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Abstract

In this paper, we give new bases of F, (BP(1>4) and FE, (BP<1)6> in
order to define a basis of E* (BP <1>4) and E* (BP (1>6). With these two

new bases, we have a short exact sequence of Hopf algebras
* v¥

E* «— E* (K (Z,3)) «— E* [[yu) : i > 0]] «— E* [z : i > 0]] «— E*.

The action of v} is calculated by using formal group laws and used to compute

E* (K (Z,3)) as a completion of E* [z()].

Readers: Dr. J. Michael Boardman (Advisor) and Dr. Jack Morava
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1 Introduction

The Eilenberg-Mac Lane Space K (Z,2) is readily recognized as complex projective
space CP>. Given any multiplicative complex-oriented generalized cohomology the-

ory E*(—), a classical result of Dold states that
E*(CP%) = E* [[z]],

the graded ring of formal power series over the coefficient ring E* of FE, where z
denotes the Chern class of the Hopf line bundle over CP°.

This paper studies the E-cohomology of the next Filenberg-Mac Lane space
K (Z,3), which may be viewed as the classifying space of K (Z, 2), for certain complex-
oriented F.

Note that, for any space X, a cohomology class in E* (X) corresponds to a map
X — E,, defined up to homotopy, where £, comes from the Brown Representation
Theorem, which can be stated as: for any cohomology theory F, for all k, there exists
a classifying space E, such that E* (X) = [X, E,], the set of homotopy classes of
unbased maps X — L.

For a prime p, the Johnson-Wilson spectrum BP (q) is a BP-module spectrum
with 7, (BP (q)) = Z) [v1,- -+ ,vg). For ¢ > 0, there is a stable cofibre sequence

S22 -DBP (¢) —5 BP (q) — BP (g —1) — S¥'"'BP (g).
Unstably, the boundary map is

BP(k—1) — BP (k)

g j4+2pk—1

and the iteration is

K(zZ,/p',q+1) — K (Zy),q+2) — BP(1)

q+2p+1

where g (q) =2 (p? +p? ' +---+p+1) and BP (0)

o = K (Zgy, g +2). In [RWY],

there is an exact sequence in the category of K (n) -Hopf algebras:

K(n), — K(n), (K (Zg),q+2))

— Ko.(BPW@,,) " K0, (BPW,, )

*

g(q




This induces, by Theorem 1.19 in [RWY],

BF (BP <q>g(q))

(v:)
where (v;) denotes the ideal generated by the image under v; of the augmentation
ideal in BP (BP <q>g(q)—|vq|)'

In 1999, Tamanoi [T], who was motivated by the above result, created new gen-

BP* (K (Zg),q+2)) =

erators and wrote down a very simple relation in terms of his new generators. Let

(@)

Lo(a)+

, be the inclusion map

(@ .
Lola)+t Mg(q)H — BPy(g)4e

for £ < 0. Recall that by Wilson’s Splitting Theorem [Wil75], BP (q)

——"9(q)
2‘21 Vit exists. This map defines a cohomology class

is a factor
+t

space of BP .- Thus, ¢

(q) g(q)+t
Lygyrt € BP (B r <q>g<q>+t) ’

namely the BP fundamental class for BP9+t (BP (q)g (q)+t>. Then, Tamanoi de-

fined the v,-series

[vg] = vg (é]@l)) € Bpoo (BP <q>g(q)> ’

which comes from the composition map

S
BP(g) % BP{q) "l pp

9(q) 2 g(g)—|vg| 22-g(q)—|vql"

Also, he showed that

0] = 000 + 010+ v 00

q q+j

where the class 89

i With j > 1 is defined as the following composition:

proj{q+j) .
—"" BP <q + ‘]>g(q)+2p‘1“—2pq

MQ(Q) — QQ(Q)—Q>£9(

q)—|vql

- —Bpg(q)+2pq+j—2p"

and the projection is provided by Wilson’s theorem.



We take p = 2. By the short exact sequence of Hopf algebras
BP* «— BP* (K (Z,3)) <~ BP" <BP(1) ) 2 pp (BP<1> ) — BP",
- g il Sy '

we have
BP* (BP <1>6)
(vi) ’

where (v]) denotes the image under v; of the augmentation ideal of BP* (BP (1)4).

I

BP* (K (Z,3))

The relation Tamanoi found in this case is

vt (2(0) = Vi) + vay) + -+ VY- + -

By tensoring with Z (1, 2)", we have E (1,2)" (K (Z,3)) = E (1,2)" (BP <1>6) J (v%)
where v] (x(o)) = U1Y(0) + V2Y(1)-
We use the formal group law to create a new set of generators ygi), for which the

relations in F (1,2)" (BP <1>6) take the simplified form

v (2) = o1 Yo +v3 Yy + Do
for + > 0, where D(;) is decomposable.

This paper is organized as follows: In section 2, we collect some basic notation and
theorems for the cohomology theories BP and F (k,n). We calculate some formal

group laws in section 3. In section 4, a basis of BP, (BP (1) ) and BP, (BP (1) )

—— 14 — 6

will be given so that we can write down a dual basis for B P* (BP (1) ) and BP* <BP (1) ) :
Ay 6

These are used to prove the main results.

2 Preliminary
The coefficient ring for Brown-Peterson cohomology is
BP* = Z(p) [Ul,UQ, . ]

where the degree of v, is —2 (p™ — 1). In homology, we often write the coefficient ring
as BP,, with BP, = BP™" (see [RWT77)).
We have the Hopf algebroid (BP,, BP,BP) which satisfies:



1. BP, = Zy) [v1,va, - - - ], where degv, =2 (p" — 1).
2. BP,BP = BP, [t1,ts,- -], where degt, =2 (p" — 1).

3. ng : BP, — BP,BP is a ring homomorphism, where 7zv is written as [v].

