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ABSTRACT. We define a Gaussian measure on the space H(M, L) of almost
holomorphic sections of powers of an ample line bundle L over a symplectic
manifold (M, w), and calculate the joint probability densities of sections taking
prescribed values and covariant derivatives at a finite number of points. We
prove that they have a universal scaling limit as N — oo. This result will be
used in another paper to extend our previous work on universality of scaling
limits of correlations between zeros to the almost-holomorphic setting.

1. INTRODUCTION

This note is an addendum to our study in [ShZe2| of almost holomorphic sections
of powers of ample line bundles LY — M over almost complex symplectic man-
ifolds (M,w,J). Motivated by the important role now played by ‘asymptotically
holomorphic’ sections in symplectic geometry (see [Aur, [Don] and many related ar-
ticles), we studied in [ShZe2] a conceptually related but different class H(M, L)
of ‘almost holomorphic’ sections defined by a method of Boutet de Monvel and
Guillemin [BoGu|. The main results of [ShZe2] were the scaling limit law of the
almost-complex Szego projectors

My : L2(M, LN) — HY (M, LY)

and various geometric consequences of it.

Our purpose in this addendum is to develop [ShZe2] in a probabilistic direction,
in the spirit of our earlier work with P. Bleher on the holomorphic case [BSZI], and
to complete the discussion in [BSZ2] of correlations between zeros in the symplectic
case. The space H}(M, L") is finite dimensional and carries a natural Hermit-
ian inner product (see (@) and ([Id)). We endow the unit sphere SHY(M, L") in
Hf}(M , LN) with Haar probability measure vy and consider the joint probability
distribution (JPD)

DYy =DV, a2 dadE
of a random section sy € SH?(M, L") having the prescribed values z?, ..., 2" and
derivatives &%, ..., €™ at n points z!,...,2" € M. To be more precise, we choose
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local complex coordinates {z1, ..., 2z, } and a nonvanishing local section ey, of L on
an open set containing the points {z!,...,2"}; then Dé\il ) is the JPD of the

n(2m + 1) complex random variables

zP = <ezNaSN>|Zp7 Eg = <62N7N7%v8/8zq51\/>‘2p5

N 1
ra =(€iY N7V 0/9z,5N)| 0 I<p<nl<g<m.

(1)

As the name implies, almost holomorphic sections behave in the large N limit
much as do holomorphic sections on complex manifolds. The main result of this
note bears this out by showing that the JPD in the almost complex symplectic case
has the same universal scaling law as in the holomorphic case, thereby finishing the
proof of Theorem 1.2 of [BSZ2] on universal scaling limits of correlations between
zeros in the symplectic case.

Theorem 1.1. Let L be the complex line bundle over a 2m-dimensional compact
integral symplectic manifold (M,w) with curvature w. Let Py € M, and choose a
local frame e for L and local complex coordinates centered at Py so that w|p, and
glp, are the usual Euclidean Kdhler form and metric respectively, |lep||p, =1, and
Ver|p, =0. Then

N 1
D(zl/\/ﬁ,...,z"/\/ﬁ) — D% ((z',....2") eC™),

where the measures D‘(’jl ) = VA (z) are the same universal Gaussian measures
as in the holomorphic case; in particular, they are supported on the holomorphic
1-jets.

Let us review the formula for ya~(;). We recall that a (complex) Gaussian
measure on C* is a measure of the form

e—(A’lz,.%}

2 = ——dz
where dz denotes Lebesgue measure on C*, and A is a positive definite Hermitian
k x k matrix. The matrix A = (Aag) is the covariance matrix of ya:

(3) (2aZ8)va = Dap, l1<a,f<k.

Since the universal limit measures ya«(.) vanish along non-holomorphic directions,
they are singular measures on the space of all 1-jets. To deal with singular measures,
we introduce in §3 generalized Gaussian measures whose covariance matrices () are
only semi-positive definite; a generalized Gaussian measure is simply a Gaussian
measure supported on the subspace corresponding to the positive eigenvalues of the
covariance matrix.

