

and

V(7(2)) = 0if g # 0 mod 2.
(iv) F(zoV(y)) = F(z) oy.
(v) Vizoy) =V(z)oV(y).
1.10 The bigraded algebra Torfj*(Z /2,Z/2) and the sus-
pension of z
When R is an augmented Z/2-algebra we have the following properties:
(i) Tor’@)(Z/2,Z/2) = E[o()].

(ii) Tor®@®(Z/2,Z/2) = I'[o(z)].

Generally, v;(o(y)) € Tor; , is defined whenever y* = 0.
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(iii) Tor?/22/(Z/2,7,/2) = FE[o(x)], where Z/2[Z] = Z/2[z, 2] is the group
ring.
(iv) Tor"* @ Tor® = Tor®5.

We keep in mind the suspension of z,0(x) € Tory,(Z/2,Z/2), for any z € R
such that ez = 0. Then o(zy) = 0if ez = 0 and ey = 0, and o(z +2y) = o(z).
Also, o(z +y) = o(z) + o(y).

1.11 The bar spectral sequence

The bar spectral sequence is frequently used when we are dealing with a
spectrum £, and a field F. It is a spectral sequence of Hopf algebras, with

the basic property that:
E?,t = TOYfJ(E“;F) (F,F) = H,4(E, ;F),
provided E, ., is connected, with differentials
di By = By

Forany x € H,(E,),ecx € H,(E, ) detects (the image in E* of) o(x).

1.12 Maps between H,bo, and H.H ,

We have maps

©: H.bo, — H.K(Z,k) — H,H,,

which will be noted in each step as needed for future use.
The algebra generators of H,H, can be written uniquely in the form

ﬁsg)" o Baj)l o ,B(OQJ)? o..., where |B;| = 2°. We order them lexicographically,
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according to the sequence of indices (jo, j1,J2,--.)- Then whenever we intro-
duce a new generator of the Hopf ring H.bo,, we (generally) evaluate © on it,
ignoring decomposables and retaining only the earliest indecomposable term

in the ordering above. Thus
H*ﬂkZE(,B(“)OO/B(%) Zkz Z’LQ 211 20)

Also, H,H , has a basis consisting of 1 and [1], with [1]? = 1, and H,K(Z,0) =

! = [~1]. We note that © is a morphism

Z[z0,207'], where 2o = [1] and 2~
of Hopf rings — it preserves x-products, o-products, etc. and it induces mor-
phisms of bar spectral sequences.

We note that the suspension element of H,H , is ().

1.13 The notation «(7)

The expression «(i) = k means that i = 2% + 22 4+ .. + 2% where
11 < iy < ... < 1. It counts the number of 1’s in the binary expansion of 1.
Its significance is that z; = 29i; 0 29i, 0 ... 0 24i,, & k-fold o-product. We also

use the notation (i) = 0 to mean ¢ = 0.
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2 The Computation of H,bo,

We now start the computation.
STEP 0. We start with the fact that Z x BO = bo,. By [3], H.(Zx BO) =
P(zi,zo_1 Tl > O). Thus

H,bo, = P(zi,zo_l P> 0).

Here the map
©:Hubo,— H,K(Z,0) —» H,H,

is clearly given by

for 7 > 0.

2.1 The first cycle
In steps 1-8, we show that multiplication by [}],
O[)\] : H*b_on — H*b_onfs = H*@nfg = H*@n

is a monomorphism.
In steps 1, 2, 4 and 8, we find it useful to search for the lowest 0 digit in

the binary expansion of 7, by writing
i=14+24...+2m 1y omtly = 9™ (2¢ 4+ 1) — 1,

where m > 0 and ¢ > 0.

STEP 1. Now we use the bar spectral sequence to find H,bo,. Since

H.,bo, = P(zi,zo_l 11> O) = P(zi 11> 1) ® P(zo,zo_l),
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we have
B2, = Tor';10(2,/2,7,/2) = E(a(z,-) > 0) — H.bo,.

The suspension o(z) lies in the first filtration of the bar spectral sequence.
Therefore the generators of the E*-term are all in E7,, collapsing the bar
spectral sequence. This gives E(o(zi) D> 0) in the E*°-term.

The element e o z; € H,bo, detects o(z;). To determine the algebra struc-
ture of H,bo,, we start from the fact that e = e o z;, and use V(z9;) = 2,

together with the fact that F(V(x) o y) =z o0 F(y). Thus
(eo,zi)2 = F(eoz) = F(e) o zy =e20zy = (€0 21) 029 = €0 29i41.

We apply this as often as possible to e o z; by writing i = 2™(2¢ +1) — 1 as
above; then e o z; = F™(e 0 2y).
Therefore

H.bo, :P(eozgi:iEO).

For the new element e, we clearly have ©(e) = (o).
STEP 2. To find H,bo,: Since H,bo, = P(eozgi P> 0), the bar spectral

sequence is

B2, = Tor™;™1(2/2,2,/2) = E(a(e 0 205) 1i > 0) = H.,bo,.

Once again the suspension o(z) lies in the first filtration, collapsing the bar
spectral sequence at the E%-term. This gives E (a(e 0 29) 11 > O) in the
E*-term.

The element e°2 o zo; € H,bo, detects o(e o 29;). To determine the algebra

structure of H,bo,, we start from the fact that (e°?)®> = e°? o 2o, and use
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V(Z4Z) = Z9;- Thus
(e029;)? = F(e02y) = F(e*?)ozy = (€)% 02y = (e2025) 0245 = €2 0241

We apply this as often as possible to €° o zo; by writing 1 = 2™(2¢ + 1) — 1;
then e°? 0 zo; = F™(e°% 0 244).

We therefore have
H,bo, = P(e°2 0z 1i > 0).

STEP 3. To find H,bos: Since H,bo, = P(e"2 0Zg 11 > 0), the bar

spectral sequence is
E?, = Tor™;"*(2,/2,2,/2) = E<a(e°2 02y) i > o) = H.bo,.

The suspension o (e°% o z4;) collapses the bar spectral sequence at the E*-term.
Therefore, in the E*°-term, we have E(a(e°2 0 2z4) 0> 0).

As usual, e®® o z4; € H,bos detects o(e° o zy;). Since (e°3)? = 0 in H,bo,,
(€% 0 245)” = F(e*® 0 245) = F(e°) 0 2g; = (€°3)? 0 2; = 0.
Thus
H.bo, = E(e°3 oz ti> o).
STEP 4. To find H,bo,: Since H.bo, = E(e°3 0zy i > 0), the bar
spectral sequence is

B2, = Tor;"3(2,/2,2/2) = F(a(e°3 o 24) i > 0) = H.bo,.