Let I,, be the ideal (p, vy, vs, -+ ,v,-1). And, vy = p.
Let BP (n), = Z) [v1,v2, -+ ,v,] and {BP (n) } be the Q-spectrum of BP (n).

— %

Let P (n) be the theory with coefficient ring
P (n)" = BP* /I,.

And,
P (0) = BP or BP,

where BPI; is the p-adic completion of BP. We have stable cofibrations
»2P" -V p(n) 2% P(n) — P (n+1)

which lead to long exact sequences in cohomology.

There are spectra E (k,n) with coefficient rings
E(k,n)" 2v,'BP(n)" /I
with similar stable cofibrations
2 D E (ke n) 2% B (kn) — E(k+1,n)
and long exact sequences. In particular, for 1 < k < n,
E (k,n)" =2 v, "BP (n)" /I, = F, [vg, ves1, - v, vy, '

A special case, when k =n > 0, is the n'® Morava K-theory, K (n)* (X), with

K (n)" =2 Z/p[va,v,"] .

Also, when k =0, E (n)" = E(0,n)" = v,'BP (n)" = Z) [v1,v2, -+ , Un, v, "].
Let E denote any of BP,, P (n) or E (k,n) where 0 < k <n and 0 < n.



2.1 Formal Group Laws

We summarize the properties of formal group laws. We are working with the Brown-

Peterson spectrum with prime 2.

Definition 2.1 A formal group law is a power series

F(y,2) =Y ay'?

4,520

such that
1. F(y,0) =y and F (0,2) = z,
2 F (5, F (5 0) = F(F(y,2),w),

where a;; s in a commutative ring with unit. Moreover, we say a formal group law

is commutative if F'(y,z) = F (z,y). We write y +r z for F (y, z).
Example 2.2 We have two trivial examples of commutative formal group laws:
F(y,z)=y+z

and

F(y,z)=y+z+y-z.

By the first condition in the formal group law definition, we have

1 ,ifi=1
Q0 =
0 ,ifz';«él
and
1,ifj:1
CLOj:
0 ,ifj#1

Therefore, we may write our formal group law in the following form

F(y,z)=y+ 2+ Z a;y' 2

i,j>1

Let z € BP%(CP>) be the Conner-Floyd Chern class.



Proposition 2.3 (In [RW77] Lemma 3.3 on Page 255) We have

1. BP*(CP>) = BP*|[z]], the ring of formal power series on x = '~ over
BP*.

2. BP*(CP* x CP*®) = BP*(CP*)®pp- BP* (CP>).

3. BP, (CP®) is BP,-free on 3; € BPy; (CP*®) fori > 0, dual to (x(cpoo)i, i.e.
<(l_(cpoo)i 75]> = 52]

4. BP, (CP> x CP>) ~ BP, (CP®) @pp, BP. (CP%).

5. The diagonal CP* — CP> x CP* induces a coproduct 1) on BP, (CP>) with

6. The H-space product mgpe : CP* x CP* — CP* induces a coproduct m¢ peo
on BP* (CP*) with m{pe (7)) = 3 a (x(cpoo)i ® (a:(cpoo)j where a;; €

1,520

BP72(i+‘j71) - BPQ(Z'Jrj,l).

7 F(y,2) =Y+psp2=y+rz= Y, aijyizj 18 a commutative associative formal
i,j>0
group law over BP*.

Let 8 (s) = >_ 3,;s" where s is a formal indeterminate.
i>0

Proposition 2.4 (In [RW77] Theorem 3.4 on Page 255) In the power series ring
BP, (CP>)[[s,t]], we have

B(s)B(t) =P (s+rt)

where the product is that induced by the H-space structure of CP*°. Moreover, for a

natural number n,
B(s)" = B(Inlp (),
where [n|p(s) =s+ps+p+---+rs forn>0.
Consider z € BP? (CP>) = [CP>, BP,| as a map
CP>* % BP,.

This map induces a map x, : BP, (CP*) — BP, (BP,).



Definition 2.5 We define
bi = . (B;) € BPy (BP,) .

As with 3 (s), we have

. (B (8)) = . <Z 5i5i> = Zx* (B;) 8" = Z b;s'.

1>0 >0 1>0

Therefore, we define b(s) = >_ b;s' € BP, (BP,) [[s]], that is, b (s) = z. (8 (s)).
i>0
The H-space product m : BP, x BP, — BP, induces a coproduct m* on
BP* (BP) with m* (z) = Y a2’ ® 27 where a;; € BP720+7) = BPy;. ;i y).
i,5>0

According to [RW80], BP, (BP,) is a Hopf ring, where the maps of coalgebras

*3BP*(£1€)®BP*(£1€)§BP*(£1€xﬂk)—)BP*(Ek)

are induced by the maps BP, x BP, — BP, that represent addition in cohomology

and the maps of coalgebras
o: BP,(BP,) ® BP. (BP,) = BP, (BP, x BP,,) — BP, (BP,,..)

are induced by the maps BP, x BP, — BP, . that represent multiplication in

cohomology.
Definition 2.6 In BP, (BP,)[[s,t]], we define

b(s) +ir b(t) = b(s) +im,,, b(t) = * [ay] ob(s)" 0 b ().

i,j>0
Proposition 2.7 (In [RW77] Theorem 3.8 on Page 256) In BP,(BP,)|[[s,t]], we

have relations:
1. b(s+pt)=0(s) +(F] b(t),
2. b([2] (s)) = 2]y (b (s))-

We can rewrite the relation b (s +rt) = b(s) +p b (%) as

’ <Z “ijsitj) = aylob(s)" b ()7,

Z? -
0,70 !



