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In the article [CEGS20b] we introduced various moduli stacks of two-dimensional tamely
potentially Barsotti—Tate representations of the absolute Galois group of a p-adic local field,
as well as related moduli stacks of Breuil-Kisin modules with descent data. We study the
irreducible components of these stacks, establishing in particular that the components of the
former are naturally indexed by certain Serre weights.
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1. Introduction

Fix a prime number p, and let K/Q,, be a finite extension with residue field k£ and absolute Galois
group Gk = Gal(K/K). In the paper [CEGS20b], inspired by a construction of Kisin [Kis09)
in the setting of formal deformations, we constructed and began to study the geometry of
certain moduli stacks Z99. The stacks Z99 can be thought of as moduli of two-dimensional
tamely potentially Barsotti-Tate representations of Gk ; they are in fact moduli stacks of étale
p-modules with descent data, and by construction are equipped with a partial resolution

CddBT _, zdd

where C49BT is a moduli stack of rank two Breuil-Kisin modules with tame descent data and
height one.

The purpose of this paper is to make an explicit study of the morphism CI4BT — zdd 4
the level of irreducible components. To be precise, for each two-dimensional tame inertial type
7 there are closed substacks C™BT ¢ C44BT and Z7 ¢ 299 corresponding to representations
having inertial type 7, and a morphism C™BT — Z7. These are p-adic formal algebraic stacks;
let C™BT:! be the special fibre of C™BT and Z™! its scheme-theoretic image in Z7 (in the sense
of [EG21]). These were proved in [CEGS20b] to be equidimensional of dimension [K : Q).
Moreover the finite type points Spec(F) — Z™1 are in bijection with Galois representations
G — GLo(F) admitting a potentially Barsotti-Tate lift of type 7.

© The Author(s) 2020. This is an Open Access article, distributed under the terms of the Creative Commons
Attribution licence (http:// creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution,
and reproduction in any medium, provided the original work is properly cited.
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(In fact CTBT:! is shown in [CEGS20B] to be reduced, from which it follows that Z71 is also
reduced. The special fibre of Z7 need not be reduced, so it need not equal Z™!, but it will be
proved in the sequel [CEGS20a] that it is generically reduced, using the results of this paper as
input.)

Much of the work in our study of the irreducible components of Z™! involves an explicit
construction of families of extensions of characters. Intuitively, a natural source of “families” of

representations 7 : Gx — GLo(F,) is given by the extensions of two fixed characters. Indeed,

given two characters x1,x2 : Gg — F:, the F,-vector space ExthK (x2,x1) is usually [K : Q-
dimensional, and a back of the envelope calculation suggests that as a stack the collection of
these representations should have dimension [K : Q,] — 2: the difference between an extension
and a representation counts for a —1, as does the G,, of endomorphisms. Twisting x1, x2
independently by unramified characters gives a candidate for a [K : Q,]-dimensional family; if
contained in Z7, then since Z7 is equidimensional of dimension [K : Q,], the closure of such a
family should be an irreducible component of Z7.

Since there are only finitely many possibilities for the restrictions of the y; to the inertia
subgroup I, this gives a finite list of maximal-dimensional families. On the other hand, there
are up to unramified twist only finitely many irreducible two-dimensional representations of G,
which suggests that the irreducible representations should correspond to 0-dimensional substacks.
Together these considerations suggest that the irreducible components of our moduli stack should
be given by the closures of the families of extensions considered in the previous paragraph, and in
particular that the irreducible representations should arise as limits of reducible representations.
This could not literally be the case for families of Galois representations, rather than families of
étale p-modules, and may seem surprising at first glance, but it is indeed what happens.

In the body of the paper we make this analysis rigorous, and we show that the different
families that we have constructed exhaust the irreducible components. We can therefore

label the irreducible components of Z™! as follows. A component is specified by an ordered
pair of characters Ix — F: ,

characters k> — F; . Such a pair can be thought of as the highest weight of a Serre weight: an

which via local class field theory corresponds to a pair of

irreducible Fp-representation of GLa(k). To each irreducible component we have thus associated
a Serre weight. (In fact, we need to make a shift in this dictionary, corresponding to half the
sum of the positive roots of GLa(k), but we ignore this for the purposes of this introduction.)

This might seem artificial, but in fact it is completely natural, for the following reason.
Following the pioneering work of Serre [Ser87] and Buzzard—Diamond-Jarvis [BDJI0] (as
extended in [Sch08] and [Geell]), we now know how to associate a set W (F) of Serre weights to
each continuous representation 7 : Gx — GLa(F)), with the property that if F is a totally real
field and p: Gp — GL2(F,) is an irreducible representation coming from a Hilbert modular
form, then the possible weights of Hilbert modular forms giving rise to p are precisely determined
by the sets W (p|a, ) for places v|p of F' (see for example [BLGG13| [GK14, [GLST5]).

Going back to our labelling of irreducible components above, we have associated a Serre
weight & to each irreducible component of Z™!. The inertial local Langlands correspondence
assigns a finite set of Serre weights JH(a (7)) to 7, the Jordan—Holder factors of the reduction
mod p of the representation o(7) of GLy(Ok) corresponding to 7. One of our main theorems
is that the components of Z7! are labeled precisely by the Serre weights & € JH(7(7)).
Furthermore the component labeled by @ has a dense set of finite type points 7 with & € W(7).
In the sequel [CEGS20a) this will be strengthened to the statement that the representations 7
on the irreducible component labelled by & are precisely the representations with @ € W (7).

We also study the irreducible components of the stack C™B™>1. If 7 is a non-scalar principal
series type then the set JH(a(7)) can be identified with a subset of the power set S of the set
of embeddings k — F, (hence, after fixing one such embedding, with a subset P, of Z/fZ).
For generic choices of 7, this subset is the whole of S. We are able to show, using the theory of
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Dieudonné modules, that for any non-scalar principal series type 7 the irreducible components
of CTBT:1 can be identified with S, and those irreducible components not corresponding to
elements of JH(a (7)) have image in Z7 of positive codimension. There is an analogous statement
for cuspidal types, while for scalar types, both C™BT:!1 and Z™! are irreducible.

To state our main results precisely we must first introduce a bit more notation. Fix a tame
inertial type 7 and a uniformiser 7 of K. Let L be the unramified quadratic extension of K,
and write f for the inertial degree of K/Q,. We set K’ = K(Wl/pf_l) if 7 is principal series,
and set K/ = L(ﬂ'l/(pr_l)) if 7 is cuspidal. Our moduli stacks of p-adic Hodge theoretic objects
with descent data will have descent data from K’ to K. Let f’ be the inertial degree of K'/Q,,
so that f/ = f if the type 7 is principal series, while f/ = 2f if the type 7 is cuspidal.

We say that a subset J C Z/f'Z is a profile if:

e T is scalar and J = &,
e T is a non-scalar principal series type and J is arbitrary, or
e 7 is cuspidal and J has the property that ¢ € J if and only if i + f & J.

If 7 is non-scalar then there are exactly 2/ profiles.

As above, write o(7) for the representation of GL2(Og ) corresponding to 7 under the inertial
local Langlands correspondence of Henniart. The Jordan—Holder factors of the reduction mod p
of o(r) are parameterized by an explicit set of profiles P., and we write o(7); for the factor
corresponding to J.

To each profile J, we will associate a closed substack C(J) of C™BT:1. The stack Z(J) is then
defined to be the scheme-theoretic image of C(J) under the map C™BT! — Z™1 in the sense of
[EG2T]. Then the following is our main result, combining Proposition Theorem
Corollary and Theorem

Theorem 1.1. The irreducible components of CTBT1 and Z™1 are as follows.

. The irreducible components of C™1 are precisely the C(J) for profiles J, and if J # J' then C(J) #
C(J").

. The irreducible components of Z™ are precisely the Z(J) for profiles J € P,, and if J # J'
then Z(J) # Z(J').

. For each J € P, there is a dense open substack U of C(J) such that the map C(J) — Z(J)
restricts to an open immersion on U.

. For each J € P., there is a dense set of finite type points of Z(J) with the property that the
corresponding Galois representations have &(7); as a Serre weight, and which furthermore

admit a unique Breuil-Kisin model of type T.

Remark 1.2. We emphasize in Theorem that the components of Z™! are indexed by profiles
J € P, not by all profiles. If J & P,, then the stack Z(.J) has dimension strictly smaller than
[K : Qy], and so is properly contained in some component of Z™1. We anticipate that the
loci Z(J) will nevertheless be of interest when J ¢ P,: we expect that they will correspond
to “phantom” (partial weight one) Serre weights of relevance to the geometric variant of the
weight part of Serre’s conjecture proposed by Diamond-Sasaki [DS17]. This will be the subject
of future work.

We assume that p > 2 in much of the paper; while we expect that our results should also hold
if p = 2, there are several reasons to exclude this case. We are frequently able to considerably
simplify our arguments by assuming that the extension K'/K is not just tamely ramified, but
in fact of degree prime to p; this is problematic when p = 2, as the consideration of cuspidal
types involves a quadratic unramified extension. Furthermore, in the sequel [CEGS20al we will
use results on the Breuil-Mézard conjecture which ultimately depend on automorphy lifting
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theorems that are not available in the case p = 2 at present (although it is plausible that the
methods of [Thol7] could be used to prove them).

We conclude this introduction by discussing the relationship between our results and those
of [EG23]. Two of us (M.E. and T.G.) have constructed moduli stacks Xy of rank d étale
(¢, T)-modules for K, as well as substacks X ; '™ which may be regarded as stacks of potentially
crystalline representations of G i with inertial type 7 and Hodge type A\. When d = 2 and X\ is
the trivial Hodge type, these are stacks X BT of potentially Barsotti—Tate representations of
Gk of inertial type 7, and we anticipate that XJ BT s isomorphic to Z7BT (but since we do
not need this fact, we have not proved it).

One of the main results of the book [EG23] is that the irreducible components of the
underlying reduced stacks X req are in bijection with the irreducible representations of GLg(k).
This bijection is characterised in essentially exactly the same way as our description of the
components of Z™! in this paper: a Serre weight has a highest weight, which corresponds to a
tuple of inertial characters, which gives rise to a family of successive extensions of 1-dimensionals
representations. Then the closure of this family is a component of X eq.

The crucial difference between our setting and that of [EG23] is that we could prove in
[CEGS20b] that the stacks Z™1 are reduced. The proof makes use of the resolution C7-BT:1 —
Z™! and the fact that we are able to relate the stack C™BT to a local model at Iwahori
level, whose special fibre is known to be reduced. In the sequel [CEGS20a] we combine the
characterisation of the components of Z™! from this paper with the reducedness of Z™! from
[CEGS20b] to prove that the special fibre of Z7 is generically reduced. This will then allow us
to completely characterise all of the finite type points on each component of Z™! (not just a
dense set of points), and to prove geometrisations of the Breuil-Mézard conjecture and of the
weight part of Serre’s conjecture for the stacks Z49:!. Furthermore, by means of a comparison
of versal rings, these results can be transported to the stacks X5 BT of [EG23] as well.

1.3. Acknowledgements
We would like to thank Kalyani Kansal for helpful comments.

1.4. Notation and conventions

Topological groups

If M is an abelian topological group with a linear topology, then as in [Stal3l Tag 07TE7] we say
that M is complete if the natural morphism M — hgz M/U; is an isomorphism, where {U, };cr
is some (equivalently any) fundamental system of neighbourhoods of 0 consisting of subgroups.
Note that in some other references this would be referred to as being complete and separated.
In particular, any p-adically complete ring A is by definition p-adically separated.

Galois theory and local class field theory

If M is a field, we let Gp; denote its absolute Galois group. If M is a global field and v is a
place of M, let M, denote the completion of M at v. If M is a local field, we write I, for the
inertia subgroup of Gy;.

Let p be a prime number. Fix a finite extension K/Q,, with ring of integers Ok and residue
field k. Let e and f be the ramification and inertial degrees of K, respectively, and write #k = pf
for the cardinality of k. Let K'/K be a finite tamely ramified Galois extension. Let k¥’ be the
residue field of K’, and let ¢/, f be the ramification and inertial degrees of K’ respectively.

Our representations of G will have coefficients in Qp, a fixed algebraic closure of Q, whose

residue field we denote by F,. Let E be a finite extension of Q, contained in Qp and containing
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the image of every embedding of K’ into Qp. Let O be the ring of integers in F, with uniformiser
w and residue field F C Fp.

Fix an embedding og : k' < F, and recursively define o; : k¥’ < F for all ¢ € Z so that
‘754—1 = 0y; of course, we have o;4 p» = o; for all ©. We let ¢; € K ®@r, F denote the idempotent
satisfying (z ® 1)e; = (1 ® o;(x))e; for all x € k'; note that ¢(e;) = e;41. We also denote by e;
the natural lift of e; to an idempotent in W (k') ®z, O. If M is an W (k') ®z, O-module, then
we write M; for e; M.

We write Artyx: K* — W2 for the isomorphism of local class field theory, normalised so
that uniformisers correspond to geometric Frobenius elements.

Lemma 1.4.1. Let 7 be any uniformiser of Ok . The composite Ix — Oj — k*, where the
map I — OF is induced by the restriction of Artf}l, sends an element g € Ik to the image in

kx Ofg(ﬂ.l/(pf—l))/ﬂ.l/(pf—l).

Proof. This follows (for example) from the construction in [Yos08, Prop. 4.4(iii), Prop. 4.7(ii),
Cor. 4.9, Def. 4.10)]. 0

For each o € Hom(k, F,) we define the fundamental character w, to o to be the composite

o =X

F

D

Ik o k>

where the map Ix — O is induced by the restriction of Art}l. Let ¢ denote the p-adic
cyclotomic character and € the mod p cyclotomic character, so that HaEHom(k F,) wé =¢. We

will often identify characters of Ix with characters of £* via the Artin map.

Inertial local Langlands

A two-dimensional tame inertial type is (the isomorphism class of) a tamely ramified representa-
tion 7 : I — GLg(zp) that extends to a representation of Gx and whose kernel is open. Such
a representation is of the form 7 ~ n ® 5/, and we say that 7 is a tame principal series type if
1,1 both extend to characters of G . Otherwise, ’ = n?, and n extends to a character of G,
where L/K is a quadratic unramified extension. In this case we say that 7 is a tame cuspidal type.

Henniart’s appendix to [BM02] associates a finite dimensional irreducible E-representation
o(7) of GL2(Ok) to each inertial type 7; we refer to this association as the inertial local Langlands
correspondence. Since we are only working with tame inertial types, this correspondence can be
made very explicit as follows.

If 7 ~ @7 is a tame principal series type, then we also write 1,7’ : kX — O* for the
multiplicative characters determined by 7 o ArtK|OIX(,77’ o Artk]| ox respectively. If n = 7/,
then we set o(7) = n o det. Otherwise, we write I for the Iwahori subgroup of GL3(Ok)
consisting of matrices which are upper triangular modulo a uniformiser wg of K, and write
x=n ®mn:I— OF for the character

( “ ”) o @n(d).

TWEKC d

Then o(7) := Ind?L2(oK> X-

If 7 = n®n? is a tame cuspidal type, then as above we write L/ K for a quadratic unramified
extension, and [ for the residue field of Op. We write n : [* — O* for the multiplicative
character determined by 7 o ArtL|O;3 then o(7) is the inflation to GL2(Ok) of the cuspidal

representation of GLa(k) denoted by ©(n) in [Dial07].
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p-adic Hodge theory
We normalise Hodge-Tate weights so that all Hodge-Tate weights of the cyclotomic character are

equal to —1. We say that a potentially crystalline representation p : Gg — GLQ(QP) has Hodge
type 0, or is potentially Barsotti—Tate, if for each ¢ : K — Qzﬂ the Hodge—Tate weights of p with
respect to ¢ are 0 and 1. (Note that this is a more restrictive definition of potentially Barsotti—
Tate than is sometimes used; however, we will have no reason to deal with representations with
non-regular Hodge-Tate weights, and so we exclude them from consideration. Note also that
it is more usual in the literature to say that p is potentially Barsotti—Tate if it is potentially
crystalline, and p¥ has Hodge type 0.)

We say that a potentially crystalline representation p : Gx — GLo (Qp) has inertial type T if
the traces of elements of Ix acting on 7 and on
Grer

Dpcris(p) = hﬂ (Bcris ®Qp Vp)
K'JK

are equal (here V, is the underlying vector space of V,). A representation 7 : Gx — GL2(F,)
has a potentially Barsotti—Tate lift of type T if and only if 7 admits a lift to a representation

r: Gg — GL2(Z,) of Hodge type 0 and inertial type 7.

Serre weights
By definition, a Serre weight is an irreducible F-representation of GLa(k). Concretely, such a
representation is of the form

Grgi= ®Jf-;01 (det’ Sym® k%) ®k,0, F, (1.4.2)

where 0 < s;,¢; < p—1 and not all ¢; are equal to p— 1. We say that a Serre weight is Steinberg
if s; = p—1 for all j, and non-Steinberg otherwise.

A remark on normalisations

Given a continuous representation 7 : Gx — GLa(F,), there is an associated (nonempty) set of
Serre weights W (7) whose precise definition we will recall in Appendix There are in fact several
different definitions of W (7) in the literature; as a result of the papers [BLGG13| [GK14| [GLS15],
these definitions are known to be equivalent up to normalisation.

However, the normalisations of Hodge—Tate weights and of inertial local Langlands used in
[GK14l [GLS15, [EGSTH)] are not all the same, and so for clarity we lay out how they differ, and
how they compare to the normalisations of this paper.

Our conventions for Hodge-Tate weights and inertial types agree with those of [GK14,[EGS15],
but our representation o(7) is the representation o(7V) of [GKI14, [EGSI5] (where 7V =
=L@ (n')71); to see this, note the dual in the definition of o(7) in [GKI4, Thm. 2.1.3] and the
discussion in §1.9 of [EGSIB}E

In all cases one chooses to normalise the set of Serre weights so that the condition of
Lemma[A 5[ 1) holds. Consequently, our set of weights W (7) is the set of duals of the weights W (7)
considered in [GK14]. In turn, the paper [GLS15] has the opposite convention for the signs of
Hodge-Tate weights to our convention (and to the convention of [GK14]), so we find that our
set of weights W (7) is the set of duals of the weights W (7") considered in [GLSTH].

Stacks
We follow the terminology of [Stal3]; in particular, we write “algebraic stack” rather than “Artin
stack”. More precisely, an algebraic stack is a stack in groupoids in the fppf topology, whose

1However, this dual is erroneously omitted when the inertial local Langlands correspondence is made explicit at the

end of [EGSIH §3.1]. See Remark
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diagonal is representable by algebraic spaces, which admits a smooth surjection from a scheme.
See [Stal3l, Tag 026N]| for a discussion of how this definition relates to others in the literature,
and [Stal3l Tag 04XB]| for key properties of morphisms representable by algebraic spaces.

For a commutative ring A, an fppf stack over A (or fppf A-stack) is a stack fibred in groupoids
over the big fppf site of Spec A.

2. Preliminaries

We begin by reviewing the various constructions and results that we will need from [CEGS20b].
Section [2.1| recalls the definition and a few basic algebraic properties of Breuil-Kisin modules
with coefficients and descent data, while Section [2.2] does the same for étale p-modules. In
Section we define the stacks C™BT:1 and Z™1 (as well as various other related stacks) and
state the main results of [CEGS20b]. Finally, in Section we introduce and study stacks
of Dieudonné modules that will be used at the end of the paper to determine the irreducible
components of CT-BT1,

2.1. Breuil-Kisin modules with descent data

Recall that we have a finite tamely ramified Galois extension K'/K. Suppose further that there
exists a uniformiser 7 of O such that 7 := (7/)**'/5) is an element of K, where e(K'/K) is
the ramification index of K'/K. Recall that &’ is the residue field of K’, while €', f’ are the
ramification and inertial degrees of K’ respectively. Let F(u) be the minimal polynomial of 7/
over W (k")[1/p].

Let ¢ denote the arithmetic Frobenius automorphism of k', which lifts uniquely to an
automorphism of W (k') that we also denote by . Define & := W (k')[[u]], and extend ¢ to &

by
® (Z aiui) = Z o(a;)uP?.

By our assumptions that (7/)*'/K) € K and that K’/K is Galois, for each g € Gal(K'/K)
we can write g(n') /7" = h(g) with h(g) € pex/x)(K') C W(K'), and we let Gal(K'/K) act

on G via
g (D) =3 glanh(g)'v'

Let A be a p-adically complete Z-algebra, set G4 := (W (k') ®z, A)[[u]], and extend the
actions of ¢ and Gal(K'/K) on & to actions on G4 in the obvious (A-linear) fashion.

Lemma 2.1.1. An & 4-module is projective if and only if it is projective as an Al[u]]-module.

Proof. Suppose that 9 is an & 4-module that is projective as an A[[u]]-module. Certainly
W (k') ®z, M is projective over G4, and we claim that it has 9 as an &4-module direct
summand. Indeed, this follows by rewriting 0 as W (k') @y () M and noting that W (') is a
W (k')-module direct summand of W (k') ®z, W(k'). O

The actions of ¢ and Gal(K'/K) on & 4 extend to actions on & 4[1/u] = (W (k')®z, A)((u)) in
the obvious way. It will sometimes be necessary to consider the subring 6% := (W (k) ®z, A)[[v]]
of G4 consisting of power series in v := u®X'/K) on which Gal(K’/K) acts trivially.