Once again the suspension o(x) lies in the first filtration, but the elements
v (0(e°3 o Z4i)) are in the j-th filtration. Since all of these elements are in

even total degree s + t, the bar spectral sequence collapses at the E?-term.
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By the definition of a divided power algebra, the generators are the 7y, so
we have

E® = F(J(e°3 o zy) i > 0),

which can be rewritten as
E(’YQ]’ (0(e® o z4)) 14,5 > O).

To determine the algebra structure of H,bo,, we start from the fact that

(e°1)? = e°* 0 24, and use V(zg;) = 24;. As usual, e o z4; detects o(e°® o zy;),
giving
F(e 0 249) = F(e°*) 0 2zg; = (€®* 0 24) 0 28; = €** 0 2gi14.
We apply this as often as possible to et o z4; by writing i = 2™(2¢ + 1) — 1;

o4 — m( 04
then e°* o 24, = F™ (e 0 zg,).

Suppose x € H,bo, detects 7y; (a(e°3 o qu)>. Since

1%} (72;' (o(e® o ZSq))) =0(e* 0 z),

4

we must have V/z = e°* o zg,. Further,

VIF™y = F™(e* 0 254) = € 0 24

detects o(e° 0 z4;) and F™z detects 7y; (a(e°3 o z4z-)>. Thus the elements z (as
j and ¢ vary) are polynomial generators of H.bo,.

To identify z, we consider the image of H.bo, under o[}\] in the known
algebra Hobo_, = H.KO _, = P(z4,- o[f]:i> 0) ® P([ﬁ], [5]—1). We make

use of the Hopf ring properties that
(i) e o[\ =Z40 (5]

(ii) zopq10[B] =29,0210[B8] =0
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(iii) Z4k+2 O [ﬁ] — 24 © 29 O [ﬂ] =0.

Then
VI(z o [A]) = e 02550 [\] = Z4 0 235 0 [8] = Zggr4 © [B] + decomposables.
Since V(Zg) = Zx and V (Zog41) = 0, we conclude that

z 0 [A] = Zai(sqy 0 [B] + - -

We write

T = ZQJ (8q+4) [5/\ 1] +... € H*K_O47

so that F'™ (EQj(qu) o [ﬁ/\—ID + ... detects 7y (0(603 o Z4i))-

We know that Za,110[8] = 0 and Zg420[B] = 0. Since any positive integer
divisible by 4 has the form 27(8¢+4) uniquely, the image of H,bo, is the whole
polynomial ring P(EM o[f]:i> 0).

Thus we write formally
H.bo, = P(z@. o [BAY] : a(d) > 1) c H.KO,.

Note that [BA~!] itself is not an element of H,bo,.
We clearly have O(z, 0 [BA7Y]) = O(e**) = Bp)°*. Since V(Zgi+2) = Z; and
Vi(Bw) = By, we deduce

O(zziv2 0 [BAY]) = B3 + . ..

where the unstated terms involve ;) with j <.
STEP 5. To find H,bo,: Since H,bo, = P(EM o [BA] : ali) > 1), the

bar spectral sequence is

E2, = Tory;*4(2/2,2/2) = B(o(zu 0 [8A7) : a(i) > 1) = H.bo,.
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Once again the suspension o(z) lies in the first filtration, which collapses the
bar spectral sequence at the E?-term.

Then €0 24 0 [BA™!] = e 0 Zy; 0 [BA7!] detects o(Z4; o [BA7']). We have

F(eozyo|[B]) = F(e)ozgo[B]=(eoz)oz,0[B]=0,

since z; o [3] = 0.
Therefore

H.bo. = E(e o 240 [BAY : a(i) > 1).
Note that there is an injection from H,bos to
H.bo_y = H.KO_y = B(e oz o [8]: k> 0).
We also have
O(e 0 Zyirz 0 [BAT']) = By 0 By + -

STEP 6. To find H,bog4: Since H,bo; = E(eo z4i0 [BATY i) > 1), the

bar spectral sequence is
B2, = Torl;?*(2/2,Z/2) = T(o(c 0 2 0 [BX7')) : a(i) > 1) = H.bo,.

The suspension o(x) lies in the first filtration, but the elements v;(x) are in
the j-th filtration. Since all elements have even total degree, the bar spectral

sequence collapses at the E?-term. Thus

B =T (o(eozi;0 [BA7) s ali) > 1),

which can be rewritten as

E(W (0(eo 2z 0 [BAY]) : i) > 1,7 > o).



18

As usual, € 0 zZy o [BATY] = €% 0z o [BATY] € H.,bog detects
o(eo zy 0 [BA7Y]). We use the Hopf ring fact that e° o [3] = Z, o [@?] to
rewrite this as

22 (¢] 241' (¢] [O[z)\il] = 241'_1_2 O [(1/2/\71] =+ ...
Again we apply o[A] to map H,bog into the known algebra
Hubo_,= H.KO_, = E(E% ole?]:i > 0) ® E([oﬂ] - 1).

We know that Zy; 41 o [@®] = 0, so no odd z’s appear. Suppose z € H,bog

detects o; (0’(6 0 245 © [ﬁ)\*l])>. Then
Vj.fE = 602 e} 241' O [ﬁ)\_l] == Z4i+2 O [0{2)\_1] —+ ...

and

Vi(z o [N]) = Zugo 0 [@?] +...

Thus, we must have z o [A] = Zaj(4i12) 0 [0*] + . ..
Thus H,bogz — H,bo_, is monic and we can identify H,bo, with its image
in H,bo_,. Every number 2k with a(k) > 2 can be written uniquely in the

form 27(4i + 2) with ¢ > 0. Hence
H.,bog = E(Z% o[@®X T +...:a(i) > 2),

where Zyj(442) 0 [@’A71] 4 ... detects 7o (a(e 0 243 © [,6)\_1])>.

Clearly,
O(Zy 0 Zgir2 0 [@?A 1)) = O(e? 0 Zgi2 o [BAY]) = ﬁ(OOQ) o ﬁ(os +...
Since © commutes with V7 and Z, o Zoi+2 = Zay9i+2 + ..., we deduce

O(Fsavist o 0X7) = 5} 0 By + -
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We rewrite this as
@(E2i1+1+2i2+2 © [042)‘_1]> = ﬁzﬁ) °© B&t) +...

for iQ Z il 2 0.
STEP 7. To find H,bo,: Since H,boz = E(Zgi oA +...:a(i) > 2),

the bar spectral sequence is
E2, = Tor;™5(2,/2,2,/2) = P(J(E% o[a?A7Y) : a() > 2) = H,bo,.
We rewrite
P(J(E% o[a?A7Y) : a(i) > 2)
as
E (v (o(za 0 [0 1)) s (i) > 2,5 > 0).

The suspension o(x) lies in the first filtration, but the elements ~y,; () are
in the 2/-th filtration. Thus, for the moment, we gain no information about
the behavior of the bar spectral sequence.