that is,

Z b, (Z aijsitj> = i,j*zo [a;;] o <Z bk8k> o (Z blsl) .

n>0 4,7>0 k>0 1>0

Proposition 2.8 (In [RW77] Theorem 3.11(b) on Page 257) In BP for the prime 2,

we have

20 () =3 " 0t mod (2).

n>

In BP with prime 2, we have, see [RWT77],
2] (t) = 2t—v1 420783 — (Tvg + 807) t*4(30vavy + 2607 ) £°— (1110907 + 8407) 0+ -
Remark 2.9 From Lemma 1.12 in [RW77],

1. a0 =apy =1 and a;90 = ag; = 0 if ¢ # 1,

2. by = [0g],

3. bpob; =0 for all © > 0,

4. by o [a] = [02_9;] where a € BP™

5. 2, = [2] 0 by,

6. b2 = 2by — v1by + [v1] 0 13% in BP, (BP,) from page 261.

2.2 Wilson’s Splitting Theorem

We study the commutative diagram of H-spaces and canonical H-maps

BP; - BP,

l l (1)
K (Z@.3) - BP(). - BP(1)

in which the bottom row is a fibration.
By Wilson [Wil73], BP (1) splits off BP, as an H-space. BP (1) - splits off BPg,

but not as an H-space. Both maps v; represent multiplication by v; in cohomology.



(The fibre of an H-map is automatically an H-space, and by uniqueness, the resulting
H-space structure on K (Z(g), 3) must be the standard one, up to homotopy.)

We apply homology theories F, (—) and cohomology theories E* (—) to this di-
agram, for various £ = BP or E (1,2). Note that since all the £ we consider are
2-local, we may replace E* (K (Z),3)) by E* (K (Z,3)). BP, (BP,) was computed
by Ravenel-Wilson [RW77] and is a free BP,-module. Since each E we use comes
with a multiplicative map BP — FE that induces a surjection BP, — FE,, comparison
of the Atiyah-Hirzebruch spectral sequences shows that E, (BP,) and E, <BP (1) )

— Lk

are free F,-modules for k = 4,6. More precisely,

In view of the above splittings, the same holds for BP <1)k By dualizing, we have

E*®pp-BP* (BP,) = E* (BP))

in cohomology.
Ravenel-Wilson-Yagita [RWY] established the short exact sequence of bicommu-
tative Hopf algebras

B E <&<1>4> M g (BP (1) ) I B (K (2,3)) — B

— 6

for various £. We wish to use this to compute F (1,2)" (K (Z, 3)).

2.3 The Formal Group Law for F(1,2)

Consider the spectrum F (1, 2) associated with the prime 2 where the coefficient ring
is E(1,2)" = Z/2 [v1,v2,v5']. We study its formal group law F (y, z).

For convenience, we define A; = v; and Ay = vy. Also, for £ > 3, we define

R m,.n
A = E V] VY

m,n>1
2m+22n=2k

Lemma 2.10 v,t? +p vot* = Z At
k>1



Proof. By the formal group law, we have
it g vgtt = vyt - ont? & Z amnumgt?m*?".
m,n>1

Take the coefficient of t**. m
A lower degree calculation (2.11) is in the Appendix.
We note that (a + b)* = a + b* mod 2. Thus, we have

(01t +pvat?)™ =3 AT
k>1
In general, we define C, . as the coefficient of t** in the equation
(U1t2 +r U2t4)q = Z C 7kt2k.
k>1
It’s easy to see that
Cor=0,if k <gq
and
ng’k = qu*qk:‘

for all ¢ > 1 and k > 29, interpreted as 0 if k is not divisible by 29.

2.4 Appendix: Low Degree Examples

We collect some precise low degree calculations here for reference.
Example 2.11 The first few terms of

U1t2 +r U2t4

2 4 6 2 8 3 2 10
= 01t* + vt + apv1vat’® + anvivat® + (azvive + arpviv3) t

4 2.2\ 412 5 3,2 3\ 414
+ (a4lvlv2 + a22v102) 7+ (a5lvlvg + az2v7v5 + CL13U1U2) t

6 4,2 2,3\ 418
+ (a61?}1'02 + a4207v;5 + a2301v2) o+

= At? 4 Aottt + Ast® + Agt® + At + Agt!? + At 4 Agtto + -

10



Example 2.12 The first few terms of

(U1t2 +r U2t4) 2

2
k>1

= (Arf? + Apt® + Agt® + Ayt® + ) (Art? + Agt? + Agt® + Ayt + )
= AjAit* 4 (A1 Ay + A A 10 + (A1 Az + Ay Ag + A3Ay) t8

+ (AL Ay + Ay As + AzAg + AgA) 10 +
= ANt + 241 Axt% + (A3 + 241 A43) 17+ 2 (A1 Ay + A2 A3t +

or

(018? + vot?)?

