M405 - HOMEWORK SET #2- SOLUTIONS

2.1.2 Let {z;} be a Cauchy sequence of rational numbers representing a real number x.
Define a new sequence {x}} by the following rule:

! T + H% otherwise

None of z are integers. Moreover, {x}} ~ {z;} since for every n € N, for all i > n,

we have
1

|z, — x| < - < -
141 1
Therefore z = [{z}}].
2.1.4 Denote the shuffled sequence {z;}, i.e.,

o — aj(l’Jrl)/Q 7 odd
’ Y(i/2) 1 even

We first prove that if the shuffled sequence {z;} is Cauchy, then {z;} ~ {v:}.
Assume {z;} is Cauchy. Then for any n € N, there exists m € N such that for all
i,j > m, |z — z| < . Therefore for all i > m,

|zi — yi| = |22i-1 — 2024 < —
n

since 2i — 1,2¢ > m if i > m. Therefore {z;} ~ {y;}.
Assume now that {z;} ~ {y;}. Given n, let m;,ms, m3 € N be such that for
1,5 > myq, i/,j/ > Mo, k > ms,

1
|ZE1 £Ej| < %7

1
[y — yj| < o

1
‘l’k — yk‘ < %

Constants my, mo, ms exist since {z;} is Cauchy, {y;} is Cauchy and {x;} ~ {v;}
respectively. Let m = 2 - max(my, ma, m3). Then for all i,j > m, we claim that

1

Indeed, if both 7, j are even, then
| | = | < aps
zi— 2l = |yie — v =
J Yijp = Yj2l = 50 <

since i/2 > my. The argument for when both i, j are odd is analogous. If i is even
and j is odd, then
1 1

1
|zi — zj| = yis2 — T(s1) /2] < |Yija — ilfi/2| + |@ij2 — @ (j41)/2] < ot =1
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where we used the triangle inequality and the fact that i > ms and %, s .

The argument for when j is even and i is odd is analogous. It follows that {z;} is a
Cauchy sequence.

2.1.6 Consider the decimal expansion N.ajasas,... where N € Z and a; € {0,1,2,...,9}.

The corresponding sequence is

N[

Ir = N
10N + ay

=Naj = ——1

To aq 10
N 102N + 10ay + as
T3 = IN.G1Q9 =
3 1602 102
103N + 102(11 + 10(12 + as

x4 = N.ajazas =

103

For i,7 € N with 7 < j, we have

10]'72'71(% + 1Oj*"a,~+1 + -+ 10aj_2 + aj—1
1071

where the sign depends on the sign of N. For all k, we have a; < 9. Therefore

substituting 9 for each a; in [1| we get the inequality

(1) Tj — Xy = +0.000. .. Ooaiai+1 cee Qi1 = +

100771 94107"-94+---+10-9+9 107" —1

o _ _ 10l _ 10l—d 1—i
|z, — x| < 10— e 10 10777 < 10
Therefore, given n € N letting m € N be such that 101" < % implies that for all
1> m,

o 1
|2 — 5] < 1017minGd) < 1p1=m < =
n

2.1.7 Let {x;},{y;} be sequences where y; = 1 for all ¢ and z; = .99999...99, decimal
point followed by 7 9s. A better representation of the sequence z; is z; = 1 — 107°.

Therefore
Given n € N, let m € N be the least integer such that 10™ > n. Then for all ¢ > m,
we have

: 1
|y1 — xl\ =107 <107™ <

n
. It follows that {x;} ~ {y;}.
2.1.8 Yes! The sequences {z; = 1} and {y; = —1} are equivalent.
e We prove the statement it two steps. We first prove that (ad+bc, bd) ~ (a’'d+b'c,b'd).
Since (a,b) ~ (a’,b"), we have

ab' = a'b
and therefore
adb'd = a'dbd
(ad + be)b'd = (a’'d + b'c)bd
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implying (ad+bc, bd) ~ (a’d+b'c,V'd). The same argument shows that (a'd+b'c,b'd) ~
(a'd + V¢, b'd). The result then follows from transitivity of ~.



