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Abstract  We study the conditional distribution K}Y (2 | p) of zeros of a Gaussian system of random
polynomials (and more generally, holomorphic sections), given that the polynomials or sections vanish at
a point p (or a fixed finite set of points). The conditional distribution is analogous to the pair correlation
function of zeros but we show that it has quite a different small distance behaviour. In particular,
the conditional distribution does not exhibit repulsion of zeros in dimension 1. To prove this, we give
universal scaling asymptotics for K}¥ (z | p) around p. The key tool is the conditional Szegé kernel and
its scaling asymptotics.
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1. Introduction

In this paper we study the conditional expected distribution of zeros of a Gaussian
random system {sq,..., s} of K < m polynomials of degree N in m variables, given that
the polynomials s; vanish at a point p € M, or at a finite set of points {p1,...,p,}. More
generally, we consider systems of holomorphic sections of a degree N positive line bundle
LN — M,, over a compact Kahler manifold of dimension m. The conditional expected
distribution is the current K (z | p) € D'**(M) given by

(K (2| p),#) = EN[(Zsy .55 0) | 1(p) = -+~ = sx(p) = 0], for p € D"F™H(M).
(1.1)
Here, Z,, .. s, is the (k, k) current of integration over the simultaneous zeros of the sec-

tions, i.e. its pairing with a smooth test form ¢ € D™~%m=k(\f) is the integral fZ51 o)
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of the test form over the joint zero set. The expectation Ey is the standard Gaussian
conditional expectation on Hlf HO°(M, L"), which we condition on the linear random
variable (s1,...,sk) — (s1(p), ..., sk(p)) that evaluates the sections at the point p (see
Definition 3.11).

We show that K (z | p) is a smooth (k,k) form away from p (Lemma 5.2), and we
determine its asymptotics, both unscaled and scaled, as N — oo. Our main result on the
scaled asymptotics (Theorems 1.2 and 5.1) is that the scaling limit of K}¥(z | p) around
the point p is the conditional expected distribution Ko (z | 0) of joint zeros given a
zero at z = 0 in the Bargmann Fock ensemble of entire holomorphic functions on C™.
Thus, the scaling limit K} (z | 0) is universal, and we give an explicit formula for it.
Our study of KV (z | p) is parallel to our study of the two-point correlation function
KX (z,p) for joint zeros in our prior work with Bleher [1,2]. There we showed that
KX (z,p) similarly has a scaling limit given by the pair correlation function K5, (2,0)
of zeros in the Bargmann-Fock ensemble. Both K} (z | p) and K2y (z,p) measure a
probability density of finding simultaneous zeros at z and at p: K ,ivm(z | p) is the result
of conditioning in a Gaussian space (see, for example, [8, Chapter 9.3]), while K2¥ (2, p)
is a natural conditioning from the viewpoint of random point processes (see §6.1). Of
special interest is the case k = m where the joint zeros are (almost surely) points. In
this case, the scaling limit (Bargmann-Fock) conditional density K>, (z | 0) and pair
correlation density K$9, . (z,0) turn out to have quite different short distance behaviour,
as discussed in § 1.1 below.

To state our results, we need to recall the definition of a Gaussian random system of
holomorphic sections of a line bundle. We let (L, h) — (M,wy) be a positive Hermitian
holomorphic line bundle over a compact complex manifold with Kahler form w;, = %i@h.
We then let H°(M, L") denote the space of holomorphic sections of the Nth tensor power
of L. A special case is when M = CP™, and L = O(1) (the hyperplane section line bun-
dle), in which case H°(CP™, O(N)) is the space of homogenous polynomials of degree N.
As recalled in §2, the Hermitian metric h on L induces inner products on H°(M, LY)
and these induce a Gaussian measure v, on H°(M,L"). A Gaussian random system
is a choice of k independent Gaussian random sections, i.e. we endow H VHO (M, LY)
with the product measure. We refer to (H L HO (M, LN) HJ L) as the Hermitian
Gaussian ensemble induced by h. We let EN = Eqy) denote the expected value with
respect to Hv,llv Given si,...,5, € H(M, L") we denote by Zs, ....sn
integration over the zero set {z € M: s1(z) = --- = si(z) = 0}. Further background is
given in §2 and in [1,11,13].

We first state our result on the unscaled asymptotics of the conditional expectation
of the zero current of one section conditioned on the vanishing at one or several points.
Recalling (1.1), we consider the conditional expected zero current Ki¥(z | p1,...,pr) €
D'V (M) given by

the current of

(K (2 [ p1s--sp0),9) = Ex[(Zs0) | s(p1) = 0., s(pr) = 0],
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for distinct points pi1,...,p, € M. Our result says that conditioning on the section s
vanishing at the p; only modifies the unconditional zero current by a term of order N =™
(where m = dim M).

Theorem 1.1. Let (L,h) — (M,wy,) be a positive Hermitian holomorphic line bundle
over a compact complex manifold of dimension m with Kéahler form w;, = %i@h, and
let (HO(M, LN),+Y) be the Hermitian Gaussian ensemble. Let let py,...,p, be distinct
points of M. Then for all test forms ¢ € D™~Y™~Y(M), we have

190
(K{V(Z | ph.”’pr)’w) _ EN(Zm‘P —C, N~ mz 10 90;7] —|—O(N_m_1/2+€),
M J

where 2y = (1/m!)w}" is the volume form of M, and Cy, = ;7™ '((m + 1).

Here, ¢ denotes the Riemann zeta function () = >, (1/k"). As mentioned above,
the interesting problem is to rescale the zeros around a fixed point zg. When k = m the
joint zeros of the system are almost surely a discrete set of points which are 1/ V/N-dense.
Hence, we rescale a C'/ v/N-ball around zy by /N to make scaled zeros a unit apart on
average from their nearest neighbours. If zy # p; for any j, the scaled limit density is just
the unconditioned scaled density, so we only consider the case where 2y = pj, for some
Jjo. Then the other conditioning points p;, j # jo, become irrelevant to the leading-order
term, so we only consider the scaled conditional expectation with one conditioning point.
Our main result is the following scaling asymptotics.

Theorem 1.2. Let (L,h) — (M,wy,) and (H°(M, L™N),v}) be as in Theorem 1.1, and
let p € M. Choose normal coordinates z = (z1,...,2m): (My,p) — (C™,0) on a neigh-
bourhood My of p, and let Ty = VNz: My — C™ denote the scaled coordinate map.

Let KN (z | p) be the conditional expected zero distribution given by (1.1) and Defini-
tion 3.11. Then for a smooth test function ¢ € D(C™), we have

(KN (z|p)porn(2)
- o (L9501 — o= + 1ul?1 ) —1/24e
90(0)+/Cm\{0} o( )(27735[1 g(1 )+ [ul ]) + O(N ),

where u = (uq, ..., un) denotes the coordinates in C™.

In §5, we give a similar result (Theorem 5.1) for the conditional expected joint zero
current K7 (z | p) of joint zeros of codimension k < m.

Theorem 1.2 may be reformulated (without the remainder estimate) as the following
weak limit formula for currents.

Corollary 1.3. Under the hypotheses and notation of Theorem 1.2,

m

K2 G | 9) = K0 % (5 000on(1 = %)+ uP]

_ L= (L [u)e /i o )"
= So(u) + 500l

(1 _ ef|u\2)m+1

weakly in D'"™™(C™), as N — oo.
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The term dp(u) comes of course from the certainty of finding a zero at p given the
condition. The form . .
1 —
—30|ul?

is the scaling limit of the unconditioned distribution of zeros.
It follows from the proof that K5° (u | 0) is the conditional density of common zeros
of m independent random functions in the Bargmann—Fock ensemble of holomorphic

functions on C™ of the form .
f(u) = Z 7‘]”]5
JEN™ Vi

where the coefficients c¢; are independent complex Gaussian random variables with mean
0 and variance 1. The monomials (7~™/2/y/J1u’ form a complete orthonormal basis of
the Bargmann-Fock space of holomorphic functions that are in L2(C™, e~ l=l? dz), where
dz denotes Lebesgue measure. (We note that f(u) is a.s. not in L?(C™, el dz); instead,
f(w) is of finite order 2 in the sense of Nevanlinna theory. For further discussion of the
Bargmann-Fock ensemble, see [1] and §6 of the first version (arXiv:math/0608743v1)
of [13].)