= vlt + 20q09t% + (v2 + 2a11v1v2) 2 +2 (Gzl’l}l’l}z + allvlvg) 10

2 2,2 12
+ ((1117}17}2 + 2 (CL31U1U2 + (1121]11}2 + aglvlvg)) t

3 5 3 2 3 2 3 2 14 16
+2 (a120105 + as1v7vs 4 anvivy + az1vivi + anasvivy) t + (a3,viv3) t

16
+2 a51U11)2 + CL13U1U2 + a22U1U2 + a32v1v2 + a411)11)2 + a11a1201v2 -+ a11a3lvlv2) t

18
+2 (az2vivd + az10305 + a130105 + ag1v{va + sV V3 + aszvivd) t

—|—2 a11a221)11)2 + CL126L211)11)2 + CL116L41U12)2 + a21a31v1v2) t18 + .-
Example 2.13 For p = 2, the first few terms of
2
(U1t2 +r U2t4)2

2

= (Ait® + Aot + Ast® + - - )4
= AN+ 22AT AT + 2 (245 A3 + 3ATAZ)
+ (A3 + 6ATA] + 124 AJ A3 + 12AT Ay Ay + 4ATA) 10 + - - -

11



3 BP Homology and Cohomology of BP<1>4 and
BP<1>6

We focus on the prime 2. Let E be a 2-local cohomology theory. We borrow the
notations and results from [RW77]:

Definition 3.1 [v;] is defined in Ey (ﬂﬂ@_l)) using v; € To2i_1y (BP).
Definition 3.2 Ay = (0,---,0,1,0,---) where 1 is in the k-th position.
Definition 3.3 b(,,) = bym € Eom+1 (BP,).
Definition 3.4 In the ring of indecomposables QE. (BP,), define

[vl] b — [v?v? .. } o b‘(’gs) o b‘(){)l o-..

where I = (iy,i9,-++) and J = (jo,j1, ) are sequences of non-negative integers

almost all zero. Note that Proposition 2.7 implies that the other b, are redundant.
Definition 3.5 For J = (jo, j1, - ), we define the length of J as € (J) = jo+ji1+---.
Definition 3.6 We call [v'] b’ allowable if

J =20 + 2204 + -+ 2N, + T,
where ky < kg < -+ <k, and J is non-negative, implies i,, = 0.

Proposition 3.7 The allowable [vq b7 (J #0) form a basis of the free BP,-module
QBP, (ﬁ;), where ﬂ; denotes the base components of BP,. (BP; = BP, for
k>0.)

Proposition 3.8 The [v] b7 o by with [v'] b7 allowable (J possibly zero) form a
basis of the submodule of primitives PBP, (ﬂ;)

Remark 3.9 A basis of QBPy,, (BP,,),n > 0 is given by all allowable [v'] b’ with

m=> j2"andn=> ji—Y i (2" -1).

k>0 k>0 k>0

12



We need to compute vj : E* (BP (1>4> — E* (BP (1)6>. These are power series
rings. We compute on the indecomposables, Qu} : QE* (BP (1) ) — QFE* (BP <1>6),
which is dual to Pv,, : PE, (BP<1) ) . PE, (BP<1> ) The latter is simply

= Vg Sl o V'
multiplication by [v1].

The double suspension factors as
boyo—: B, (BP <1>4) L QE, (BP <1>4) =, PE, (BP <1>6) — E, (BP <1>6>

and similarly for PFE, (BP (1) ) We therefore compute the homomorphism of free
i o '

FE,.-modules

Ve QE, (BP <1>4> . QE, <BP <1>2) .

We temporarily omit o here, as it is the only multiplication in Q) FE, <BP <1)*>

The Ravenel-Wilson basis is not the most useful here.

Theorem 3.10 The elements b; for i > 0 form a basis of QF., (BP (1) ) as a free

— 12

E.-module.

To show that a set of elements is a basis, it is sufficient to work mod I, =
(2,v1,v9,---) and check that we have a basis over F,, according to the Nakayama
Lemma. We introduce the Bendersky generators h; of QE, (BP,) (see [B82]). They
may be defined by

b(x) = hox +p) hyx? +(F) hoxt +E (2)

where [F| denotes the formal group law using the right BP,-action by the elements
[v;]. If we replace each b; by h; in the Ravenel-Wilson basis of QF, (BP,), we

obtain another basis (since h; = by mod /., see below.) When we map to BP (1)

- Ty

the resulting basis of F, (BP (1}2) consists of the elements
[Uﬂ hiohil hiQ e h'Lk

where k£ > 0 and ig < i1 < ig < -+ < ip.

The theorem follows from the following lemma.

13



Lemma 3.11 Given n > 0, write n in binary form as n = 2 + 24 + ... 4+ 2% with

ip < i1 < -+ <ig. Then in QFE, (BP,),
by = [v7] highiyhiy -+ hiy mod (1o + ([v2], [vs] -+ +)) .
Proof. The main relation (see Proposition 2.7) reduces to
0=0([2](2)) =[] b(2)" = Z [v1] b ™.
The coefficient of z2" yields [v1] b%, = 0.

()
We deduce by induction on ¢ that [v1] h} = 0, starting from by = hg. When we

expand (2) and take the coefficients of 2%, we get b;) = h;+terms with a factor [vy] h3
for some j < i. Hence by = h; and [v1] h? = 0.

If [v1] 2* = 0 and [v1] y* = 0, the right formal group law takes the form z 4z y =
x 4y + [v1] zy. Then the coefficient of 2™ in (2) yields b, on the left, and the only

surviving term on the right is [v}] ki hi by, - - by, ®

Lemma 3.12 In QF, (BP <1>2>, each b, can be expressed as a polynomaial in the

elements by and [v1], with no vy or v,.

Proof. The coefficient of 2™ in (2) expresses b, as a polynomial in the h; and [v;].
If n = 2%, we can use by = h; + -+ to express h; as a polynomial in b, the h; for

J <1, and [v;], and hence inductively as a polynomial in the b¢;) and [v1]. m

Remark 3.13 If n is not a power of 2, this polynomial is divisible by [v4].

Next, we consider Q) F, (BP (1) )
Lemma 3.14 If n is not a power of 2, there is an element b, € QFE, (BP <1)4> such
that [v1] by = by in QE., (BP <1>2).