Definition 2.1.2. Fix a p-adically complete Z,-algebra A. A Breuil-Kisin module with A-
coefficients and descent data from K' to K (or often simply a Breuil-Kisin module) is a triple
(M, pan, {9} geqal(k'/K)) consisting of a & 4-module M and a p-semilinear map @ay : M — M
such that:


http://stacks.math.columbia.edu/tag/026N
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e the G 4-module M is finitely generated and projective, and
o the induced map ®gn = 1 ® won : ™M — M is an isomorphism after inverting E(u) (here as
usual we write ¢*IM = G4 V, s, M),

together with additive bijections ¢ : 9t — 91, satisfying the further properties that the maps g
commute with @gy, satisfy i o go = g1 0 g2, and have §(sm) = g(s)g(m) for all s € &4, m € M.
We say that 90 is has height at most h if the cokernel of ®gy is killed by F(u)".

The Breuil-Kisin module 9 is said to be of rank d if the underlying finitely generated
projective & 4-module has constant rank d. It is said to be free if the underlying & 4-module is
free.

A morphism of Breuil-Kisin modules with descent data is a morphism of & 4-modules that
commutes with ¢ and with the §. In the case that K’ = K the data of the § is trivial, so it
can be forgotten, giving the category of Breuil-Kisin modules with A-coefficients. In this case
it will sometimes be convenient to elide the difference between a Breuil-Kisin module with
trivial descent data, and a Breuil-Kisin module without descent data, in order to avoid making
separate definitions in the case of Breuil-Kisin modules without descent data.

Remark 2.1.3. We refer the reader to [EG21], §5.1] for a discussion of foundational results
concerning finitely generated modules over the power series ring A[[u]]. In particular (using
Lemma [2.1.1]) we note the following.

1. An & 4-module 9 is finitely generated and projective if and only if it is u-torsion free and u-
adically complete, and 9t/udt is a finitely generated projective A-module ([EG21], Prop. 5.1.8]).

2. If the & 4-module 9 is projective of rank d, then it is Zariski locally free of rank d in the
sense that there is a cover of Spec A by affine opens Spec B; such that each of the base-changed
modules M Rg, Gp, is free of rank d ([EG21, Prop. 5.1.9]).

3. If A is coherent (so in particular, if A is Noetherian), then A[[u]] is faithfully flat over A, and
so G4 is faithfully flat over A, but this need not hold if A is not coherent.

Definition 2.1.4. If Q is any (not necessarily finitely generated) A-module, and 9 is an
Al[u]]-module, then we let MR 4@ denote the u-adic completion of M ® 4 Q.

Lemma 2.1.5. If 9 is a Breuil-Kisin module and B is an A-algebra, then the base change
M Q4B is a Breuil-Kisin module.

Proof. This is [CEGS20b, Lem. 2.1.4]. O

We make the following two further remarks concerning base change.

Remark 2.1.6. (1) If A is Noetherian, if Q is finitely generated over A, and if N is finitely
generated over A[[u]], then 91 ®4 Q is finitely generated over A[[u]], and hence (by the Artin—
Rees lemma) is automatically u-adically complete. Thus in this case the natural morphism
N4 Q — NR4Q is an isomorphism.

(2) Note that Af[u]] ®4Q = Q[[u]] (the A[[u]]-module consisting of power series with coeffi-
cients in the A-module Q), and so if 0N is Zariski locally free on Spec A, then M& 4 Q is Zariski
locally isomorphic to a direct sum of copies of @Q[[u]], and hence is u-torsion free (as well as
being u-adically complete). In particular, by Remark 2), this holds if 9 is projective.

Let A be a Z,-algebra. We define a Dieudonné module of rank d with A-coefficients and

descent data from K' to K to be a finitely generated projective W (k') ®z, 6 A-module D of
constant rank d on Spec A, together with:

e A-linear endomorphisms F,V satisfying F'V = VF = p such that F is (p-semilinear and V'
is ¢~ !-semilinear for the action of W (k'), and
e a W(k') ®z, A-semilinear action of Gal(K'/K) which commutes with ' and V.
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Definition 2.1.7. If 971 is a Breuil-Kisin module of height at most 1 and rank d with descent
data, then there is a corresponding Dieudonné module D = D(91) of rank d defined as follows.
We set D := 9/ud with the induced action of Gal(K'/K), and F given by the induced
action of ¢. The endomorphism V' is determined as follows. Write E(0) = ¢p, so that we have
p=c 'E(u) (mod u). The condition that the cokernel of p*M — 9 is killed by E(u) allows
us to factor the multiplication-by-F(u) map on 9 uniquely as U o ¢, and V is defined to be
¢~ 10 modulo u.

2.2. Etale p-modules and Galois representations

Definition 2.2.1. Let A be a Z/p®Z-algebra for some a > 1. A weak étale p-module with
A-coefficients and descent data from K’ to K is a triple (M, ¢ar, {§}) consisting of:

e a finitely generated & 4[1/u]-module M;
e a p-semilinear map ¢y : M — M with the property that the induced map

Py =1®@@n "M := G A1/ u] @y & 411/ M — M

is an isomorphism,

together with additive bijections § : M — M for g € Gal(K'/K), satisfying the further
properties that the maps § commute with ¢y, satisfy ¢y o go = g1 0 g, and have §(sm) =
g(s)g(m) for all s € S4[1/u], m € M.

If M as above is projective as an & 4[1/u]-module then we say simply that M is an étale
p-module. The étale p-module M is said to be of rank d if the underlying finitely generated
projective & 4[1/u]-module has constant rank d.

Remark 2.2.2. We could also consider étale p-modules for general p-adically complete Z,-
algebras A, but we would need to replace & 4[1/u] by its p-adic completion. As we will not
need to consider these modules in this paper, we do not do so here, but we refer the interested
reader to [EG23].

A morphism of weak étale ¢p-modules with A-coefficients and descent data from K’ to K
is a morphism of & 4[1/u]-modules that commutes with ¢ and with the §. Again, in the case
K’ = K the descent data is trivial, and we obtain the usual category of étale p-modules with
A-coefficients.

Note that if A is a Z/p®Z-algebra, and 9 is a Breuil-Kisin module with descent data, then
M[1/u] naturally has the structure of an étale p-module with descent data.

Suppose that A is an O-algebra (where O is as in Section . In making calculations, it is
often convenient to use the idempotents e; (again as in Section . In particular if 91 is a
Breuil-Kisin module, then writing as usual 9, := e;M, we write ®on ; : ™ (M;_1) — M, for
the morphism induced by ®gy. Similarly if M is an étale p-module then we write M; := e; M,
and we write ®pz; @ *(M;—1) — M; for the morphism induced by ® ;.

To connect étale g-modules to Gk __-representations we begin by recalling from [Kis09)
some constructions arising in p-adic Hodge theory and the theory of fields of norms, which go
back to [Fon90]. Following Fontaine, we write R := l'glm_mp Og/p. Fix a compatible system

(P\/T )n>0 of p"th roots of m in K (compatible in the obvious sense that (»"y/7 )" = »{/7), and
let Ko := U, K(?y/m), and also K/ := U, K'( *y/m). Since (e(K'/K),p) = 1, the compatible
system (P\/7 )n>0 determines a unique compatible system ("V7' ), >0 of p"th roots of 7’ such
that (*v/7 )eK'/K) = »/x Write 7/ = ( "V )n>0 € R, and [x'] € W(R) for its image under the
natural multiplicative map R — W (R). We have a Frobenius-equivariant inclusion & < W (R)
by sending u +— [x']. We can naturally identify Gal(K/ /K ) with Gal(K'/K), and doing this
we see that the action of g € Gx_ on u is via g(u) = h(g)u.
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We let Og¢ denote the p-adic completion of &[1/u], and let £ be the field of fractions of Og.
The inclusion & — W(R) extends to an inclusion & — W (Frac(R))[1/p]. Let E™ be the
maximal unramified extension of £ in W (Frac(R))[1/p], and let Ognr C W (Frac(R)) denote its
ring of integers. Let Oz be the p-adic completion of Ognr. Note that O is stable under the
action of Gk __ .

Definition 2.2.3. Suppose that A is a Z/p®Z-algebra for some a > 1. If M is a weak étale -

module with A-coefficients and descent data, set T4 (M) := (Og; ®s[1/u] M) WZI, an A-module
with a G -action (via the diagonal action on O and M, the latter given by the g). If 0 is
a Breuil-Kisin module with A-coefficients and descent data, set T4 (90) := T4 (IM[1/u]).
Lemma 2.2.4. Suppose that A is a local Zp-algebra and that |A| < co. Then T induces an
equivalence of categories from the category of weak étale p-modules with A-coefficients and
descent data to the category of continuous representations of G on finite A-modules. If
A — A’ is finite, then there is a natural isomorphism Ta(M) @4 A" — Ta(M @4 A’). A weak
étale p-module with A-coefficients and descent data M s free of rank d if and only if Ta(M) is
a free A-module of rank d.

Proof. This is due to Fontaine [Fon90, §1.2], and can be proved in exactly the same way
as [Kis09, Lem. 1.2.7]. O

We will frequently simply write T for T4. Note that if we let M’ be the étale p-module
obtained from M by forgetting the descent data, then by definition we have T'(M') = T'(M)

G, -
Remark 2.2.5. Although étale ¢-modules naturally give rise to representations of Gx__, those

coming from Breuil-Kisin modules of height at most 1 admit canonical extensions to G
by [Kis09, Prop. 1.1.13].

Lemma 2.2.6. If 7,7 : Gx — GLa(F)) are continuous representations, both of which arise as
the reduction mod p of potentially Barsotti—Tate representations of tame inertial type, and there
is an isomorphism T|q,_ =T|q,_, then T =T,

Proof. The extension K, /K is totally wildly ramified. Since the irreducible F,-representations
of Gk are induced from tamely ramified characters, we see that 7|g,__ is irreducible if and only
if 7 is irreducible, and if 7 or 7 is irreducible then we are done. In the reducible case, we see
that 7 and 7 are extensions of the same characters, and the result then follows from [GLST5]
Lem. 5.4.2] and Lemma (2). O

2.3. Recollections from [CEGS20b]

The main objects of study in this paper are certain algebraic stacks C™BT and Z™!, of rank
two Breuil-Kisin modules and étale p-modules respectively, that were introduced and studied
in [CEGS20b]. We review their definitions now, and recall the main properties of these stacks
that were established in [CEGS20b].

To define C™BT! we first introduce stacks of Breuil Kisin modules with descent data; then
we impose two conditions on them, corresponding (in the analogy with Galois representations)
to fixing an inertial type 7 and requiring all pairs Hodge—Tate weights to be {0, 1}.

Take K'/K to be any Galois extension such that [K’ : K] is prime to p.

Definition 2.3.1. For each integer a > 1, we let CSC}L’G be the fppf stack over O/w?® which

associates to any O/w®-algebra A the groupoid Cidh’a(A) of rank d Breuil-Kisin modules of
height at most h with A-coefficients and descent data from K’ to K.
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By [Stal3l Tag 04WV], we may also regard each of the stacks Cdd “ as an fppf stack over

O, and we then write Cd b= Cgia, this is again an fppf stack over O. We will omit the

subscripts d, h from this notatlon “when doing so will not cause confusion.

Definition 2.3.2. Let 7 be a d-dimensional E-representation of I(K'/K). We say that an
object M of CI4¢ is has type 7 if Zariski locally on Spec A there is an I(K'/K)-equivariant
isomorphism IM; /udM; = A ®p 7° for each i. (Here we recall that 9; := ¢; M, and 7° denotes
an O-lattice in 7.)

Definition 2.3.3. Let C™ be the étale substack of C¢ consisting of the objects of type 7. This
is an open and closed substack of C44 (see [CEGS20bl Prop. 3.3.5)).

For the remainder of this section we fix d =2 and h = 1, and write N = K - W(k')[1/p] (the
maximal subextension of K’ which is unramified over K).
Suppose that A is an O/w®-algebra and consider a pair (£, £1), where:

e £is arank 2 projective O+ @z, A-module, with a Gal(K'/K)-semilinear, A-linear action
of Gal(K'/K);

e £%is an Ok’ ®z, A-submodule of £, which is locally on Spec A a direct summand of £
as an A-module (or equivalently, for which £/£% is projective as an A-module), and is
preserved by Gal(K'/K).

For each character £ : I(K'/K) — O, let £¢ (resp. SZ) be the Oy ®z, A-submodule of £
(resp. £1) on which I(K’/K) acts through . We say that the pair (£, £%) satisfies the strong
determinant condition if Zariski locally on Spec A the following condition holds: for all a € Oy
and all £, we have

deta(aled) = J] ¢(a (2.3.4)
Y:N—E

as polynomial functions on Oy in the sense of [Kot92, §5].

Definition 2.3.5. An object 9 of Ci4® satisfies the strong determinant condition if the
pair (M/E(u)9M, im Pon /E(u)N) satisfies the strong determinant condition as in the previous
paragraph.

We define C™BT to be the substack of C™ of objects satisfying the strong determinant
condition. This is a w-adic formal algebraic stack of finite presentation over O by [CEGS20bl
Prop. 4.2.7], and so its special fibre C™B™! is an algebraic stack, locally of finite type over F.

The motivation for imposing the strong determinant condition is that the corresponding
substack C44:BT of 44 is precisely the O-flat substack of C99 whose Spf(Og/)-points, for
any finite extension E’/FE, correspond to potentially Barsotti-Tate Galois representations
Gx — GLo(Op); 50 CTBT corresponds to those representations which are furthermore of inertial
type 7. (See [CEGS20b| Lem. 4.2.16], as well as the discussion at [CEGS20b, Rem. 4.2.8].)

The following result combines [CEGS20b, Cor. 4.5.3, Prop. 5.2.21].
Theorem 2.3.6. We have:

C™BT is analytically normal, and Cohen-Macaulay.

The special fibre CTBT1 is reduced and equidimensional of dimension equal to [K : Q).
C™BT is flat over O.

We now introduce our stacks of étale p-modules.

Definition 2.3.7. Let RI%1 be the fppf F-stack which associates to any F-algebra A the
groupoid RI41(A) of rank 2 étale p-modules with A-coefficients and descent data from K’ to K.


http://stacks.math.columbia.edu/tag/04WV
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Cd4:1 5 RIAL which then restricts to a proper morphism

Inverting u gives a proper morphism
CcTBT1 5 RALL for each 7.

We now briefly remind the reader of some definitions from [EG21] §3.2]. Let X — F be a
proper morphism of stacks over a locally Noetherian base-scheme S, where X is an algebraic
stack which is locally of finite presentation over S, and the diagonal of F is representable by
algebraic spaces and locally of finite presentation.

We refer to [EG21], Defn. 3.2.8] for the definition of the scheme-theoretic image Z of the
proper morphism X — F. By definition, it is a full subcategory in groupoids of F, and in fact
by [EG21] Lem. 3.2.9] it is a Zariski substack of F. By [EG21], Lem. 3.2.14], the finite type points
of Z are precisely the finite type points of F for which the corresponding fibre of X' is nonzero.

The results of [EG21, §3.2] give criteria for Z to be an algebraic stack, and prove a number
of associated results (such as universal properties of the morphism Z — F, and a description of
versal deformation rings for Z). This formalism applies in particular to the proper morphism
CTBT1 5 RA4L and so we make the following definition.

Definition 2.3.8. We define Z7! to be the scheme-theoretic image (in the sense of [EG21]
Defn. 3.2.8]) of the morphism C™-BT:1 — Rdd:1,

In [CEGS20b, Thm. 5.1.2, Prop. 5.2.20] we established the following properties of this
construction.

Proposition 2.3.9.

Z71 s an algebraic stack of finite presentation over F, and is a closed substack of RI1.
The morphism CTBT1 — RILL factors through a morphism CTBT1 — ZAd1 which s
representable by algebraic spaces, scheme-theoretically dominant, and proper.

The Fp-pomts of Z™1 are naturally in bijection with the continuous representations T : G —
GLo(F,) which have a potentially Barsotti-Tate lift of type T.

Theorem 2.3.10. The algebraic stacks Z™1 are equidimensional of dimension equal to [K : Q).

2.4. Dieudonné and gauge stacks

In this subsection we express the passage from Breuil-Kisin modules (with descent data) to
Dieudonné modules in stacky terms. The consequent geometric results are most conveniently
expressed in the language of effective Cartier on formal algebraic stacks, and so we briefly
recall the relevant notions. We also note that the material of this subsection is only used in
Subsection [5.4] below.

To begin with, we choose a tame inertial type 7 = ® 7/, and we then specialise the choice
of K’ in the following way. We fix a uniformiser w of K, and if 7 is a tame principal series
type, we take K' = K(7r1/(pf_1))7 while if 7 is a tame cuspidal type, we let L be an unramified
quadratic extension of K, and set K' = L(ﬂl/(pw’l)). In either case K'/K is a Galois extension;
in the principal series case, we have ¢/ = (pf — 1)e, f’ = f, and in the cuspidal case we have
e/ = (p?f —1)e, f' = 2f. Here and below, we refer to this choice of extension as the standard
choice (for the fixed type 7 and uniformiser ).

For the rest of this section we assume that n # n’. (For our intended application we will not
need to consider Dieudonné modules for scalar types). Let 9 be an object of C™"BT(A), and let
D := M /uM be its corresponding Dieudonné module as in Definition [2.1.7} The group I(K'/K)
is abelian of order prime to p, and so we can write D = D,, ® D,., where D, is the submodule
on which I(K'/K) acts via n. Setting D,, ; := e; D, it follows from the projectivity of 9t that
each D, ; is an invertible A-module. The maps F,V induce linear maps F': D,, ; — D, ;11 and
V Dy 41 — Dy j such that F'V =V F = p.
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Definition 2.4.1. If 7 is a principal series type we define a stack
D, = {(SpecW(k)[Xo,YO, o X, Y ) (XY = pjmo...p-1)) /G

where the f copies of G, act as (ug,...,u;—1) - (X;,Y;) — (uju y+1X uj+1uj_1Yj), in which
we take uy := up.
If instead 7 is a cuspidal type we define

Dﬁ = [(Spec W(k‘)[Xo, Yo, ey Xf,l, Yf,l]/(XjY'j — p)j:O,...“ffl) X Gm)/G{n_'—l],
where the f + 1 copies of G,, act as
(o, - up—1,up) - (X5, Y5), 0) = ((ujuzfy X, ujaug 'Y5), a),

in which o and wy, ..., us are the coordinates of the G;,’s appearing in the definition of D,,.

In [CEGS20D), Sec. 4.6] we explained how the stack D, classifies the line bundles D,, ; together
with the maps F,V, so that in either case (principal series or cuspidal) there is a natural map
Cc™BT - D,.

It will be helpful to introduce another stack, the stack G, of n-gauges. This classifies f-tuples
of line bundles D; (j =0,..., f — 1) equipped with sections X; € D; and Y; € Dj_l. Explicitly,
it can be written as the quotient stack

Gy = [(Spec W (k)[Xo, Y0, - Xy1, Yr 1]/ (X;Y) —p)j=0....;-1))/GL],

where the f copies of G,, act as follows:

(v0,- -y vp—1) - (X5, Y)) = (0;X5,071Y)).

There is a morphism of stacks D,, — G,, which we can define explicitly using their descriptions
as quotient stacks. Indeed, in the principal series case we have a morphism G/, — G/ given by
(uj)j=0,....f—1 (ujujjil)j —0,...,f—1, which is compatible with the actions of these two groups
on Spec W(k)[(X;,Yj)j=o,..f-1]/(X;Y; — p)j=o,...f—1, and we are just considering the map
from the quotient by the first G/, to the quotient by the second G/,. In the cuspidal case we
have a morphism G/;"* — G/, given by (u;)=0,...f = (uju;};)j=0,...f-1, and the morphism
D,, — G,, is the obvious one which forgets the factor of G, coming from o.

Composing our morphism C™BT — D, with the forgetful morphism D,, — G,, we obtain a
morphism CTBT — Gy

For our analysis of the irreducible components of the stacks C™BT! at the end of Section [3]
it will be useful to have a more directly geometric interpretation of a morphism S — G,, in the
case that the source is a flat W (k)-scheme, or, more generally, a flat p-adic formal algebraic
stack over Spf W (k). In order to do this we will need some basic material on effective Cartier
divisors for (formal) algebraic stacks; while it is presumably possible to develop this theory in
considerable generality, we only need a very special case, and we limit ourselves to this setting.

The property of a closed subscheme being an effective Cartier divisor is not preserved under
arbitrary pull-back, but it is preserved under flat pull-back. More precisely, we have the following
result.

Lemma 2.4.2. If X is a scheme, and Z is a closed subscheme of X, then the following are
equivalent:

1. Z is an effective Cartier divisor on X.
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3.
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For any flat morphism of schemes U — X, the pull-back Z x x U 1is an effective Cartier divisor
onU.

For some fpgc covering {X; — X} of X, each of the pull-backs Z x x X; is an effective Cartier
divisor on X;.

Proof. Since Z is an effective Cartier divisor if and only if its ideal sheaf 7 is an invertible
sheaf on X, this follows from the fact that the invertibility of a quasi-coherent sheaf is a local
property in the fpgc topology. O

Lemma 2.4.3. If A is a Noetherian adic topological ring, then pull-back under the natural
morphism Spf A — Spec A induces a bijection between the closed subschemes of Spec A and the
closed subspaces of Spf A.