1.1. Short distance behaviour of the conditional density

As in the case of the pair correlation function, Corollary 1.3 determines the short
distance behaviour of the conditional density of zeros around the conditioning point.

Before describing the results for the conditional density, let us recall the results in [1,2]
for the pair correlation function of zeros. The correlation function K zjﬂ (21,...,2n) is the
probability density of finding zeros of a system of k sections at the n points 21, ..., z,. For
purposes of comparison to the conditional density, we are interested in the pair correlation
density K2V (21,22) for a full system of k = m sections. It gives the probability density
of finding a pair of zeros of the system at (z1, z2). The scaling limit

. _ u
ol = Jim_ 5350255 (o + ) (1.3
measures the asymptotic probability of finding zeros at p,p + (u/v N). As the notation
indicates, it depends only on the distance r = |u| between the scaled points in the scaled
metric around p. For small values of r, it is proved in [1,2] that

B (1) = (m 4+ 1)r* 72" 4+ O(r®?™), asr — 0. (1.4)

This shows that the pair correlation function exhibits a striking dimensional dependence.

When m = 1, Kpm(r) — 0 as r — 0 and one has ‘zero repulsion’. When m = 2,
3

KEmm(7) — § as 7 — 0 and zeros neither repel nor attract. With m > 3, Kym(r) 00 as
r — 0 and there joint zeros tend to cluster, i.e. it is more likely to find a zero at a small
distance r from another zero than at a small distance 7 from a given point.

The probability (density) of finding a pair of scaled zeros at (p,p + (u/v/N)) sounds
similar to finding a second zero at p + (u/ VN ) if there is a zero at p, i.e. the conditional
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Figure 1. Conditional distribution in dimensions 1 and 2.

probability density. Hence one might expect the scaled conditional probability to resemble
the scaled correlation function. But Corollary 1.3 tells a different story. We ignore the
term &g (again) since it arises trivially from the conditioning and only consider the
behaviour of the coefficient

. L= (1 [uf?)e
KJCO d(|u|) = (1 _ e—|u‘2)m+1

m ~ glul>7?m (1.5)

of the scaling limit conditional distribution with respect to the Lebesgue density

RIPY e
<2ﬂ_53|u >

near v = 0. The shift of the exponent down by 2 in comparison to equation (1.4) has the
effect of shifting the dimensional description down by one. In dimension 1, the coefficient
is asymptotic to % and therefore resembles the neutral situation in our description of
the pair correlation function. Thus we do not see ‘repulsion’ in the one-dimensional
conditional density. In dimension two, the conditional density (1.5) is asymptotic to
%|u|_27 and there is a singularly enhanced probability of finding a zero near p similar to
that for the pair correlation function in dimension three; and so on in higher dimensions.

Figures 1-3 illustrate the different behaviour of these two conditional zero distributions
in low dimensions.

It is well known that conditioning on an event of probability zero depends on the
random variable used to define the event. So there is no paradox, but possibly some
surprise, in the fact that the two conditional distributions are so different. See §6 for
further discussion of the comparison of the pair correlation and the conditional density.

2. Background

We begin with some notation and basic properties of sections of holomorphic line bundles,
Gaussian measures. The notation is the same as in [1,12,13].
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Figure 2. Pair correlation in dimensions 1 and 2.
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Figure 3. Pair correlation in dimension 3.

2.1. Complex geometry

We denote by (L, h) — M a Hermitian holomorphic line bundle over a compact Kéhler
manifold M of dimension m, where h is a smooth Hermitian metric with positive curva-

ture form
@h = —8310g ||€LH% (2.1)

Here, ey, is a local non-vanishing holomorphic section of L over an open set U C M, and
lerlln = h(er,er)'/? is the h-norm of er. As in [13], we give M the Hermitian metric
corresponding to the Kéahler form wy, = %i@h and the induced Riemannian volume form

Oy = —wi™. 2.2
M mwh (2.2)

We denote by H°(M, L") the space of holomorphic sections of L™ = L®V. The metric
h induces Hermitian metrics kY on LY given by ||s®V||,~ = ||s||V. We give HO(M, LY)
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the Hermitian inner product

<81752> = /M hN(S]_,SQ)Q]\/[ (81782 € HO(M, LN)), (23)

and we write ||s|| = (s, s)/2.

For a holomorphic section s € HO(M, LY), we let Z, € D'M}(M) denote the current
of integration over the zero divisor of s:

(Zs,¢)=/ ¢, @eD™ M),

s

where D=1 =1(M) denotes the set of compactly supported (m—1,m—1) forms on M.
(If M has dimension 1, then ¢ is a compactly supported smooth function.) For s = gey,
on an open set U C M, the Poincaré—Lelong formula states that

- - N
= 298log |g| = ~0dlog||s||nx + —wh. (2.4)
Vs Vs ™

2.1.1. The Szegd kernel
Let Iy: L?(M,LN) — H°(M, L) denote the Szegé projector with kernel ITy given
by

ZSN )@ SN(w) e LY ® LY, (2.5)
where {S¥}1<j<dy is an orthonomal basis of HO(M, LY).
We shall use the normalized Szegd kernel

1y (2, w)[x
1T (2, 2) |3 | T (w, w) |5

Py(z,w) := (2.6)

(Note that ||IIn(z,w)|[py =, ||SJ]»V(Z)H}LN(Z)HSJ]-V(’lU)HhN(w), which equals the absolute
value of the Szegé kernel lifted to the associated circle bundle, as described in [12,13].)
We have the C*° diagonal asymptotics for the Szegd kernel [3,17]:

Nm
1T (2, 2) v =~ + O(N™ ), (2.7)

Off-diagonal estimates for the normalized Szegd kernel Py were given in [13], using the
off-diagonal asymptotics for IIy from [1,12]. These estimates are of two types.

(1) ‘Far-off-diagonal’ asymptotics [13, Proposition 2.6]. For b > /5 + 2k, j, k > 0, we
have

log N

VI Py (z,w) = O(N™*) uniformly for d(z,w) > b ~

(2.8)

(Here, V7 stands for the jth covariant derivative.)
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(2) ‘Near-diagonal’ asymptotics [13, Propositions 2.7, 2.8]. Let zy € M. For ¢,b > 0,
there are constants C; = C;(M,¢e,b), j > 2, independent of the point zp, such that

PN<Z()+ \/7 , 20 + \/7) 7|u Ul /2[1+RN(U ’U)} (29)
where
| Ry (u,0)| < 3Cslu—v?N~1/2Fe,
VRN (u)| < Calu—v| N7V, (2.10)
VIR (u,0)| S ;N2 >0,

for |u| + |v| < by/log N. (Here, u, v are normal coordinates near zy.)

The limit on the right-hand side of (2.9) is the normalized Szegé kernel for the
Bargmann—Fock ensemble (see [1]). This is why the scaling limits of the correlation
functions and conditional densities coincide with those of the Bargmann—Fock ensemble.

2.2. Probability

If V is a finite-dimensional complex vector space, we shall associate a complex Gaussian
probability measure v to each Hermitian inner product on V as follows. Choose an

orthonormal basis vy, ..., v, for the inner product and define v by
1 2 d
dy(v) = ﬁe_lal dana, 5= Zajvj ev, (2.11)

where do,a denotes 2n-dimensional Lebesgue measure. This Gaussian is characterized
by the property that the 2n real variables Rea;, Ima; (j =0,...,dy) are independent

random variables with mean 0 and variance ;, ie.