As usual, e 0 Zy; o [a?A 7] detects o(Zy; o [@?A7!]). We now use the Hopf
ring fact that e o [a] = Z; to write this as

El e} EZ'L' e} [Oz/\_l] = E?H—l e} [Ot)\_l] + ...
Again we apply o[A] to map H,bo, into the known algebra

Hbo_, = HKO_, = E(z,- ola] ;i > 0) ®E([a] - 1).

Since bo _; maps as a subset into a spectral sequence that collapses, the bar
spectral sequence for bo, collapses.

Suppose that x € H,bo, detects 7y (J(Egi o [aQ)\*l])). Then

Viz=eoZyol[ad’ X7 =21 0%y 0[aX!] =Zgq1 0[]+ ...
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and

Vi(z o)) =Zaip10[a] +...

We must have x o [A] = Zyj(9;41) © [a] + ..., where (i) > 2. Every number k
with a(k) > 3 can be written uniquely in the form 27(2: + 1) with a(i) > 2.

Thus H,bo, — H,bo_, is monic and we write
H.bo, = E(Zi oled Y+ ... ali) > 3).
Clearly,
@(?1052i1+1+2i2+2°[a/\71]> = @(€°E2i1+1+2i2+2°[a2)\71]> = B 05(“)05 ,2)+
for i5 > 4;. Since © commutes with V7, we deduce
© <§2j+2j+i1+1+2j+i2+2 o [oz)\_l]) B ﬁ(]Jm) ﬂ (iz) T - - -
For any ¢ with «(i) = 3, we therefore have, after reindexing,
O(Zi o [aA™"]) = By 0 B © Bliy) +

where ¢ = 2% + 22+1 4 253%2 i5 the binary expansion of ¢ with i3 > iy > ;.
STEP 8. To find H.boy: Since H.bo, = B(%;0[ad ] +... : a(i) > 3),

the bar spectral sequence is
E?, = Tor';%"(2/2,7,/2) = F(J(Ei o[ar) : a(i) > 3) = H.,bo,.

We note that
r(a(z,. ofer 1) : afi) > 3)

can be rewritten as

E(%,- (0@ 0 [aX™Y)) : ali) > 3,5 > o).
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As usual, o(z; o [@A71]) is detected by e 0 Z; o [@A™!]. Since eo[a] = z;, we
can rewrite this as z; 0 z; o [A71].

We wish to simplify Z; o Z; o [A\7!] by using the fact that
Z1 0 Zg; = Zoi+1 + decomposables.
Then
Z10 Zgi11 = Z1 O Z1 0 Z9; + 21 © decomposables.

Since ¥(z1) =2z, ® 1 + 1 ® Z;, we have Z; o decomposables = 0. Hence
Z1 02214_1 e} [)\_1] =21 0%Z102Z9 0 [/\_1] = F(El) 02Z9; 0 [)\_1] = F(El 0%Z;0 [)\_1])

We apply this relation as often as possible, by expanding ¢ in binary form and

looking for the lowest 0 digit: ¢ = 2™(2¢ + 1) — 1, where ¢,m > 0. Then
Z10Z; 0[N = F™Z10Z90[N7]) = F™(Zaqr10 A7) + ...

Here m + a(2¢+ 1) =m+a(q) +1 = ai) +1 > 4.
To see that the bar spectral sequence collapses, apply o[\] to map to

the known bar spectral sequence for H,BO, which does collapse. As before,

Yoi (a(z,- o [oz)\_l])) is detected by
F™ (e 0% 0 [aA‘1]> +...=F™ (EQj(Qqﬂ) o [)\‘1]> +...
Therefore,
H.bo, :P(Ei oA\ +...al) > 4)
®P(Fj(z,~ O N+ i)+ =40, > 1).

We need the value of © on F™(z o [A\7!]) + ... whenever a(k) + m = 4

(including the case m = 0). As above, we write £k = 27/(2¢ + 1), so that
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a(k) = a(q) + 1. Then
Vi (F’”(zk o [xl])) = F(Zy1 0[N ) =707 0 [\ =070 [ar ],

where

=2"(2¢+1)—1= (2™ —1) +2™"q,

so that a(i) = m + a(q) = m + a(k) — 1 = 3. Thus we let
i= 20 4 2 g it

be the binary expansion of 7, where i3 > i3 > 4. We know

O(e oz o [ar™]) = By 0 B o Bl © By +
Since © commutes with V', we must have

@(Fm(z,c o[\ 1])) By © Biisiny © Bliin © Bikeia) +

We reindex as

O(F7 (20 0711)) = Ban © By © B2 © By +

whenever a(i) + j = 4. Here, we write ¢ = 21(2q + 1), where 2! is the largest

power of 2 that divides ¢, and use the binary expansion
2j7; — 9t — (2j+i1 _ Qil) + 2j+i1+1q — 9i2 + 9iz+1 + 2i4+2’

where 74 > i3 > iy > i;. We note that io > i1 if 7 = 0, but that iy = 4; if

j>0.
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2.2 The second cycle

From step 9 on, o[A] will no longer be a monomorphism. Instead, we treat
H,bo,, as a sub-Hopf algebra of H,bo,, (®H,H, C H. KO, ®H,H , by means
of o[\] and ©. To check that the bar spectral sequence for H,bo,, collapses, it
is only necessary to verify that the map bo, ; - KO, , x H,_; induces a
monomorphism on the E?-terms, thus embedding the spectral sequence in one
that is known to collapse. This will be clear in practice. We make frequent
appeal to the structure of H.bo, 5. Each factor of H,bo, _, will lead to one
or more factors of H,bo,,.

STEP 9. To find H,boy: Since H,bog is known, the bar spectral sequence

1s
E?, = Torl;"*(2/2,2/2)

- E(a(z,- o[A7Y) s ali) > 4)
® B(o(F/(z:0\7]) s ali) +j = 4,i,5 > 1)
= H.,bo,.
This is the last step in which we will explicitly state the bar spectral sequence.
Asusual, eoz 0 [A7! ]+ ... =eo0Z;0 [\ + ... detects o(Z; o [A\7!]). We
use the relation e o z9;,1 = F(e o z;) as often as possible, as in step 1. Write

i=2"(2¢+ 1) — 1 where a(i) =m + a(q) > 4; then
eozio[A+...=F™eozgo[A'])+...

detects o(z; o [A\"!]). Thus if a(g) > 4, the element eo 25,0 (A" ']+ ... is a
polynomial generator of H,bo,. But if a(g) < 4 the polynomial generator is
F™(e o240 [A7!]) +... instead, with m = 4 — a(g). This takes care of the

first exterior algebra in E? = E.
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The method of applying o[A] fails for the second exterior algebra. Although
Fi(Z;o[A\71]) +... is a generator of H,bog, it becomes decomposable in H.bo,
and o[)\] annihilates U(Fj(Z,- o [)\_1])) at the E%-level. Instead, we apply
the morphism © of bar spectral sequences to the bar spectral sequence for
H.H,. Suppose x € H,bo, is the element that detects 0<Fj (Z; 0 [)\*1])); then
z o[\ =0, and by step 8, O(z) detects o(B,) © Bi,) © 6&23) o ,B&i) +...) and
therefore is