Proof. When we expand (2) and take the coefficient of 2™ to find b, every term
on the right (working mod [vs], [v3], - -+ ) contains a factor [v;]. ®

In particular, by Lemma 3.11,

En = [Ulf_l] hiohilhig s hlk mod Ioo-

14



The only missing elements from the modified Ravenel-Wilson basis of Q) E, (B P <1>4)
are the elements h? = b%i) for i > 0. We therefore take as a basis of QL. (BP (1)4),

the elements b, for n not a power of 2 and the elements bfi)‘ We now compute vy,.
The main relation, mod 2, is
D b ([2 () = (2] () = [m]b(2)* = Y [on] b2™
q i
Recall that ([2] (z))? = Z C,xx%*. Take coefficients of 22", Then
k>1
qui Cyaibg,  fori > 0;

b,,  for n not a power of 2

i

’Ul*b%

~

) = [0 =
Ul*bn = [Ul] l;n =

gives vy, precisely in terms of our bases.

We summarize the relationship between E,, QF, and PFE, in a diagram:

E.(BPO)) B (BPQ),)

| !
QE. (BP(),) ¥ @ (BP),)
=] — o b =]

Pvl*
e

N
E*(BP<1>6> LN E*(BP<1>) SV’

l !
QF. (BP(1),) 25 QE.(BP(1),)

3.1 Generators of Cohomology

We return to the primitives. Our basis of PE, (BP (1) ) = PM, & PR, consists of
2y

two parts:
1. Elements b o b, for n not a power of 2, which span the submodule PMj.
2. Elements b(g) o by for @ > 0, which span the submodule PR,.

Our basis of PFE, <BP (1>6> = PMg & PRg consists of two parts:
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1. Elements b o b, for n not a power of 2, which span the submodule PMjg.

2. Elements b o bz’f) for ¢ > 0, which span the submodule P Rg.

In terms of these bases, vy, is given by

V1x (b(o) o Z;n> = [v1] 0 by © b, = by o bn,  for n not a power of 2
o o 5)
V1« (b(O) @) b(f)) = [Ul] @) b(O) @) b(2 Z sz ( )
q<2?
Note that vy, <b(0) o b?%) contains terms in PM,.
Now, we can consider the duals QFE* (BP( ) ) and QFE* (BP( ) ) the inde-
il Sl
composables of the algebras E* (BP (1) ) and E* <BP (1)6>.

Proposition 3.15 (In [RWY] Page 6) Since, for k <2(2¢9+27 1 +... +2+1), the
spaces BP (q)k are all torsion-free for ordinary homology, we know that they are BP,-
free and the Brown-Peterson cohomology is just the BP*-dual. Likewise, the induced

cohomology homomorphisms are just the dual homomorphisms.

Proposition 3.16 (In [RWY] Section 8.5 at Page 39) Both BP* (BP<1>6> and

BP* (BP <1>4) are power series Tings on generators dual to the primitives in the

BP-homology.

Dualizing to cohomology, we write E* (% > = A®M, where A and M
are power series rings generated by the duals of PR, and PM,, respectively, and
E* < %ﬁ) = B®N, where B and N are power series rings generated by the duals
of PRg and P Mg, respectively. Since vy, : PMg = PM, is an isomorphism, so is
Qui : QM — QN (considered as quotient modules). So

coker [Qu} : QA S QM — QB & (QN] = coker [Qu] : QA — QB].

We therefore limit attention to A and B. Define generators ;) € A dual to b o b,
and y(; € B dual to b o bff), so that

A=E" [z :i>0]]
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and

B=E" [y 1= 0]].

It is to be understood that all such rings allow any infinite linear combination of
monomials with coefficients in £* of appropriate degrees. Note that the degree of
z() is 2(1+2") and the degree of y;) is 2(1+ 2"). Then dualizing (5), in Qv :
QE* (BP(1),) — QE* (BP (1), ), we have

Vi (20) =D o
Jj>u
Recall that Cyi 95 = Ag;_i = A%;.fi), where we write Ay = Agi, and that Ay = A; =

vy and Ay = Ay = vy. Then, for ¢ > 0, Qvj : QA — @B is given by
(1 1

Vi (z0) =07 Y + 03 sy + Y AlyYin)- (6)
k>2

Also,
UT (un) = wy + Z Cn,ZJy(j)v

J

where u,, is dual to by o b, and w, is dual to b o Z;n

3.2 The Module QFE* (K (Z,3))

We consider the indecomposables of the algebra E* (K (Z,3)), where E = E (1,2).
Put z; = f* (y(i)) € Q = QFE* (K (Z,3)); these elements generate the E*-module
topologically, with respect to the z-filtration in which F™ = F"(@) consists of all

elements ) diz@), with d, € E*. From (6), we have the relations
k>n

v} 26) + U3 21y + D Ay Hirky) = 0
k>2

for : > 0. Note that for k > 2, Ay is divisible by v;vy; write A,y = vlng’(k).
We also have the v;-filtration, defined by the submodules v¥Q. Since v, is invert-

ible, we may rewrite the above relation as

2oy = 0F <U2 ¥z + Z (A/(k))Qi Z(z’+k)) :

k>2
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Lemma 3.17 Q /v?"Q is a free E*/ (vf")—module generated by z().

Proof. It is easy to see that z(o) generates Q,/v¥' Q. We have Q = E*20) + 11Q.
Multiply by vi; then

E*z0) + 11Q = E*2(0) + V1 E*2(0) + 117 Q = E*2() + 017 Q.