Ewaj =0, Eyaja;c =0, Evajdk = (5j}<;.

Here and throughout this article, E, denotes expectation with respect to the probability
measure v: E o = [ ¢dy. Clearly, v does not depend on the choice of orthonormal basis,
and each (non-degenerate) complex Gaussian measure on V is associated with a unique
(positive definite) Hermitian inner product on V.

In particular, we give H°(M, L") the complex Gaussian probability measure 7y,
induced by the inner product (2.3), i.e

dn
1 2
- —lal - GN
dy(s) = e da, s = Z a;S;, (2.12)
where {SN 1 < j < dy} is an orthonormal basis for H(M, L") with respect to (2.3).

The probability space (HO(M, L"), vxn) is called the Hermitian Gaussian ensemble.
We regard the currents Z (respectively measures |Z;|), as current-valued (respectively
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measure-valued) random variables on (H°(M, L"), vy), i.e. for each test form (respec-
tively function) ¢, (Zs, ¢) (respectively (|Zs|, ¢)) is a complex-valued random variable.

Since the zero current Z is unchanged when s is multiplied by an element of C*, our
results remain the same if we instead regard Z as a random variable on the unit sphere
SH(M, L") with Haar probability measure. We prefer to use Gaussian measures in
order to facilitate computations.

2.2.1. Holomorphic Gaussian random fields

Gaussian random fields are determined by their two-point functions or covariance
functions. We are mainly interested in the case where the fields are holomorphic sections
of LY, i.e, our probability space is a subspace S of the space H(M, L") of holomorphic
sections of LV and the probability measure on S is the Gaussian measure induced by
the inner product (2.3). If we pick an orthonormal basis {S;}1<j<m of S with respect
to (2.3), then we may write s = Z?:O a;S;j, where the coordinates a; are i.i.d. complex
Gaussian random variables. The two-point function

s5(z,w) = Es(s(z) ® s(w)) = »_ Si(2) ® ;(w) (2.13)

Jj=1

is the kernel of the orthogonal projection onto S, and equals the Szeg8 kernel Iy (z, w)
when S = HY(M, LY). The expected zero current Es(Z,) for random sections s € S is
given by the probabilistic Poincaré—Lelong formula.

Lemma 2.1. Let (L,h) — M be a Hermitian holomorphic line bundle over a compact
complex manifold M and let S € H°(M, L") be a Gaussian random field with two-point
function IIs(z,w). Then

i = N,
Es(Zs) = gaalog | Is(z, 2)||p~ + %18h.

This lemma was given in [11, Proposition 3.1] and [13, Proposition 2.1] with slightly
different hypotheses. For convenience, we include a proof below.

Proof. Let {S;}igj<n be a basis of S such that s € S is of the form s = 377, a;5;,

where the a; are independent standard complex Gaussian random variables, as above.
We then have || I1s(z, 2)|[pv = 325, |S; 1|7~ For any s € S, we write

s= Zaij = (a, F)e?™,
j=1
where ey, is a local non-vanishing holomorphic section of L, S; = fjef-f’N ,and F =
(f1s---, fn). We then write F(z) = |F(2)|U(z) so that |U(z)| =1 and
log |(a, )| = log |F'| +log|{a, U)|.

A key point is that E(log |{a,U)|) is independent of z, and hence E(dlog|{a,U)|) = 0.
We note that U is well defined a.e. on M x S; namely, it is defined whenever s(z) # 0.
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Write dy = (1/7r")e*|a|2 da. By (2.4), we have

i.= i =
(B2..9) = B( 20togl(e. P).w) = - [ (oxlla F)|.00¢) a

™

i ) : 7
— —/Cd (log|F|a38<P)d7+;/ (log |(a, U)|, 98p) dn,

for all test forms ¢ € D™~bm=1(M). The first term is independent of a, so we may
remove the Gaussian integral. The vanishing of the second term follows by noting that

[ ozlte0)l.090)ay = [y [ 10g](a. 0100

- / / log |(a, U)| dy0de
M n
=0

since

1
/10g|<a,U}\dfy: 7/10g|a0|e*|ao|2 dag
C

™

is constant, by the U(n)-invariance of d-y. Fubini’s Theorem can be applied above since

_ 1 _
/ |log [{a, U)|00p|dy = f/ |log |ao| o laol? dCLO/ |00p| < +o00.
MxCn C M

™

Thus

EZ, = L(’96_910g |F|?
2

i B n
= 200 (108 Y 15,17~ og v 17

=1

1 .= iN
= ﬂﬁalog HIs(z, z)||p~ + 59”

3. Conditioning on the values of a random variable

In this section, we give a precise definition of the conditional expected zero current

E(Zs,. . |s1(p) =v1, ..., sg(p) =vg) (Definition 3.11) and give a number of its
properties. In particular, we give a formula for the conditional expected zero current
KN (z|p1,...,pr) in terms of the conditional Szegd kernel (Lemma 3.9).

3.1. The Leray form

We first give a general formula for the conditional expectation E(X | Y = y) of a
continuous random variable X with respect to a smooth random variable Y when y is
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a regular value of Y. Our discussion differs from the standard expositions, which do not
tend to assume random variables to be smooth.

We begin by recalling the definition of the conditional expectations E(X | F) of a
random variable X on a probability space (2,4, P) given a sub-c-algebra F C A.

Definition 3.1. Let X be a random variable with finite first moment (i.e. X € L!) on a
probability space (§2,.4, P), and let F C A be a o-algebra. The conditional expectation
is a random variable E(X | F) € L'(£2, P) satisfying:

e E(X | F) is measurable with respect to F;
o forallsets Ac F, [, E(X | F)dP = [, XdP.

The existence and uniqueness (in L') of E(X | F) is a standard fact (see, for example,
[9, Theorem 6.1]).

In this paper, we are interested in the conditional expectation E(X | o(Y)) of a
continuous random variable X on a manifold {2 with respect to a smooth random variable
Y: £2 — RF. Here, 0(Y) denotes the o-algebra generated by Y, i.e. the pullbacks by Y’
of the Borel sets in R¥; o(Y) is generated by the sublevel sets {Y; < t;, j =1,...,k}.
The condition that E(X | 0(Y)) is measurable with respect to o(Y) implies that it is
constant on the level sets of Y. We then write

EX|Y =y):=EX |o(Y))(z), zeY '(y.

We call E(X | Y =y) the conditional expectation of X given that Y = y. We note that
the function y — E(X | Y =y) is in L'(R¥, Y, P), and is not necessarily well defined at
each point y. However, in the cases of interest to us, E(X | Y = y) will be a continuous
function.

To give a geometrical description of E(X | Y), we use the language of Gelfand—Leray
forms.

Definition 3.2. Let Y: 2 — R be a C*™ submersion where {2 is an oriented n-

dimensional manifold. Let v € £"(f2), e.g. a volume form. The Gelfand-Leray form
L(v,Y,y) € E"F(Y~1(y)) on the level set {Y = y} is given by

LEY A A AV =v on Y Hy),  he L@ Yoy) = g
Yl(y)

(3.1)

Conditional expectation of a random variable is a form of averaging. The following
proposition shows this explicitly: it amounts to averaging X over the level sets of Y.