O(z) = Bro) © Biin) © Biiz) © Bigy © By + -+
Also, since j > 0, we have iy = i; here. Hence o[\] and © define a monomor-
phism
H,boy — H, KOy ® H,Hg= H,(KO4 x Hy)

which makes it clear that 2> = 0, as H,H 4 is an exterior algebra. We therefore
treat H.bo, as a subalgebra of H, KO, ® H,H 4, and label those generators
that map trivially to H, KO 4 by their images under © instead. Thus, we write
H.boy =P (e 0290 [N afd) > 4)
®P(Fj(eoz2io[)\_1])+... ca(i)+7=4,5> 1)
® BBy 0 B2y 0 B2y o By + o ia > i3 > iy > iy = 0).

The generators of the third factor are already defined by their images under
©. We need the images of the generators of the form F7(eo z9; 0 [A\7Y]) + ...
with a (i) + j = 4 (including the case j = 0). We again use F’(eo zy;) = €0 2,
where k = 27(2i + 1) — 1, and note that a(k) = j + a(i) = 4. By step 8,

@(Fj(eozgi o A1) + .. ) —OcozoA+..)
= Bir) © Bean) © Biis) © Bliay © Bisgy + - -

with indices defined by the binary expansion k = 2% 4 28 4 204+l 4 9is+2
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with i5 > i4 > i3 > 49 > i3 = 0. Since i3 > iy, this is different from all the
generators in the third factor of H,bo,.
STEP 10. To find H,bo,,: We use H,bo,.

The first factor in E? is
E(o(e 02950 A7) a(d) > 4),
where €°? o 2y; o [A7!] detects o(e o 23 o [A7']). As in step 2 we write
i =2m(2¢+ 1) — 1 where (i) = m + «a(q) > 4; then
602 0 29; © [)\—1] — Fm(ec>2 0 244 © [/\—1])
detects o(e o z9; 0 [A7']). As in step 9 (with indices doubled), we deduce
polynomial generators €°? o z4, 0 [A™!] (with a(g) > 4) and F™(e°® 0 2440 [A71])
(with a(q) + m =4,m > 1) in H,bo,.
The second factor in E? is
E(U(Fj(e 02010 AT))) i) + 5= 4,5 > 1),
which is annihilated by o[A], so we therefore apply O instead. By step 9,
@(a(e ozgo[A ) +.. ) = @(a(Fj(e 0 29; © [/\_1])))
= 0 (Bo) © Bia) © Biis) © Biy © Big) +--)
where we use the binary expansion
k=2(241)—1=2% 4284 2t 4 2i5+2
with i5 > 44 > 43 > iy. Since j > 0, k is odd and i, = 0. This element is

therefore detected by 6(‘3”) 0 Blig) © ﬁ("i) o + ...

is5)

We rewrite the third factor

D (0B 0 B2y 0 B2y 0 Bly) s > is > i > in =0)
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in E? as
(7”( (Bioy © Bly © Biiny © Biny)) ia > iz > ia > 0,5 > 0).
The generator shown is thus detected by
By © By © Bitvin) © Briny © Bifriny + -

Generally, a factor

in H,bo,, gives a factor

T (B 00 Bum))
in E?. This yields the factor
E (5@ © Bgtjn) © -+ © Blgtgm) 15 2 0)
in H,bo,_ , which we reindex. In future, we use this without comment.
Therefore,
H.bo,, =P (e°2 0 240 [N 2 a() > 4)

® P(Ff(e°2 oz o N+ rali)+j=4,5> 1)

® B(B32) 0 By 0 B2y © By ia > s > i > iy = 0)

®E<ﬁ(“ Oﬁ(oi 05(13 Oﬁ(cﬁ) Tlg 203 202 20 2 0>,
and we again have a monomorphism

H,bog = H.KO,® H,H,, = H,(KO( x Hy)

We need to compute @(Fj(eo2 0 24 © [A’l])) whenever «(i) +j = 4 and

1,7 > 0. Since

Fi(eP oz oA ) =eZozgo[ N =eo(eozy oA,
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where k = 27(2i + 1) — 1 (thus giving a(k) = j + a(i) = 4), step 9 gives
@(Fj(ec’2 0 245 © [/\_1])> = ,3&21) 0 Biz) © Bis) © /B&i) ° 5{%) +...

where we use the binary expansion 2k = 2% + 2% 4 24+l 4 265+2 with indices
15 > 14 > 13 > 19 > 11 = 0. Again, we observe that the conditions on the indices
ensure that this element differs from all the previously mentioned generators
of H,boy. (In the future, we suppress any mention of this point.)

STEP 11. To find H,bo,;: We use H,bo,.

The factor P(e°2 oz4i0 A7 afi) > 4) in H,bo,, leads to

E(e°3 o250 N7 : ali) > 4),

just as in step 3.

The factor
P(Fj(e°2 oz o N ) ... ali)+j=4,7> 1)
gives rise to the factor
B(o(F/(e? 0z o N1t ali) +5 = 4,5 > 1)

in E?. However, F7(e°? o z4; o [A"!]) decomposes in H,bo, and we must apply

© instead. By step 10, O'(Fj (€20 2450 [)\_1])> is detected by

By © (B © Biay © Biia) © Bty © By

where 75 > 14 > i3 > 5. Since 7 > 0, we have 15 = 1.

The two exterior factors are handled as usual.
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Thus
H.bo,, :E(e°3 o zg 0 [N : a(i) > 4)
® E (553 0 Buiny © ) © B2y 0 By +
i52i42i3>i2=1,z’1=0)
® B (5% 0 Bany 0 B2y 0 Bty + - 4 > i > iz > iy > 0)
® B (B 0 B2 0 B2y 0 B2 o By +

%zuz@zwznz®.