Proof. Tt follows from [Stal3l Tag 0ANQ]| that closed immersions Z — Spf A are necessarily of
the form Spf B — Spf A, and correspond to continuous morphisms A — B, for some complete
linearly topologized ring B, which are taut (in the sense of [Stal3, Tag 0AMX]), have closed
kernel, and dense image. Since A is adic, it admits a countable basis of neighbourhoods of the
origin, and so it follows from [Stal3l Tag 0APT] (recalling also [Stal3l Tag 0AMV]) that A — B
is surjective. Because any ideal of definition I of A is finitely generated, it follows from [Stal3]
Tag 0APU]| that B is endowed with the I-adic topology. Finally, since A is Noetherian, any
ideal in A is [-adically closed. Thus closed immersions Spf B — Spf A are determined by giving
the kernel of the corresponding morphism A — B, which can be arbitrary. The same is true of
closed immersions Spec B — Spec A, and so the lemma follows. O

Definition 2.4.4. If A is a Noetherian adic topological ring, then we say that a closed subspace
of Spf A is an effective Cartier divisor on Spf A if the corresponding closed subscheme of Spec A
is an effective Cartier divisor on Spec A.

Lemma 2.4.5. Let Spf B — Spf A be a flat adic morphism of Noetherian affine formal algebraic
spaces. If Z — Spt A is a Cartier divisor, then Z Xgpt 4 Spf B — Spf B is a Cartier divisor.
Conversely, if Spf B — Spf A is furthermore surjective, and if Z — Spf A is a closed subspace
for which the base-change Z Xspr 4 Spf B — Spf B is a Cartier divisor, then Z is a Cartier
divisor on Spf A.

Proof. The morphism Spf B — Spf A corresponds to an adic flat morphism A — B ([Stal3|
Tag 0ANO] and [Emel Lem. 8.18]) and hence is induced by a flat morphism Spec B — Spec A,
which is furthermore faithfully flat if and only if Spf B — Spf A is surjective (again by [Eme,
Lem. 8.18]). The present lemma thus follows from Lemma [2.4.2 O

The preceding lemma justifies the following definition.

Definition 2.4.6. We say that a closed substack Z of a locally Noetherian formal algebraic
stack X is an effective Cartier divisor on X if for any morphism U — X whose source is a
Noetherian affine formal algebraic space, and which is representable by algebraic spaces and
flat, the pull-back Z x x U is an effective Cartier divisor on U.

We consider the W (k)-scheme Spec W (k)[X,Y]/(XY —p), which we endow with a G,,-action
via u - (X,Y) := (uX,u"'Y). There is an obvious morphism

Spec W (k)[X,Y]/(XY — p) — Spec W (k)[X] = A!

given by (X,Y) — X, which is G,,-equivariant (for the action of G,, on A! given by u - X :=
uX), and so induces a morphism

[(Spec W (k) [X, Y]/(XY = p))/Gi] = [A /G- (2.4.7)


http://stacks.math.columbia.edu/tag/0ANQ
http://stacks.math.columbia.edu/tag/0AMX
http://stacks.math.columbia.edu/tag/0APT
http://stacks.math.columbia.edu/tag/0AMV
http://stacks.math.columbia.edu/tag/0APU
http://stacks.math.columbia.edu/tag/0AN0
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Lemma 2.4.8. If X is a locally Noetherian p-adic formal algebraic stack which is furthermore
flat over Spt W (k), then the groupoid of morphisms

X = [Spec W(K)[X, Y]/(XY —p)/G]

is in fact a setoid, and is equivalent to the set of effective Cartier divisors on X that are
contained in the effective Cartier divisor (Speck) Xgpsw (k) X on X.

Proof. Essentially by definition (and taking into account [Eme, Lem. 8.18]), it suffices to prove
this in the case when X = Spf B, where B is a flat Noetherian adic W (k)-algebra admitting (p)
as an ideal of definition. In this case, the restriction map

[Spec W(K)[X, Y]/(XY —p)/Gn](Spec B) — [Spec W (k)[X, Y]/(XY — p)/Gn](Spf B)

is an equivalence of groupoids. Indeed, the essential surjectivity follows from the (standard and
easily verified) fact that if {M;} is a compatible family of locally free B/p’B-modules of rank
one, then M := lim M; is a locally free B-module of rank one, for which each of the natural
morphisms M /p'M — M; is an isomorphism. The full faithfulness follows from the fact that a
locally free B-module of rank one is p-adically complete, and so is recovered as the inverse limit
of its compatible family of quotients {M/p'M}.

We are therefore reduced to the same statement with X = Spec B. The composite morphism
Spec B — [A'/G,,,] induced by corresponds to giving a pair (D, X) where D is a line
bundle on Spec B, and X is a global section of D~!. Indeed, giving a morphism Spec B —
[Al/G,,] is equivalent to giving a G,-torsor P — Spec B, together with a G,,-equivariant
morphism P — A'!. Giving a G,,-torsor P over Spec B is equivalent to giving an invertible
sheaf D on Spec B (the associated G,,-torsor is then obtained by deleting the zero section from
the line bundle D — X corresponding to D), and giving a G,,-equivariant morphism P — A!
is equivalent to giving a global section of D1,

It follows that giving a morphism Spec B — [Spec W (k)[X,Y]/(XY — p)/G,] corresponds
to giving a line bundle D and sections X € D~!, Y € D satisfying XY = p. To say that B
is flat over W (k) is just to say that p is a regular element on B, and so we see that X (resp.
Y) is a regular section of D~! (resp. D). Again, since p is a regular element on B, we see
that Y is uniquely determined by X and the equation XY = p, and so giving a morphism
Spec B — [Spec W (k)[X,Y]/(XY — p)/G,,] is equivalent to giving a line bundle D and a
regular section X of D!, such that pB ¢ X ®p D C D~! @ D —— B; this last condition
guarantees the existence of the (then uniquely determined) Y.

Now giving a line bundle D on Spec B and a regular section X € D! is the same as giving
the zero locus D of X, which is a Cartier divisor on Spec B. (There is a canonical isomorphism
(D, X) = (Ip,1), where Zpp denotes the ideal sheaf of D.) The condition that pB C X ®p D is
equivalent to the condition that p € Zp, i.e. that D be contained in Spec B/pB, and we are
done. O

Lemma 2.4.9. If S is a locally Noetherian p-adic formal algebraic stack which is flat over
W (k), then giving a morphism S — G, over W (k) is equivalent to giving a collection of effective
Cartier divisors Dj on S (j =0,...,f —1), with each D; contained in the Cartier divisor S
cut out by the equation p =0 on S (i.e. the special fibre of S).

Proof. This follows immediately from Lemma 2.4.8] by the definition of G,,. O

3. Families of extensions of Breuil-Kisin modules

The goal of the next two sections is to construct certain universal families of extensions of rank
one Breuil-Kisin modules over F with descent data; these families will be used in Section [5]



Forum of Mathematics, Sigma 17

to describe the generic behaviour of the various irreducible components of the special fibres
of CTBT and Z7.

In Subsections and we present some generalities on extensions of Breuil-Kisin modules
and on families of these extensions, respectively. In Subsection we specialize the discussion of
Subsection to the case of extensions of two rank one Breuil-Kisin modules, and thus explain
how to construct our desired families of extensions. In Section @] we recall the fundamental
computations related to extensions of rank one Breuil-Kisin modules from [DS15], to which
the results of Subsection will be applied at the end of Subsection to construct the
components C(J) and Z(J) of Theorem

We assume throughout this section that [K’ : K] is not divisible by p; since we are assuming
throughout the paper that K'/K is tamely ramified, this is equivalent to assuming that K’
does not contain an unramified extension of K of degree p. In our final applications K'/K will
contain unramified extensions of degree at most 2, and p will be odd, so this assumption will
be satisfied. (In fact, we specialize to such a context begining in Subsection )

3.1. Extensions of Breuil-Kisin modules with descent data

When discussing the general theory of extensions of Breuil-Kisin modules, it is convenient to
embed the category of Breuil-Kisin modules in a larger category which is abelian, contains
enough injectives and projectives, and is closed under passing to arbitrary limits and colimits.
The simplest way to obtain such a category is as the category of modules over some ring, and
so we briefly recall how a Breuil-Kisin module with A-coefficients and descent data can be
interpreted as a module over a certain A-algebra.

Let G 4[F] denote the twisted polynomial ring over & 4, in which the variable F' obeys the
following commutation relation with respect to elements s € & 4:

F-s=y(s)F.

Let G4[F,Gal(K'/K)] denote the twisted group ring over & 4[F], in which the elements
g € Gal(K'/K) commute with F, and obey the following commutation relations with elements
s€ Gy

g-s=9(s)-g.

One immediately confirms that giving a left &4[F, Gal(K’/K)]-module 9 is equivalent to
equipping the underlying & 4-module 9 with a ¢-linear morphism ¢ : 9 — 9 and a semi-linear
action of Gal(K'/K) which commutes with .

In particular, if we let K(A) denote the category of left & 4[F, Gal(K'/K)]-modules, then a
Breuil-Kisin module with descent data from K’ to K may naturally be regarded as an object
of (A). In the following lemma, we record the fact that extensions of Breuil-Kisin modules
with descent data may be computed as extensions in the category IC(A).

Lemma 3.1.1. If0 — 9% — M — M’ — 0 is a short exact sequence in KC(A), such that M
(resp. M) is a Breuil-Kisin module with descent data of rank d' and height at most h' (resp.
of rank d" and height at most h"), then M is a Breuil-Kisin module with descent data of rank
d' +d" and height at most h' + h".

More generally, if E(u)" € Anng , (coker ®gys) Anng , (coker ®onrr ), then M is a Breuil-Kisin
module with descent data of height at most h.

Proof. Note that since ®oy/[1/E(u)] and ®op[1/E(u)] are both isomorphisms by assumption,
it follows from the snake lemma that ®gp[1/E(u)] is isomorphism. Similarly we have a short
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exact sequence of G 4-modules
0 — coker ®oyr — coker Poy — coker gy — 0.
The claims about the height and rank of 9t follow immediately. O

We now turn to giving an explicit description of the functors Exti(Dﬁ;) for a Breuil-Kisin
module with descent data 9.

Definition 3.1.2. Let 9t be a Breuil-Kisin module with A-coefficients and descent data (of
some height). If 91 is any object of IC(A), then we let C3, (M) denote the complex

Homg , [qai(x /1)) (I, N) — Home , [qai(x /1) (07D, N),
with differential being given by
a— Dy o a— ao Pyy.

Also let @}, denote the map C; (M) — Coy (N) given by a — a o Poy. When M is clear from
the context we will usually suppress it from the notation and write simply C*(N).

Each C*(7M) is naturally an &%-module. The formation of C*(MN) is evidently functorial in
N, and is also exact in I, since M, and hence also p*IM, is projective over & 4, and since
Gal(K’/K) has prime-to-p order. Thus the cohomology functors H°(C*®(-)) and H'(C*(-))
form a J-functor on IC(A).

Lemma 3.1.3. There is a natural isomorphism
Homyc(a)(M, —) = HO(C*(-)).
Proof. This is immediate. O

It follows from this lemma and a standard dimension shifting argument (or, equivalently, the
theory of §-functors) that there is an embedding of functors

Extic 4y (M, —) < H'(C*(-)). (3.1.4)

Lemma 3.1.5. The embedding of functors (3.1.4)) is an isomorphism.
Proof. We first describe the embedding (3.1.4)) explicitly. Suppose that
0—-MN—=>eE—-M—>0

is an extension in K(A). Since M is projective over & 4, and since Gal(K'/K) is of prime-to-p
order, we split this short exact sequence over the twisted group ring & 4[Gal(K'/K)], say via
some element o € Homg , [qai(x7 /5 (9N, €). This splitting is well-defined up to the addition of
an element o € Homg , jGai(x7 /5] (I, N).

This splitting is a homomorphism in I(A) if and only if the element

(b@ o QD*O' — 0 O q)gj’{ S HomGA[Gal(K//K)] ((p*m, m)

vanishes. If we replace o by o + «, then this element is replaced by

(Peop’o —ooPy) + (Pm oy a—ao o).
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Thus the coset of ®¢ 0 p*o — 0 0 Py in H'(C*(N)) is well-defined, independent of the choice
of o, and this coset is the image of the class of the extension & under the embedding

Exty(4)(9,0N) — H' (C*(N)) (3.1.6)

(up to a possible overall sign, which we ignore, since it doesn’t affect the claim of the lemma).

Now, given any element v € Home , [Gai(x7/K)) (™D, N), we may give the & 4[Gal(K'/K)]-
module € := N @ M the structure of a & 4[F, Gal(K’/K)]-module as follows: we need to define
a -linear morphism € — €&, or equivalently a linear morphism ®¢ : ¢* € — E. We do this by

setting
(P v
OFIES ( 0 ) .

Then € is an extension of 2 by 9, and if we let o denote the obvious embedding of 9 into &,
then one computes that

v==>®g0p o — 0o Dgy.

This shows that (3.1.6]) is an isomorphism, as claimed. O

Another dimension shifting argument, taking into account the preceding lemma, shows that
Ext,ZC(A)(S)JT, —) embeds into H?(C*(-)). Since the target of this embedding vanishes, we find
that the same is true of the source. This yields the following corollary.

Corollary 3.1.7. If M is a Breuil-Kisin module with A-coefficients and descent data, then
EXt?C(A) (Sﬁ, *) =0.

We summarise the above discussion in the following corollary.

Corollary 3.1.8. If 9 is a Breuil-Kisin module with A-coefficients and descent data, and N
is an object of K(A), then we have a natural short exact sequence

0 — Homyc(4) (MM, N) — CO(N) — CH(N) — Extie 4y (M, N) — 0.

The following lemma records the behaviour of these complexes with respect to base change.

Lemma 3.1.9. Suppose that M, N are Breuwil-Kisin modules with descent data and A-
coefficients, that B is an A-algebra, and that Q is a B-module. Then the complezes C3(M®@4Q)
and C3, @AB(‘JT ®4Q) coincide, the former complex formed with respect to K(A) and the latter
with respect to KC(B).

Proof. Indeed, there is a natural isomorphism
Homg , (Gal(x7/ 1)) (M, ND4Q) = Home , (ai(rcr/x)) (MDA B, NBAQ),

and similarly with ¢*97 in place of . O

The following slightly technical lemma is crucial for establishing finiteness properties, and
also base-change properties, of Exts of Breuil-Kisin modules.

Lemma 3.1.10. Let A be a O/w®-algebra for some a > 1, suppose that M is a Breuil-Kisin
module with descent data and A-coefficients, of height at most h, and suppose that N is a
u-adically complete, u-torsion free object of K(A).

Let C* be the complex defined in Definition [3.1.2] and write & for its differential. Suppose
that Q is an A-module with the property that C*® 4 Q is v-torsion free for i = 0,1 and v-adically
separated for i = 0.

Then:
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For any integer M > (eah +1)/(p — 1), ker(d ® idg) N vMC° @4 Q = 0.
For any integer N > (peah +1)/(p — 1), 6 ® idg induces an isomorphism

(@5) (0N C @4 Q) > 0V (CT @4 Q).
Consequently, for N as in (2) the natural morphism of complexes of A-modules

(€004 Q 2 C s Q) = [C°®4 Q/ (D) L0V C @4 Q) "X 1 4 Q/uNC @4 Q)

18 a quast-isomorphism.

Since we are assuming that the C' ® A () are v-torsion fre_e, the expression v"C*(M) ® 4 Q may
be interpreted as denoting either v" (C*(M) ®4 Q) or (v"C*(MN)) ®4 Q, the two being naturally
isomorphic.

Remark 3.1.11. Before giving the proof of Lemma [3.1.10] we observe that the hypotheses on the
C" ®4 Q are satisfied if either Q = A, or else 91 is a projective & 4-module and Q is a finitely
generated B-module for some finitely generated A-algebra B. (Indeed C' ®4 Q is v-adically
separated as well in these cases.)

(1) Since 9 is projective of finite rank over A[[u]], and since N is u-adically complete and
u-torsion free, each C' is v-adically separated and v-torsion free. In particular the hypothesis
on @ is always satisfied by @ = A. (In fact since 9 is u-adically complete it also follows that
the C% are v-adically complete. Here we use that Gal(K’/K) has order prime to p to see that
CY is an GY-module direct summand of Homg , (90, 91), and similarly for C*.)

(2) Suppose M is a projective & 4-module. Then the C* are projective &%-modules, again
using that Gal(K’/K) has order prime to p. Since each C*(0)/vC*(MN) is A-flat, it follows
that C*(M) @4 Q is v-torsion free. If furthermore B is a finitely generated A-algebra, and @ is
a finitely generated B-module, then the C*(M) ®4 Q are v-adically separated (being finitely
generated modules over the ring A[[v]] ® 4 B, which is a finitely generated algebra over the
Noetherian ring A[[v]], and hence is itself Noetherian).

Proof of Lemma[31.10} Since p® = 0 in A, there exists H(u) € &4 with v " = E(u)" H(u) in
S 4. Thus the image of @9y contains u® o = v, and there exists a map Y : M — ©*M
such that ®gp o T is multiplication by v,

We begin with (1). Suppose that f € ker(§ ® idg) N vMC° ®4 Q. Since C° ®4 Q is v-
adically separated, it is enough, applying induction on M, to show that f € v™+1C% ® 4 Q.
Since f € ker(§ ® idg), we have f o &gy = Py 0 p*f. Since f € vM O ®4 Q, we have
fo®y = dpop*f € vPMC! ®4 Q. Precomposing with T gives v f € vPMCY @4 Q.
Since C° ®4 Q is v-torsion free, it follows that f € vPM=e"C0 @, Q C WM C0 @, Q, as
required.

We now move on to (2). Set M = N — eah. By precomposing with T we see that oo Py €
vNCT ®4 @Q implies a € v™C° ® 4 Q; from this, together with the inequality pM > N, it is
straightforward to check that

(@) (VO @4 Q) = (6 @idg) T (VN C @4 Q)N MY @4 Q.

Note that M satisfies the condition in (1). To complete the proof we will show that for any M
as in (1) and any N > M + eah the map § induces an isomorphism

(6 @idg) (N Cr @4 Q) NuM % 24 Q "5 vV C @4 Q.
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By (1), §®idg induces an injection (§®idg) L (vNCr @4 Q)NvMCP'®4Q — vNCl®4 Q, so it
is enough to show that (§®idg)(vM C%®4 Q) D vV ® 4 Q. Equivalently, we need to show that

VO @4 Q = (C'®4Q)/(6®idg) (vMC° ®4 Q)

is identically zero. Since the formation of cokernels is compatible with tensor products, we see
that this morphism is obtained by tensoring the corresponding morphism

oot — ¢t/ (0MCP)

with @ over A, so we are reduced to the case Q = A. (Recall from Remark 1) that the
hypotheses of the Lemma are satisfied in this case, and that C? is v-adically separated.)

We claim that for any g € vVC', we can find an f € vN=¢"CO such that 6(f) — g €
pP(N=eah) 01 - Admitting the claim, given any g € vVC?', we may find h € v™C° with §(h) = g
by successive approximation in the following way: Set hg = f for f as in the claim; then
ho € vN=¢hC0 C yM (O and §(hg) — g € vPIN—eah)C1 C N+1C1. Applying the claim again
with N replaced by N +1, and g replaced by g—3(hg), we find f € vNFt1=eahC0 C yM+100 with
5(f) — g+ d(hg) € vP(NF1=eah) ol C yN+H1C1 | Setting hy = ho + f, and proceeding inductively,
we obtain a Cauchy sequence converging (in the v-adically complete A[[v]]-module C°) to the
required element h.

It remains to prove the claim. Since 6(f) = ®n 0 ¢*f — f o ®gn, and since if f € vV O
then ®og 0 p* f € vP(N—eah)C1 it is enough to show that we can find an f € vV —¢"C0 with
fo®g = —g. Since Pgy is injective, the map Y o Pgy is also multiplication by v, and so it
suffices to take f with v f = —go Y € vN (O, O

Corollary 3.1.12. Let A be a Noetherian O/w®-algebra, and let M, N be Breuil-Kisin modules
with descent data and A-coefficients. If B is a finitely generated A-algebra, and Q is a finitely
generated B-module, then the natural morphism of complezes of B-modules

5®idg
—

[CO(N) ®4 Q C M) @4 Q) = [COMBAQ) —>5 C M BAQ)]

s a quasi-isomorphism.

Proof. By Remarks [3.1.11] and [2.1.6{(2) we can apply Lemma [3.1.10]to both C*(M&4Q) and

CH(M) ®4 Q, and we see that it is enough to show that the natural morphism of complexes

[(CO0N) ©4 Q) /(@ @ idg) ™ (V¥ CH (M) 84 Q) = (C1 (M) ©4 Q) / (VN C (M) ©4 Q)]

l

[CONEAQ)/ (93) ' (WNCIMBAQ)) 5 CHNBAQ) /N CH (N EAQ))]
is a quasi-isomorphism. In fact, it is even an isomorphism. O

Proposition 3.1.13. Let A be a O/w®-algebra for some a > 1, and let M, N be Breuil-Kisin
modules with descent data and A-coefficients. Then Ext,lc(A) (M, N) and Ext,lc(A) (O, D /uiN)
for i > 1 are finitely presented A-modules.

If furthermore A is Noetherian, then Homy ay(9,N) and Homyc 4) (9, N/u'N) for i > 1
are also finitely presented (equivalently, finitely generated) A-modules.