The covariance matrix A®(z) is given along holomorphic directions by the same
formula as in the holomorphic case [BSZ1] (97)], namely

oy ml [ A%(z) B®(z)
(4) A (Z)* Cl(L)m ( BOO(Z)* COO(Z) > )
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where z = (21,...,2") and
Yy H/ _p P’ H 1 wi— L (Jul+[v]?)

A%y = TER0:27,0), T, 050,0) = —et ,

B®(z),, = (zé’, — zf])/)l_lfl(zl’7 0; z:p/7 0) for 1<qg<m,
o 0 for m+1<qg<2m,
—_p’ _ ’ H ) ,

oo pq (5qq/ ™ (Zg - Zg)(zgl - Z‘ZI)’ )) Hl (Zpa 0, 2P 70)

C (Z)p/ql = for 1 < q7q/ < m,

o

for max(q,q') >m+ 1.

In other words, the coefficients of A*(z) corresponding to the anti-holomorphic
directions vanish, while the coefficients corresponding to the holomorphic directions
are given by the Szegd kernel I} for the reduced Heisenberg group (see [BSZI}
§1.3.2]) and its covariant derivatives.

A technically interesting novelty in the proof is the role of the 0 operator. In
the holomorphic case, Df\il,_ is supported on the subspace of jets of sections

- 10
satisfying ds = 0. In the almost complex case, sections do not satisfy this equation,
so DN is a measure on the higher-dimensional space of all 1-jets. However,

zl,..,2m
Theo(rem ﬂ;lzlsays that the mass in the non-holomorphic directions shrinks to zero
as N — oo.

An alternate statement of Theorem [l involves equipping H9(M, LY) with a
Gaussian measure, and letting ﬁglz) be the corresponding joint probability
distribution, which is a Gaussian measure on the complex vector space of 1-jets
of sections. We show (Theorem [£.1]) that these Gaussian measures DV also have
the same scaling limit D®°, so that asymptotically the probabilities are the same
as in the holomorphic case, where universality was established in [BSZ2]. It is
then easy to see that ]5{\;17“.,2” = yaN , where A is the covariance matrix of the
random variables in (IJ). The main step in the proof is to show that the covariance
matrices AV underlying DY tend in the scaling limit to a semi-positive matrix
A, Tt follows that the scaled distributions DV tend to the generalized Gaussian
Yas ‘vanishing in the 0-directions.’

In a subsequent article [ShZe3|, we obtain further probabilistic results on holo-
morphic and almost holomorphic sections. Regarding almost holomorphic sections,
we prove that a sequence {sy} of almost holomorphic sections satifies the bounds

Isnlloo/Isn Lz = O(Viog N),  [|0snllo/llsn Iz = O(y/log N)

almost surely. Hence almost holomorphic sections satisfy bounds similar to those
satisfied by asymptotically holomorphic sections in [Donl [Aur].

Finally, we mention some intriguing questions relating our probabalistic approach
to almost holomorphic sections to the now-standard complexity-theoretic approach
to asymptotically holomorphic sections in symplectic geometry, due to Donaldson
and further developed by Auroux and others. From an analytical viewpoint (which
of course is just one technical side of their work), the key results are existence theo-
rems for one or several asymptotically holomorphic sections satisfying quantitative
transversality conditions, such as

s(z) =0 = ||0s(2)| < |0s(2)] Vze M
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in the case of one section. Can one use the probabalistic method to prove such ex-
istence results? It is the global nature of the problem which makes it difficult. On
small balls, our methods rather easily give lower bounds for quantitative transver-
sality of the type
Ce

Nl—e’
However, there are roughly C,,, N™ balls of radius 1/v/ N, so one cannot simply sum
this small-ball estimate. To globalize, one would need to partition M into small

cubes as in [Don] and then analyze the dependence of transversality conditions from
one cube to another.

p{s: |0s(2)| < |0s(z)| Vze€ B%(zo) such that s(z) =0} > 1-—

Remark. This paper and [ShZe2] were originally contained in the archived preprint
[ShZel]. In revising that paper for publication as [ShZe2], we expanded the section
on the Szego kernel, added a discussion on transversality, and relocated the material
on the JPD to this article. In particular, Theorem [I.1]is Theorem 0.2 of [ShZel],
and Theorem [4.1]is Theorem 5.4 of [ShZeT].