Proposition 3.3. Let v € £"(£2) be a smooth probability measure on a manifold {2.
Let Y: 2 — RF be a C* submersion, and let X € L'(£2,v). Then
fy:y Xﬁ(l/, Y, y)

B =0 =" vy
Y=y [
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Proof. We first note that

/ (/ |X|C(1/,Y,y))dy1---dyk:/ [X|v =1,
yERF Y -1(y) X

/ IX|L(, Y, y) < 400
Y—1(y)

and hence

for almost all y € R*. Furthermore,

/ L,Y,y) > 0
Y—1(y)

for Y,v-almost all y € R*, and therefore E(X | Y = y) is well defined for Y,v-almost all

y. Now let I
ey XEWY Y ()
E() LYY (@)

= for v-almost all z € X.
fY:Y(m)
The function E is measurable with respect to o(Y) since it is the pullback by Y of a
measurable function on R¥.
The only other thing to check is that [, Ev = J4 Xv for all A € F. It suffices to check
this for sets A of the form Y ~!(R) where R is a rectangle in R¥. But then by the change
of variables formula and Fubini’s Theorem,

/ Ev =/ </ Eﬁ(l/%@/)) dyi -+ - dyg
Y-1(R) yER Y-1(y)
:/ </ XL(v, Ky)) dyy - - - dys
yER Y-1(y)

= / X dv.
Y~1(R)

By uniqueness of the conditional expectation, we then conclude that E = E(X | o(Y)).

O

Example 3.4. Let 2 = C™ with Gaussian probability measure dv,, = el da. Let
7,1 C* — CF be the projection 7 (a1,...,a,) = (a1,...,ax). For y € CF we have

1 _ 2, ... 2

‘c(d')/na Tk, y) = ﬁe (g " ---+lyel") d'Ynfk(ak:+17 ey an)a

where

2 o1 \7F

AYp_k(aps1s s an) = e~ Uarra*++lanl®) (2) dagi1 Adagey A--- Aday Aday,
b

is the standard complex Gaussian measure on C*~*. For a bounded random variable X
on C", let X, be the random variable on C"~* given by X, (a') = X (y,a’) for a’ € C"~*.
By Proposition 3.3, we then have

E, (X |m =y) =By, (Xy). (3-2)
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This example leads us to the following definition.

Definition 3.5. Let v be a complex Gaussian measure on a finite-dimensional complex
space V', and let W be a subspace of V. We define the conditional Gaussian measure yyw
on W to be the Gaussian measure associated with the Hermitian inner product on W
induced by the inner product on V associated with .

The terminology of Definition 3.5 is justified by the following proposition, which we
shall use to define the expected zero current conditioned on the value of a random holo-
morphic section at a point or points.

Proposition 3.6. Let T: C™ — V be a linear map onto a complex vector space V. Let
E be a closed subset of C" such that E N T~1(y) has Lebesgue measure 0 in T~1(y)
for all y € V. Let X be a bounded random variable on C" such that X | (C" \ E) is
continuous. Then E., (X | T = y) is continuous on V. Furthermore,

E’Yn (X | T = O) = E"/kerT(X/)?
where X' is the restriction of X to kerT and 7y, 1 Is the conditional Gaussian measure

on ker T as defined above.

Proof. Let k = dim V. We can assume without loss of generality that ker T = {0} x
C"~F. Then the map T has the same fibres as the projection m (a1, ..., a,) = (a1, ..., ax),
and thus o(T') = o(m;). Hence we can assume without loss of generality that V = C*
and T = 7.

Fix yo € C* and let € > 0 be arbitrary. Choose a compact set K C C"~* such that
({yo}x K)NE = ) and 7, _x(C"*\K) < &/ sup | X|. Since E is closed, ({y} x K)NE = 0,
for y sufficiently close to yo. As above, we let X, (a') = X(y,a’) for a’ € C"*. Since
Xy — Xy, uniformly on K, we have

lim X dyn— k—/ Xyo dvn—k- (3.3)

Y—Yo

It follows from (3.2) that

E, (X |m=y) */ X, dyn—k
K

_ ’/ X, dyn_k| <&, (3.4)
Crn—k\K

for all y € C*. The first conclusion is an immediate consequence of (3.3), (3.4) and the
formula for E., (X | T = 0) follows from (3.2) with y = 0. O

3.2. Conditioning on the values of sections

We now state precisely what is meant by the expected zeros conditioned on sections
having specific values at one or several points on the manifold.

Definition 3.7. Let (L,h) be a positive Hermitian holomorphic line bundle over a
compact Kéahler manifold M with Kahler form wy. Let p1,...,p, be distinct points of
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M. Let N > 0 and give H°(M, L) the induced Hermitian Gaussian measure yy. Let
vjELg,forlgjgr.Welet

T: HY(M,LY) - L) ®--- @ L), s s(p)@--- @ s(p,).

The expected zero current E(Zs | s(p1) = v1,...,s(pr) = v,) conditioned on the section
taking the fixed values v; at the points p; is defined by

(EN(ZS | S(pl) =V1,.. ',s(pr) = Ur)a<p) = E’YN((ZSaQD) | T=v&--- @vr)a
for smooth test forms ¢ € D™~Lm=1(M),

Lemma 3.8. The mapping
0 & @v = En(Zs | s(py) = v1,. ., 8(pr) = vr)
is a continuous map from L]]D\i S D LZ]X to D'M(M).

Proof. Let N be sufficiently large so that T is surjective. Let ¢ € D™~1b™m=1(M) be a
smooth test form, and consider the random variable X (s) = (Zs, ) on H°(M, L)~ {0}.
By [15, Theorem 3.8] applied to the projection

{(s,2) € HY(M,LN) x M: s(z) =0} — H°(M, L"),

the random variable X is continuous on HO(M, L) \ {0}. Furthermore, X is bounded,
since we have by (2.4),

X< (up el (Zeo™ ) = Tl [ o

The conclusion follows from Proposition 3.6 with E = {0}. O

We could just as well condition on the section having specific derivatives, or specific k-
jets, at specific points. At the end of this section, we discuss the conditional zero currents
of simultaneous sections.

We are particularly interested in the case where the v; all vanish. In this case, the
conditional expected zero current

KNz |p1,...,pr) = En(Zs | s(p1) =0,...,5(p,) = 0)
is well defined and we have the following lemma.

Lemma 3.9. Let (L,h) — (M,wy,) and (H°(M,L"™),~) be as in Theorem 1.2. Let
p1,...,pr be distinct points of M and let HY P c H°(M,LY) denote the space of
holomorphic sections of LN vanishing at the points p.,...,p,. Then

i,z N
K{V(Z ‘ P1y--- ,pT) = E,ypN1---pr (Zs) = %8810g HH[%I pT(Z,Z)”hN + ;u}h,

where R} P" is the conditional Gaussian measure on HX'"P", and IR} "P" is the Szegd

kernel for the orthogonal projection onto HY!"*r.
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Proof. Let ¢ € D™~ 1™~1(M) be a smooth test form. By Proposition 3.6,
(K{V(z | P1,--- 7pr)v 90) = EN((ZSa SD) | T= 0) = E'y?”'p"'(zsv Qo)a

where T is as in Definition 3.7. By Lemma 2.1 with S = HY} """, we then have

1 .= N
B o (Zayp) = (%aalog TP (2, 2) o + th,sa).

O
Recalling the definition of Py from (2.6), we now prove the following proposition.
Proposition 3.10. We have
i
K\ (z|p) = Ex(Zs) + 5, 001og(1 — Pn(z,p)%). (3.5)

Proof. As above, we let HY, C H O(M, LY) denote the space of holomorphic sections
vanishing at p. Let {S%;: j =1,...,dy — 1} be an orthonormal basis of HY,. The Szegd
projection I1%; is given by

IR (2,w) = ) Sj(2) @ 5K (w).