We need to evaluate ©(e® o z4 o [A\7!]) when «a(i) = 4. By factoring

€% 0 24; 0 [A71] = €°3 0 (24; 0 [A7!]), we see from step 8 that

@(603 O 2443 O [)\_1]) — /B(Og) O B(Zz) (@] /B(’La) (o] /Bai) O /Bai) + e

where we use the binary expansion 4i = 2% 4 2% 4 2iatl 4 26+2  ith

15 > 14 2> 13 > U > 2.
2.2.1 The notations A(s) and C(n, k)
Now we define some notation for the basic families of elements. We define

A(s) = the set of all B;,) 0 B,y 0 ... 0 Bg,), for s> 1,

A(0) = [1]

and inductively

C(n, k) = the set of all 5,y 0 B, ) © B(Zku) o sz 5 © Cn—1,k+4),

where ig 1 > i > g1 + 3, starting from C(0,k) = [1]. We also assume

implicitly that %,, > %, > 0 whenever m > n.
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Thus we rewrite

H.bo, _E( 0 245 0 [A‘l]:a(i)24)
® B (552 0 Bliny © i) © B2y 0 ity + - 13 > ip = 1,ia = 0)
® B(B5) 0 Bany 0 B2y 0 By + - 11 > )
® B(A(1) 0 %) 0 B2 0 B2y 0 Bily + - ).

STEP 12. To find H.bo,,: We use H,bo,;. Only the first factor of H,bo;

requires any discussion. It gives rise to the factor
F(J(e"?’ ozg 0[N a(i) > 4)

in the E%-term, which we rewrite as

E(’ng (0(e®ozu0[A 1Y) afi) >4,5> O).

By step 4, 7o (a(e°3 0 24 © [)\_1])) is detected by the element written for-
mally as F™ (EQj(qu) o [6)\*2]) + ... € H,bo,,y, where as before we write
i=2m(2¢+ 1) — 1, so that a(i) = m + a(q) > 4.

We thus obtain

P(zi0 (B3] ai) > 5) @ P(F(zi50 [8A ) s ali) + j = 5,1,§ > 1).

Therefore
H.bo,, :P(% o [BA?: ali) > 5)
(FEuolBA )+ ali) + =50, > 1)
®E(ﬂ<h © Biz) © Bliz) © Biizy © Bigy + -+ 13 > g = ¢1+1)
® B(A(1) 0 ) 0 a0 By 0 By + s > o)
(

® E(A(2)0 ﬂza)oﬂu Oﬂ%)oﬂ%)_{_ )
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From step 11,
@(604 0 Z4; © [)\—1]) — 5504) 0 Bliy) © Bis) © ﬂ(j. ,8(25
whenever «(i) = 4, where we use the binary expansion
4i = 27 4 2" 4 1at! 4 otet2
so that i3 > 19 > 2. By step 4, we can rewrite

et 0 2450 (A7 = F™(Zggra 0 [BA7?]) +

where ¢ = 2™(2¢+1) —1, so that a(8¢+4)+m = a(¢)+1+m = a(i)+1 = 5.

Since ©® commutes with V7, we deduce that
e(Fm (Z23(sqra) 0 [BA2]) + .. ) = B2 0 Byin) © Bigsis) © Biliin) © Blyiny + - -
We reindex this as
@(Fj(z4i o [BAY) +. ) = B3 0 Bayy 0 By © B2y © Bk +.

where 2% is the largest power of 2 that divides 7, which we have set equal to

21(2g + 1), as above, and we use the binary expansion
2J - 47 — 2i1+2 = 2i2 + 2i3 + 2i4+1 + 2i5+2

where i3 > iy > i1 + 2. We note that i, = 41 + 2 if 7 > 0, and that i, > i; + 3
if j =0.
STEP 13. To find H,bo,3: We use H,bo,.

By step 5, the factor

P(ZM o[BA Y +...: ali) > 5)
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in H,bo,, yields the factor
E (e 0740 [BA 2 : ali) > 5)
in H,bo 5.
The factor
P(Fj(zh- O[BN]) +...:a())+j=5,i,j > 1)
in H,bo,, yields the factor

B(o(F (2150 [BX %)) : ali) +j = 5,,) > 1)

in the E2-term. As in step 11, the generators map trivially to H,bo, and we

must apply © instead. By step 12, the generator shown is detected by
By © Biyy © Biiz) © Biis) © By © Big):
where i3 > iy = i; + 2 (since j > 0).
Thus,
H.bo,, =E (e o 2450 [BA7Y s ali) > 5)
® B Bny © Bk © Bs) © Baay 0 B2 © Bty +
Qs> i3 = in + 2,01 :0)

® B(A(1) 0 k) © sy © By © B2y © 5&§)+...:z’4>z’3:z‘2+1)
®E( (2) 0 B2 0 Biiay 0 BEZ) 0 BEky + - s > 13)
® B(A(3) 0 5% 0 B2y 0 Bay o iy + )

We need to know O(e o Zy; o [BA7?]) whenever a(i) = 5. By decomposing

within H,bo,, we see from steps 5 and 8 that

O(eozy0[BA7%)) = (5(0) 05&%)) (503 © Bis) © Biy) 5(3%)) T
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where we use the binary expansion
4i = 2i2+2 + 2i3 + 2i4 + 2i5+1 + 21‘64_2’

so that 14 > i3 > iy + 3.
STEP 14. Now we can use everything we learned in step 6 to find H,bo,.
Thus

H.bo,, =E (22,- o[a?\72 : a(i) > 6)
® E(,B(Zl 0 BEA 0 Biig) 0 Biia) © BiZy © By + - tia > iy = iy + 2)
® B(A(2) 0 ) 0 Baay 0 Buiny © iy 0 iy + -+ 1 > ia = s +1)
®E( (3) 0 Bhy 0 Bus) 0 B2y 0 By + ... i > i4)
®E( ()Oﬂ(zs)oﬁzﬁ 05(17 Oﬂ(zs)‘f‘ )
We need to know O(Zy; o [@?A %] +...), whenever a(z) = 6. Again we can

factor within H,bo, and read off from step 6 and 8 that
O(Zg; 0 [aQ)\—Q] +..)= /le) 06(22) 0513 0/6’(Z4 0515) 0/626) +.
where we use the binary expansion
% = 2i1+1 + 2i2+2 + 2i3 + 2i4 + 2i5+1 + 2i6+2’

so that 14 > i3 > 15 + 3.

STEP 15. Now we use everything we learned in step 7 to find H,bo5.
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Thus
H.bo,; =E (Zi olad™?]: a(i) > 7)
®E( (1)o 5(12)0513 © Bia) OB(Zs)OﬁZe Oﬁ(w
is > ig = iy + 2)
® E(A(3) 0 5y © Biy 0 Buioy © iy 0 iy + -+ 1 > 15 = s +1)
E(A (4) oﬁgg)oﬁ,-e o B2y 0 Bk + ... g >i5>
( Bliey © Biizy © By © Blioy + - )

For a(i) = 7 (by using steps 7 and 8), we have
@(Zl o [O{)\72]) ﬁ(ll o ﬁ(w ﬁ(oz o ﬁ(u o ﬂ 15 o ﬁ(ze ﬁ(z';
where we use the binary expansion
§= 20 4 2Rl iRy 9l 9 4 gietl 4 giTt?

so that i5 > 14 > i3 + 3.
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2.3 The structure theorem

The general pattern should now be apparent.