Proof. The statements for 91/u*N follow easily from those for 91, by considering the short
exact sequence 0 — w0 — N — N/u'N — 0 in KL(A) and applying Corollary By
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Corollary 3.1.8 it is enough to consider the cohomology of the complex C'*. By Lemma
with @ = A, the cohomology of C*® agrees with the cohomology of the induced complex

C/ (@) LN Ch) — Ot N O,

for an appropriately chosen value of N. It follows that for an appropriately chosen value
of N, Ext,lc( 4)(M,91) can be computed as the cokernel of the induced morphism C/oNCO —
ct/oNCt.

Under our hypothesis on M, C°/vNC? and C!/vNC?! are finitely generated projective
A-modules, and thus finitely presented. It follows that Ext,lc( ) (9, 91) is finitely presented.

In the case that A is furthermore assumed to be Noetherian, it is enough to note that
since vNC0 C (®3;) (v C?), the quotient C°/((®3;) (v C™)) is a finitely generated A-
module. O

Proposition 3.1.14. Let A be a O/w*-algebra for some a > 1, and let M and N be Breuil-Kisin
modules with descent data and A-coefficients. Let B be an A-algebra, and let fg: M4 B —
MN@aB be a morphism of Breuil-Kisin modules with B-coefficients.

Then there is a finite type A-subalgebra B’ of B and a morphism of Breuil-Kisin modules
B M@AB — N@4B’ such that fg is the base change of fp:.

Proof. By Lemmas and (the latter applied with Q = B) we can and do think of fp
as being an element of the kernel of § : CO(N&4B) — C1(M®4B), the complex C* here and
throughout this proof denoting C3, as usual.

Fix N as in Lemma and write f for the corresponding element of CO(M @4 B)/vN =
(C%(M) /v™V)® 4 B (this equality following easily from the assumption that 99t and 9 are projective
& 4-modules of finite rank). Since C°(91)/v¥ is a projective A-module of finite rank, it follows
that for some finite type A-subalgebra B’ of B, there is an element f 5, € (C°(M)/vN)®4 B' =
CO'N®4B’)/vN such that fz ®p B = fg. Denote also by fz the induced element of

COMBAB)/ (03) " (¥ C (NEAB).
By Lemma [3.1.10] (and Lemma [3.1.3]) we have a commutative diagram with exact rows

0 —— HY(C*(M@aB')) —— COMD4B)/((93) (N CHMNB4B'))) —2= C*N@4B') /™

| | J

0 —— HY(C*(MBaB)) —— COMB4B) /(D) L(wNCLNBAB))) —— CLNEAB) /N

in which the vertical arrows are induced by ®p/B. By a diagram chase we only need to show
that 6(fg/) = 0. Since §(fp) = 0, it is enough to show that the right hand vertical arrow is
an injection. This arrow can be rewritten as the tensor product of the injection of A-algebras
B’ — B with the flat (even projective of finite rank) A-module C*(M)/v", so the result
follows. O

We have the following key base-change result for Ext!’s of Breuil-Kisin modules with descent
data.

Proposition 3.1.15. Suppose that M and N are Breuil-Kisin modules with descent data
and coefficients in a O/w-algebra A. Then for any A-algebra B, and for any B-module Q,
there are natural isomorphisms Ext}C(A) (M, N) @4 Q — Ext,lc(B)(i)ﬁ ®4B,N®4B)®p Q —
Extic(z)(M@4B,ND4Q).
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Proof. We first prove the lemma in the case of an A-module Q. It follows from Lemmas
and |3.1.10| that we may compute Ext,lc( 4) (M, M) as the cokernel of the morphism

o) N CO() X ) N (),

for some sufficiently large value of N (not depending on 91), and hence that we may compute
Ext,lc(A)(im, MN) ®4 Q as the cokernel of the morphism

(COM) /N CO(M)) @4 Q -2 (CH M)WV CHN)) @4 Q.

We may similarly compute Ext,lc( A)(Dﬁ, N® AQ) as the cokernel of the morphism

COMNE4Q) /N COMNBAQ) 5 C'NBAQ) /0N C (NBAQ).

(Remark (2) shows that M ®4Q satisfies the necessary hypotheses for Lemma [3.1.10] to
apply.) Once we note that the natural morphism

(O /0N (M) @4 Q — C'(MEAQ)/0V O (MEAQ)

is an isomorphism for ¢ = 0 and 1 (because 9 is a finitely generated projective & 4-module),
we obtain the desired isomorphism

EXt’lC(A) (93?, ‘ﬁ) XA Q % EXt’lC(A) (m, N @AQ)
If B is an A-algebra, and @ is a B-module, then by Lemma, there is a natural isomorphism
Extic 4y (MM, ND4Q) — Extic(p)(MDaB, ND4Q);

combined with the preceding base-change result, this yields one of our claimed isomorphisms,
namely

Extic4) (M, N) ®4 Q@ — Ext () (MBaB,NBAQ).
Taking @) to be B itself, we then obtain an isomorphism
EXt)lC(A) (93?, 9’1) ®A B ;> EXt}C(B) (i)in @AB, m@AB)

This allows us to identify Ext}c( A(M,MN) ®a Q, which is naturally isomorphic to

(Exti(a) (M, M) @4 B)®pQ, with Exty ) (M B4 B, N®4B)@pQ, yielding the second claimed
isomorphism. O

In contrast to the situation for extensions (cf. Proposition, the formation of homomor-

phisms between Breuil-Kisin modules is in general not compatible with arbitrary base-change,
as the following example shows.
Ezample 3.1.16. Take A = (Z/pZ)[z*!,y*'], and let M, be the free Breuil Kisin module of
rank one and A-coefficients with p(e) = ze for some generator e of M, Similarly define 9, with
@(e’) = ye' for some generator e’ of M,,. Then Homyc(4y (M, M, ) = 0. On the other hand, if B =
A/(z — y) then M, ®4B and M, ©4 B are isomorphic, so that Homy p) (M, ®B, M, ®B) ¥
Hom;c(A) (gﬁx, gﬁy) ®a B.

However, it is possible to establish such a compatibility in some settings. Corollary
which gives a criterion for the vanishing of Homy gy (9% ®4B, ’JI@AB) for any A-algebra B,
is a first example of a result in this direction. Lemma [3.1.20] deals with flat base change, and
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Lemma[3.1.21] which will be important in Section [3:3] proves that formation of homomorphisms
is compatible with base-change over a dense open subscheme of Spec A.

Proposition 3.1.17. Suppose that A is a Noetherian O/w®-algebra, and that M and N are
objects of K(A) that are finitely generated over & 4 (or, equivalently, over A[[u]]). Suppose also
that M is a flat & o-module. Consider the following conditions:

Homy(p) (M ®@4B,M®4B) =0 for any finite type A-algebra B.
Homy (o (m)) (M @4 £(m), N @4 £(m)) =0 for each mazimal ideal m of A.
Homyc(4)(MM, N ®4 Q) = 0 for any finitely generated A-module Q.

Then we have (1) => (2) <= (3). If A is furthermore Jacobson, then all three conditions are
equivalent.

Proof. If m is a maximal ideal of A, then x(m) is certainly a finite type A-algebra, and so
evidently (1) implies (2). It is even a finitely generated A-module, and so also (2) follows from (3).

We next prove that (2) implies (3). To this end, recall that if A is any ring, and M is any
A-module, then M injects into the product of its localizations at all maximal ideals. If A is
Noetherian, and M is finitely generated, then, by combining this fact with the Artin—Rees
Lemma, we see that M embeds into the product of its completions at all maximal ideals. Another
way to express this is that, if I runs over all cofinite length ideals in A (i.e. all ideals for which
A/I is finite length), then M embeds into the projective limit of the quotients M/IM (the
point being that this projective limit is the same as the product over all m-adic completions).
We are going to apply this observation with A replaced by & 4, and with M taken to be MM® 4 Q
for some finitely generated A-module Q.

In A[[u]], one sees that u lies in the Jacobson radical (because 1+ fu is invertible in A[[u]]
for every f € Al[u]]), and thus in every maximal ideal, and so the maximal ideals of A[[u]] are
of the form (m,wu), where m runs over the maximal ideals of A. Thus the ideals of the form
(I,u™), where I is a cofinite length ideal in A, are cofinal in all cofinite length ideals in A[[u]].
Since & 4 is finite over A[[u]], we see that the ideals (I,u™) in &4 are also cofinal in all cofinite
length ideals in A[[u]]. Since A[[u]], and hence &4, is furthermore Noetherian when A is, we
see that if @ is a finitely generated A-module, and 91 is a finitely generated & 4-module, then
N R4 (Q/IQ) is u-adically complete, for any cofinite length ideal I in A, and hence equal to
the limit over n of M®4 Q/(I,u™). Putting this together with the observation of the preceding
paragraph, we see that the natural morphism

NsQ %kiTnl‘JI@A (Q/IQ)

(where I runs over all cofinite length ideals of A) is an embedding. The induced morphism

Homye(4) (M, N @4 Q) — lim Homp(4)(M, N @4 (Q/1Q))
I

is then evidently also an embedding.

Thus, to conclude that Homy(4)(9M,M ®4 Q) vanishes, it suffices to show that
Homyc(4) (M, N ®4 (Q/1Q)) vanishes for each cofinite length ideal I in A. An easy induction
(using the flatness of 91) on the length of A/I reduces this to showing that Homyc(a) (9, N @4
/i(m)), or, equivalently, Homy:(,;(m)) (zm ®4K(M), N® A m(m)), vanishes for each maximal ideal m.
Since this is the hypothesis of (2), we see that indeed (2) implies (3).

It remains to show that (3) implies (1) when A is Jacobson. Applying the result “(2)
implies (3)” (with A replaced by B, and taking @ in (3) to be B itself as a B-module) to
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M S4B and N® 4B, we see that it suffices to prove the vanishing of

HomK(B) ((m @AB) XRp Ii(n), (‘ﬁ @)AB) XRp H(n)) = HOHl]C(A) (gﬁ, ‘ﬁ@,m(n))
for each maximal ideal n of B. Since A is Jacobson, the field x(n) is in fact a finitely generated
A-module, hence M@k (n) = N4 k(n), and so the desired vanishing is a special case of (3). O

Corollary 3.1.18. If A is a Noetherian and Jacobson O/w®-algebra, and if M and N are
Breuil-Kisin modules with descent data and A-coefficients, then the following three conditions
are equivalent:

. Homypy (M ®@4B,M@4B) =0 for any A-algebra B.
. Homy(4c(m)) (SJT ®4 kM), N4 /i(m)) =0 for each mazimal ideal m of A.
. Homyc(4)(M, N ®a Q) = 0 for any finitely generated A-module Q.

Proof. By Proposition [3.1.17, we need only prove that if Homy gy (9 ®4B, ‘ﬂ@AB) vanishes
for all finitely generated A-algebras B, then it vanishes for all A-algebras B. This is immediate
from Proposition O

Corollary 3.1.19. Suppose that M and N are Breuil-Kisin modules with descent data and
coefficients in a Noetherian O /w®-algebra A, and that furthermore Homy(a) (zm ®4 kM), N®4
r(m)) vanishes for each mazimal ideal m of A. Then the A-module Ext,lc(A) (O, N) is projective
of finite rank.

Proof. By Proposition in order to prove that Ext,lc(A) (91, 91) is projective of finite
rank over A, it suffices to prove that it is flat over A. For this, it suffices to show that Q —
Ext,lc( A) (M, N)®4Q is exact when applied to finitely generated A-modules Q. Proposition
(together with Remark (1)) allows us to identify this functor with the functor @@ —
Ext,lc(A)(i)ﬁ,‘ﬁ ®4 Q). Note that the functor Q — M @4 Q is an exact functor of @, since
G4 is a flat A-module (as A is Noetherian; see Remark [2.1.3(3)). Thus, taking into account
Corollary we see that it suffices to show that Homyc(a)(IM, N ®4 Q) = 0 for each finitely

generated A-module @, under the hypothesis that Homy(a) (sm ®4 k(M), N R4 k(m)) =0 for
each maximal ideal m of A. This is the implication (2) = (3) of Proposition O

Lemma 3.1.20. Suppose that M is a Breuil-Kisin modules with descent data and coefficients
in a Noetherian O/w®-algebra A. Suppose that N is either a Brewil-Kisin module with A-
coefficients, or that M = N’ /uNN', where W a Breuil-Kisin module with A-coefficients and
N > 1. Then, if B is a finitely generated flat A-algebra, we have a natural isomorphism

Homyc(py(M B4 B, N@4B) — Homyc(a)(M,N) @4 B.
Proof. By Corollary and the flatness of B, we have a left exact sequence
0 — Homye(4) (M, MN) ®4 B = C° (M) ®4 B — C'(N) ®4 B

and therefore (applying Corollary [3.1.12 to treat the case that 91 is projective) a left exact
sequence

0 — Homy(4)(M, N) @4 B — CON@4B) = C(MB4B).

The result follows from Corollary and Lemma |3.1.9 O

Lemma 3.1.21. Suppose that M is a Breuil-Kisin module with descent data and coefficients
in a Noetherian O/w®-algebra A which is furthermore a domain. Suppose also that M is either
a Breuil-Kisin module with A-coefficients, or that M = N’ /ulNN', where N’ is a Breuil-Kisin
module with A-coefficients and N > 1. Then there is some nonzero f € A with the following
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property: writing Ma, = S)JT@AAf and Ny, = m@AAf, then for any finitely generated
Ag-algebra B, and any finitely generated B-module Q), there are natural isomorphisms

Homye(a,)(Ma,, Na,) @4, Q — Homy(p)(Ma, ®a,B,MNa, ®4,B) @5 Q
= Homye(p) (Ma, ®a,B,Ma, ®a,Q).

Proof of Lemma|5.1.21. Note that since A is Noetherian, by Remark 3) we see that N is
A-flat. By Corollary we have an exact sequence

0 — Homyc(a) (MM, N) — CO(N) — C* (M) — Extye(4) (M, N) — 0.

Since by assumption 9 is a projective & 4-module, and M is a flat A-module, the C*(N) are
also flat A-modules.
By Proposition 3.1.13L Ext,lc( 4y (9, N) is a finitely generated A-module, so by the generic

freeness theorem [Stal3, Tag 051R] there is some nonzero f € A such that Ext,lc(A) (M, M) 5 is
free over A;.
Since localisation is exact, we obtain an exact sequence

0 — Homyc(a,) (M, M)y — CO(N)y — CH(N) 5 — Extic( 4y (M, N) s — 0

and therefore (applying Corollary [3.1.12| to treat the case that 9 is a Breuil-Kisin module) an
exact sequence

0 — Homyc(a,)(Ma,, Na,) = CO(Na,) = C'(Na,) — Exty ) (M, N); — 0.

Since the last three terms are flat over Ay, this sequence remains exact upon tensoring over
Ay with Q. Applying Corollary [3.1.12 again to treat the case that 91 is a Breuil-Kisin module,
we see that in particular we have a left exact sequence

0 — Homye(a,)(Ma,,MNa,) ®a, Q = CO(N4, ®4,Q) — C* (N4, ®4,Q),
and Corollary [3.1.8] together with Lemma [3.1.9] yield one of the desired isomorphisms, namely
Homy(a,)(Ma,, Na,) ®a, Q — Homy(p)(Ma, ®a,B,MNa, ©4,Q).
If we consider the case when Q = B, we obtain an isomorphism
Homye(a,)(Ma,,Na,) ®a, B — Homp(p)(Ma, ®a,B,MNa, B4, B).
Rewriting the tensor product —®4, Q as —®4, B ®p @, we then find that

Homy(p)(Ma, ®a,B,Na, ®a,B) ®p Q — Homy(p)(Ma, @a,B,MN4, ®4,Q),
which gives the second desired isomorphism. O

Variants on the preceding result may be proved using other versions of the generic freeness
theorem.

Ezample 3.1.22. Returning to the setting of Example[3.1.16] one can check using Corollary [3.1.18]
that the conclusion of Lemma (for M = M, and N = M,) holds with f =2z —y. In
this case all of the resulting Hom groups vanish (¢f. also the proof of Lemma . It then
follows from Corollary that Ext,lc( A) (M, M) s is projective over Ay, so that the proof of
Lemma [3:1.21] even goes through with this choice of f.
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As well as considering homomorphisms and extensions of Breuil-Kisin modules, we need to
consider the homomorphisms and extensions of their associated étale p-modules; recall that the
passage to associated étale p-modules amounts to inverting u, and so we briefly discuss this
process in the general context of the category K(A).

We let K(A)[1/u] denote the full subcategory of K(A) consisting of objects on which
multiplication by wu is invertible. We may equally well regard it as the category of left
S a[l/u][F, Gal(K’/K)]-modules (this notation being interpreted in the evident manner). There
are natural isomorphisms (of bi-modules)

Gall/u] ®s, GA[F,Gal(K'/K)] < G 4[1/u][F, Gal(K'/K)] (3.1.23)

and
GAlF, Gal(K'/K)| ®s, &a[l/u] = S a[l/u][F,Gal(K'/K)]. (3.1.24)

Thus (since G4 — G 4[1/u] is a flat morphism of commutative rings) the morphism of rings
GalF, Gal(K'/K)] — G a[l/u][F,Gal(K’/K)] is both left and right flat.

If 9 is an object of L(A), then we see from that M[1/u] := Sa[l/u] ®s, M —>
Sall/u][F, Gal(K'/K)] ®s ,[r,cai(k’ /i) T is naturally an object of K(A)[1/u]. Our preceding
remarks about flatness show that 9t — 91 /u] is an exact functor K(A) — KC(A)[1/u].

Lemma 3.1.25. If M and N are objects of KK(A)[1/u], then there is a natural isomorphism
Extic(ayu) (M, N) = Extic 4y (M, N).

. If O is an object of K(A) and N is an object of KC(A)[1/u], then there is a natural isomorphism

Extje 4y (M, N) — Extic 4y (M[1/u], N),

for alli > 0.

Proof. The morphism of (1) can be understood in various ways; for example, by thinking in
terms of Yoneda Exts, and recalling that IC(A)[1/v] is a full subcategory of K(A). If instead we
think in terms of projective resolutions, we can begin with a projective resolution 3* — M
in C(A), and then consider the induced projective resolution *[1/u] of M[1/u]. Noting that
M[1/u] = M for any object M of K(A)[1/u], we then find (via tensor adjunction) that
Homy(4)(B*, N) — Homy(a)p/u(B*[1/u], N), which induces the desired isomorphism of
Ext’s by passing to cohomology.

Taking into account the isomorphism of (1), the claim of (2) is a general fact about tensoring
over a flat ring map (as can again be seen by considering projective resolutions). O

Remark 3.1.26. The preceding lemma is fact an automatic consequence of the abstract categorical
properties of our situation: the functor Mt — M[1/u] is left adjoint to the inclusion K(A)[1/u] C
K(A), and restricts to (a functor naturally equivalent to) the identity functor on (A)[1/u].

The following lemma expresses the Hom between étale p-modules arising from Breuil-Kisin
modules in terms of a certain direct limit.

Lemma 3.1.27. Suppose that M is a Breuil-Kisin module with descent data in a Noetherian
O/w®-algebra A, and that N is an object of K(A) which is finitely generated and u-torsion free
as an G a-module. Then there is a natural isomorphism

ﬁ%nl Hom;c(A) (uiDﬁ, ‘ﬁ) ;> HomIC(A)[l/u] (m[l/u], ‘ﬁ[l/u]),

where the transition maps are induced by the inclusions w190 C u'IMN.
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Remark 3.1.28. Note that since 91 is u-torsion free, the transition maps in the colimit are
injections, so the colimit is just an increasing union.

Proof. There are compatible injections Homye () (u'9M, M) — Homye )1/ (9N[1/u] ;N[ /ul),
taking f* € Hompga)(u'IM,N) to f € Homyc(ay(M,N[1/u]) where f(m) = u™"f'(u'm).
Conversely, given f € Homyc ) (9, N[1/u]), there is some i such that f(9M) C w™ ‘N, as
required. O

We have the following analogue of Proposition

Corollary 3.1.29. Suppose that M and N are Breuil-Kisin modules with descent data in a
Noetherian O/w*-algebra A. Consider the following conditions:

1. Homp (g1 /u) (M &aB)[1/u], ME&aB)[1/u]) = 0 for any finite type A-algebra B.

2. Homy (s (m))1/u] (M @4 £(m))[1/u], (M @4 £(m))[1/u]) =0 for each mazimal ideal m of A.

3. Homy(a) o) (M[1/u], (N @4 Q)[1/u]) =0 for any finitely generated A-module Q.

Then we have (1) => (2) <= (3). If A is furthermore Jacobson, then all three conditions are

equivalent.
Proof. By Lemma the three conditions are respectively equivalent to the following
conditions.

(1) Homy(p) (u!(M@4B), N@4B) = 0 for any finite type A-algebra B and all i > 0.
(2") Homy(s(m)) (w! (M ®4 r(m)), N @4 £(m)) = 0 for each maximal ideal m of A and all i > 0.
(3") Homy(a (uifm, MNRa Q) = 0 for any finitely generated A-module @ and all i > 0.

Since 9 is projective, the first two conditions are in turn equivalent to

omy(p ((u ®aB,M@4B) =0 for any finite type A-algebra B and all ¢+ > 0.
1) Homye(p) (w'N) &4 B, NE4B) = 0 f f A-algebra B and all i > 0
(2") Homy(s(my) (') @4 £(m), N @4 £(m)) = 0 for each maximal ideal m of A and all i > 0.

The result then follows from Proposition [3.1.17] O
Definition 3.1.30. If 9t and 9 are objects of (A), then we define
ker-Extic 4y (9%, M) = ker (Extye 4y (M, N) — Extic 4y (M[1/u], N[1/u])).