By induction,
Q = E*z0) + 11Q = E*2(0) + v} Q.
To see that there are no relations, let /' be the free R-module on generators (o), ¥(1),
“*, Y(n), considered as a quotient module of Q £* (&(1)6) viaq: QFE* (&(1)6) —
F, where for convenience we write R = E*/ (v}"). We note that Q,/v{"Q is a quo-
tient of F'. Suppose cz) = 0 in Q,/v¥ Q, where ¢ € R. Since qu} (x(i)) =0 for i > n,

this lifts to a relation

n—1 n—1 )
= Z Ciquy (x(z Z Ci (Ul Yo + Uz y i+1) Z U1 z y(i+k)>
=0 =0

in F, for some coefficients ¢; € R. The coefficient of y( gives ¢ = wvicg. The

coefficient of y(1) gives 0 = vicy 4 vacy, or ¢y = v¥vy '¢;. We show by induction on i

that ¢;_; = v} 122_? (14 a;)c; for 0 < i <n—1, for some a; € (v1) C R. Assume
this holds for i < m. The coefficient of y,,), where 0 < m < n — 1, in the above

relation gives

om om=— 2: gm—k zm k A
om gm—
= e+ 02 (1 —|—U1A)Cm_1

where by the induction hypothesis we express each ¢, j in terms of ¢,,_; and A € R.
Now 14 v;A is invertible in R by (1+v,A)"" = 1+ a,,, where a,, = 3. viA’, so
i=1

that ¢t = 02" 032" (1 + am) Cm.-

The same argument applies when m = n, except that there is no ¢,, to yield

Cn-1=0. Then ¢; =0 for all i and ¢ = v1¢p = 0. =

Theorem 3.18 The z-filtration and the v, -filtration define the same topology on ) =
QE* (K (Z,3)). Q is the free Fy [va, v "] [[v1]]-module generated by z ().
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Proof. We have already seen that 241y € v7' Q for all i > 0 so that F™ C v¥" Q.
Conversely, vfn_lQ C F™. This follows from vgn_2iz(i) € F" for 0 < i < n, by
downward induction on i, starting from ¢ = n. For the induction step, we multiply
the above relation by v%n_wﬂ

We know the z-filtration is complete, being a quotient of the complete filtered

E*-module QF, (BP <1)6>. By the above, the v;-filtration is also complete, and

Q= li£n Q Q= li}Ln]FQ [v2, 031 [v1] / (v]") = Fa [va, 03] [[01]] .-

We would like to extend this result to the whole algebra E* (K (Z, 3)).

3.3 Bases of Homology and Cohomology

We need to extend bases of PE, (BP(1>6> and PE, (BP (1) ) to F, (BP<1>6)
and FE, (BP (1) ) in order to define x(;) and y(;) as elements of E* (BP (1)

Ex <BP (1>6>. There is a standard way to do this.

Given a monomial ¢ € E, (BP (1>T> in the elements [v1], b;) and by, define Ve
by replacing each b(;) by b1y and each b, by b, /2, taking Vic = 0 if any ¢ = 0 or any
n is odd. (This depends on how ¢ is written as a monomial, but the choice does not

matter; the Verschiebung V' is only defined naturally mod /.)
Lemma 3.19 For anyy € E* (BP (1>T> and monomial ¢ as above,
(%,¢) = (y, V)"

Proof. (y°,c) = (V" (y®y),c) = (y®@y,vc) = > (y,c) (y, "), where ¢c =
¥ ® . Suppose that

C:[UT]obi1obizo"'Obik‘

Then

Ye=> WP obj 0bj0---0b; @[V} 0 by, 0biy sy 00 biyj,

summing over all j1, jo, -+, Jk, 0 < 7, <1,, and

<y2> C> = Z <y7 [Uin] © bjl ° bjz ©---0 b]k> <ya [vln} ° bil*jl o biz*jz 00 bik*]k) :
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Since we are working mod 2, all terms cancel in pairs except for the desired middle
term (y, V) (y, Ve). The same proof works for #-products of such monomials c. =

We construct a basis of F, (&(1} 6) as follows. We have a basis of PE, <&<1> 6)
consisting of the elements b o b‘(’f) (for i > 0) and by © b, (for n not a power of 2).
We adjoin new basis elements b o b‘(’,fﬂ.) (for i > 0 and k£ > 0) and b o Z;nk (for n
not a power of 2 and k > 0), where V’“ZA),L;€ = l;n The desired basis of E* (&(1%)
consists of all «-products of these basis elements (including the empty product 1),
without repetition of factors.

We define y(;) as dual to b o b?f) (for @ > 0). The lemma tells us that, for
all i,k > 0, y(Qf) is dual to by, o bf,f - (The duality for other monomials in the
y’s is far more obscure.) We also define w, as dual to by o b, (for n not a power
of 2). Then we have E* <&<1>6) — B®N, where B = E* Hy(i) D> OH and
N = E*[[w, : n # 27]].

A similar process extends the basis of PFE, (%4) to a basis of E, (&(1)4) )

We define z(; as dual to by o by and wu, as dual to by o b,. Then we have
E* (BP(l) ) = A®M, where A = E* [[x(;) :i > 0]] and M = E*[[u, : n # 27]].

Proposition 3.20 We have a short exact sequence of (completed) Hopf algebras

*

E* — E*(K(Z,3) <~ E* [y : i > 0]] <= B [[aq) :i > 0]] «— E".