2. BACKGROUND

To avoid duplication, we only set up some basic notation and background, and
refer to [BSZI], [BSZ2| [ShZe2] for further discussion and details.

Let (M,w,J) denote a compact almost-complex symplectic manifold such that
[Lw] is an integral cohomology class, and such that w(Jv, Jw) = w(v,w) and
w(v, Jv) > 0. We further let (L,h,V) — M denote a quantizing Hermitian line
bundle and metric connection with curvature %@ 1 = w. We denote by LY the Ntb
tensor power of L.

We give M the Riemannian metric g(v,w) = w(v, Jw). We denote by T*M,
resp. T M, the holomorphic, resp. anti-holomorphic, sub-bundle of the complex
tangent bundle TM;i.e., J =i on TYOM and J = —i on TO' M.

We now recall our notion of ‘preferred coordinates’ from [ShZe2]. They are
important because the universal scaling laws are only valid in such coordinates. A
coordinate system (21, ..., 2y, ) on a neighborhood U of a point Py € M is preferred
at Py if any two of the following conditions (and hence all three) are satisfied:

i)  9/0zi|p, € THO(M), for 1 < j <m,

11) w(PQ) = Wwo,

i) g(Fo) = go,
where wy is the standard symplectic form and gg is the Euclidean metric:

.. m m
i
wo = B Zde Ndz; = Z(dﬂ?j ®dy; — dy; @ dz;),
j=1 j=1
m
go =Y _(du; @ dw; + dy; ® dy;) .
j=1
Here we write z; = x; + iy;, and we let {(%j, {%j} denote the dual frame to

{de, dfj}.

As in [BSZ1], BSZ2|,[ShZe2], it is advantageous to work on the associated principal
S! bundle X — M, and our Szegd kernels will be defined there. Let 7 : L* — M
denote the dual line bundle to L with dual metric h*, and put X = {v € L* :
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ol = 1}. We let rgx = ez (z € X) denote the S action on X. We then
identify sections sy of LY with equivariant function § on L* by the rule

(5) Sn(N) = (AN, sn(2)) . A eEX.,

where \®N = A ® .- ® A; then 8y (rgx) = V955 (2). We denote by L£%(X) the
space of such equivariant functions transforming by the N*® character.

When working on X, covariant derivatives on sections of L become horizontal
derivatives of equivariant functions. We consider preferred coordinates (z1, ..., zm)
centered at a point Py € M and a local frame ey, for L such that |leL|p, = 1
and Ver|p, = 0. This gives us coordinates (z1,...,zm,#) on X corresponding to
r = e er(2)|e:(z) € X. We showed in [ShZeZ, §1.2] that
0 " 0 { i

o o _ 0 i N
20" @z oz, |2 tOU )} 20’

o o) i )
© 5= 50+ |55+ 00:F)

o o : : d d
where 5~ (resp. a_zj> denotes the horizontal lift of 57 (resp. E>

The almost-complex Cauchy-Riemann operator 0, on X does not satisfy 5‘5 =0
in general, and usually it has no kernel. Following a method of Boutet de Monvel
and Guillemin, we defined in [ShZe2] the space HY of equivariant almost-CR func-
tions on X as the kernel of a certain deformation Dy of the 8, operator on £3,(X).
The space Hf}(M , LN) is then the corresponding space of sections. The Szegd ker-
nel Iy (x,y) is the kernel of the orthogonal projection Iy : £3(X) — HY. The
dimension dy = dim HY(M, L") satisfies the Riemann-Roch formula (see [BoGul)

a(b)™

(7) dy = ———N"+ O(N™ 1) .

Since HY(M, L") is finite dimensional, the Szegd kernel Iy is smooth and is given
by

dn
y(e,) = Y SN @SF

where {SV} is an orthonormal basis for HS(M, L").
It would take us too far afield to discuss the definition or significance of the
spaces H9(M, L) here; we refer the reader to [ShZe2] for background.