The point of this definition is to capture, in the setting of Lemma the non-split extensions
of Breuil-Kisin modules whose underlying extension of Galois representations is split.

Suppose now that 9 is a Breuil-Kisin module. The exact sequence in C(A)
0— 91— N[1/u] = N[1/u]/MN—0
gives an exact sequence of complexes
0—— C'(MN) —— COM[1/u]) —— CO(M[1/u]/MN) —— 0
( 1)

0—— C'(N) —— C*N[1/u]) —— CL(N[1/u]/MN) —— 0.
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It follows from Corollary Lemma [3.1.25(2), and the snake lemma that we have an exact

sequence

0 — Homyc(4) (901, 0) — Homye(a) (M, N[1/u])

3.1.31

— Homye(4) (O, N[1/u]/N) — ker—Ext,lc(A)(Sm, N) — 0. ( )
Lemma 3.1.32. If M, N are Breuil-Kisin modules with descent data and coefficients in a
Noetherian O/w®-algebra A, and N has height at most h, then f(OM) is killed by u® for any
f € Homg(a) (O, N[1/u]/N) and any i > [e'ah/(p —1)].

Proof. Suppose that f is an element of Homyqy (9, 9[1/u]/M). Then f(M) is a finitely
generated submodule of M[1/u]/M, and it therefore killed by u’ for some i > 0. Choosing i to
be the exponent of f(91) (that is, choosing 7 to be minimal), it follows that (¢* f)(©*9) has
exponent precisely ip. (From the choice of i, we see that u'~1 f(9) is nonzero but killed by w,
i.e., it is just a W (k') ® A-module, and so its pullback by ¢ : &4 — &4 has exponent precisely
p. Then by the flatness of ¢ : &4 — &4 we have uP~1(p* f)(¢*IM) = uP~Lp* (ui=1£(IM)) #0.)

We claim that w'T¢ %" (o* f)(o*0M) = 0; admitting this, we deduce that i + ¢’ah > ip, as
required. To see the claim, take z € ©*M, so that Py ((uie* f)(z)) = u'f(Pon(x)) = 0. It is
therefore enough to show that the kernel of

Do : ™ N[1/u] /™ N — N[1/u]/N

is killed by u® " but this follows immediately from an application of the snake lemma to the
commutative diagram

0 cp*f? @*mf/u] —_ cp*‘ﬁ[l/f]/go*‘ﬁ —0
0 n N1/ u) ——— N[/ u]/NT—0

together with the assumption that 91 has height at most h and an argument as in the first line

of the proof of Lemma O

Lemma 3.1.33. If M, N are Brewil-Kisin modules with descent data and coefficients in a
Noetherian O/w®-algebra A, and N has height at most h, then for any i > |e'ah/(p — 1)] we
have an ezact sequence

0— Hom,C(A)(uifm, u' M) — Hom,C(A)(uii)ﬁ, M)
— Homye ) (u' 9, N/u'DN) — ker-Exty ) (M, N) — 0.

Proof. Comparing Lemma [3.1.32 with the proof of Lemma [3.1.27] we see that the direct limit
in that proof has stabilised at ¢, and we obtain an isomorphism Homyc(4) (9, N[1/u]) =
HomK(A)(uiim, M) sending a map f to f : u'm +— u'f(m). The same formula evi-
dently identifies Homy(4) (90, 0N) with Homyc4) (w9, u*9N) and Homye(ay (9, N[1/u]/MN) with
Homyc( 4y (u'O, N[1/u]/u*MN). But any map in the latter group has image contained in 91/u'N
(by Lemma applied to Homyc(4) _(93?, ‘ﬁ[l/u]/‘ﬂ), together with the identification in the
previous sentence), so that Homyc ) (u' 9, N[1/u] /u*N) = Homyca) (u' MM, N/u'N). O

Proposition 3.1.34. Let M and N be Breuil-Kisin modules with descent data and coefficients
in a Noetherian O /w®-domain A. Then there is some nonzero f € A with the following property:
if we write Ma, = MRaAp and Na, = NRaAy, then if B is any finitely generated Ay-algebra,
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and if Q is any finitely generated B-module, we have natural isomorphisms

ker-Exty (4, (9, M) ©a, Q — ker-Ext(4,)(Ma, ®a,B,NDa,B) ®5 Q
= ker-Exty 4, (Ma, ®a, B, N4, Q).

Proof. In view of Lemma [3.1.33] this follows from Lemma [3.1.21] with 9T there being our w9,
and 91 being each of 91, 91/u'N in turn. O

Cdd,l

The following result will be crucial in our investigation of the decomposition of and

R4 into irreducible components.

Proposition 3.1.35. Suppose that M and M are Breuil-Kisin modules with descent data and
coefficients in a Noetherian O/w®-algebra A which is furthermore a domain, and suppose that
Homyc(a) (M @4 (M), N4 r(m)) vanishes for each mazimal ideal m of A. Then there is some
nonzero [ € A with the following property: if we write Ma, = im@AAf and Ny, = ‘ﬁ@AAf,
then for any finitely generated Ag-algebra B, each of ker—Ext,lc(B)(imAf @AfB,‘ﬁAf @AfB),
Exti(p)(Ma, @a,B,Ma, ®a,B), and

Exti(p)(Ma, @4, B, 94, ®AfB)/ker_EXt}C(Af)(mAf ®a,B, N4, ®a,B)

s a finitely generated projective B-module.

Proof. Choose f as in Proposition [.1.34} let B be a finitely generated Aj-algebra, and let Q
be a finitely generated B-module. By Propositions [3.1.15] and [3.1.34] the morphism

ker—Ext,lc(B)(,‘mAf ®a,B,Ma, ®a,B) ®pQ — EXt}C(B)(mAf ©a,B.Ma, ®a,B) @5 Q
is naturally identified with the morphism
ker-Extic ) (Ma, ®a,B,Ma, Ba,Q) — Exty p)(Ma, Ba, B, N4, B4,Q);
in particular, it is injective. By Proposition and Corollary we see that

Ext}C(B)(EmAf @AfB, Na, @Af B) is a finitely generated projective B-module; hence it is also
flat. Combining this with the injectivity just proved, we find that

Torp (Q, Extic gy (M @4, B, Na, ®a, B)/ ker-Exty ) (Ma, ®a,B,Na, ®a,B)) =0
for every finitely generated B-module @), and thus that
Exti(py(Ma, ®a, B, Na, ®a, B)/ ker-Extic ) (Ma, ®a, B, Na, @a,B)

is a finitely generated flat, and therefore finitely generated projective, B-module. Thus
ker—Ext,lc(B)(imAf ®a;B,Ma, ®a,B) is a direct summand of the finitely generated projec-
tive B-module Extllc(B)(DﬁAf @AfB, Na, Q/Z}Af B), and so is itself a finitely generated projective
B-module. O

3.2. Families of extensions

Let 9 and 91 be Breuil-Kisin modules with descent data and A-coefficients, so that
Ext,lC(A) (M, M) is an A-module. Suppose that ¢ : V — Ext,lc(A)(im, M) is a homomorphism of
A-modules whose source is a projective A-module of finite rank. Then we may regard ) as an
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element of

EXt)l(:(A) (93?, m) ®A VV = Ethl(:(A) (9ﬁ, ‘ﬁ ®A VV),
and in this way 1 corresponds to an extension
0N VY = €= M—0, (3.2.1)

which we refer to as the family of extensions of 9 by 9 parametrised by V' (or by 1, if we want
to emphasise our choice of homomorphism). We let &, denote the pushforward of € under the
morphism 9N1®4 VY — N given by evaluation on v € V. In the special case that Ext,lc( 4) (90, )
itself is a projective A-module of finite rank, we can let V' be Ext,lc(A)(im, ) and take 1) be the
identity map; in this case we refer to as the universal extension of 9T by Dt. The reason
for this terminology is as follows: if v € Ext,lc(A)(im, N), then &, is the extension of M by N
corresponding to the element v.

Let B := A[V"V] denote the symmetric algebra over A generated by V. The short exact
sequence is a short exact sequence of Breuil-Kisin modules with descent data, and so
forming its u-adically completed tensor product with B over A, we obtain a short exact sequence

0= MNR4AVY)®4B = ER@4B = MBAB = 0

of Breuil-Kisin modules with descent data over B (see Lemma [2.1.5)). Pushing this short exact
sequence forward under the natural map

VV@aB=VY®4B— B

induced by the inclusion of V'V in B and the multiplication map B ®4 B — B, we obtain a
short exact sequence

0= MNEsB = E—MB4B =0 (3.2.2)

of Breuil-Kisin modules with descent data over B, which we call the family of extensions of
M by N parametrised by Spec B (which we note is (the total space of) the vector bundle over
Spec A corresponding to the projective A-module V).

If a, : B — A is the morphism induced by the evaluation map VV — A given by some
element v € V, then base-changing by a.,, we recover the short exact sequence

0—-MN— ¢, =>M—0.

More generally, suppose that A is a O/w%algebra for some a > 1, and let C be any A-
algebra. Suppose that oz : B — C is the morphism induced by the evaluation map VYV — C
corresponding to some element ¥ € C ® 4 V. Then base-changing by aj yields a short
exact sequence

0= NDAC = ERpC = MB4C — 0,

whose associated extension class corresponds to the image of © under the natural morphism
C®aV — C®aExtiga) (M, N) = Exti o) (MBAC, N @4 C), the first arrow being induced
by ¢ and the second arrow being the isomorphism of Proposition [3.1.15

3.2.3. The functor represented by a universal family
We now suppose that the ring A and the Breuil-Kisin modules 9t and 91 have the following
properties:
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Assumption 3.2.4. Let A be a Noetherian and Jacobson O/w®-algebra for some a > 1, and
assume that for each maximal ideal m of A, we have that

Hom}C(K(m)) (Dﬁ XA n(m), N ®a n(m)) = Hom;c(,{(m)) (‘ﬁ Xa Ii(m), M R4 /i(m)) =0.

By Corollary 3.1.19E this assumption implies in particular that V := Ext,lc( 4) (O, M) is
projective of finite rank, and so we may form Spec B := Spec A[VV], which parametrised the
universal family of extensions. We are then able to give the following precise description of the
functor represented by Spec B.

Proposition 3.2.5. The scheme Spec B represents the functor which, to any O/w®-algebra
C, associates the set of isomorphism classes of tuples («, € 1, 7), where o is a morphism
a : SpecC — Spec A, € is a Breuil-Kisin module with descent data and coefficients in C,
and ¢ and ™ are morphisms o*N — € and € — ™M respectively, with the property that
0—a*NS ¢S ™M — 0 is short exact.

Proof. We have already seen that giving a morphism Spec C' — Spec B is equivalent to giving
the composite morphism « : SpecC — Spec B — Spec A, together with an extension class
[¢] € Ext,lc(c)(a*fm,a*‘ﬁ). Thus to prove the proposition, we just have to show that any
automorphism of & which restricts to the identity on o*9% and induces the identity on a9t is
itself the identity on €. This follows from Corollary together with Assumption O

Fix an integer h > 0 so that E(u)" € Anng,(coker ®gp) Anng , (coker @), so that by
Lemma [3.1.1] every Breuil-Kisin module parametrised by Spec B has height at most h. There
is a natural action of G,,, Xx» G, on Spec B, given by rescaling each of ¢ and 7. There is also
an evident forgetful morphism Spec B — Spec A x o C44:¢, given by forgetting ¢ and 7, which is
evidently invariant under the G,, xo Gy,-action. (Here and below, Cdd:e denotes the moduli
stack defined in Subsection for our fixed choice of h and for d equal to the sum of the ranks
of M and 1.) We thus obtain a morphism

Spec B X0 Gy X0 Gy — Spec B Xgpec Ax o cdd.a Spec B. (3.2.6)

Corollary 3.2.7. Suppose that Autyxc)(a*M) = Auticy(a™N) = C* for any morphism
a : SpecC — Spec A. Then the morphism (3.2.6) is an isomorphism, and consequently the
induced morphism

[Spec B/G,,, xo Giy] — Spec A x o €992
18 a finite type monomorphism.
Proof. By Proposition a morphism

Spec C' — Spec B Xgpec Axocdd.a Spec B

corresponds to an isomorphism class of tuples (a, 8 : € — €' 1,1/, w,7'), where

« is a morphism « : Spec C' — Spec A,
B: ¢ — ¢ is an isomorphism of Breuil-Kisin modules with descent data and coefficients in C,
L™t — € and 7: € — ™M are morphisms with the property that

0o a NS eEeSa™M—0

is short exact,
VoM — ¢ and ' 0 & — o*9 are morphisms with the property that

0= NS & T a* M —0
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is short exact.

Assumption and Corollary |3.1.18|together show that Homy (o) (I, a*M) = 0. It follows

that the composite a*N = & LA ¢’ factors through ¢/, and the induced endomorphism of a*
is injective. Reversing the roles of & and &', we see that it is in fact an automorphism of a*91,
and it follows easily that § also induces an automorphism of o*9%. Again, Assumption
and Proposition together show that Hom (o) (a*M, a*N) = 0, from which it follows
easily that 5 is determined by the automorphisms of a*9t and o*1 that it induces.

Since Autic(c)(a*M) = Autic)(a™) = C* by assumption, we see that 3o,/ and
m, 7' o 3 differ only by the action of G,, Xo G, so the first claim of the corollary follows. The
claim regarding the monomorphism is immediate from Lemma below. Finally, note that
[Spec B/G,, x 0 G| is of finite type over Spec A, while C44: has finite type diagonal. It follows
that the morphism [Spec B/G,, X0 G| — Spec A x o C1%¢ is of finite type, as required. [

Lemma 3.2.8. Let X be a scheme over a base scheme S, let G be a smooth affine group scheme
over S, and let p: X xg G — X be a (right) action of G on X. Let X — Y be a G-equivariant
morphism, whose target is an algebraic stack over S on which G acts trivially. Then the induced
morphism

(X/Gl =Y
is a monomorphism if and only if the natural morphism
XxgG—=>XxyX

(induced by the morphisms pry,p: X xg G — X) is an isomorphism.

Proof. We have a Cartesian diagram as follows.

XxsG@— X xy X

| |

[X/G) —— [X/G] xy [X/G]

The morphism [X/G] — Y is a monomorphism if and only if the bottom horizontal morphism
of this square is an isomorphism; since the right hand vertical arrow is a smooth surjection,
this is the case if and only if the top horizontal morphism is an isomorphism, as required. [J

3.3. Families of extensions of rank one Breuil-Kisin modules

In this section we construct universal families of extensions of rank one Breuil-Kisin modules.
We will use these rank two families to study our moduli spaces of Breuil-Kisin modules, and
the corresponding spaces of étale p-modules. We show how to compute the dimensions of
these universal families; in the subsequent sections, we will combine these results with explicit
calculations to determine the irreducible components of our moduli spaces. In particular, we will
show that each irreducible component has a dense open substack given by a family of extensions.

3.3.1. Universal unramified twists

Fix a free Breuil-Kisin module with descent data 9% over F, and write ®; for ®gn ; : *(M;—1) —
M. (Here we are using the notation of Section so that 9M; = e;9M is cut out by the
idempotent e; of Section [[.4}) We will construct the “universal unramified twist” of 9.

Definition 3.3.2. If A is an F-algebra, and if A € A*, then we define 9tx » to be the free Breuil-
Kisin module with descent data and A-coefficients whose underlying & [Gal(K’/K)]-module is
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equal to M ApA (so the usual base change of 9 to A), and for which ®gy, , @ @* My x — Ma x
is defined via the f’-tuple (A®q, ®1,..., P _1). We refer to M, » as the unramified twist of M
by A over A.

If M is a free étale p-module with descent data, then we define M}  in the analogous fashion.
If we write X = Spec A, then we will sometimes write M x » (resp. Mx ») for My 5 (resp. My z).

As usual, we write G, := SpecF[z*!]. We may then form the rank one Breuil Kisin
module with descent data Mg, ., which is the universal instance of an unramified twist: given
A € AX, there is a corresponding morphism Spec A — G,,, determined by the requirement that
z € T'(Gp, (’)ém) pulls-back to A, and 9Mix » is obtained by pulling back Mg, , under this

morphism (that is, by base changing under the corresponding ring homomorphism F[z+!] — A).

Lemma 3.3.3. If My is a Breuwil-Kisin module of rank one with A-coefficients, then
Endga) () = A. Similarly, if My is a étale p-module of rank one with A-coefficients, then
EndK(A) (MA) =A.

Proof. We give the proof for My, the argument for 91, being essentially identical. One reduces
easily to the case where M, is free. Since an endomorphism 1 of M, is in particular an
endomorphism of the underlying &4 [1/u]-module, we see that there is some A € G, [1/u] such
that v is given by multiplication by A. The commutation relation with ®,;, means that we
must have ¢(A) = A, so that certainly (considering the powers of u in A of lowest negative and
positive degrees) A € W (k') ®z, A, and in fact A € A. Conversely, multiplication by any element
of A is evidently an endomorphism of Mp, as required. O

Lemma 3.3.4. Let k be a field of characteristic p, and let M, N be étale p-modules of rank
one with k-coefficients and descent data. Then any nonzero element of Homy () (M, Ny) is an
isomorphism.

Proof. Since £((u)) is a field, it is enough to show that if one of the induced maps M, ; — Ny,
is nonzero, then they all are; but this follows from the commutation relation with ¢. O

Lemma 3.3.5. If \, X € A* and My \ = My n (as Breuil-Kisin modules with descent data
over A), then A = X. Similarly, if M x = Ma x, then A= ).

Proof. Again, we give the proof for M, the argument for 9 being essentially identical. Write
M; = F((u))m;, and write ®,(1 ® m;—1) = 0;m;, where 0; # 0. There are p; € Af[u]][1/u]
such that the given isomorphism My x = My s takes m; to pu;m;. The commutation relation
between the given isomorphism and ®j; imposes the condition

Aiptifimi = N (pi—1)0im;

where A; (resp. \,) equals 1 unless ¢ = 0, when it equals A (resp. \).

Thus we have 1; = (X,/\;)p(ii—1), so that in particular pg = (N /X! (110). Considering
the powers of w in pg of lowest negative and positive degrees we conclude that g € W (k') @ A;
but then g = ¢ (o), so that X = A, as required. O

Remark 3.3.6. If 9 has height at most h, and we let C (temporarily) denote the moduli stack
of rank one Breuil-Kisin modules of height at most h with F-coeflicients and descent data then
Lemma can be interpreted as saying that the morphism G,, — C that classifies Mgq,, . is
a monomorphism, i.e. the diagonal morphism G,, — G,, X¢ G,, is an isomorphism. Similarly,
the morphism G,,, — R (where we temporarily let R denote the moduli stack of rank one étale
p-modules with F-coefficients and descent data) that classifies Mg,, , is a monomorphism.
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Now choose another rank one Breuil-Kisin module with descent data 9t over F. Let (x,y)
denote the standard coordinates on G,,, Xg G, and consider the rank one Breuil-Kisin modules
with descent data Ma,, xrG,.,« a0d Na,, xx G,y OVer Gy, Xp Gy

Lemma 3.3.7. There is a non-empty irreducible affine open subset Spec AUt of G, xg G
whose finite type points are exactly the mazximal ideals m of G,, X¥ Gy, such that

Homye(o(m)) (M m),z[1/1), Mis(em), 5 [1/u]) =0

(where we have written T and § to denote the images of x and y in k(m)™).
Furthermore, if R is any finite-type AV -algebra, and if m is any mazimal ideal of R, then

Hom (s (m)) (M (m), 25 Mes(m),5) = HOm (1 (m)) (Mis(m) 2 [/ 1], Mo m), 5[1/1]) = 0,

and also

Hom (s (m)) (M (m) g+ M (m),2) = Homu (s (m)) (Mes(m) 51/ 1], Mis(m) 2[1/u]) = 0

In particular, Assumption [3.2.4] is satisfied by M paiee 5 and Nyaise

Proof. If Hom (M, (m) 2 [1/u], My(m),5[1/u]) = 0 for all maximal ideals m of F[z*!, y*!], then
we are done: Spec AY' = G, x G,,. Otherwise, we see that for some finite extension F’/F
and some a,a’ € F’, we have a non-zero morphism Mg 4[1/u] — N+ o [1/u]. By Lemma [3.3.4]
this morphism must in fact be an isomorphism. Since 9T and 91 are both defined over F, we
furthermore see that the ratio a’/a lies in F. We then let Spec A4t be the affine open subset
of G,, x¢ G,, where a’z # ay; the claimed property of Spec A4t then follows easily from
Lemma

For the remaining statements of the lemma, note that if m is a maximal ideal in a finite
type Adist_algebra, then its pull-back to A4 is again a maximal ideal m’ of AUt (since Adist
is Jacobson), and the vanishing of

HomIC(n(m)) (mm(m),i[l/u]a mn(m),ﬂ[l/u})

follows from the corresponding statement for x(m’), together with Lemma [3.1.20
Inverting v induces an embedding

HOmk (s (m)) (Mo (m), 25 Mas(m), ) > HOMK (s m)) (M m) 2 [1/2)s My 5 [1/11])

and so certainly the vanishing of the target implies the vanishing of the source.
The statements in which the roles of 9t and D are reversed follow from LemmaB.3.4 O

Define T := Ethlc(GmeGm) (mexFGm,wz MG, xrGn.y); it follows from Proposition
that T is finitely generated over F[z®! y*!], while Proposition shows that TAdm =
T @pfast yo1) Adst ig naturally isomorphic to Ext,C(Ad,bt) (S)JIAdxst s ‘)’tAdm y) (Here and elsewhere
we abuse notation by writing x, y for x| gaist, y|4aist.) Corollary m 3.1.19| and Lemma show
that T4aise is in fact a finitely generated projective A4st-module. If, for any Adist- algebra B,
we write Tg 1= Tpaist @ pgaise B — T @F[e+1,y*1) B, then Proposition again shows that
Tpg AR EXt,C(B (gﬁB L,‘IIB,y)

By Propositions [3.1.34 and [3.1.35] together with Lemma[3.3.7] there is a nonempty (so dense)
affine open subset Spec A¥Te¢ of Spec A4St with the properties that

U pic-tree 1= ker—EXt}lc(Ak.ﬁ-ee) (gﬁAk-fme@, mAk-free)y)
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and

TAk-free /UAk-free

~ 1 1
— EXt’C(Akffree) (mAkffrch;, mAkffrcc;y)/ ker—ExtK(Ak_free) (mAkffrcc ) mAkffrce ,y)

are finitely generated and projective over AT and furthermore so that for all
finitely generated A*fec_algebras B, the formation of ker—Ext,lc(B)(SmB_,z, Np,) and
Ext,lC(B)(DJTB,%7 ‘ﬂBVy)/ker—Ext}C(B)(Dﬁng, MNp,y) is compatible with base change from U gi-tree
and Tgitree /U grtree Tespectively.