By Lemma 3.9 with » = 1, we have
N i,z p N
Ki'(z|p) = %&'ﬂog |1 (2, 2) ||~ + —wh (3.6)

To give a formula for 1%, (z, z), we consider the coherent state at p, P} (z) defined as

follows. Let I
q-’-\jp (Z) L N(Zﬂp)

T 1/2
1Tx (o, )11
We choose a unit vector e, € L, and we let &%, € H°(M, LV) be given by

0 N TN
HO(M, L) o LY. (3.7)

DR (2) = PR (2) @ V. (3.8)
The coherent state ¢4 is orthogonal to HY,, because
s€ HY, = |In(p.p)|2(s, 82) = / Hy(p,2)s(2) 2 (z) = s(p) = 0. (3.9)
M

Furthermore, ||} |7 v = 1, and hence {S};: j = 1,...,dy—1}U{®}} forms an orthonor-
mal basis for H°(M, LY). Therefore,

% (z,w) = I (z,w) — PR, (2) @ PRy (w), (3.10)
and in particular

IR (2, 2) I = [N (2, 2) |an — 195 (2) - (3.11)
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Thus, by (3.11),

1IN (z,p) |13~
log || 11, (2, = N:log(HN 22l = S
I (2, 2) [ TN (2, )| 1IN (p, )| n~

= log | 1In (2, 2)||n~ +log(1 = Pn(2,p)?).
By (3.6) and (3.11),

1 .= 1 .= N
K{V(z | p) = %&'ﬂog HIn(z, 2) |l + %&)log(l - PN(z,p)2) + ;wh
— Ex(Z) + iag)log(l — Pu(z,p)?), (3.12)

concluding the proof of the Proposition. O

Theorem 1.2 involves the conditional zero current of a system of random sections,
which we now define precisely.

Definition 3.11. Let (L,k) be a positive Hermitian holomorphic line bundle over a
compact Kéhler manifold M with K&hler form wy, let 1 < k < m = dim M, and let
p € M. Let N> 0 and give H°(M, L") the induced Hermitian Gaussian measure 7.
We let

k k
T: PH M LY) - PL),

where @k V denotes k-tuples in V. The conditional expected zero current En(Zs, ... s, |
s1(p) = v1,...,8k(p) = vg) is defined by

(EN(ZSM--A,S;C | 51 (p) =01, Sk(p) = Uk)) 30) = E'y]‘(',((Zsl,-<~7Sk’<p) | T = (Ulv s >Uk))

for smooth test forms ¢ € D™~%™=F(M). The conditional expected zero distribution is
the current

Kliv(z | p) = EN(ZS1,~~-7Sk | Sl(p) =0,.. -75}.3(]7) = 0)7
which is well defined according to the following lemma.

Lemma 3.12. For N > 0, the mapping
(V1. vk) = En(Zs, s | 51(p) = v1,..., sK(p) = k)
is a continuous map from " LY to D'™m=km=k(M).

Proof. Let

k
E= {(51,...,5k) ce@PH M, LY): dimZ,, ., =n- k}

Since L is ample, for N sufficiently large, £ N T (vy,...,v;) is a proper algebraic
subvariety of T~ (v1, ..., vy) and hence has Lebesgue measure 0 in T~ (vy, ..., vy), for all
(v1,...,0) € P LY. Then Proposition 3.6 applies with C" replaced by @F HO(M, L),
and continuity follows exactly as in the proof of Lemma 3.8. (]
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4. Proof of Theorem 1.1
4.1. Proof for k=1

We first prove Theorem 1.1 when the condition is that s(p) = 0 for a single point p.

Proof. Let ¢ € D'™~1m~1(M) be a smooth test form. By Proposition 3.10, we have

(K (2 | p),#) = (BN Zs, 0) +/ log(1 — PN(z,p)Q)%a&p. (4.1)

M

Away from the diagonal, we can write log(1—Pn (2, p)?) = Pn(2,p)?+ 5 Pn (2, p)*+- - -,
and we have by (2.8),

log N
N )

log(1 — Pn(2,p)?) = O(N~™7%) uniformly for d(z,p) > b (4.2)

where b = v/2m + 6. Furthermore, by (4.2), we have

_ ENRIPY
| 10(1 = Pu(e.p)?) 500

i _
- log(1 — Py (2,p)?)5-00¢ + O(N~™""2).
/d<z,p><b\/w o
Using local normal coordinates (w1, ..., w,,) centred at p, we write

%85@ = p(w)2o(w),  Qo(w) = (2)™dwy Adiwy A A dwy, A diby,.

Recalling (2.9), we then have

log(1 — 2y L9
/M og(1 — Py(z,p) )%5390

B /w|<b\/(logN)/N log[l B PN(p - w,p) ]1/)(111)90(111) - O<N_m_ )
2
=N"™ /mgm/@log [1 — Py (p—i— W,p) ]¢(m) Qu) + O(N~™72).
(4.3)
Let
An(z,p) = —log Pn(z,p), (4.4)
so that
log(1 — Pn(z,p)*) =Y o An(2,p), (4.5)
where

Y()) :=log(l —e ) for A > 0. (4.6)
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By (2.9)(2.10),

mm) Ll + R (), (4.7)

An <p+
where
Ry (u) = —log[l + Ry (u,0)] = O(|ul>)N~Y/2+%)  for |u| < by/log N. (4.8)

We note that

0<-Y(\)=—log(l—e )< (1 + log™ i) (4.9)

Hence, by (4.5)—(4.10),

2
log [1 — Py <P+ \/u]v,p> ] = log(1 —e“"lz) +O(N~Y2e) for |u| < by/log N. (4.11)

Since ¢(u/vVN) = ¥(0) + O(u/v/'N), we then have

o[- (o o] o )
= (0) log(1 — e~ ") 4 O(N=1/2+) 4 Tlﬁow log(1 — e~ 11%)))

for |u| < by/log N.

Since O((log N)™ N ~1/2+¢) = O(N—1/2+2¢) and |u|log(1—e~1*I") € L1(C™), we conclude
that

[ AR REOe

—(0) [ log[1 — e~ "7] 2 (u) + O(N~1/2+).
|u|<bvIog N

We note that

2rm —+o0
/ log[l — e*|u\2]go(u) = L'/ log(l _ eT2)7,2m71 dr = O(Nsz/Q)'
lul>bvIog N (m =1 Jyiegw

Since b > 1, we then have

O A {C L
=(0) /m log[1 — e*\u|2]()0(u) + O(N~1/2tey, (4.12)
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Combining (4.1), (4.3) and (4.12), we have

(E(Zs: s(p) =0),¢) = (EZ57<p)+N_m1/)(O)/ log[1 — e~ 1“1 (w) + O(N—™1/2+e),

m

(4.13)
We note that )
1 100¢(p)
0) = 5= 4.14
¥(0) = o ) (4.14)
and
2 2rm “+oo R
/m log[l — ei‘ul ].Qo( ) = (’[’n—l)'/o IOg(l —e 7 ),’,,2777,71 dr
— L /+001 (1 _ —t)tm—l dt
CE /T
m +oo 00 —n
™ /+ " it gy
(m — 1)' =170 n
_ gym—m
 (m—1)! =
= —n"((m +1). (4.15)

The one-point case (k = 1) of Theorem 1.1 follows by substituting (4.14), (4.15)
into (4.13). O

4.2. The multi-point case
We now condition on vanishing at k points p1,...,pk.
Proof. We let HY, C H°(M, L") denote the space of holomorphic sections vanishing
at the points pi,...,pg. Let % be the coherent state at p; (given by (3.7), (3.8)) for
j=1,...,k By (3.9), asection s € H*(M, L") vanishes at p; if and only if s is orthogonal
to . Thus HO(M, L) = HY, @ Span{®%}}. Let
T:H(M,LY) > LY @@ L), s+ s(p) @ s(pe),

so that ker T = HY . By Lemma 3.9, the conditional expectation is given by
N L5 v N
KV i) = 500108 | T (2,2) v + o, (4.16)

where ITY; is the conditional Szegd kernel for the projection onto ITY. We let IT3:(z,w)
denote the kernel for the orthogonal projection onto (H}Y;)* = Span{®%!}, so that

