1) Compute the eigenvalues A\; and Ay and corresponding eigenvectors for
the matrix
2 1
]

Solution: To compute the eigenvalues we need to solve the eigenvalue
equation

1

2— )\
Ozdet{ 9 3\

} =A=2)A=3)—2=X -5 +4=(A-1)(A—4).

Thus, the eigenvalues are A\ = 1, and \y = 4.

The eigenvectors for A\; = 1 will be solutions of
21 Uy | 1. Uy
2 3 U9 N U2 ’
which can be rewritten as

2U1 + U9 = Uy

2’LL1 + 3U2 = U9,

which reduces to u; +us = 0. Thus the eigenvectors for A\; = 1 are {(¢, —t) :
t € R}.

The eigenvectors for Ao = 4 will be solutions of
21 uy| 4. U1
2 3 (%) o U2 ’
which can be rewritten as

2U1 + ug = 4U1
2uy + 3us = 4us,

which reduces to 2u; — us = 0. Thus the eigenvectors for A\ = 4 are
{(t,2t) : t € R}.

2) If A is the matrix in the previous problem, compute

1



Solution: The vector [1 is an eigenvector of A with eigenvalue 4. There-

2
fore, since 4* = 256
G 1] (256
A{2_42_2_512'
3) Find the linear approximation to

f(af,y)Z{ ve " }

sin x + cosy
at (0,0).

Solution: We first compute the Jacobi matrix of f:
2 2 —x —x
8—; a—y? cosxT —sSIny
0 1
1 0|
Therefore, the linear approximation to f at (0,0) will be

o=t ]

This matrix evaluated at (0,0) is

4) In which direction does

1
o.y) = 3my — 50°
increase most rapidly at (1,1)7

Solution: The gradient of f is
3y —x
Vf(x,y) = [ ygx 1 :

Since,



and |Vf(1,1)] = v/22+4 32 = /13, the function increases most rapidly in

the direction
2//13
3/V13]°

5) Let
A= {_1 _2} , and z(t) = L2(t)] :
Find the stable equilibria (if any) of the equation
d
az(t) = Ax(t).

Solution: Let us first compute the eigenvectors. These are solutions of the
eigenvalue equation

0 = det {1__1)‘ _;’_J =A=DA+2)+3=X+A+1.

The solutions are given by the quadratic formula

—1+1—-4 1 V3
A”:f:_ij”?'

Since the eigenvalues are complex conjugates with negative real part, we
conclude that (0,0) is the only equilibrium. Indeed, any solution, z(t), of
the system will tend to (0,0) as t — +o0.

6) Consider the system with

don o
— = 2n1+z
dt 1 2
d
A

with the initial condition x;(0) = 4, z5(0) = 5. Find lim;_, . x;(t), and
limy 4 o0 2 (%).

Solution: We first compute the eigenvalues of the system. These are solu-
tions of the eigenvalue equation

—2-Xx 1
0:{ 5 _1_)\]:(/\+2)(/\+1)—2:)\2+3)\.

Thus, the two eigenvalues are A\; = 0, and A\, = —3.



We next find eigenvectors. The ones for \; = 0 are solutions of the
equation
—2114 + ug = 0

2U1 — Uy = O,

which reduces to uy = 2u;. Thus, is an eigenvector for the eigenvalue

:

A1 = 0. The eigenvectors for Ay = —3 are solutions of
—2U1 + ug = —3U1
2U1 — Uy = —3U2,
which reduces to u; + us = 0. Thus, [_11} is an eigenvector for Ay = —3.

Because of these calculations we know that the solution must be of the

form
1 _ 1
C1 |:2:| + Cr€e 3t |:_1:| s

where the constants ¢; and ¢y are determined by the initial conditions:

4] Ja+e
5 o 201—02 ’

By adding the two rows, we find that ¢; = 3, which in turn leads to ¢y = 1.
Therefore, the solution is

+(t) = 3 H Lo {_11] ,

which yields the answer
lim z1(t) =3, and lim xzy(t) = 6.

t—-+o00 t—+00