We choose a finite rank projective module V' over F[z=!, y*!] admitting a surjection V' — T.
Thus, if we write Vjaise 1=V Qp[p+1 21 A%t then the induced morphism Vjaise — Tqaise is a
(split) surjection of A%S*-modules.

Following the prescription of Subsection we form the symmetric algebra Btwist .—
Flz™!, y*1])[VV], and construct the family of extensions & over Spec B'"St. We may similarly
form the symmetric algebras Bdist := Adist[T Naiot) and Bi-free .— pk-free [T'}x teec ], and construct
the families of extensions €4ist and @k-free gyer Spec BYst and Spec B¥ e respectively. Since
T pr-tree /U gr-tree i projective, the natural morphism Txk_ﬁee — UXk_f,ee is surjective, and hence
Ckfree .= A[UY, o] i a quotient of B¥re¢; geometrically, Spec C**° is a subbundle of the
vector bundle Spec B¥ e over Spec Ak-free,

We write X := Spec B¥free \ Spec Ckfree; it is an open subscheme of the vector bundle

Spec B¥free The restriction of ¢ to X is the universal family of extensions over A¥fee which
do not split after inverting u.
Remark 3.3.8. Since Spec ATt and Spec A¥°® are irreducible, each of the vector bundles
Spec Bt and Spec B¥fre¢ is also irreducible. In particular, Spec B¥free is Zariski dense in
Spec Bt and if X is non-empty, then it is Zariski dense in each of Spec BXf*® and Spec BYist.
Similarly, Spec B™* xq «.q.. Spec A4St is Zariski dense in Spec B*™Wist.

+1 il}
)

The surjection Vaist — Tqaier induces a surjection of vector bundles 7 : Spec B™®'x g« ..
Spec Adist 5 Spec Bt over Spec A4St and there is a natural isomorphism

€l Ty € Qpppar e AT (3.3.9)

The rank two Breuil-Kisin module with descent data € is classified by a morphism ¢ :
Spec B™Wist — cdd.1. gimilarly, the rank two Breuil-Kisin module with descent data €45t is
classified by a morphism &4t : Spec BYst — 441 If we write & qaiee for the restriction of ¢ to
the open subset Spec Bt xq . Spec A4St of Spec Bt then the isomorphism
shows that ¢4t o 1 = € yaiee. We also write €51 for the restriction of €1t to Spec B¥re¢ and
&x for the restriction of £kfree to X

Lemma 3.3.10. The scheme-theoretic images (in the sense of [EG2I, Def. 3.1.4]) of £ :
Spec BtWist _ ¢dd.1 - edist . Gpec Bdist _y ¢ddil - gpq ghfree . Qpec Bi-free —y cddl gl coincide;
in particular, the scheme-theoretic image of £ is independent of the choice of surjection V.— T,
and the scheme-theoretic image of €<% is independent of the choice of A<, If X is non-
empty, then the scheme-theoretic image of x : X — CI4! also coincides with these other
scheme-theoretic images, and is independent of the choice of Akfree.

Proof. This follows from the various observations about Zariski density made in Remark
O

Definition 3.3.11. We let C(9,91) denote the scheme-theoretic image of {5 : Spec B —
Cid1 and we let Z(9M,M) denote the scheme-theoretic image of the composite £dist



Forum of Mathematics, Sigma 37

Spec Bdist — cddl _ zdd1 Fquivalently, Z(91,91) is the scheme-theoretic image of the com-
posite Spec Bdist — cddl s RAd1 (¢f [EG21L Prop. 3.2.31]), and the scheme-theoretic image of
C(9M, M) under the morphism CI4! — Zdd1 (Note that Lemma provides various other
alternative descriptions of C(90t, ) (and therefore also Z(9,N)) as a scheme-theoretic image.)

Remark 3.3.12. Note that C(9,N) and Z(9M,N) are both reduced (because they are each
defined as a scheme-theoretic image of Spec B!, which is reduced by definition).

As well as scheme-theoretic images, as in the preceding Lemma and Definition, we will need
to consider images of underlying topological spaces. If X is an algebraic stack we let |X| be its
underlying topological space, as defined in [Stal3l [Tag 04Y3§].

Lemma 3.3.13. The image of the morphism on underlying topological spaces | Spec B™Wist| —
|CAL| induced by € is a constructible subset of [C%Y|, and is independent of the choice of V.

Proof. The fact that the image of | Spec B*"!| is a constructible subset of |C99:1| follows from
the fact that & is a morphism of finite presentation between Noetherian stacks; see [Ryd11]
App. D]. Suppose now that V' is another choice of finite rank projective F[z*!, y*!]-module
surjecting onto 7. Since it is possible to choose a finite rank projective module surjecting
onto the pullback of V, V' with respect to their maps to T, we see that it suffices to prove the
independence claim of the lemma in the case when V' admits a surjection onto V' (compatible
with the maps of each of V and V' onto T). If we write B’ := F[z*!, y=!][(V")V], then the
natural morphism Spec B’ — Spec B™ist is a surjection, and the morphism &' : Spec B’ — €441
is the composite of this surjection with the morphism ¢. Thus indeed the images of | Spec B|
and of | Spec B*Vs!| coincide as subsets of |Cdd1|. O

Definition 3.3.14. We write |C(90,91)| to denote the constructible subset of |C%:1| described
in Lemma [3:313

Remark 3.3.15. We caution the reader that we don’t define a substack C(901, M) of C4%:1. Rather,
we have defined a closed substack C(9,91) of %!, and a constructible subset [C(9, N)| of
|Cd9:1|. Tt follows from the constructions that |[C(90, M) is the closure in [CI4Y| of |C(I, N)|.

As in Subsection there is a natural action of G,, Xg G,, on T, and hence on each
of Spec B4t Spec BX're¢ and X, given by the action of G,, as automorphisms on each of
MG, x5 Gm.z 30d NG, xx Gy (Which induces a corresponding action on T, hence on T aist
and T gr-rree, and hence on Spec B4t and Spec B¥f*®). Thus we may form the corresponding
quotient stacks [Spec BY$'/G,,, xp G,,] and [X/G,, xg G,,], each of which admits a natural
morphism to CI41.

Remark 3.3.16. Note that we are making use of two independent copies of G,, Xr G,,; one

parameterises the different unramified twists of 9t and 9%, and the other the automorphisms of
(the pullbacks of) 9t and M.

Definition 3.3.17. We say that the pair (9, M) is strict if Spec AU = G,,, x G-

Before stating and proving the main result of this subsection, we prove some lemmas (the
first two of which amount to recollections of standard — and simple — facts).

Lemma 3.3.18. If X — Y is a morphism of stacks over S, with X algebraic and of finite type
over S, and Y having diagonal which is representable by algebraic spaces and of finite type, then
X xy X is an algebraic stack of finite type over S.

Proof. The fact that X xy X is an algebraic stack follows from [Stal3l Tag 04TF]. Since
composites of morphisms of finite type are of finite type, in order to show that X xy X is of
finite type over S, it suffices to show that the natural morphism X xy X — X xg & is of finite
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type. Since this morphism is the base-change of the diagonal morphism Y — Y xg ), this
follows by assumption. O

Lemma 3.3.19. The following conditions are equivalent:

(1) ker—Ext,lc(K(m))(Wﬁ(m)@,mﬁ(m)g) =0 for all mazximal ideals m of
(2) U gictree =0

(3) Spec C*-free s the trivial vector bundle over Spec AXfree,

Ak—frcc

Proof. Conditions (2) and (3) are equivalent by definition. Since the formation of
ker—Ext,lc( atetreey (M gicrree 4, Mgienree ) 15 compatible with base change, and since Alcfree g
Jacobson, (1) is equivalent to the assumption that

ker-EXt,l(:(Ak-free) (E)JTAkffmc’x, mAkffrcL\’y) =0,

i.e. that Ujimee = 0, as required. O
Lemma 3.3.20. If the equivalent conditions of Lemma[3.3.19] hold, then the natural morphism

Spec BXfree Spec Ak-free  p.cdd,1 SPEC Blfree

— Spec Bi-free o Spec Ak-free y pRAd,1 Spec Bi-free

s an isomorphism.

Proof. Since C44:1 — R4 is separated (being proper) and representable, the diagonal mor-
phism Cdd1 — €A1 5 44,1 Cdd1 is a closed immersion, and hence the morphism in the statement
of the lemma is a closed immersion. Thus, in order to show that it is an isomorphism, it suffices
to show that it induces a surjection on R-valued points, for any F-algebra R. Since the source
and target are of finite type over F, by Lemma we may in fact restrict attention to finite
type F-algebras.

A morphism SpecR — Spec B*free X Gpec Ak-free x pedd,1 Spec BXfree corresponds to an
isomorphism class of tuples (o, 8 : € — & 1,/ ,m,7"), where

e « is a morphism o : Spec R — Spec Ak-free,

e 3: ¢ — ¢ is an isomorphism of Breuil-Kisin modules with descent data and coefficients in R,
e :a"M—=CEV :aMN— ¢, 7:¢ = o™*Mand 7 : & — o*M are morphisms with the
properties that 0 = a*M = ¢ 5 a*M — 0 and 0 —» N > & 5 a*M — 0 are both short
exact.

Similarly, a morphism Spec R — Spec B*-free X Spec Ak-free x pRAd,1 SPEC B¥free corresponds to
an isomorphism class of tuples (a, €, &' 3,¢,/,m, "), where

e « is a morphism « : Spec R — Spec Ak-free,

e ¢ and ¢ are Breuil-Kisin modules with descent data and coefficients in R, and 8 is an
isomorphism 3 : €[1/u] — ¢'[1/u] of etale p-modules with descent data and coefficients in R,
t:a™MM =&V aM—> ¢ € = ™M and 7’ : ¢ — a*IM are morphisms with the
properties that 0 = oM 5 ¢ 5 o*M — 0 and 0 — N = & 5 o*IM — 0 are both short
exact.

Thus to prove the claimed surjectivity, we have to show that, given a tuple
(o, € & B,1,/ m,7') associated to a morphism Spec R — Spec B¥-free X Spec Ak-free x pRAd,1
Spec B¥free the isomorphism /3 restricts to an isomorphism & — @’

By Lemma the natural map Ext!(a*0, a*N) — Ext,lc(R)(a*Dﬁ[l/uLa*‘ﬁ[l/u}) is
injective; so the Breuil-Kisin modules € and &' are isomorphic. Arguing as in the proof
of Corollary [3:2.7, we see that (3 is equivalent to the data of an R-point of G, xo Gy,
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corresponding to the automorphisms of a*9M[1/u] and a*N[1/u] that it induces. These restrict
to automorphisms of a*9M and o*MN, so that (again by the proof of Corollary [3.2.7)) 8 indeed
restricts to an isomorphism & — ¢, as required. O

We now present the main result of this subsection.

Proposition 3.3.21. (1) The morphism 4 induces a morphism
[Spec B /G, xp G| — €341, (3.3.22)

which is representable by algebraic spaces, of finite type, and unramified, whose fibres over
finite type points are of degree < 2. In the strict case, this induced morphism is in fact a
monomorphism, while in general, the restriction £x of £V induces a finite type monomorphism

[X/G, x5 G < CIVL, (3.3.23)

(2) If ker—Ext,lc(H(m))(fmm(m)@,mn(m))y) = 0 for all mazimal ideals m of AXT¢  then the
composite morphism

[Spec BX*¢ /G, xg G,p] — 94T — RADL (3.3.24)

1s a representable by algebraic spaces, of finite type, and unramified, with fibres of degree < 2.
In the strict case, this induced morphism is in fact a monomorphism, while in general, the
composite morphism

[X/G,, xf G,,] — it o Rdd1 (3.3.25)

s a finite type monomorphism.

Remark 3.3.26. The failure of to be a monomorphism in general is due, effectively, to
the possibility that an extension € of some Mg, by Mg, and an extension ¢’ of some Mp 4
by Mg, might be isomorphic as Breuil-Kisin modules while nevertheless (x,y) # (2/,y'). As
we will see in the proof, whenever this happens the map 9 , — € — ¢ — My .,/ is nonzero,
and then ¢ ®p r(m)[1/u] is split for some maximal ideal m of R. This explains why, to obtain
a monomorphism, we can restrict either to the strict case or to the substack of extensions that
are non-split after inverting u.

Remark 3.3.27. We have stated this proposition in the strongest form that we are able to prove,
but in fact its full strength is not required in the subsequent applications. In particular, we
don’t need the precise bounds on the degrees of the fibres.

Proof of Proposition[3.3.21. By Corollary (which we can apply because Assumption
is satisfied, by Lemma the natural morphism [Spec B /G,,, x g G,,] — Spec Adist x pCdd:1
is a finite type monomorphism, and hence so is its restriction to the open substack [X /G, Xr G|
of its source.

Let us momentarily write X to denote either [Spec B4t /G, xg G, or [X/G,, xp G,].
To show that the finite type morphism X — C9%! is representable by algebraic spaces, resp.
unramified, resp. a monomorphism, it suffices to show that the corresponding diagonal morphism
X — X X(aa,1 X is a monomorphism, resp. étale, resp. an isomorphism.

Now since X — Spec A%t xp €441 is a monomorphism, the diagonal morphism X —
X Xgpec Adist xpcaa,1 X is an isomorphism, and so it is equivalent to show that the morphism of
products

X XspeCAdist xpCdd,1 X=X X cdd,1 X
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is a monomorphism, resp. étale, resp. an isomorphism. This is in turn equivalent to showing
the corresponding properties for the morphisms

Spec Bdist X Gpec Adist xcdd,1 SPeC Bt Spec B % paa,1 Spec BYSt (3.3.28)

or

X X Spec Adist x Cdd,1 X — X Xeaan X. (3.3.29)

Now each of these morphisms is a base-change of the diagonal Spec AUt — Spec AdSt x g
Spec A4St which is a closed immersion (affine schemes being separated), and so is itself a closed
immersion. In particular, it is a monomorphism, and so we have proved the representability
by algebraic spaces of each of (3.3.22) and (3.3.23]). Since the source and target of each of
these monomorphisms is of finite type over F, by Lemma [3.3.18] in order to show that either
of these monomorphisms is an isomorphism, it suffices to show that it induces a surjection
on R-valued points, for arbitrary finite type F-algebras R. Similarly, to check that the closed
immersion is étale, it suffices to verify that it is formally smooth, and for this it suffices
to verify that it satisfies the infinitesimal lifting property with respect to square zero thickenings
of finite type F-algebras.

A morphism Spec R — Spec Bt x caa.1 Spec BYSt corresponds to an isomorphism class of
tuples (o, o/, 8 : € — & 1,/ 7, 7"), where

e «a, o’ are morphisms o, o : Spec R — Spec A%ist,

e 3:¢ — ¢ is an isomorphism of Breuil-Kisin modules with descent data and coefficients in R,
e L:a"N—=CE V()N E 7€ a*Mand 7' 1 E — ()*IM are morphisms with the
properties that 0 — a*0N % & 5 a*M — 0 and 0 — (/)N 5 ¢ 5 (/)*M — 0 are both
short exact.

We begin by proving that (3.3.28|) satisfies the infinitesimal lifting criterion (when R is a
finite type F-algebra). Thus we assume given a square-zero ideal I C R, such that the induced
morphism

Spec R/I — Spec BY® x paa1 Spec BYSt

factors through Spec BIist X Spec Adist  podd, 1 SPeEC BYst In terms of the data (a,a/,3 : € —
¢, m,7'), we are assuming that a and o’ coincide when restricted to Spec R/I, and we
must show that o and o’ themselves coincide.

To this end, we consider the composite

ans el e T (). (3.3.30)

If we can show the vanishing of this morphism, then by reversing the roles of € and &', we
will similarly deduce the vanishing of w o =% o ¢/, from which we can conclude that 8 induces
an isomorphism between o*9 and (o’)*9. Consequently, it also induces an isomorphism
between o*9M and (o/)*M, so it follows from Lemma that a = o, as required.

We show the vanishing of . Suppose to the contrary that it doesn’t vanish, so that
we have a non-zero morphism o*9 — (a/)*M. It follows from Proposition that, for some
maximal ideal m of R, there exists a non-zero morphism

a*(MN) @g k(m)— (/)" (M) @p k(m).

By assumption a and o’ coincide modulo I. Since I? = 0, there is an inclusion I C m, and so
in particular we find that

(@)*(M) @r k(M) = a* (M) @ K(m).
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Thus there exists a non-zero morphism
a* (M) @ k(m)—a™ (M) Qg K(m).
Then, by Lemma [3.3.4] after inverting u we obtain an isomorphism
o (M) ®p £(m)[1/u]—a™ (M) @r K(m)[1/u],

contradicting the assumption that o maps Spec R into Spec A4, This completes the proof
that is formally smooth, and hence that is unramified.

We next show that, in the strict case, the closed immersion is an isomorphism, and
thus that is actually a monomorphism. As noted above, it suffices to show that
induces a surjection on R-valued points for finite type F-algebras R, which in terms of the data
(a,a,8: € — & 1,/ ,7,7"), amounts to showing that necessarily o = . Arguing just as we
did above, it suffices show the vanishing of (3.3.30).

Again, we suppose for the sake of contradiction that (3.3.30) does not vanish. It then follows
from Proposition that for some maximal ideal m of R there exists a non-zero morphism

a* (M) @ k(m)—(a')* (M) @r x(m).
Then, by Lemma after inverting u we obtain an isomorphism
a* (M) @ k(m)[1/u] — (&) (M) @r K(m)[1/u]. (3.3.31)

In the strict case, such an isomorphism cannot exist by assumption, and thus must
vanish.

We now turn to proving that is an isomorphism. Just as in the preceding arguments, it
suffices to show that vanishes, and if not then we obtain an isomorphism . Since
we are considering points of X x X, we are given that the induced extension ¢ ®@p k(m)[1/u]
is non-split, so that the base change of the morphism from R[[u]] to x(m)((u)) must
vanish. Consequently the composite 8 o ¢ induces a non-zero morphism o*(MN) @ k(m)[1/u] —
(a/)*(N) @g k(m)[1/u], which, by Lemma must in fact be an isomorphism. Comparing
this isomorphism with the isomorphism (3.3.31)), we find that (/)*(M) ®r k(m)[1/u] and
(')*(IM) @ g k(m)[1/u] are isomorphic, contradicting the fact that o’ maps Spec R to Spec A4ist.
Thus in fact the composite must vanish, and we have completed the proof that
is a monomorphism.

To complete the proof of part (1) of the proposition, we have to show that the fibres
of are of degree at most 2. We have already observed that [Spec B4t /G, xg G,,] —
Spec A9t x pC44:1 is a monomorphism, so it is enough to check that given a finite extension F’/F
and an isomorphism class of tuples (o, o/, 8 : € — &1, //, 7w, 7'), where

e «a, o’ are distinct morphisms o, o’ : Spec F/ — Spec Adist,

e 3:¢ — ¢ is an isomorphism of Breuil-Kisin modules with descent data and coefficients in F”,
e L:a"N—=CE V()N E 7€ - ™ Mand 7' : € — (/)*IM are morphisms with the
properties that 0 — a*MN 5 & 5 a*M — 0 and 0 — (/)*N 5 ¢ 5 (/)*M — 0 are both
short exact.

then o is determined by the data of o and €. To see this, note that since we are assuming
that o’ # a, the arguments above show that does not vanish, so that (since F’ is a
field), we have an isomorphism a*M[1/u] — (a/)*9[1/u]. Since we are over A4St it follows
that &[1/u] = ¢/[1/u] is split, and that we also have an isomorphism a*9[1/u] — (a')*N[1/u].
Thus if o is another possible choice for o/, we have (o/)*M[1/u] — (a/)*M[1/u] and
(@"y*N[1/u] = (o/)*N[1/u], whence o” = o’ by Lemma as required.
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We turn to proving (2), and thus assume that
ker-Ext i m)) (M (m).2» Mc(m),5) = 0

for all maximal ideals m of Ak-free,

Lemma [3.3.20] shows that

Bk—frcc Bk—frcc Bk— free

Spec X k-free ad,1 Spec — Spec Bk_frcc X k-free ad,1 Spec
Spec A XgC Spec A XER

is an isomorphism, from which we deduce that
[Spec Bk'free/Gm xg G,,] — Spec Alefree o o Rdd1

is a monomorphism. Using this as input, the claims of (2) may be proved in an essentially
identical fashion to those of (1). O

Corollary 3.3.32. The dimension of C(9,N) is equal to the rank of Txaise as a projective
At _module. If

ker—EXt,lc(K(m)) (mn(m),ia mn(m),y) =0

for all mazimal ideals m of A< then the dimension of Z(9M,N) is also equal to this rank,
while if

keI‘—EXt,lC(H(m)) (mm(m),i7 mﬁ(m),g) # 0

for all mazimal ideals m of A¥e¢ then the dimension of Z(9M,N) is strictly less than this rank.