3. A GENERALIZED POINCARE-BOREL LEMMA

In this section, we give a generalization of the Poincaré-Borel lemma concerning
the asymptotics of linear push-forwards of measures on spheres of growing dimen-
sions, which we shall use in the proof of Theorem [[.T]

Recall that a Gaussian measure on R™ is a measure of the form

67% <A_ 19:793)
VA= o
(2m)"/2\/det A
where A is a positive definite symmetric n X n matrix. The matrix A gives the
second moments of ya:
(8) (T3 Tk)ya = Dk -
This Gaussian measure is also characterized by its Fourier transform

9) ﬁ(tla---,tn):e*%ZA;’kt]tk.

dxy - --dx, ,
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If we let A be the n x n identity matrix, we obtain the standard Gaussian measure
on R",

1 1002
._ — 3zl e
Yn = (27‘_)”/26 2% dxy - dxy,
with the property that the z; are independent Gaussian variables with mean 0 and
variance 1.
By a generalized complex Gaussian measure on C™, we mean a generalized Gauss-
ian measure v§ on C" = R?" with moments

<Zj>v2 =0, <zjzk>72 =0, <zj2;€>72 = Ajg, 1<j,k<n,

where A = (Ajj) is an n x n positive semi-definite Hermitian matrix; i.e. 7§ =
Yine where A€ is the 2n x 2n real symmetric matrix of the inner product on R?"
induced by A. As we are interested here in complex Gaussians, we drop the ‘¢’ and
write Y4 = va. In particular, if A is a strictly positive Hermitian matrix, then ya
is given by (2).

The push-forward of a Gaussian measure by a surjective linear map is also Gauss-
ian. In the next section, we shall push forward Gaussian measures on the spaces
HY(M,LN) by linear maps that are sometimes not surjective. Since these non-
surjective push-forwards are singular measures, we need to consider the case where
A is positive semi-definite. In this case, we use (@) to define a measure ya, which
we call a generalized Gaussian. If A has null eigenvalues, then the generalized
Gaussian v is a Gaussian measure on the subspace A C R” spanned by the pos-
itive eigenvectors. (Precisely, yao = t«ya|a,, Where ¢ : A, < R™ is the inclusion.
For the completely degenerate case A = 0, we have ya = dg.) Of course, (§) also
holds for semi-positive A. One useful property of generalized Gaussians is that
the push-forward by a (not necessarily surjective) linear map 7' : R — R™ of a
generalized Gaussian yA on R” is a generalized Gaussian on R™:

(10) Tiya = yrar-
Another useful property of generalized Gaussians is the following fact:

Lemma 3.1. The map A — ya is a continuous map from the positive semi-definite
matrices to the space of positive measures on R™ (with the weak topology).

Proof. Suppose that AY — A% We must show that (AN, ¢) — (A% ) for a
compactly supported test function ¢. We can assume that ¢ is C*>°. It then follows
from (@) that

(P)/ANWO) = (IY/AT\U 5/5) - (@79’0\) = (PYAOa 50) .
|
We shall use the following ‘generalized Poincaré-Borel lemma’ relating spherical

measures to Gaussian measures in our proof of Theorem [Tl on asymptotics of the
joint probability distributions for SHY(M, LY).

Lemma 3.2. Let Ty : R™ — RF, N = 1,2,..., be a sequence of linear maps,
where dy — 0o. Suppose that iTNTX, — A. Then TnwViy — YA-
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Proof. Let Vi be a k-dimensional subspace of R4¥ such that Vi C ker TV, and let
pn : RN — Vi denote the orthogonal projection. We decompose T = By o An,
where Ay = d¥/’py : R¥ — Vi, and By = dy*T|vy : Vv = RE. Write

ANsVay = an, Tn«Viy = Bnean = OBn .

We easily see that (abbreviating d = dy)

(11)
Zik (] — Lig2](@=k=2)/2  for |z| < V/d,
ay = Ay = Padz wd—{ ot 11—l !

0 otherwise,

where dr denotes Lebesgue measure on Vy, and o, = vol(S"~1) = 12(7;;//22) (The
casek = 1, d = 3 of () is Archimedes’ formula [Arc].) Since [1—|xz|?/d](?~F=2)/2

2 .
e~ 1#I°/2 uniformly on compacta and Zj’l—(‘i,’j — we conclude that ay — k.