Y (z,w) = Iy (z,w) — (2, w). (4.17)
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Recalling (3.7), (3.8), we have
(2. 82 © S 2, 8(2) & 1)
Zn (i, Pl TN (s ) I

m
||HN(pupz)||hN 1IN (pj, 23) |1

(@R, D) esN @ e =

/2’

and therefore, by (2.8),
(PR, S| = P (pi,p;) = 6] + O(N~). (4.18)
In particular the @gv are linearly independent, for N > 0. Let
(@h, ) = 6] + Wi

By (4.18), Wi; = O(N~°°). Let us now replace the basis {#%} of (H} )" by an orthonor-
mal basis {3}, and write

k
Wi =Y Aol
j=1
Then , _ ' B
5 = (W, T) = D (Aia®", A7) = > AiaAjp(0] + Wap),
.8 .8
or [ = A(I +W)A*.
We have
O(2,2) = Y V() @ W (2) = Y Ajudjp@h @ O = > Bugdhy @ Py,
J,o,8 B
where
B="AA=YA"A) =T+ W) ' =T+ O(N"™). (4.19)

The final equality in (4.19) follows by noting that
[Wilas =n <1

= [I+W) ' = Ilus = |[W W+ W3+ lus <n+n*+n+- = ——,

where ||W||us = [Trace(WW*)]'/? denotes the Hilbert-Schmidt norm. Therefore,

1T (2, 2)|| = Z 195 (2)]1* + O(N ™).

j=1

Repeating the argument of the 1-point case, we then obtain

KNz | p1,... px) = (EnZs, ) + log (1 = PN(z,pj)z) FON™).  (4.20)
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It suffices to verify the theorem in a neighbourhood of an arbitrary point zy € M. If
20 € {p1,-..,pk}, then log(1 — > Pn(z,p;)?) = O(N~°) in a neighbourhood of 2z, and
the formula trivially holds. Now suppose zy = p;, for example. Then

log (1 - ZPN(z,pj)2> =log(1 — Pn(z,p1)?) + O(N~>)

near p; and the conclusion holds there by the computation in the 1-point case. U

5. Proof of Theorem 1.2: the scaled conditional expectation

In this section we shall prove Theorem 1.2 together with the following analogous result
on the scaling asymptotics of conditional expected zero currents of positive dimension.

Theorem 5.1. Let 1 <k <m—1. Let (L,h) — (M,wy,) and (H°(M, L), ~vN) be as in
Theorem 1.1. Let p € M, and choose normal coordinates z = (21, ..., 2zm): My, p — C™,0
on a neighbourhood My of p. Let Tx = vV Nz: My — C™ be the scaled coordinate map.
Then for a smooth test form ¢ € D™~ F™=F(C™), we have

: k
(K (2 | p). mhep) = / o A (2186[10g(1 —e ) 4 ulz]) T O(N-Y2He),
771.\{0}

C 0
and thus
i 2 ‘
KRG | 9) = K| 0) = (000081 — 1) + ).
where u = (uq, ..., un) denotes the coordinates in C™.

Just as in Theorem 1.2, K;° (u | 0) is the conditional expected zero current of k
independent random functions in the Bargmann—Fock ensemble on C™.
To prove Theorems 1.2 and 5.1, we first note that by (2.7) and Proposition 3.10, we

have
KN (2| )—Laélo I In(z, 2)]] +i8510 (1 - Pn(z )2)+Ew
1 p727r gILIN (2, Z)]|pN om g Nz, p v
N i =
= Zun+ iaa log(1 — Py (z,p)%) + O(N~L). (5.1)
In normal coordinates (z1, ..., z,) about p, we have
wp = %iZgjl dz; Ndz,  gj(z) = 6;- + O(Jz)). (5.2)

Changing variables to u; = v/ Nz, gives

N i u R T s .
Y= 5o Zgjl (\/N) du; Aday, = %aam\ + ZO(MN )du; Ada.  (5.3)
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We can now easily verify the one-dimensional case of Theorem 1.2. Let m = 1. By

(4.11), (5.1) and (5.3), we have

i} i ll? _ Cees
(K (2 | p),mhe) = o /C[log(l — e 1Y 4 ul?)9dp + O(N 12+
for a smooth test function ¢ € D(C). We have

. . . _|u‘2
x — o) 4 [uf2]08p = - / LWL PY,
= /(C[log(l &) + Ju?)dip = o C{log o+ il |00+ 0(0)

; T el
:1/¢88{10g632+|u|2} +(0)
C |U|

2
= 0ddlog(1 — e~ 1I*) + uf?] + (0),
21 Je oy

proving Theorem 1.2 for k = m = 1.
For the dimension m > 1 cases, we first derive some pointwise formulae on M ~ {p}.

Let

Recalling (4.5), we have

90log(1 — Py (z,p)?) = 09(Y o Ay)
=Y"(AN)OAN NOAN + Y (AN)OOAN
4e=2An

_ ) _

By (2.10) and (4.7)—(4.8), we have

Ay = glul* + O(juPN =2+,

dA e
oo = s+ O(lul N7V,
J
Ay e
Ou;0u = 305 + O(N~1/2+),
Thus
= 1 /24Ny -
0Ax = 5 Y [uj + O(lu|N7V/2)] day,
and

00AN = (%‘95|U|2 + chz dug A dﬁz)» cji = O(N~1/2te),
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Since YU)(A\) = O(A77) for 0 < A < 1, we then have

dlog(1 — Pn(z,p)?)
= V' (3[uf®) + O(jul 2NV )] [L01ul® + >~ O(julN~1/2+) dii

1
- e‘u|2 —

15|u|2 + ) O(lu[ T N2 day, (5.4)

8dlog(1 — Py (z,p)?)
e_lu‘z , - ) 1 . . . e )
- _mahﬂ A Ol + o 90ul” + > O(lu|PNTV2HE) duy A day,

= 99log(1 — e ") + 3" O(ju| 2NV duy A day, (5.5)

for 0 < |u| < b. Therefore, by (5.1), (5.5) and (5.3),

2

i 1 e~ lul
KN )= o= B

21 1 —e~lul? e~lul®

Olul® A dul?® + 88|u|2]
+ ) O(|u[ 2N TH2) duy A diig
i .5 lul? 9 c _
= ﬂaé[log(l —e Iy ) + ZO(|u| INTYV2EE duy Aday,  (5.6)

for 0 < |u| < b.

We shall use the following notation. If R € D'"(M) is a current of order 0 (i.e. its
coefficients are given locally by measures), we write R = Rging + Rac, Where Rging is
supported on a set of (volume) measure 0, and the coefficients of R, are in Llloc' We also
let ||R|| denote the total variation measure of R:

(IR, ¥) = sup{|(R,n)|: n € D*""(M), |n| <} for v € D(M).

Lemma 5.2. The conditional expected zero distributions are given by

i i N 7"
K,{V(z | p) = {%&)log N (2, 2)||n~ + %aalog(l — PN(z,p)z) + th} ,

ac
for1<k<m-—1,
N i = i = 9 N m
K, (z|p)=0p+ %aalog N (z, 2) ||~ + %ﬁalog(l — Pn(z,p)%) + ?wh

ac

In particular, the currents K (z | p) are smooth forms on M ~ {p} for 1 < k < m, and
only the top-degree current KX (z | p) has point mass at p.