Theorem 2.3.1 The Hopf ring H,bo, is a sub-Hopf ring of H. (KO, x H )
and is the (graded) tensor product of the following four families of Hopf alge-
bras:

1. Polynomial and exterior subalgebras of H. KO ,:

P(Eio A" +..crai) > 4n), on bog,
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2. Polynomial algebras on generators that decompose in H, KO ., compan-

ions to the polynomial algebras in the first family:

P(FJ ON) + ... ali)+ g =4n,i,j > 1),on bos,
P(Fﬂ 02 0 N ...z ali)+j=4n,j > 1), on bog, 41
P(FJ 0zg o N ) 4 ...:ai) +j=dn,j > 1>,on bog, s

P(FJ(§4,- S[BAMI)) 4 a() +j=dn+ 1,45 > 1), on bog,, 4.
3. Exterior algebras involving B(o) that arise from the second family:

E(BO 05&22)oﬂ("i)oﬁ("i‘i)oC(n,5)+...>,on b0,
( oﬂ(i2)oﬂ&i)oﬂ&i)oC(n,@%—...:i2>0),0nb_08n+10
(5 3 0 Bliy) 0 Big) © B2 0 Bik 0 C(n, 6) + :i3>i2:1),onb_08n+11
E(Boy 0 By © By © Baay © iy 0 iy 0 Cn.T) + . v > iy =iz +2)),
on bog,, 13-

4. General exterior algebras that arise from the third family by unlimited

SUSPENSION:

B(AG) 0 52,1y 0 B2, 0 B2y 0 Bl 0 Clns +5) +. -)
( (s)o 5@ 1) © Blissa) 5(ZS+3 ﬂzs+4) oC(n,s+5)+... 105400 > Z's+1)
( (8) © Blin 1) © Bliara) © Blisra) © By © By © Clny s +6) +
Gors > dgpa = dgp1 + 1)
BA(5) 0 82,1y © B2y © Biera) © Blinsa) © By © Bt
0C(My 5 +T) 4+t ligpa > fgss = i5+2—|—2).

Proof. We have the result for n < 1. For n < 0, only the first family

of Hopf algebras exists, and for £ < 0, H,bo, = H,KO,. We note that
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there is no conflict between the many classes of generators we have exhibited.
By induction, we assume that H,bo, is a subalgebra of H. KO, ® H.H,
as stated. The bar spectral sequence for H,bo,  , collapses, because the bar
spectral sequence for H,(KO, , x H, ) is known to collapse; to see this,
we only need to verify that the inclusion induces a monomorphism on the
E?-terms.

Each listed Hopf algebra in H,bo, gives rise to one or two Hopf algebras
in H,bo, .. In H,bo, there is exactly one algebra from the first family. It
is a subalgebra of H,KQ,, and we see from the steps already given how it
gives rise to a first family algebra in H,bo,_ ,, with the appropriate restriction
on «(i). In addition, in half the cases it spawns a polynomial algebra in the
second family, with the appropriate condition on «(i) + j.

We treat each algebra of the third or fourth families in H,bo, as a subal-
gebra of H,H ,, and we have already noted how such an algebra gives rise to
an algebra of the fourth family in H,bo, ;.

The only case that requires any discussion is how an algebra from the sec-
ond family in H,bo, gives rise to an algebra from the third family in H,bo, ;.
Because the generators decompose in H, KO, we must map them into H,H ,,
instead. Thus we need to compute @(Fj (Zi 0 [)F"])), etc.

We need @(Fm(zk o [)\_”])) whenever a(k) + m = 4n and m > 1. We

write k = 27(2¢ + 1), so that a(k) = a(q) + 1. By step 8, we have
VIO (™ (3o ) = Ofeozio[or),

where

i=2"(2¢+1)—1= (2™ 1)+ 2™,
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so that i is odd and «(i) = a(g) + m = 4n — 1. We can evaluate this by

factoring e 0 Z; o [aA™"] in H,bo,. Let
= (20 4201 4 28 t2) 4 (9ia 4 9is 4 gie ] 4 girt2) 4
+(2i4n74 + 9tan—3 + 9tan—2+1 + 2i4n71+2)

be the binary expansion of 7, so that i1 = 0, 15 > 44 > i3+3, 19 > ig > i7 + 3, ...

Then

eozZ;oflaA "] =eo (Enl o [a/\_1]> o (Enz o [/\_1]> 0...0 (Enn o [)\_1]>,

where ny = 24 4 22+1 4 98842, — 944 4 985 4 ietl 4 9ir+2 otc. By steps 7

and 8,

O(eoZ;o[ad™]) = f) o (5 ° Bz © B(Oi)) © (ﬁ(u) © i) © By © ﬁfﬁ)) °
= B30 B2y 0 B o c(n—1,4),

where c¢(n — 1,4) denotes a typical generator of C(n — 1,4). Then

O(F™(zk o[\ ")) = B 0 Bsiny 0 Bifaig 0 C(n — L) + ..,

where ¢/(n — 1,4) denotes ¢(n — 1,4) with all indices raised by j.

In the bar spectral sequence for H,bog,  , the polynomial algebra
P(Fm(z,c o[ A" +...:a(k)+m = 4n>
gives the factor
E(o(52) 0 B2y 0 By 0 C(n—1,4)))

in the E?-term, which corresponds to

(5(0 0 Bi2) 0 52y 0 Bk o C(n— 1 5))
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in H.bog, ;-
Next, we need @(Fj(e 0 Z9; © [)\_”])) for a(i) + j = 4n,j > 1. By step 1,
Fi(e o z9;) = e oz, where k = 27(2i + 1) — 1 = (20 — 1) + 274, so that

a(k) = j+ a(i) = 4n. Again we factor e o z; o [A\™"] in H,bo, and find
@(Fj(e O 2; © [)\_"])) = B © (5(i1) 0 Biy) © ﬁ&i) o ﬁg’iﬁ)) o (5(i5) o.. ) o...,
where we use the binary expansion
k= (2 4 27 4 2l 4 olat2) 4 (905 4 gle 4 irtl 4 oist2y 4
Since 7 > 1,k is odd and 4; = 0. We obtain the factor
BB 0 By 0 B2y 0 By o Cn = 1,5) + ... 1z > 0)

in H,bog, .
The case @(Fj(e"2 0 243 © [)F”])) is almost identical to the previous case,
with indices doubled. We use F7(e°2 0 z4;) = €°% 0 zy;,, where k is odd as above.

