
Math 107: Calculus II, Spring 2008: Practice Final I

1. Consider the autonomous differential equation

dy

dt
= y3.

(a) Find the equilibrium solution and sketch the phase line for this differential equa-
tion.

(b) Draw a sketch of the solutions to this equation. (You should make your sketch
based on the phase line you drew in part (a). You do not need to solve the
equation.)

(c) Is the equilibrium solution stable, unstable or semi-stable?

(d) Find the general solution to this differential equation. (Make sure your answer
includes the equilibrium solution.)

(e) Find the specific solution with the initial condition y(0) = 1/4.

2. Find the general solution to the following system of differential equations:

dx

dt
= −2x + y;

dy

dt
= y.

Give your answer in the form x(t) = . . . , y(t) = . . . .

3. (a) For what values of a does the following matrix not have an inverse?(
a 4
−1 2

)
(b) Solve the following system of linear equations:(

a 4
−1 2

)(
x
y

)
=

(
1
−2

)
in each of the following cases:

i. a = 1;

ii. a = −2.

4. (a) Let f(x, y) = ex+y−xy. Find the partial derivatives ∂f/∂x and ∂f/∂y.

(b) Find the gradient vector ∇f at the point (1, 0).

(c) Find the directional derivative of f at the point (1, 0) in the direction of the vector
(1, 1).

(d) Find the linear approximation to f at the point (1, 0).

5. This question concerns the function f(x, y) = y + x2.
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(a) Sketch the c-level curves of the function f for c = −2, 0, 2. (Put all your curves
on one graph, making sure to label each curve with its value of c.)

(b) Draw the y = 1 cross-section of the function f . Draw the tangent line to this
graph whose slope represents the partial derivative

∂f

∂x
(1, 1).

(c) Calculate the gradient vector∇f at the point (1, 1) and mark this on your diagram
from part (a).

6. (a) Show that (0, 0), (4, 0) and (2, 2) are critical points of the function

f(x, y) = x2y − 4xy + y2.

(b) Classify these critical points as local maxima, local minima or saddle points.

7. My sock drawer contains two red socks, two white socks and two blue socks. Each
morning I pick socks out of the drawer one by one until I have a pair that match.

(a) Find the probabilities of each of the following outcomes of this random experiment:

i. RBWR

ii. RR

(b) Find the probabilities of each of the following events:

i. the first three socks I pick out are all different colors

ii. the first two socks I pick out are the same color

(c) Find the expectation of the random variable X = total number of socks.

8. The continuous random variable X has cumulative distribution function

F (x) = P (X ≤ x) =


0 for x ≤ 0;

x(2− x) for 0 ≤ x ≤ 1;

1 for x ≥ 1.

(a) Find the probability density function f(x) of the random variable X. Sketch a
graph of f(x).

(b) Calculate P (0.5 ≤ X ≤ 1).

(c) Find the expectation and variance of X.

9. A long-distance runner’s times for the marathon are normally distributed with mean
2.3 hours and standard deviation 0.1.

(a) Find the probability that in a given race, the runner breaks the world record of 2
hours and 6 minutes (or 2.1 hours).
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(b) The runner runs 16 races one year. Write down an expression for the probability
that the runner breaks the world record at some point during the year. (You do
not need to evaluate the expression, but you should put it in a form that could
easily be entered into a calculator to find the answer.)

(c) Use the Central Limit Theorem to approximate the probability that the runner’s
average time over the 16 races is less than 2.225 hours.

(Useful information: if Z is a standard normal distribution, then P (Z ≤ 2) = 0.9772
and P (Z ≤ 3) = 0.9986.)
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