Proof. Let

T: HO(M, LY)* = (LFM)*, (s1,-00 1) = (51(p)s -+ 58(D))-



776 B. Shiffman, S. Zelditch and Q. Zhong

By Proposition 3.6 and Definition 3.11,

(KIJgV(Z | p)a <)0) = E("/K,)’”‘(Zsl,...,skagp)a
for ¢ € D=km=k (M {p}), where 7}, is the conditional Gaussian on Hp,.
Next, we shall apply Proposition 2.2 in [13] to show that

K (2| p) = By (Zsy,os) = [Bog Z)" = [KT (2 [ D)™ on M\ {p}. (5.7)

We cannot apply Proposition 2.2 in [13] directly, since all sections of Hj, vanish at p by
definition, so HY%; is not base point free. Instead, we shall apply this result to the blowup
M of p. Let 7: M — M be the blowup map, and let E = 7~1(p) denote the exceptional
divisor. Let L — M denote the pullback of L, and let O(—E) denote the line bundle over
M whose local sections are holomorphic functions vanishing on E (see [7, pp. 136-137]).
Thus we have isomorphisms

m~: HY = HO(M, LY @ O(—E)),  7n(s)=som. (5.8)

(Surjectivity follows from Hartogs’s Extension Theorem (see, for example, [7, p. 7]).)
Let Z, C Oy denote the maximal ideal sheaf of {p}. From the long exact cohomology
sequence

o= HY(M,O(LY)) = HY(M,O0(L™) ® (On/T2)) — H (M, O(LN) @ I2) — - --

and the Kodaira vanishing theorem, it follows that H*(M,O(LY) ® Z2) = 0 and thus
there exist sections of LV with arbitrary 1-jet at p, for N sufficiently large (see, for
example, [10, Theorem (5.1)]). Therefore, LY ® O(—E) is base point free.

We give HO(M, LN ® O(—E)) the Gaussian measure x := 7n.75. By [13, Propo-
sitions 2.1, 2.2] applied to the line bundle EN®O(—E) — M and the space & =
HO(M, LN @ O(—E)), we have E 0y (Zs,...5.) = (Bsy Z5,)"* (where the §; are inde-
pendent random sections in S). Equation (5.7) then follows by identifying M ~ E with
M ~ {p} and HO(M, LN ® O(—FE)) with H%. By (5.1) and (5.7), we then have

. . k
i = i .= N
Kz 1) = [ 09108 1T (2, )l + 5-00108(1 — P (,0)%) +

on M~ {p} for 1 <k < m.

Since K ,JCV (z | p) is a current of order 0, to complete the proof of the lemma it suffices
to show that

() 1K (= [ )l ({p}) = 0 for k < m,
(i) K5z p)({p}) =1

We first verify (ii). Let {¢n} be a decreasing sequence of smooth functions on M
such that 0 < ¢, < 1 and ¢, — x{p} as n — oco. We consider the random variables
X7 (HY)™ — R given by

X::L(S):(Zs,gpn), S:(517-~-35m)'
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Every m-tuple s € (HA)™ has a zero at p by definition, and almost all s have only
simple zeros; therefore X' (s) — Zs({p}) = 1 a.s. Furthermore, 1 < X]*(s) < (Zs,1) =
N™¢y(L)™. Therefore, by dominated convergence,

KNGz | 0)({p}) = lim (KN (=] p), 0n)

To verify (i), we note that [|[KY(z | p)|2m < CKN(z | p) Aw™ ™% (where the constant
C' depends only on k and m), and thus it suffices to show that

(") (KN (2| p) Awp ") ({p}) = 0 for k < m.
For k < m, we let
Xﬁ(s) = (Zs /\whm_k,gon) < ﬂ'm_kchl(L)m, 8= (81,---,8kK),

where ¢, is as before. But this time, X% (s) = [, Pnw" " — 0 a.s. Equation (') now
follows exactly as before. (Equation (i) is also an immediate consequence of Federer’s
support theorem for locally flat currents [6, 4.1.20].) O

We now complete the proof of Theorem 5.1. By Lemma 5.2 and the asymptotic formula
(5.6), we have

Ky (2| p) = K (2 | P)ac
. . k
— L85108;”1] (z,2)||lnv + L(figlog(l — Pn(2,p)?) + Ew
o N\~ h o IAS) T h

. k —|u|? B 85 2 k
(AN e e 2, O0W®
= (7) |- el 0w + 2

+ Z O(Ju| =¥ N=Y2%e) duy, Adug, A -+ Aduj, Adu,.

ac

Therefore,

(K& (2| p)s The)

. . k
_ _ N
= / {1 00log || IIn (2, 2)||pv + = d00log(1 — Pn(z,p)?) + wh] ATNe
Mo~{p} L27 2 T

. k ,|u‘2 B 85 2 k
(L . au? 2, OO
= <271—> Anl\{o} |: (1 —e_‘“|2)28|u| /\6|U| + (1 _e_|u2):| /\Sﬁ

F N g / O(Jul~2*) (108]ul?)™.
Supp(¢)
(5.9)

which verifies Theorem 5.1. O
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To prove Theorem 1.2, we need to integrate by parts, since if k¥ = m, the integral in
the last line of (5.9) does not a priori converge. To begin the proof, by Lemma 5.2 we
have

(KN (2| p),porn)

. _ . _ N m
—o(0)+ o(VI2) [laalog|nN<z7z>|hN+laalog(l—PN<z,p>2>+wh] |
Mo~{p} 27 27 T
(5.10)
Writing B
= 5i0dp,  p(2) = |2 + O(|2]), (5.11)
we then have
(G I phporn) = o+ [ oo (5000 ) (512)
cm~{0} m
where
u u 2 u
log || 11 —mlog(N/m)+log (1—=Py [ ——.0) )+ Np[ —= ).
fwlu) = Og‘ N(W f) mlog(N/m) Og( N(m )> p(m)

By (2.7), (4.11) and (5.11),
Fu(u) =log(1 — e 1Py 4 |uf? + O(N—1/2+e), (5.13)

Again recalling (5.6), we have

_ —lul _ d0|ul?
=% 2, _ g0l —2\7—1/2+¢
00fn = i e*lu\“’)?a‘ul A Odlu)” 4+ (1= 1) +O(Ju|°N ). (5.14)
We now integrate (5.12) by parts. Let
anN = fN(angyn_l. (515)
Then for § > 0,
/ @85@1\;:/ aN/\85<p+%i/ (pdan — any A d), (5.16)
|u|>8 |u|>8 |u|=8
where d° =i(0 — 9). By (5.13)-(5.15),
an = ace + O(|u 7" 2 log(Ju] + |u|~H)NTVE), (5.17)

where

= [log(1 — ¢~ 1*I*) + [u|?]{0010g (1 — ¢~ ") + Ju[?]} ™

e lul? = 00|u|? m=t

_ o lul? 21 & 2 2, cojup
[lOg(l € ) + ‘ul ] (1 _ e—|u|2)28|u| A a|u| + (1 _ e—|u‘2)
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In particular,

an = O(Jul > log(|ul + |u| ")), (5.18)
and therefore
}1_% s any ANd% = 0.