This time, to evaluate ©(e°® o 29, o [A™"]), we need the binary expansion
2% = (20 4 27 4 2L 4 gl 4 (90 ) 4
so that 71 = 1 and 75 > 1. We obtain the factor
E(ﬁgg) 0 Biir) 0 Biiny © B2y 0 Biky 0 Cln = 1,5) + ... 1 ip > iy = 1)

in H.bog, 3.
Finally, we need @(Fj (Zy; 0 [,6)\*(”“)])) whenever «(i) + j = 4n+ 1 and
1,7 > 1. We reindex and note that by step 12
VIO (F™ (Zysqray 0 [BA ) + ... ) = O F™(Zagea o [BA"HV]) + .. )

=@(e°4oz4io[)\_”]+...),
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where ¢ = 2™(2¢ + 1) — 1, so that a(i) = m + a(q) = 4n. We factor

10 2430[A™] in H,bo, and use step 8 to obtain

eO
Bloy © (%) © Bin) © Bliy) © B&iﬁ)) oc(n—1,5)+...,
where we use the binary expansion

4= (2" 427 4 2BV 4 2T L (25 4 )+

Since m > 1, 4 is odd and iy > %y = 2. Then
O (F™ (Zassgusy 0 [BA ) + ... )
= ﬁ?f) © (ﬁ(j+i1) © ﬁ(j+i2) © ﬁ(oj2+i3) © 5ff+i4)) © Cl(n - 17 5) + ...
and H,bog, 5 contains the factor (after reindexing)

E(ﬁm) 0 By © Blia) © Biis) © By © Biigy © C(n = 1,7) iy > g = ip + 2).

Thus we have proven our hypothesis. [ |
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3 The Computation of the Hopf Rings
H,bo(4) , H.bo(2) and H.bo(l)

3.1 The computation of H,bo(4)

*

To calculate H,bo(4) , we keep in mind that we have the following exact

triangle of spectra:
® : V3K (Z) — Y80 — bo(4) — 21K (Z).

We map Y*K(Z) — X*H = X*K(Z/2) to simplify calculations.

Thus we have the maps

¢: H,bo, s — H,bo(4)

— Y 'n
and

O: H*b0(4>n — H.H,,.

We note that all of the generators of H*bo(4>n either map non-trivially to

H.H, 4 or map from H,bo, s, but no element does both.

Our conclusion will be that the maps

b0<4>n —bo, —» KO,

and

O: b0<4)n —H, ,

embed H,bo(4) as asub-Hopf algebra of H.(KO,XH ), which we describe.

We use

®:boy — bo(4)  =bo_y.

We also have the fibration

®:boy — bod) , — K(Z,0).
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We keep in mind that bo(4)  =bo, xZ = KO _,. This is our starting place.

Also, b0<4>k = bo, for k < —4.
We recall that

H.H = Z[z, 2 '],

where 2y = [1] and 27! = [-1],
H.bo, = P(zh- o[BAY : ali) > 1),
and

H.KO_, = P(zh- o[f]:i> 0) ® P([ﬂ], [5]*1) = H.bo(4) .

We clearly have
C:Z4 0 [BA '] — Z4 0 [B]

for + > 0, and we also have the maps

O([8]) = [1] and ©([] ") = [-1] = [1].

The general method of computation involves the same type of argument
that we used in the proof of H,bo,. Thus, we use the bar spectral sequence,
properties of Hopf rings, and the properties of the Verschiebung and Frobenius
maps. We must keep track of the map © to determine the structure of the

exterior algebras in H,H ,, as we did in H,bo,. We also use the map ¢ to

*7

determine the structure of the sub-Hopf ring of H,bo(4) . in H,bo,. We leave

all proofs to the reader.

We define
A(s) = the set of all B;,) 0 By 0...0 0, for s >1,

A(0) = 1],
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as before, but now we inductively define
C(n, k) = the set of all ,B&i) 0 Blirs1) © Blinss) © ﬁ(f’i;g) oC(n—1,k+4),

where g9 > ig11 > i + 3, starting from C(0,k) = [1]. As in H.,bo,, we also
assume implicitly that i,, > 4, > 0 whenever m > n.

Thus H.bo(4) is the tensor product of the following four families of Hopf

algebras:

1. Polynomial and exterior subalgebras of H,bo,:

P(Zio A"+ . ai) > 4n+3),0n b0(4>8

n

eoz9 0 [AT"] r (i) > 4dn + 3) ,on bo(4) -

€% 0z 0[N a(i) > 4n + 3) ,on bo(4) -

e® o z40 A" i) >4n + 3) ,on bo(4) -

— ' 8n+4

290 [BAT], 25t o [5)\_”]) ,on bo(4) a4 O <0

e 0 24 0 [BATI] i) > 4n + 4) ,on bo(4) onis

Zgi 0 [@PA™I] 4 (i) > dn+ 5) ,on bo(4) -

[ X "] — 1) ,on bo(4) gy forn <0

(
(
(
(
(Z4z- o [BATHII 4 a(i) > 4n + 4),on bo(4)
(
(
(
(
(

Ziofod ™)+ a(i) > 4n+6),0n bo(d)

E([a/\’"] - 1),on bo(4) o 1> forn <O0.

2. Polynomial algebras on generators that decompose in H,bo,, companions
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to the polynomial algebras in the first family:

P(Fj(zio AN 4. ali) 4+ =4+ 3,0, > 1),on bo(4)

n

P(Fj(eozgi o AT")+...ra(i))+j=4n+3,5> 1) on bo(4 )8 41
P(Fi(e? 02 0 ") . ali) +j = 4n+3,§ > 1), on bo(d)
P(Fi(zi0 [BA* ) 42 afi) +j = 4n+4,i,5 > 1), on bod)
3. Exterior algebras involving (o) that arise from the second family:

E(ﬁo 0 Bi2) 0 B2y 0 Cn,4) + ... ) ,on bo(d)

Oﬂ(iz)O,Bfi)OC(n,él)-l—...:i2>0> on bo(4)

— L 8n+2

— "~ 8n+3

</B ) O/B(Z'2) O/B(ia)oﬁ&i) OC(TL,5)+ : i3 > ’ig = 1) on b0< )
(5 0 B%) 0 Bis) © By © B2, © C(n, 6) + :i4>i3=i2+2),

on bo(4) N
4. General exterior algebras that arise from the third family by unlimited

suspension:
E(A(S) 5 /B(ZS+2) /3(2 5oCn,s+4)+.. )
E(A(S) ° 5&t+1) 0 Blisys) © 5fz'2s+3) oC(n,s+4)+... 10512 > is+1)
E(A(5) 0 Bt 1) © Bl © Blnra) © B2 10y 0 Cls +5) + ...
Us43 > lsp2 = lsy1 + 1)
B(A(s) 0 B 1) 0 B2y © Blicrs) © Blicr) © Bl sy © Cl1 5+ 6) +

Z's—|-4 > 7;5+3 = 7:3+2 + 2) .