Proof. The dimension of [Spec B4t /G,,, xp G,,] is equal to the rank of Tyaie (it is the quotient
by a two-dimensional group of a vector bundle over a two-dimensional base of rank equal to
the rank of Tyaise). By Lemma [3.3.10, C(90, M) is the scheme-theoretic image of the morphism
[Spec BYst /G, xg Gy] — CI41 provided by Proposition 1), which (by that proposition)
is representable by algebraic spaces and unramified. Since such a morphism is locally quasi-finite
(in fact, in this particular case, we have shown that the fibres of this morphism have degree at
most 2), [Stal3, Tag 0DS6| ensures that C(9, N) has the claimed dimension.

If ker—Ext}C(K(m)) (QJTK(m)j, ‘)?K(m)@) = 0 for all maximal ideals m of A¥' then an identical
argument using Proposition 2) implies the claim regarding the dimension of Z (90, MN).

Finally, suppose that

keI‘-EXt}C(H(m)) (mn(m),:i7 mﬁ('“),??) # 0

for all maximal ideals m of A¥f*¢, Then the composite [Spec B¥*¢/G,,, xg G,,] — CI1 —
R4 has the property that for every point ¢ in the source, the fibre over the image of ¢ has a
positive dimensional fibre. [Stal3l [Tag 0DS6| then implies the remaining claim of the present
lemma. O

4. Extensions of rank one Breuil-Kisin modules
4.1. Rank one modules over finite fields, and their extensions

We now wish to apply the results of the previous section to study the geometry of our various
moduli stacks. In order to do this, it will be convenient for us to have an explicit description
of the rank one Breuil-Kisin modules of height at most one with descent data over a finite
field of characteristic p, and of their possible extensions. Many of the results in this section
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are proved (for p > 2) in [DSI5, §1] in the context of Breuil modules, and in those cases it is
possible simply to translate the relevant statements to the Breuil-Kisin module context.

Assume from now on that e(K’/K) is divisible by pf — 1, so that we are in the setting
of [DSI5, Remark 1.7]. (Note that the parallel in [DS15] of our field extension K'/K, with
ramification and inertial indices €', f’ and e, f respectively, is the extension K/L with indices
e, f and €, f’ respectively.)

Let F be a finite subfield of F,, containing the image of some (so all) embedding(s) k" < F,.
Recall that for each g € Gal(K'/K) we write g(n') /7" = h(g) with h(g) € pe(r /i) (K') C
W (k"). We abuse notation and denote the image of h(g) in k¥’ again by h(g), so that we obtain
amap h: Gal(K'/K) — (k')*. Note that h restricts to a character on the inertia subgroup
I(K'/K), and is itself a character when e(K'/K) = pf — 1.

Lemma 4.1.1. Every rank one Breuil-Kisin module of height at most one with descent data
and F-coefficients is isomorphic to one of the modules M(r, a,c) defined by:

e M(r;a,c)i = F[u]] - my,
i (I)fm(r,a,c),i(l ® mi_l) = aiu’"imi,
g(>2;mi) = > h(g)®m; for all g € Gal(K'/K),

where a; € F*, r; € {0,...,¢'} and ¢; € Z/e(K'/K) are sequences satisfying pc,—1 = ¢; + i
(mod e(K'/K)), the sums in the third bullet point run from 0 to f' — 1, and the r;, c;, a; are
periodic with period dividing f.

Furthermore, two such modules M(r, a,c) and M(s,b,d) are isomorphic if and only if r; = s;
and ¢; = d; for all i, and []/2) a;i = [T/2) bs.

Proof. The proof is elementary; see e.g. [Sav08, Thm. 2.1, Thm. 3.5] for proofs of analogous
results. H

We will sometimes refer to the element m = ). m; € M(r, a, c) as the standard generator of
M(r,a,c).
Remark 4.1.2. When p > 2 many of the results in this section (such as the above) can be
obtained by translating [DST5 Lem. 1.3, Cor. 1.8] from the Breuil module context to the Breuil-
Kisin module context. We briefly recall the dictionary between these two categories (¢f. [Kis09,
§1.1.10]). If A is a finite local Z,-algebra, write Sy = S ®z, A, where S is Breuil’s ring. We
regard Sy as a G g-algebra via u — u, and we let ¢ : &4 — S4 be the composite of this map
with ¢ on & 4. Then given a Breuil-Kisin module of height at most 1 with descent data 91, we
set M =54 @y, M. We have a map 1 ® pon : S4 @p.6, M — S4 Qs , M, and we set

FillM::{IGM : (1®<,09n)(x)EFﬂlSA@)GAmCSA@GAQﬁ}

and define ¢ : Fil'! M — M as the composite

Fil'! M 25 Fil' S @, M 2% S ®,.6, M= M.

Finally, we define § on M via g(s ® m) = g(s) ® g(m). One checks without difficulty that this
makes M a strongly divisible module with descent data (cf. the proofs of [Kis09, Proposition
1.1.11, Lemma 1.2.4]).

In the correspondence described above, the Breuil-Kisin module 9t((r;), (a;), (¢;)) corre-
sponds to the Breuil module M((e’ —r;), (a;), (pci—1)) of [DS15, Lem. 1.3].

Definition 4.1.3. If M = Mi(r, a,c) is a rank one Breuil-Kisin module as described in the
preceding lemma, we set c;(9) := (p/ ~1ri_ i+ - -41) /(pf —1) (equivalently, (pf~1r;_py1 +
o+ 71;)/(pf —1)). We may abbreviate a;(9) simply as «; when 9 is clear from the context.
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It follows easily from the congruence r; = pc;—1 — ¢; (mod e(K'/K)) together with the
hypothesis that p/ — 1 | e(K’/K) that a; € Z for all i. Note that the ;’s are the unique
solution to the system of equations pay;_1 —a; = r; for all i. Note also that (p/ —1)(c; — ;) =0
(mod e(K’/K)), so that h“~% is a character with image in k*.

Lemma 4.1.4. For any i we have T(9M(r,a,c)) = (O’i o hoiT Surpps ai) |G » where ury is

the unramified character of Gk sending geometric Frobenius to A.

Proof. Set 9 = M(0, (a;),0), so that N is effectively a Breuil-Kisin module without descent
data. Then for 9 this result follows from the second paragraph of the proof [GLS14l Lem. 6.3].
(Note that the functor T of loc. cit. is dual to our functor T'; ¢f. [Fon90, A 1.2.7]. Note also
that the fact that the base field is unramified in loc. cit. does not change the calculation.) If
n = >.mn; is the standard generator of M as in Lemma let v € Z;" ®z, (k' ®@r, F) be an
element so that yn € (Ogz Qg N(1/u])?=".

Now for 91 as in the statement of the lemma it is straightforward to verify that

-1

y Z [T']"% ®@m; € (Ogw ®s[1/u] M1 /u]) =,
=0

and the result follows. O

One immediately deduces the following.

Corollary 4.1.5. Let 9 = M(r,a,c) and N = M(s,b,d) be rank one Breuil-Kisin modules
with descent data as above. We have T(9M) = T(MN) if and only if ¢; — a;(M) = d; — a;(N)
(mod e(K'/K)) for some i (hence for all i) and H,J;_ol a; = H{:_ol b;.

Lemma 4.1.6. In the notation of the previous Corollary, there is a nonzero map M — N
(equivalently, dimg Homyc gy (9, M) = 1) if and only if T(M) = T'(N) and o; (M) > o;(N) for
each .

Proof. The proof is essentially the same as that of [DS15, Lem. 1.6]. (Indeed, when p > 2 this
lemma can once again be proved by translating directly from [DS15] to the Breuil-Kisin module
context.) O

Using the material of Section one can compute Ext? (9, N) for any pair of rank one Breuil-
Kisin modules 991, 91 of height at most one. We begin with the following explicit description of
the complex C*(N) of Section

Definition 4.1.7. We write €0 = €% (9, M) C F((u))%//% for the space of f-tuples (i;)
such that each nonzero term of p; has degree congruent to ¢; — d; (mod e(K'/K)), and set
0 = €0 N F[[u]]%//2.

We further define €L = CL(M, M) C F((u))%/7% to be the space of f-tuples (h;) such
that each nonzero term of h; has degree congruent to r; + ¢; — d; (mod e(K'/K)), and set
et = €L NF[[u]]?/7%. There is a map 9: €% — CL defined by

(i) = (—aiu" pi + bip(pi—1)u™)

Evidently this restricts to a map 9: €% — @!.

Lemma 4.1.8. There is an isomorphism of complezes



Forum of Mathematics, Sigma 45

in which (p;) € €V is sent to the map m; — pin; in C°(MN), and (h;) € Ct is sent to the map

Proof. Each element of Home (9,91) has the form m; — p;n; for some f'-tuple (p;)icz/ sz
of elements of F[[u]]. The condition that this map is Gal(K’/K)-equivariant is easily seen to
be equivalent to the conditions that (u;) is periodic with period dividing f, and that each
nonzero term of p; has degree congruent to ¢; — d; (mod e(K’/K)). (For the former consider
the action of a lift to g € Gal(K'/K) satisfying h(g) = 1 of a generator of Gal(k'/k), and for
the latter consider the action of I(K'/K); cf. the proof of [DSI5 Lem. 1.5].) It follows that the
map C° — CY(M) in the statement of the Lemma is an isomorphism. An essentially identical
argument shows that the given map C! — C*(M) is an isomorphism.

To conclude, it suffices to observe that if o € C°(M) is given by m; + p;n; with (u;); € €°
then (o) € C1(M) is the map given by

(1 & mi_l) — (—aiu”,ui + bicp(ui_l)usi)ni,

which follows by a direct calculation. O

It follows from Corollary that Ext,C ) (M, M) = coker d. If h € C*, we write P(h) for
the element of Ext,lC(F) (o, ‘ﬁ) represented by h under this isomorphism.
Remark 4.1.9. Let 9 = M(r,a, c) and N = M(s, b, d) be rank one Breuil-Kisin modules with

descent data as in Lemma[/.1.1] It follows from the proof of Lemma [3.1.5] and in particular the
description of the map (3.1.6]) found there, that the extension J3(h) is given by the formulas

o Bi = Fl[u]] - m; + Fl[u]] - ns,

* Dy (1 ®@mni-1) = biv’in, ‘I’m,i(l ®mi—1) = a;u"im; + hin;.

o (>, mi) =3, h(g)%my, g3, ni) =, h(g)%in; for all g € Gal(K'/K).

From this description it is easy to see that the extension (k) has height at most 1 if and only
if each h; is divisible by 4™ 1% ¢ whenever r; + s; — ¢/ is non-negative.

Theorem 4.1.10. The dimension of Ext,lc(F) (O, N) is given by the formula

f-1
A+ Z#{j €0,r;):j=ri+c¢ —d; (mod e(K’/K))}

=0

where A = dimp Homy gy (9, ) ds 1 if there is a nonzero map M — N and 0 otherwise, while
the subspace consisting of extensions of height at most 1 has dimension

F—1
A+ Z#{] € [max(0,r; +s; —€'),r) : j =r; +¢; —d;  (mod e(K//K))}-
i=0

Proof. When p > 2, this result (for extensions of height at most 1) can be obtained by translating
[DS15, Thm. 1.11] from Breuil modules to Breuil-Kisin modules. We argue in the same spirit
as [DS15] using the generalities of Section

Choose N as in Lemma 2). For brevity we write C* in lieu of C'*(). We now use
the description of C*® provided by Lemma As we have noted, C° consists of the maps
m; — pin; with (u;) € €°. Since (¢g;) "t (vNC1) contains precisely the maps m; + p;n; in C°
such that vV | u"yi;, we compute that dimg C°/((p3;) " (v C")) is the quantity

f-1
Nf— Z#{] €le(K'/K)N —r;,e(K'/K)N):j=c;—d; (mod e(K’/K))}.
i=0
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We have dimg C* /v¥C* = N f, so our formula for the dimension of Exty:(g) (9, N) now follows
from Lemma [3.1.10) O

Remark 4.1.11. One can show exactly as in [DSI5] that each element of Ext,lc(F) (M, M) can
be written uniquely in the form B(h) for h € €' with deg(h;) < r;, except that when there
exists a nonzero morphism 9t — N, the polynomials h; for f |7 may also have a term of degree
ap(M) — ap(N) + ro in common. Since we will not need this fact we omit the proof.

4.2. Extensions of profile .J

We now begin the work of showing, for each non-scalar tame type 7, that C7BT! has 2/
irreducible components, indexed by the subsets J of {0,1,..., f — 1}. We will also describe the
irreducible components of Z™!. The proof of this hinges on examining the extensions considered
in Theorem and then applying the results of Subsection We will show that most
of these families of extensions have positive codimension in C™PT:!, and are thus negligible
from the point of view of determining irreducible components. By a base change argument, we
will also be able to show that we can neglect the irreducible Breuil-Kisin modules. The rest
of Section [3]is devoted to establishing the necessary bounds on the dimension of the various
families of extensions, and to studying the map from C™BT:! to RId1L,

We now introduce notation that we will use for the remainder of the paper. We fix a tame
inertial type 7 = 1 ® n’ with coefficients in Qp. We allow the case of scalar types (that is, the
case ) = 1'). Assume that the subfield F of F,, is large enough so that the reductions modulo
mz, of n and 7 (which by abuse of notation we continue to denote 7,7’) have image in F. We
also fix a uniformiser 7 of K.

Remark 4.2.1. We stress that when we write 7 = 1 @ 1/, we are implicitly ordering n,n’. Much
of the notation in this section depends on distinguishing 7, 7', as do some of the constructions
later in paper (in particular, those using the map to the Dieudonné stack of Section .

As in Subsection we make the following “standard choice” for the extension K'/K: if 7
is a tame principal series type, we take K’ = K(Wl/(pf_l)), while if 7 is a tame cuspidal type,
we let L be an unramified quadratic extension of K, and set K’ = L(Wl/(pwfl)). In either case
K'/K is a Galois extension and 7,7’ both factor through I(K’/K). In the principal series case,
we have ¢/ = (pf —1)e, f' = f, and in the cuspidal case we have ¢/ = (p?f —1)e, f' = 2f. Either
way, we have e(K'/K) =p/" — 1.

In either case, it follows from Lemma that a Breuil-Kisin module of rank one with
descent data from K’ to K is described by the data of the quantities 7;, a;,¢; for 0 <i < f —1,
and similarly from Lemma that extensions between two such Breuil-Kisin modules are
described by the h; for 0 < ¢ < f — 1. This common description will enable us to treat the
principal series and cuspidal cases largely in parallel.

The character h|r, of Section 4.1|is identified via the Artin map O — I3 = I3P with the
reduction map O — (k’)*. Thus for each ¢ € Hom(k’,F,) the map o oh|;, is the fundamental
character w, defined in Section Define k;, k| € Z/(p/" — 1)Z for all i by the formulas
n=0i0h" |k k) and 7' = o; 0 b
i.

Definition 4.2.2. Let 9 = M(r, a, c) and N = M(s, b, d) be Breuil-Kisin modules of rank one
with descent data. We say that the pair (9%, 0) has type 7 provided that for all i:

1(k7/K)- In particular we have k; = p'ko, k = p'k{, for all

e the multisets {¢;,d;} and {k;, k/} are equal, and
e ri+s =¢€.

Lemma 4.2.3. The following are equivalent.



1.
2.

3.
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The pair (M, N) has type .

Some element of Ext}c(F) (9, N) of height at most one satisfies the strong determinant condition
and is of type T.

Every element of Ext,lc(F)(im, M) has height at most one, satisfies the strong determinant
condition, and is of type T.

(Accordingly, we will sometimes refer to the condition that r;+s; = €' for alli as the determinant
condition.)

Proof. Suppose first that the pair (9%,91) has type 7. The last sentence of Remark shows
that every element of Ext,lc(F)(im, M) has height at most one. Let P be such an element. The
condition on the multisets {¢;,d;} guarantees that B has type 7 (an unmized type in the sense
of [CEGS20b), Def. 3.3.2]). By [CEGS20D, Prop. 4.2.12] we see that dimg (img ; /E(u)P;)e is
independent of the character £ : I(K’/K) — F*. From the condition that r; + s; = ¢ we know
that the sum over all ¢ of these dimensions is equal to €’; since they are all equal, each is equal
to e, and [CEGS20Dbl Lem. 4.2.11] tells us that 3 satisfies the strong determinant condition.
This proves that (1) implies (3).

Certainly (3) implies (2), so it remains to check that (2) implies (1). Suppose that P €
Ext,lc(F)(im, 1) has height at most one, satisfies the strong determinant condition, and has type
7. The condition that {c¢;,d;} = {ki, k;} follows from 3 having type 7, and the condition that
r; + s; = € follows from the last part of [CEGS20b, Lem. 4.2.11]. O

Definition 4.2.4. If (901,91) is a pair of type 7 (resp. P is an extension of type 7), we define
the profile of (9, D) (resp. of P) to be the subset J := {i|c; = k;} C Z/f'Z, unless 7 is scalar,
in which case we define the profile to be the subset @. (Equivalently, J is in all cases the
complement in Z/f'Z of the set {i|c; = k.}.)

Observe that in the cuspidal case the equality ¢; = c;4y means that ¢ € J if and only if
i+ f & J, so that the set J is determined by its intersection with any f consecutive integers
modulo f' = 2f.

In the cuspidal case we will say that a subset J C Z/f'Z is a profile if it satisfies ¢ € J if and
only if i + f ¢ J; in the principal series case, we may refer to any subset J C Z/f'Z as a profile.

We define the refined profile of the pair (9, N) (resp. of P) to consist of its profile J, together
with the f-tuple of invariants r := (ri)l’:ol. If (J,r) is a refined profile that arises from some
pair (or extension) of type 7, then we refer to (J,r) as a refined profile for 7.

We say the pair (i — 1,1) is a transition for J if i — 1 € J, i € J or vice-versa. (In the first
case we sometimes say that the pair (i — 1,4) is a transition out of J, and in the latter case
a transition into J.) Implicit in many of our arguments below is the observation that in the
cuspidal case (i — 1,4) is a transition if and only if (i + f — 1,7 + f) is a transition.

4.2.5. An explicit description of refined profiles

The refined profiles for 7 admit an explicit description. If % is of profile J, for some fixed
J C Z/f'Z then, since ¢;, d; are fixed, we see that the r; and s; appearing in 8 are determined
modulo e(K’/K) = p/" — 1. Furthermore, we see that 7; + s; = 0 (mod p/" — 1), so that these
values are consistent with the determinant condition; conversely, if we make any choice of the r;
in the given residue class modulo (pf - 1), then the s; are determined by the determinant
condition, and the imposed values are consistent with the descent data. There are of course only
finitely many choices for the r;, and so there are only finitely many possible refined profiles for 7.

To make this precise, recall that we have the congruence

r; = pci—1 —¢; (mod pf, —1).

We will write [n] for the least non-negative residue class of n modulo e(K’/K) = p/" —1.
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If both ¢ — 1 and ¢ lie in J, then we have ¢;_1 = k;_1 and ¢; = k;. The first of these implies
that pc;_1 = k;, and therefore r; = 0 (mod p/* — 1). The same conclusion holds if neither i — 1
and ¢ lie in J. Therefore if (¢ — 1,4) is not a transition we may write

T = (pf' —1)y; and s;= (pf’ — (e —y;).

with 0 <y; <e.
Now suppose instead that (¢ —1,4) is a transition. (In particular the type 7 is not scalar.) This
time pc;_1 = d; (instead of pc;_1 = ¢;), so that r; = d; — ¢; (mod p/ —1). In this case we write

r; = (pf/ —Dy;—[c;—d;] and s;= (pf’ —De+1—y)—[d;i —ci]

with 1 <y; <e.

Conversely, for fixed profile J one checks that each choice of integers y; in the ranges described
above gives rise to a refined profile for 7.

If (i — 1,7) is not a transition and (h;) € CL(9, M) then non-zero terms of h; have degree
congruent to r; +¢; — d; = ¢; — d; (mod p/ — 1). If instead (i — 1,4) is a transition and
(hi) € CL(9M, M) then non-zero terms of h; have degree congruent to r;+¢;—d; = 0 (mod pf —1).
In either case, comparing with the preceding paragraphs we see that #{j € [0,r;) : j = r;i+c¢;—d;
(mod e(K'/K))} is exactly y;.

By Theorem we conclude that for a fixed choice of the r; the dimension of the
corresponding Ext™ is A + ZZJ:OI y; (with A as in the statement of loc. cit.). We say that the
refined profile (J, (ri)f:ol) is mazimal if the r; are chosen to be maximal subject to the above
conditions, or equivalently if the y; are all chosen to be e; for each profile J, there is a unique
maximal refined profile (J, ).