1
(@m)F/72>
(This is the Poincaré-Borel theorem; see Corollary [33 below.) Furthermore,

(d—k—2)/2
1 d—k—2 1
<1 - E|x|2> < exp <—T|x|2> < el

ford>k+2, |z| < V/d, and hence
(12) Yay (1) < Cpe 17172

Now let ¢ be a compactly supported continuous test function on R*¥. We must
show that

(13) [wton— [ ears.

Suppose on the contrary that (I3)) does not hold. After passing to a subsequence,
we may assume that [@dBy — ¢ # [¢@dya. Since the eigenvalues of By are
bounded, we can assume (again taking a subsequence) that By — By, where

1
BoBj = lim ByBj = lm —-TyT{ = A.

Hence,

[ wion = [ o(Bra)va, (@o
RF Vi
—l|z|?/2
— . @(Box)(EQWde = /VN ©(Box)dyi(x),

where the limit holds by dominated convergence, using (I2). By (10), we have
Bo«Yk = vBoB; = Y, and hence

| etomyin = | o

Thus (I3) holds for the subsequence, giving a contradiction. O
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We note that the above proof began by establishing the Poincaré-Borel theorem
(which is a special case of Lemma B2)):

Corollary 3.3 (Poincaré-Borel). Let Py : RY — R* be given by
Py(z) = Vd(z1,. .., xp).

Then Pd*l/d — Yk -

4. PROOF OF THEOREM 1.1

We return to our complex Hermitian line bundle (L, h) on a compact almost
complex 2m-dimensional symplectic manifold M with symplectic form w = %@ L,
where O is the curvature of L with respect to a connection V. We now describe
the n-point joint distribution arising from our probability space (SHY(M, L), vy).
We introduce the Hermitian inner product on H(M, LN):

1
(14) (s1,82) = /M hN(Sl,SQ)ﬁwm (s1,82 € H?(M, LN)) ,

and we write |[s|l2 = (s,s)'/2. Recall that SH(M, L") denotes the unit sphere
{llsll = 1} in HY(M, L") and vy denotes its Haar probability measure.

We let J1(M, L") denote the space of 1-jets of sections of L. Recall that we
have the exact sequence of vector bundles
(15) 0—-TH LN 5 N (M, LN) L LN —0.
We consider the jet maps

JLHY(M, LYY — JYM,V),, Jls= the l-jet of s at z, for z€ M.

The covariant derivative V : JY(M, LY) — T, ® LY provides a splitting of (I5)
and an isomorphism

(16) (p, V) : JHM, LN) LN ¢ (T3, @ LY).

Definition. The n-point joint probability distribution at points P',..., P™ of M
is the probability measure

(17) Dpi pny = (Jpr @ @ Jhn)uvn
on the space JY (M, LN)p1 @ --- @ JY (M, L) pn.

Since we are interested in the scaling limit of DY, we need to describe this
measure more explicitly: Suppose that P!, ..., P" lie in a coordinate neighborhood
of a point Py € M, and choose preferred coordinates (z1,...,2,) at Py. We let
2V, ..., 2P denote the coordinates of the point P? (1 < p < n), and we write
2P = (2V,...,28). (The coordinates of Py are 0.) We consider the n(2m + 1)
complex-valued random variables 7, ¥ (1 <p <n, 1 < ¢ < 2m) on SHE(X) =
SHY(M, LN) given by

(18) 2P (s) = 5(z",0),

_ 19
~ VN o5,

iy 1L o"s » »
(19) gq(s)*\/—ﬁa—zq(z)’ m+q(S)

for s € SHY(M, LV).