Futhermore, by (5.4) and (5.14),

_ Al A (90uf?)m

¢ —2m+1 p7—1/2+¢
dapn (1= cTu)m + O(|ul N ).
Therefore,
i ml 5.52111—1 1/2+
— | =i pd°ay = ————Average|,j_s(p) + O(N~ ) sup |p
() 4/, sy Aversgel () + O(N™H/24) s o
— —p(0)[1+ O(N~/2+<)].
Thus,

<1) / ©d0aN = <1> / anddp — (0)[1+ O(N~Y24)]. (5.19)
2w ) Jemqoy 2w ) Jem g0y

Combining (5.12), (5.17) and (5.19),

i

(KN (z|p),porn) = | / an8dyp + O(N~1/2+e)
2w ) Jemqoy

27 Cm~{0}

Repeating the integration by parts argument using a.,, we conclude that

i m _ 1 m _
— 000se = () / o000 — ©(0). 5.20
(27T> /(Cm\{o}(p 2r ) Jemqoy = el0) (5.20)
Therefore,

(KN (z | p),porn)
= ¢(0) + <1> / ©ODuse + O(N /242
2w ) Jemqoy

i
21

_ . u 3 o 767|u‘2 7.L2 m —1/2+4¢
0+ (57) [ otwo0ost - ) Ry + O )

which completes the proof of Theorem 1.2. O

Remark 5.3. In fact, it follows from Demailly’s Comparison Theorem for generalized
Lelong numbers [5, Theorem 7.1], applied to the plurisubharmonic functions fx(u)
and log |u|? and closed positive current T = 1, that the two measures i"dday and
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00 log |u|? impart the same mass to the point 0, and therefore we can replace (5.19)
by the precise identity

i m B i m B
— pd0an = () / and0p — p(0).
(27T) /Cm\{o} o 2w ) Jemqoy v ©

Equation (5.20) similarly follows from the same argument.

6. Comparison of pair correlation density and conditional density

We conclude with further discussion of the comparison between the pair correlation
function and conditional Gaussian density of zeros.

6.1. Comparison in dimension 1

We now explain the sense in which the pair correlation K{¥ (p)=2KX (z,p) of [1,2]
may be viewed as a conditional probability density.

We begin with the case of polynomials, i.e. M = CP'. The possible zero sets of a
random polynomial form the configuration space

(CPHYM) = SymNCP' := CP' x --- x CP! /Sy
—_————
N

of N points of CP!, where Sy is the symmetric group on N letters. We define the joint
probability current of zeros as the pushforward

KN (G s Cn) o= Doy (6.1)

of the Gaussian measure on the space Py of polynomials of degree N under the ‘zero
set’ map D: Py — (CP)M) taking sy to its zero set. An explicit formula for it in local
coordinates is

1 IA(Cr, .., Cn) P oGy - - - dal
ZN () (fopn H;y—l (2 = ¢)2e=Ne(@ du(z))N+1

where Zy(h) is a normalizing constant. We refer to [16] for further details.

As in [4, §5.4, (5.39)], the pair correlation function is obtained from the joint proba-
bility distribution by integrating out all but two variables. If we fix the second variable of
KX (z,p) at p and divide by the density K7} (p) of zeros at p, we obtain the same density
as if we fixed the first variable ¢; = p of the density of KX ((1,...,(y), integrated out
the last N — 2 variables and divided by the density at p. But fixing (1 = p and dividing
by K (p)d2(; is the conditional probability distribution of zeros defined by the random
variable (;. Thus in dimension 1, K (p) 2K} (z,p) is the conditional density of zeros
at z given a zero at p if we condition using (; = p in the configuration space picture.
This use of the term ‘conditional expectation of zeros given a zero at p’ can be found,
for example, in [14].
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6.2. Comparison in higher dimensions

The above configuration space approach is difficult to generalize to higher dimensions
and full systems of polynomials. In particular, it is difficult even to describe the con-
figuration of joint zeros of a system as a subset of the symmetric product. Indeed, the
number of simultaneous zeros of m sections is almost surely c1(L)™N™ so the variety
Cn of configurations of simultaneous zeros is a subvariety of the symmetric product
M (D)™ N™) "Since Cy is the image of the zero set map

D: G(m, H'(N,LY)) — ML N™)

from the Grassmannian of m-dimensional subspaces of H°(N, LY), its dimension (given
by the Riemann—Roch formula) is quite small compared with the dimension of the sym-
metric product:

c1 (L)m

N™ 4+ O(N™ 1) ~ % dim M (B)"N™),
Under the zero set map, the probability measure on systems pushes forward to C, but
to our knowledge there is no explicit formula for KY as in (6.2).

We now provide an intuitive and informal comparison of the two scaling limits without
using our explicit formulae. Let Bs(p) C C™ be the ball of radius ¢ around p, let s =
(51, .., 5m) be an m-tuple of independent random sections in H(M, LY), and let ‘Prob’
denote the probability measure ('y,JLV )™ on the space of m-tuples s. We define the events,

U? = {s: s has a zero in Bs(p)}, UZ = {s: s has a zero in B.(q)}.

Now the probability interpretation of the pair correlation function is based on the fact
that, as §,e — 0,

/ E[Z,(2)Za(w)] = Prob(UZ 0 UD)[1 + o(1)],
Bs(P)xBc(q)

since the probability of having two or more zeros in a small ball is small compared with
the probability of having one zero.
It follows that

_ 1
A ol Bs () % Vol(B(q))

Prob(U? N UY) = K52,,..(p, q).

Similarly,
1
lim Prob(U} :7/ EZs(z) = K{p, (D).
550 ( 5) VO]B(s(p) Bs(p) 3( ) 1 (p)
Hence, as €, — 0,
(fB5(P)><Bs(Q) EZs(2)Zs(w)) _ (st(p)st(q) K Zm (2, w))

Prob(UZ | Uf) & =80 S @) sy Kum )
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so that -
K2mm (p’ Q)

Prob(UZ | U}) = Ko ()
Imm

1
lim ———
<050 Vol B.(q)

By comparison,

) 1 Prob(UsnF?)
K — lim ——— Prob(U¢ =0)=li iR
el =l o g PropUe () =00 = I G ) Prob(@D)

where

Fi = {(51,...,sm): (Z‘Sj(p)ﬁm)lm . 5}.

Thus, the difference between the Gaussian conditional density and the pair correlation
density corresponds to the difference between the family of systems F§ and the family of
systems UP. This comparison of the pair correlation density and the Gaussian conditional
density shows that in a probabilistic sense, the conditions ‘s(p) is small’ and ‘s has a
zero near p’ are mutually singular.

6.3. Comparison of the conditional expectation and pair correlation in
codimension 1

We take a different approach to comparing K{¥(z | p) and K2{(z,p). The scaling
asymptotics of Ki¥(z | p) and K3 (z,p) are both given by universal expressions in the
normalized Szeg6 kernel or two-point function Py (z,w) (defined in (2.6)). This is to be
expected since the two-point function is the only invariant of a Gaussian random field.
Indeed, Proposition 3.10 says that

K (2| p) = En(Z,) + 5-(00). (~log Py (=,p). (63)

where Y (A\) = log(1 — e™2*) (recall (4.6)).

We now review the approach to the pair correlation current K (z,p) given in [13]. The
pair correlation current of zeros Z is given by En(Zs X Z,), and the variance current
is given by

Vary(Z,) := Ex(Z, R Z,) — Ex(Z,) ¥ Ex(Z,) € D'**?*(M x M). (6.4)
Here we write
SKT =niSAnsT € D'PYI(M x M), for S € D'P(M), T € D'(M),

where 71, mo: M XM — M are the projections to the first and second factors, respectively.
In [13], the first two authors gave a pluri-bipotential for the variance current in codi-
mension 1, i.e. a function Qx € L'(M x M) such that

Vary (Z,) = (i00).(100),Qn (2, w). (6.5)
The bipotential Qn: M x M — [0, +00) is given by

1 ¥ log(1 — s)
472 J, s

Qn(z,w) = G(PN(z,w)), G(t) = ds. (6.6)
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The analogue to (6.3) for the pair correlation current can be written
KN (z,p) = EN(Z, R Z,) = EN(Z,) R EN(Zs) + 00.00,F(—log Px(z,p)),  (6.7)

where F is the anti-derivative of the function (1/27%)Y":

oo

- 1
PO =G = =55 | log(l—e™)ds, A>0. (6.8)

That is, (1/272)Y (—log Pn(z,p)) is the relative potential between the conditioned and
unconditioned distribution of zeros, while F(—log Py (z,p)) is the relative bi-potential
for the pair correlation current En(Zs X Z).
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