
MATH 301: HOMEWORK 7

Problem 1.

a) Let A = {(a, b) ∈ Z × Z|b 6= 0} be the set of pairs of integers (a, b) where b 6= 0.
Show that the relation ∼ on A given by

(a, b) ∼ (a′, b′) if ab′ = a′b

is an equivalence relation.
b) Find a bijection between the set of rational numbers and the quotient set A/∼

Problem 2. Let f : X → Y be a function. Define a relation ∼f on X by

x ∼f y ⇔ f(x) = f(y).

a) Show that ∼f is an equivalence relation.
b) Construct a function g : X/∼f → Y such that

f = g ◦ h

where h is the quotient function h : X → X/∼f given by h(x) = [x]∼f
.

c) Show that g is an injection.

Problem 3. Let n be a natural number and define an equivalence relation ∼n on Z by

a ∼n b if n|(a− b).

We showed in class that ∼n is an equivalence relation. Denote the quotient set Z/∼n by Cn.

a) Show that the assignment

[a]∼n + [b]∼n = [a + b]∼n

defines an addition function + : Cn × Cn → Cn. In other words, show that the
equivalence class [a + b] only depends on the equivalence classes [a], [b] and not on
the representatives a, b.

b) Similarly, show that the assignment

[a]∼n · [b]∼n = [a · b]∼n

defines a multiplication function · : Cn × Cn → Cn

c) Fill in the multiplication table for C4.
d) Prove that for any integer m, the remainder of m2 when divided by 4 is not 3.

Table 1. C4 Multiplication table
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Problem 4. Let U = {Ui ⊂ X|i ∈ I} be a partition of a set X. Show that the relation ∼U
given by

x ∼U y ⇔ ∃i ∈ I, x ∈ Ui ∧ y ∈ Ui

is an equivalence relation.

Problem 5. Let X be a finite set with |X| = n > 1. Let a ∈ X and b 6∈ X. Prove that

a) X \ {a} is finite and |X \ {a}| = n− 1,
b) X ∪ {b} is finite and |X ∪ {b}| = n + 1.

Problem 6. Let X be a finite set and U ⊂ X. Prove that

|X \ U | = |X| − |U |.

Problem 7. Let X, Y be disjoint finite sets of size n and m respectively. Let f : [n] → X
and g : [m] → Y be enumeration functions of X and Y . Prove that the function h defined
by

h : [n + m]→ X ∪ Y

a 7→

{
f(a) a ≤ n

g(a− n) a > n

is an enumeration of X ∪ Y .

Problem 8. Let X, Y be finite sets of size n and m respectively. Find, with a proof, the
number of relations from X to Y ?