3.2 The computation of H,bo(2)

To calculate H,bo(2) , we use the following exact triangle of spectra:

®: SH — bo(4) — bo(2) — L?H.
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Once again we define
© : H,bo(2) —HH,,

and

The starting point is

where we note that

H.bo(2) | =HKO ,= E(E% olo?] i > 0) ® E([aQ] - 1).
Also, bo(2) , = bo,, for k < —2. Thus we start with
@(W] - 1) - [1]

and

C : Zgi o [@?] + Zgi 0 [,

for 7 > 0.

Again we define
A(s) = the set of all B,y 0 B, 0 ... 0 Bg,), for s > 1,

A(0) = 1],

but now we inductively define
C(n, k) = the set of all 5(‘;2’6) o 5&;1) 0 Bligss) © Blirys) ©C(n — 1,k + 4),

where i3 > igro > k41 + 3, starting from C(0, k) = [1].



45

Our conclusion is that the maps

bo(2) —bo, - KO,

and

@3b0<2>n_>ﬂn+2

embed H,bo(2) . as a sub-Hopf algebra of H.(KO, x H,.,), which we de-

scribe. Thus H.bo(2) is the tensor product of the following four families of

Hopf algebras:

1. Polynomial and exterior subalgebras of H,bo,:

P(Eio A"+ ... ai) > 4n+2>,0n bo(2)

n

Zoi 0 [@PATH 4+ sa(i) > 4n + 4) ,on bo(2) -
[ A" — 1) ,on bo(2) an_yr 0T <0
ZiolaA U]+ (i) > 4n + 5) ,on bo(2)

E([a)\_”] - 1) ,on bo(2) on_y» forn <O0.

2. Polynomial algebras on generators that decompose in H,bo,, companions
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to the polynomial algebras in the first family:

P(Fj(zi oA +...ia@d)+j=4n+2,4i,j > 1),on bo(2)

P(Fj(eoz%o A" +...:a()+j=4n+2,j > 1),011 bo(2) N

P(Fj(e°20z4i oA +...:ad)+j=4n+2,j > 1),on bo(2) -

P(Fj(Zu o [BA_(TL-I-U]) +...:ai)+j=4n+3,i,5 > 1),011 bo(2)

. Exterior algebras involving f(g) that arise from the second family:

(ﬂ 0 B2y 0 C(n, 3) + ) on bo(2) .
E(ﬁ{’é”) 0By o C(n,3)+...10 > 0) ,on bo(2) _

E (8880 sy © Bigy 0 C(n,4) + .. i > ip = 1) on bo(2) -

E(ﬂ(o) 9 52);;) 9 ,3(13) 9 5(1'4) 9 C(n, 5) —+ ... i4 > i3 - ’ig + 2),011 b0<2>

8n+5"

. General exterior algebras that arise from the third family by unlimited

suspension:

B(A(s) 0 B2,y 0 B0y 0 Clnys +3) + .. )

E(A() 0 B 1) © Bliasn) © Clmy 5+ 3+ .. Higya > g )

B(A() 0 B0y © Bliven) © Bl © Oy s +4) . 2k > inga = iy +1)
B(A(5) 0 B2,y 0 Bit 12y © Blisss) © Blius © C(, 5+ 5) +

s+ > 143 = lsy2 + 2)-

3.3 The computation of H,bo(1)

To calculate H,bo(1) , we keep in mind that we have the following exact tri-

angle of spectra:

®: H — bo(2) — bo{l) — Z'H.
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We again define
© : H.bo(1) L HH,

and

¢ : H,bo(2) o H,bo(1)

n

The starting point is

where we note that

Hubo(l) =H.KO_, = E(z,- ola]:i > o) ® E([a] - 1).

-1

Also, bo(1) = boy for k < —1.

We define
A(s) = the set of all B,y 0 By 0 ... 0 Bg,), for s> 1,
A(0) =1
as before, but now we inductively define

C(n, k) = the set of all f;,) o ﬁ&iu) 0 Bt 10 Biirs) 0 C(n — 1,k +4),

(fk+2)
where i3 > ixio + 3 and i > i1, starting from C(0, k) = [1].

Our conclusion is that the maps

bo(1) o bo, - KO,

and
O : bo(1) o H,

embed H,bo(1) _ as a sub-Hopf algebra of H.(KO, x H, ), which we de-

scribe. Thus H.,bo(1) is the tensor product of the following four families of

Hopf algebras:
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1. Polynomial and exterior subalgebras of H,bo,:

P(zi o[ A" +...:a(i) >4n+ 1),011 bo(l)

Plzgo[A™], 25" o [)\_”]) ,on bo(l) g forn <0

®
o
N
£
=
>
3
+
=
Q
—
~
vV
.
N
+
[\
N——
)
=
=l
S
—~

[@®A™"] — 1) ;onbo(1) . forn <0
Zio[eA™ ™D 4 o) > 4n + 4) on bo(1) bo(1) o ..

E([oz)(”] - 1) yon bo(l) ., forn <0.

2. Polynomial algebras on generators that decompose in H,bo,, companions

to the polynomial algebras in the first family:

P(Fj(zi o AT") 4 ...ra(i)+j=4n+1,4,5 > 1),011 bo(1)

(€029 0 ”])+...:a(i)+j:4n+1,j21),0nbo(1>8n+1

8n+2

P(F
(F7 024 © ])—i—...:a(i)+j=4n+1,j21),0nb0<1)
u

P(FI(Z4 0 [BA~ (n+1])+_,.:a(i)+j=4n+2,i,j21) on bo(1) m
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3. Exterior algebras involving (o) that arise from the second family:

E(ﬁgg‘) 0C(n,2) + ... ),on bo()

( (O)oﬁZ2 oC(n,3)+ :1'2:1>,0nb0<1)8”+3
(ﬁ(o) 0 Bliay © Blisy 0 C(n,4) + ... 1ig = ip + 2>,0n bo(1)
(5(0) o ﬁzz o ﬂ(ze,) o ﬁ“ o ﬁ(% o C(n,6) +

is > is + 3) ,on bo(1)

8n+5

8n+9°

4. General exterior algebras that arise from the third family by unlimited

suspension:
E(A(s) 0 5ty 0 Cln,s+2) +...)
CIOXY o
(A(S) ° ﬁ(oi2s+1) ° B&iw) 0 Bligys) © C(n,s+4)+ ... 1053 =tls4p + 2)
(A 0 B2, 0 B2y © 8210y © Bty © Blicsy © Clny 5+ 6) +

isss > ise1+3).

E(A(s) 0 B3,y 0 Biys) 0 Oy 5 +3) - tigys = i1 + 1)

3.4 The computation of H,bo,

We note that we can use this same process to come full circle, calculating

H.,bo, from H,bo(l) . Here we start with the exact triangle of spectra

®: Y 1K(Z) — bo(l) — bo(0) — K(Z),

and proceed from this point as we did in the three previous calculations. W
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