4 E(1,2) (K (Z,3))

In this chapter, we assume that £ is F (1,2).
We wish to compute v7 : A®M — B®N. This is more complicated than Quy
because when we take decomposables into account, A no longer maps into B. We

restate (6), this time including the decomposables.
Lemma 4.1 In E (1,2)" (BP (1)6>,

v} (z)) =07 ¥ + 03 Yy + Y Ay + Do)
k>2
and
7flk (un> = w, + Z Cn,ij(j) + Dn

J
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where Dy and D,, are decomposable. m

It is easy to simplify the second equation. Because we are working in formal power
series algebras, to make a valid change of generators, it is only necessary to check that
it is invertible on the indecomposables. Here we simply replace w,, by w], = v} (uy,),
so that the second equation becomes v; (u,) = w/,. Then in the quotient algebra
E(1,2)" (K (Z,3)), any occurrence of w!, in D(; is replaced by zero.

First, we easily recover a well-known result.

Proposition 4.2 K (2)" (K (Z,3)) = K (2)" [[yw]]-

Proof. In this case, (6) simplifies to v (9(:(,-)) = v%iy(iﬂ). But, vy is invertible. m

4.1 The Bockstein Spectral Sequence

We have stable cofibrations
E(1,2) 2 E(1,2) — K (2).
The induced long exact sequence is

— K(2)" (K (Z,3) -5 E(1,2)" (K (Z,3) — ---.
Proposition 4.3 (In [RWY] Lemma 5.1 at Page 174) Let X be a space. Let 0 <

k<mnandn > 0. If K(n)"(X) is even-dimensional, then E (k,n)" (X) is even-

dimensional and has no vy, torsion (vy = p).

According to the above section, we know that (ignoring the invertible element v5)

*

K (2) (K(Z,3)) = F2 [[y0)]]

is even-dimensional. This implies K (2)" (K (Z,3)) is even-dimensional. Therefore,
E(1,2)" (K (Z,3)) is even-dimensional and has no v; torsion. Hence, the long exact

sequence breaks into the short exact sequence of graded groups,

0 — E(1,2)" (K (Z,3) 2 E(1,2)" (K (Z,3)) — K (2)" (K (Z,3)) -2 0.
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The Bockstein spectral sequence degenerates.
The filtration of the Bockstein spectral sequence provides a natural topology. We

have the ideal in E (1,2)" (K (Z, 3))
(v}) =im (E (1,2)" (K (Z,3)) == E(1,2)" (K (Z,3)) =5 --- = E(1,2)" (K (Z, 3)))
where we multiply by vi. This gives us a decreasing filtration by ideals

E(1,2)" (K (Z,3)) = (v]) 2 (v1) 2 (vf) 2 -+,

where each quotient is a copy of K (2)" (K (Z,3)) = K (2)" [[y)]]- In effect, this
gives a lower bound for F (1,2)" (K (Z,3)). It gives no information on (v$°) = () (v}).

n

Definition 4.4 The topology on E (1,2)" (K (Z,3)) from the Bockstein spectral se-
quence has a basis consisting of the cosets x + (v}) for all z € E (1,2)" (K (Z,3)) and

all 1.

4.2 Topology of Cohomology in F (1,2)" (K (Z,3))

We take E' = E (1,2) in this section.

Definition 4.5 Define 2y = [* (y;)) in E* (K (Z,3)) for all i > 0.

We treat E* (K (Z,3)) as the cokernel (in the sense of algebras) of the algebra

homomorphism v} : A — B, considered as a quotient of vi : E* (BP (1) ) —
2y

E* (BP(l) ) Thus, the elements z(;) generate E* (K (Z,3)) topologically. The

—6

formula for v} (:c(i)) provides the relation
of 2w + 03 e + Y Af_yz) = Do,
J>it2
where Dy;y is decomposable.
We have two topologies on E* (K (Z,3)). The first, from the filtration by powers
of the ideal (v1), was discussed in Section 4.1. This is the v;-topology. We have good

information on the quotients by (v}), but no information on (v{°). The second is

inherited from the topology on E* (BP (1>6> as dual to the algebra FE, (BP (1)6>.
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In the quotient by a basic neighborhood of 0, we retain only finitely many of the
monomials in the z(;. We call this the z-topology.

We compare these two topologies on E* (K (Z, 3)). They are not the same. Let Z
be the augmentation ideal generated topologically by all the z(;. Below, we display
schematically the v;-filtration and the filtration by (completed) powers of Z, where

we treat Iy [Ug, vy 1] as the graded ground field and suppress it.

20 | o | 20 | 1
Za) | v

20 v?

zf’l) Z@) | v}

As with any path-connected space, there is a canonical E*-module decomposition
E* (K (Z,3)) = E*1 & Z. 1t is obvious that no power of v; lies in Z, and Section 4.1
shows that no power of z() lies in (v;).

We need another coarser filtration that we call the 2z, -filtration. We filter £* (K (Z, 3))
by ideals generated topologically by all except finitely many monomials in the z; for
1 > 0. This is again a complete filtration, being a quotient of the corresponding

y.-filtration on B indicated by writing B = (E’* Hy(g)ﬂ) [[y(i) D> OH

Lemma 4.6 The v;-filtration and the z, -filtration define the same topology on the

augmentation ideal Z.

Proof. A basic neighborhood U if 0 in the z,-filtration is the ideal generated
(topologically) by the elements z(; for i > k and Z™, for some k and m. We saw
already in the proof of Theorem 3.18 that Ufkflz(i) c U+ 72 for all i, i.e., v%k’lZ -
U+ Z%. Then v¥* 127 C U + Z*! for all j, and

(m—1)(2"-1) (m—2

m— k_
vy Z C U+ (m=3)(21)

k_
2 1)Z2cU+vl ANGRES

cC U+o¥ ' zmcU+2m=U.