(") (I<g<m),
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We now write
z=(2"...,2"), &= ()icp<nicgcam, z=(z"...,2").
Using (@) and the variables 2, &2 to make the identification
(20) JHM, LN p1 @ - @ JY(M, L) pn = CHm+)
we can write
DY = DN(x,&; 2)dade

where dzdé¢ denotes Lebesgue measure on C?(2m+1),

Before proving Theorem [Tl on the scaling limit of DY we state and prove a
corresponding result replacing (SHY(M,LY),vy) with the essentially equivalent
Gaussian space H9(M, L") with the normalized standard Gaussian measure

dy \ ) d
Jj=1

where {S}'} is an orthonormal basis for H(M, L"). This measure is characterized
by the property that the 2dx real variables e¢;, S¢; (j =1, ...,dn) are independent
Gaussian random variables with mean 0 and variance 1/2dy; i.e.,

_ 1
(22) <cj>l’«N =0, <Cjck>llN =0, <cjck>HN = E Jk -
Our normalization guarantees that the variance of ||s||2 is unity:

(IlsliZ)un =1

We then consider the Gaussian joint probability distribution
(23) DN puy = DN (2,6 2)dzde = (Jhy @ -+ ® Tha)upin .

Since uy is Gaussian and the map J}Dl @@ Jh, is linear, it follows that the joint
probability distribution is a generalized Gaussian measure of the form

(24) DN (x,& z)dwdé = yan(.) -

We shall see below that the covariance matrix AN (z) is given in terms of the Szegd
kernel.
We have the following alternate form of Theorem

Theorem 4.1. Under the hypotheses and notation of Theorem [, we have

AN o)
D /R, omyymy — DGrnm) -

Proof. We use the coordinates (z1,...,2m,0) on X given by preferred coordinates
at Py € M and a local frame ey, for L with ||er||p, = 1 and Ver|p, = 0 asin §2l The
covariance matrix AV (2) in (B4) is a positive semi-definite n(2m + 1) x n(2m + 1)
Hermitian matrix. If the map J} @ --- @ Jl. is surjective, then AN (2) is strictly
positive definite and l~)N(x, &; ) is a smooth function. On the other hand, if the map
is not surjective, then DN (z,&; 2) is a distribution supported on a linear subspace.
For example, in the integrable holomorphic case, DN (z,&; 2) is supported on the
holomorphic jets, as follows from the discussion below.
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By (&), we have

A= f ¢ ).

(25) A=(A%)=(a"a") , B=(BL,)=(2").uy, C=(CP)=(c2&),.,

pun’

p,p=1,....,n, ¢q¢=1,...,2m.

(We note that A, B, C are n x n, n X 2mn, 2mn X 2mn matrices, respectively;
p,q index the rows, and p’, ¢’ index the columns.)

We now describe the the entries of the matrix AV in terms of the Szegd kernel.
We have by (22) and (25), writing s = Z?ﬁl SN,

(26)
dn 1
Ay = (@), = ;1 (), S (. 0)ST(.0) = T (27,0:27",0).
j7 =

We need some more notation to describe the matrices B and C. Write

1 oh 1 ok

V:——, Vm =——, 1<¢g<m.

q \/N 82’(1 +q \/N azq q

We let V(ll, resp. Vg, denote the differential operator on X x X given by applying
V, to the first, resp. second, factor (1 < ¢ < 2m). By differentiating (26), we
obtain

1 =2 /
(27) By, = qu,HN(zp,O;zp,O),
1 =2 /
(28) cr, = EV;V(Z,HN(Z”,O;ZP,O).

We now use the scaling asymptotics of the almost holomorphic Szego kernel
Iy (z,y) given in [ShZe2|. In addition to the above assumption on the local frame
er,, we further assume that

Vierlp, = —(g+iv)@erlp, €Ty 0T @ L .

(In [ShZe3], we called such an ey, a ‘preferred frame’ at Py, and the resulting coor-
dinates were called ‘Heisenberg coordinates.”) Then we have (see [ShZe3], Theorem
2.3)

meHN( u 6. v

\/_ﬁaﬁ,\/_ﬁv )

zte

(29) = L ei0—¢)tuv—F(ul*+ol*)

< [14 55 N=5b,(Po,u,v) + N*KfleK(Po,u,v,N)] ,

where ||RK(P0,’U,, v, N)||Cj({|u‘+|v‘gp}) < CK,j,p for j = 1, 2, 3, ceee
It follows from (26)-(28) and (Z9), recalling (@)—(T), that

RS B o I
(30) AV =870 = i (e ov() )

in the notation of ().
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Finally, we apply Lemma BT to (24) and conclude that

Div/ﬁ = Yan (z/vN) T Yas(z) = D
O

Proof of Theorem [I1l The proof is similar to that of Theorem 1] This time we
define