Conversely, given n, we have seen that z(;) € (vf) if 27 > n and that z{}) € (v])
for all ¢ > 0. Thus the z,-neighborhood U lies in (v}) if we take m = n and choose

k such that 251 > n. =
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Remark 4.7 The v;-filtration is clearly not complete in the summand E*1. Both

the z- and z,-filtrations are complete, but make the £*1 summand discrete.

Corollary 4.8 The z-filtration and the filtration consisting of the ideals ((vi) N Z) +
<Z€0)> fori,j >0 define the same topology on E* (K (Z,3)).

Proof. A basic z-neighborhood of 0 has the form U + (ZJO)>, where U is a z,-

neighborhood of 0. Choose i such that (vi) N Z C U. Then ((v})NZ) + (z(jo)) C

J
U+ (z(0)>.
Conversely, given an ideal ((vi)NZ) + <zfo)>, we can find a z,-neighborhood

U of 0 such that U C (vi) N Z. Then we have a z-neighborhood U + (zg0)> -
(v1) N Z) + (zg’o)). -
Theorem 4.9 As a topological ring, E (1,2)" (K (Z,3)) = E(1,2)" HZ(O)HA, where

the completion indicates vi-completion except on the E*-module summand E*1 gen-

erated by 1. Precisely,
E (]_, 2)* (K (Z, 3)) >~ E*1 7] ]F2 [’Ug, Uz_l] Hl)l, Z(Q)}} 2(0) -

Proof. By Lemma 4.6, Z is complete under the v;-filtration. Section 4.1 shows

that E* (K (Z,3)) / (v) 2 Fs [va, 03] [[2(0)]] [v1] / (v]). Hence
7z = liin Z/ V7 = <li£n]F2 [v2, 03] [[20]] [Uﬂ/(Uf)) 2(0)
= Ty [vg, 0] [[20)]] [[1]] 200)-

The topology on E* (K (Z,3)) is given by the z-filtration, or, in view of Corollary

4.8, by the ideals ((v¢) N Z) + <z{0)>. We can now rewrite (v}) N Z as (viz)). The

summand E*1 is simply a copy of E*, with no completion. =

4.3 Relations in E (1,2)" (K (Z,3))

Furthermore, we try to generalize Tamanoi’s result to higher degree. Therefore, we
change our generators a little to get a better looking formula. We note that we do

not use the invertibility of v,. Again, we write £ = F'(1,2).
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Earlier, we showed that in E* (BP <1>6>,
v (2w) = oy + 03 yarny + D Af_yyw + Do
j>i42
for © > 0, with D(;) decomposable. It would be desirable to change generators to

eliminate the unwanted terms. We can do the following:

Theorem 4.10 There are alternate generators yzi) of the algebra B such that B =
E* Hyzz) 11> 0” and

*

(%1 (x(i)) = U%Zyzi) + Uglygi_’_l) -+ D(i)
for all i > 0, where D is decomposable.

Instead of changing generators directly, it is more convenient to change the basis
of QF, (BP (1>6> before dualizing; then the change of generators will automatically

be continuous. First, we need to improve a previous observation.

Lemma 4.11 For k > 2, A, is diisible by vi.

k+1 .
2 1

Proof. Recall from Lemma 2.10 that A, is the coefficient of x n

2] (z) = v12? +p ver* = v12® + Vo2t + Z agvi vl
ij>1
Modulo v, the only terms that survive are v;2? + vox® + 37 ag;01052%+2. There is
j>1
no term in 22" forn > 3. =
We consider Qui, : QF, (BP(1> ) — QFE, (BP(1>2>, as before. Again, we

suppress o here, as it is the only multiplication.

Lemma 4.12 In QF, (BP <1>4), there are elements dgy and e(;) such that:
(a) vis (dp)) = vfm’lb(i) for alli > 0.
(b) The elements eg; for all i > 0 form a basis, and satisfy

V1x (6(1-)) = ’U%ib(i) + U;Flb(i,l).
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Proof. We construct d; and e(; inductively, starting from dg) = e() = b%o).
Suppose we have d;) for i < k. We recall from (6) that
k—1i
V1x (b%k)) = ’Ul b(k) + 112 (k,l) + Z A%Z) y(kfi)-
i>2
By induction,
v, ((Ul ok— z+1+1A2k z) d(k—i)) _ A%Z'k)_ib(k_i),

where we note that the coefficient of d(;_;) lies in E,. We set

B+ (o7 HAT) do

i>2

to cancel out the unwanted terms. To remove the b(,_1) term also, we multiply by a
further vfk’l and set d,) = vfkile(k) + v%kfld(k_l), so that

k_{4ok k k—1 1 ok-1 k1 _
U1+ (d(k)) = U% 1+2 b( )y T v % -1 ; b(k 1) —f—U% 12); b(k—l) = U% p

Remark 4.13 Closer examination of the proof shows that the elements e( are

uniquely determined by property (b).

Proof of Theorem. We proceed as before. We use the elements b o e(;) as a
basis of PE, (BP (1) ), instead of the b o b?f), and extend to a basis of the whole of
E, <BP (1) ) We define y as dual to b(g) o e(;). The simplified formula for vy, (e(i))

leads to the simplified formula for v} <y2l)> ]

Remark 4.14 This leads to a more transparent interpretation of Theorem 4.9. Put
= f* ( ) for each i. In terms of these generators of E* (K (Z,3)), the relations
become

Modulo decomposables, zél ) = vfivg 2 zéi), so by induction
2y = 07wy T T

for all n.

Remark 4.15 It would be desirable to find a nonlinear change of generators that

would remove the terms Dy;) as well, but this appears far more difficult.
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