1
AN = =T iy - B, LN) — €,

where Jy = Jp1 @+ @ Jp, under the identification @0). We see immediately that
AN is given by (28)—(Z8), and the conclusion follows from Lemma[FZand @). O

Remark. There are other similar ways to define the joint probability distribution
that have the same universal scaling limits. One of these is to use the (un-
normalized) standard Gaussian measure yaq, on H9(M, L") in place of the nor-
malized Gaussian uy in Theorem E] to obtain joint densities

N .\ — PN x £ .
D#(x,f,z)—D <Nm/2aw,z>'

Then we would have instead

Dg(Nm/Qx,Nmﬂf; N*I/Qz)dxdg — YA (z) -

Another similar result is to let Ay denote normalized Lebesgue measure on the unit
ball {||s|| <1} in HY(M, L") and to let DY = Jn.An. By a similar argument as

~

above, we also have Di\f/\/ﬁ — YA (2)-

REFERENCES

[Arc] Archimedes, On the Sphere and Cylinder (Greek), Syracuse, ca. 257BC.

[Aur] Denis Auroux, Estimated transversality in symplectic geometry and projec-
tive maps, to appear in Proc. International KIAS Conference (Seoul, 2000),
http://xxx.lanl.gov/abs/math.SG/0010052.

[BSZ1] P. Bleher, B. Shiffman and S. Zelditch, Universality and scaling of correlations between
zeros on complex manifolds, Invent. Math. 142 (2000), 351-395.

[BSZ2] P. Bleher, B. Shiffman and S. Zelditch, Universality and scaling of zeros on symplectic
manifolds, in Random Matriz Models and Their Applications, P. Bleher and A. Its (Eds.),
MSRI Publications 40, Cambridge Univ. Press, 2001, pp. 31-69.

[BSZ3] P. Bleher, B. Shiffman and S. Zelditch, Correlations between zeros and supersymmetry,
Commun. Math. Phys. 224 (2001), 255-269.

[BoGu] L. Boutet de Monvel and V. Guillemin, The Spectral Theory of Toeplitz Operators, Ann.
Math. Studies 99, Princeton Univ. Press, Princeton, 1981. MR [85j:58141

[BoSj] L. Boutet de Monvel and J. Sjostrand, Sur la singularité des noyaux de Bergman et de
Szego, Asterisque 34-35 (1976), 123-164. MR [58:28684

[Don] S. K. Donaldson, Symplectic submanifolds and almost complex geometry, J. Diff. Geom.
44 (1996), 666-705. MR 98h:53045

[ShZel] B. Shiffman and S. Zelditch, Random almost holomorphic sections of ample line bundles
on symplectic manifolds, (preprint 2000), http://xxx.lanl.gov/abs/math.SG/0001102.

[ShZe2] B. Shiffman and S. Zelditch, Asymptotics of almost holomorphic sections of ample line
bundles on symplectic manifolds, J. Reine Angew. Math. 544 (2002), 181-222.


http://www.ams.org/mathscinet-getitem?mr=85j:58141
http://www.ams.org/mathscinet-getitem?mr=58:28684
http://www.ams.org/mathscinet-getitem?mr=98h:53045

12 BERNARD SHIFFMAN AND STEVE ZELDITCH

[ShZe3] B. Shiffman and S. Zelditch, Random polynomials and Levy concentration of measure,
(in preparation).

[Woo] N. M. J. Woodhouse, Geometric Quantization, Clarendon Press, Oxford, 1992. MR
94a:58082

DEPARTMENT OF MATHEMATICS, JOHNS HOPKINS UNIVERSITY, BALTIMORE, MARYLAND 21218
E-mail address: shiffman@math.jhu.edu

DEPARTMENT OF MATHEMATICS, JOHNS HOPKINS UNIVERSITY, BALTIMORE, MARYLAND 21218
E-mail address: zelditch@math. jhu.edu


http://www.ams.org/mathscinet-getitem?mr=94a:58082

	1. Introduction
	2. Background
	3. A generalized Poincaré-Borel lemma
	4. Proof of Theorem 1.1
	References