4.2.6. The sets Pr
To each tame type 7 we now associate a set P,, which will be a subset of the set of profiles
in Z/f'Z. (In Appendix [A] we will recall, following [Dia07], that the set P, parameterises the
Jordan-Holder factors of the reduction mod p of o(7).)

We write n(n')~! = H;.N:_Ol(aj o h)% for uniquely defined integers 0 < ; < p — 1 not all
equal to p — 1, so that

-1
(ki — ki) = Z P Yiej (4.2.6)
=0

with subscripts taken modulo f'.
If 7 is scalar then we set P, = {@}. Otherwise we let P, be the collection of profiles
J C Z/ f'Z satistying the conditions:

eifi—1leJandi¢ J theny #p—1, and
o ifi—1¢ Jandie Jthen v #0.

When 7 is a cuspidal type, so that ' = 79, the integers ~; satisfy 7,1y =p — 1 —~; for all ¢;
thus the condition that if (¢ — 1,4) is a transition out of J then 7; # p — 1 translates exactly
into the condition that if (i + f — 1,7+ f) is a transition into J then ~;4; # 0.

4.2.7. Moduli stacks of extensions
We now apply the constructions of stacks and topological spaces of Definitions [3.3.11] and [3.3.14
to the families of extensions considered in Section £.2

Definition 4.2.8. If (J,r) is a refined profile for 7, then we let MM(J,r) := M(r,1,¢) and
let M(J,r) := M(s,1,d), where ¢, d, and s are determined from J, r, and 7 according to the
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discussion of (4.2.5)); for instance we take ¢; = k; when ¢ € J and ¢; = k; when i ¢ J. For the
unique maximal profile (J,r) refining J, we write simply 9t(.J) and 9(J).

Definition 4.2.9. If (J,r) is a refined profile for 7, then following Definition we may
construct the reduced closed substack 5(93?(J, ), m(J,r)) of CTBT1 as well as the reduced
closed substack Z(9M(J,7),N(J,7)) of Z™'. We introduce the notation C(.J,7) and Z(J,r) for
these two stacks, and note that (by definition) Z(J,7) is the scheme-theoretic image of C(.J,7)
under the morphism C™BT:1 — Z71,

]jemark 4.2.10. As noted in the final sentence of Definition [3.3.11] Lemma [3.3.10| shows that

C(J,r) contains all extensions of refined profile (J, ) over extensions of F, and not only those
corresponding to a maximal ideal of A%t

Theorem 4.2.11. If (J,7) is any refined profile for T, then diim C(J,r) < [K : Q,], with equality
if and only if (J,r) is maximal.

Proof. This follows from Corollary [3.3.32] Theorem [4.1.10} and Proposition [3.1.15 (See also
the discussion following Definition and note that over Spec A4t we have A = 0 by

definition.) ]

Definition 4.2.12. If J C Z/f'Z is a profile, and if r is chosen so that (J,r) is a maximal
refined profile for 7, then we write C(J) to denote the closed substack C(J,r) of C™BT:1 and
Z(J) to denote the closed substack Z(J,r) of Z™1. Again, we note that by definition Z(.J) is
the scheme-theoretic image of C(.J) in Z71.

We will see later that the C(.J) are precisely the irreducible components of C™BT:!; in
particular, their finite type points can correspond to irreducible Galois representations. While
we do not need it in the sequel, we note the following definition and result, describing the
underlying topological spaces of the loci of reducible Breuil-Kisin modules of fixed refined profile.

Definition 4.2.13. For each refined type (J,7), we write |C(J,7)7| for the constructible
subset [C(MM(J, ), N(J,7))| of |CTET1| of Definition (where MM(J,r), D(J,r) are the
Breuil-Kisin modules of Deﬁnition. We write | Z(J, r)7| for the image of |C(J,r)7| in | 27|
(which is again a constructible subset).

Lemma 4.2.14. The Fy-points of |C(J,7)7| are precisely the reducible Breuil-Kisin modules
with F,-coefficients of type T and refined profile (J,r).

Proof. This is immediate from the definition. O

5. Components of Breuil-Kisin and Galois moduli stacks

Now that we have constructed the morphisms C(J) — Z(J) for each .J, we can begin our
study of the components of the stacks C™BT'1 and Z™!. The first step in Subsection |5.1]is to
determine precisely for which J the scheme-theoretic image Z(.J) has dimension smaller than
[K : Qp), and hence is not a component of Z™ In Sectionwe study the irreducible locus in
C™BT:1 and prove that it lies in a closed substack of positive codimension. We are then ready
to establish our main results in Subsections [£.3] and (.41

5.1. ker-Ext' and vertical components

In this section we will establish some basic facts about ker—Ext,lc(F)(fm, ), and use these

results to study the images of our irreducible components in Z™1. Let 9 = 9M(r,a,c) and
N = M(s,b, ¢) be Breuil-Kisin modules as in Section
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Recall from (3.1.31)) that the dimension of ker-Extx ) (9, N) is bounded above by the
dimension of Hom ) (9, N[1/u]/N); more precisely, by Lemma we find in this setting
that

dimp ker-Extj g (M, N) = dimp Homye 4 (M, N[1/u] /M)

5.1.1
—(dlmF HomF[GK] (T(gﬁ), T(‘ﬁ)) - dlmF Hom,C(A) (m, ‘ﬁ)) ( )
A map f : M — N[1/u]/N has the form f(m;) = pn; for some f’-tuple of elements
pi € F((u))/F[[u]]. By the same argument as in the first paragraph of the proof of Lemma[4.1.8]
such a map belongs to CO(M[1/u]/N) (i.e., it is Gal(K'/K )-equivariant) if and only if the y;
are periodic with period dividing f, and each nonzero term of u; has degree congruent to
¢; —d; (mod e(K'/K)). One computes that §(f)(1 ® m;—1) = (u® o(pi—1) — u" p;)n; and so
f e CO(M[1/u]/M) lies in Homye gy (M, N[1/u]/N) precisely when

aiu" ;= bip(pi—1)u’ (5.1.2)

for all 1.

Remark 5.1.3. Let f € Homy ) (9M, N[1/u]/N) be given as above. Choose any lifting ji; of p;
to F((u)). Then (with notation as in Definition “ the tuple (ji;) is an element of €2, and
we define h; = 9(ji;). Then h; lies in F[[u]] for all i, so that (h;) € €', and a comparison with
the construction of and the proof of Lemma shows that f maps to the extension
class in ker-Ext}C(F)(im, N) represented by P(h).
Recall that Lemma [3.1.32] implies that nonzero terms appearing in y; have degree at least
—|e’/(p—1)|. From this we obtain the following trivial bound on ker-Ext.

Lemma 5.1.4. We have dimp ker—Ext,C(F) MM <fe/(p—1]f

Proof. The degrees of nonzero terms of y; all lie in a single congruence class modulo e(K’/K),
and are bounded below by —e’/(p — 1). Therefore there are at most [e/(p — 1)] nonzero terms,
and since the u; are periodic with period dividing f the lemma follows. O

Remark 5.1.5. Tt follows directly from Corollary [5.1.4] that if p > 3 and e # 1 then we have
dimg ker- Ext,C(F)(E)ﬁ N) < [K : Qpl/2, for then fe/( 1)] < e/2. Moreover these inequalities
are strict if e > 2.

We will require a more precise computation of ker—Ext,lc(F) (9, N) in the setting of Section
where the pair (9%, 0) has maximal refined profile (J, 7). We now return to that setting and its
notation.

Let 7 be a tame type. We will find the following notation to be helpful. We let v = ~; if
i—1¢ J,and vy} = p—1—~; ifi—1 € J. (Here the integers y; are as in Section In the case of
scalar types this means that we have ~ = 0 for all 4.) Since p[k;_1 —k]_,]—[ki—k/] = (p/ = 1)y,
an elementary but useful calculation shows that

’

p[di—l — Ci—l] — [Ci — dz} = ’Yi*(pf — 1), (516)

when (i — 1,4) is a transition, and that in this case 4 = 0 if and only if [d;_; — ¢;_1] < p/ !
Similarly, if 7 is not a scalar type and (i — 1,7) is not a transition then

pldis —cia] + [ei — di] = (o + DT —1). (5.1.7)

The main computational result of this section is the following.
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Proposition 5.1.8. Let (J,r) be any maximal refined profile for T, and suppose that the pair
(O, M) has refined profile (J,r). Then dimg ker—Ext}C(F)(fm, M) is equal to

#{0 < i< f : the pair (i — 1,7) is a transition and ~v; = 0},

except that when e =1, [[, a; = [, bi, and the quantity displayed above is f, then the dimension
of ker—Ext}C(F)(fm, M) is equal to f — 1.

Proof. The argument has two parts. First we show that dimp Homy g (9, 0N[1/u]/N) is
precisely the displayed quantity in the statement of the Proposition; then we check that
dimp Homg(g, . (T'(9N), T'(M)) — dimp Homg) (M, N) is equal to 1 in the exceptional case of
the statement, and 0 otherwise. The result then follows from (5.1.1)).

Let f:m; — u;n; be an element of CO(M[1/u]/M). Since u® kills y;, and all nonzero terms
of p; have degree congruent to ¢; — d; (mod p’ f o 1), certainly all nonzero terms of u; have
degree at least —e’ 4 [¢; — d;]. On the other hand since the profile (J,r) is maximal we have
r; =€ —[¢; — d;] when (i — 1,4) is a transition and r; = €’ otherwise. In either case u" kills y;,
so that becomes simply the condition that u® kills ¢(p;—1).

If (i — 1,4) is not a transition then s; = 0, and we conclude that u;—1; = 0. Suppose instead
that (i — 1,4) is a transition, so that s; = [¢; — d;]. Then all nonzero terms of p;—1 have
degree at least —s;/p > —pf'=1> —e(K'/K). Since those terms must have degree congruent
to ¢i—1 — d;—1 (mod pfl — 1), it follows that p;—; has at most one nonzero term (of degree
—[di—1 — ¢i—1]), and this only if [d;—1 — ¢;—1] < pf' =1, or equivalently ~v¥ =0 (as noted above).
Conversely if v} = 0 then

usiw(u*[diflfcifl]) — glei—dil=pldi—1—ci—a] _ u*’Yf(pflfl)

vanishes in F((u))/F[[u]]. We conclude that p;_1 may have a single nonzero term if and only if
(i —1,4) is a transition and «; = 0, and this completes the first part of the argument.

Turn now to the second part. Looking at Corollary and Lemma to compare
Homg(g 1 (T(M), T'(91)) and Homy gy (M, N) we need to compute the quantities a; (M) —a; (MN).
By definition this quantity is equal to

f/

1 -

pf/ 1 E pf J (Ti+j — si+j) . (519)
Jj=1

Suppose first that 7 is non-scalar. When (i + j — 1,4+ j) is a transition, we have 7,4 ; — 8,4, =
(e—=1)(pf" = 1) +[dir; — civj] — [cisj — diy;], and otherwise we have ;4 ; — 5,4 = e(p/ —1) =
(e=1)(pf" = 1) +[diyj — cirj] + [cirj — diy;]. Substituting these expressions into (5.1.9), adding

and subtracting pf,lilpf '[d; — ¢;], and regrouping gives

—[dl — Ci] + (6 — ].)

VA 1 o,
p _
] + o1 ;Pf T (pldivj—1 — civj1] F leirs — disjl) s
where the sign is — if (i +7j — 1,74 j) is a transition and + if not. Applying the formulas (5.1.6)
and (|5.1.7) we conclude that

f I

—1 i -
i (M) — (M) = —[d; —¢;] + (e — 1) - pp — 2 i Yo (5.1.10)
j=1 JES:
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where the set S; consists of 1 < j < f such that (i +j — 1,7+ j) is not a transition. Finally, a
moment’s inspection shows that the same formula still holds if 7 is scalar (recalling that J = &
in that case).

Suppose that we are in the exceptional case of the proposition, so that e = 1, v = 0 for all %,
and every pair (i — 1,4) is a transition. The formula (5.1.10) gives a;(9M) — a; (M) = —[d; — ¢
Since also [], a; =[], b; the conditions of Corollary re satisfied, so that T(9) = T'(N);
but on the other hand a; (M) < «;(N), so that by Lemma there are no nonzero maps
M — N, and dimp Homp(g, ) (T(M), T(N)) — dimg Homyc gy (M, N) = 1.

If instead we are not in the exceptional case of the proposition, then either [], a; # [], b;, or
else (5.1.10) gives a; (M) — «;(N) > —[d; — ¢;] for all 4. Suppose that T(9M) = T(MN). It follows
from Corollary that a;(9M) — a;(M) = —[d; — ¢;] (mod e(K'/K)). Combined with the
previous inequality we deduce that a;(90)—a;(9) > 0, and Lemmal[4.1.6|guarantees the existence
of a nonzero map 9 — M. We deduce that in any event dimg Hompq,(T(IM),T(N)) =
dimg Homyg) (9M, M), completing the proof. O

Corollary 5.1.11. Let (J,r) be any maximal refined profile for T, and suppose that the pair
(M, N) has refined profile (J,r). If J € P, then dimp ker-Ext,lc(F)(Sﬁ, MN) = 0. Indeed this is an
if and only if except possibly when K = Q,, the type T is cuspidal, and T(MM(J,r)) = T(N(J,7)).

Proof. The first statement is immediate from Proposition [5.1.8] comparing the definition of
v; with the defining condition on elements of P;; in fact this gives an if and only if unless
we are in the exceptional case in Proposition [5.1.8land f — 1 = 0. In that case e= f =1, so
K = Q. In the principal series case for K = Q,, there can be no transitions, so the type is
cuspidal. Then v =0 for ¢ = 0,1 and an elementary analysis of shows that there exists
x€Z/(p—1)Zsuch that ¢; =1+z(p+1),d; =p+az(p+1) for i =0,1. Then r; =p — 1 and
s; = p(p — 1), and Lemma [£.1.4] gives T(M(J,7)) = T(N(J,r)). O

Recall that Z(.J) is by definition the scheme-theoretic image of C(.J) in Z™'. In the remainder
of this section, we show that the Z(J) with J € P, are pairwise distinct irreducible components
of Z™1. In Section [5.3| below we will show that they in fact exhaust the irreducible components
of Z™1.

Theorem 5.1.12. Z(J) has dimension at most (K : Qy], with equality occurring if and only
if J € P,. Consequently, the Z(J) with J € P, are irreducible components of Z7 .

Proof. The first part is immediate from Corollary [3.3.32 Proposition Corollary
and Theorem [4.2.11] (noting that the exceptional case of Corollary [5.1.11| occurs away from

max-Spec Adst) Since 27! is equidimensional of dimension [K : Q,] by Theorem 2.3.10|7 and
the Z(J) are closed and irreducible by construction, the second part follows from the first
together with [Stal3| Tag 0DS2]. O

We also note the following result.

Proposition 5.1.13. If J € Py, then there is a dense open substack U of C(J) such that the
canonical morphism C(J) — Z(J) restricts to an open immersion on U.

Proof. This follows from Proposition [3.3.21] and Corollary [5.1.11 O

For later use, we note the following computation. Recall that we write 91(.J) = 91(J, r) for
the maximal profile (J,r) refining J, and that 7 =n ®7n'.

Proposition 5.1.14. For each profile J we have

=1
TN) =n- | [[(ion)" Cro

=0
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where

o ifi—1¢.J.

Here § e is the characteristic function of the complement of J in Z/f'Z, and we are abusing
notation by writing n for the function o; o h¥, which agrees with n on Ik .
In particular the map J — T(N(J)) is injective on Ps.

Remark 5.1.15. In the cuspidal case it is not a priori clear that the formula in Proposition [5.1.14]
gives a character of Gi__ (rather than a character only when restricted to Gr__), but this is an
elementary (if somewhat painful) calculation using the definition of the 7;’s and the relation
Yi +Yirs =p— 1.
Proof. We begin by explaining how the final statement follows from the rest of the Proposition.
First observe that if J € P, then 0 < t; < p — 1 for all 7. Indeed the only possibility for a
contradiction would be if 7; = p — 1 and ¢ € J, but then the definition of P, requires that we
cannot have i — 1 € J. Next, note that we never have t; = p — 1 for all i. Indeed, this would
require J = Z/f'Z and v; = p — 1 for all i, but by definition the ~; are not all equal to p — 1.
The observations in the previous paragraph imply that (for J € P;) the character T'(D(J))
uniquely determines the integers t;, and so it remains to show that the integers t; determine the
set J. If t; = 0 for all 4, then either J = & or J = Z/ f'Z (for otherwise there is a transition out
of J, and 0 ¢ (4) # 0 for some i — 1 € J). But if J = Z/f'Z then ~; = 0 for all 7 and 7 is scalar;
but for scalar types we have Z/f'Z ¢ P,, a contradiction. Thus ¢; = 0 for all 7 implies J = &.
For the rest of this part of the argument, we may therefore suppose t; # 0 for some i, which
forces i — 1 € J. The entire set J will then be determined by recursion if we can show that
knowledge of t; along with whether or not ¢ € J, determines whether or not i — 1 € J. Given the
defining formula for ¢;, the only possible ambiguity is if ¢; = 0 and ~; 4+ 5 (¢) = 0, so that v, = 0
and ¢ € J. But the definition of P, requires i — 1 € J in this case. This completes the proof.
We now turn to proving the formula for T(9M(.J)). We will use Lemma applied at
1 = 0, for which we have to compute «g — dp writing cg = (). Recall that we have already
computed o (M(J)) —ao(MN(J)) in the proof of Proposition [5.1.8 Since ag(M(J))+an(N(J)) =
e(p! —1)/(p— 1), taking the difference between these formulas gives

f/
200 =y =] = Y0+ 3
j=1 JESE

where S§ consists of those 1 < j < f such that (j — 1,7) is a transition. Subtract 2[dp] from
both sides, and add the expression —[ko — k(] + ijlzl pl'=i 7; (which vanishes by definition)
to the right-hand side. Note that [dy — co] — [ko — k§] — 2[do] is equal to —2[ko] if 0 € J, and
to e(K'/K) — 2[ko — kg| — 2[ko] if 0 € J. Since v; =7} =27, —(p—1)if j—1 € J and is 0
otherwise, the preceding expression rearranges to give (after dividing by 2)

f/
g — [do] = —ko + Z T+ Z pf = —ko+ pr Ity
j—1eJ J-1E€T,5¢T =1

where kg = [ko] if 0 € J and kg = [ko — k(] + [k(] if 0 € J. Since in either case kg = ko
(mod e(K’/K)) the result now follows from Lemma O

Definition 5.1.16. Let 7 : Gxg — GL2(F’) be representation. Then we say that a Breuil-
Kisin module 9 with F’'-coefficients is a Breuil-Kisin model of T of type T if 9 is an F’-point
of CTPT:1 "and Ty (M) = Tla,_ -
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Recall that for each continuous representation 7 : Gg — GLg (Fp), there is an associated
(nonempty) set of Serre weights W (F) whose precise definition is recalled in Appendix

Theorem 5.1.17. The Z(J), with J € P,, are pairwise distinct closed substacks of Z7'.
For each J € P,, there is a dense set of finite type points of Z(J) with the property that the
corresponding Galois representations have &(7); as a Serre weight, and which furthermore
admit a unique Breuil-Kisin model of type 7.

Proof. Recall from Definition that Z(J) is defined to be the scheme-theoretic image of a
morphism Spec B4t — Zdd1 - Ag in the proof of Lemma since the source and target of
this morphism are of finite presentation over F, its image is a dense constructible subset of its
scheme-theoretic image, and so contains a dense open subset, which we may interpret as a dense
open substack U of Z(.J). From the definition of BYs*, the finite type points of U correspond
to reducible Galois representations admitting a model of type 7 and refined profile (J, r), for
which (J,r) is maximal.

That the Z(J) are pairwise distinct is immediate from the above and Proposition
Combining this observation with Theorem we see that by deleting the intersections
of Z(J) with the Z(J’,r') for all refined profiles (J’,7") # (J,r), we obtain a dense open
substack U’ whose finite type points have the property that every Breuil-Kisin model of type 7
of the corresponding Galois representation has profile (J,r). The unicity of such a Breuil-Kisin
model then follows from Corollary

It remains to show that every such Galois representation 7 has &(7); as a Serre weight.
Suppose first that 7 is a principal series type. We claim that (writing o(7); = 777 ® (1 o det)
as in Appendix |A]) we have 7

T( ( |IK n ‘IK H wéri_tl

To see this, note that by Proposition it is enough to show that 0|, =
which follows by comparing the central characters of &(7); and &(r)
computation with the quantities s;,¢;).

Since det 7|7, = nn'z"!, we have

N wSH *
10

n |IK Hv 0 ws A ’
(or from a direct

The result then follows from Lemma using Lemma[A.5{2) and the fact that the fibre of
the morphism C™BT! — RI41 above T is nonempty to see that 7 is not trés ramifiée.
The argument in the cuspidal case proceeds analogously, noting that if the character 6 (as in

Appendix corresponds to 6 under local class field theory then §| e =1 Hf;gl wzf,_, and that

from central characters we have ny’ = (6], )2 HZ 0 Wy O

Remark 5.1.18. With more work, we could use the results of [GLS15] and our results on
dimensions of families of extensions to strengthen Theorem showing that there is a dense
set of finite type points of Z(J) with the property that the corresponding Galois representations
have (7); as their unique non-Steinberg Serre weight. In fact, we will prove this as part of our
work on the geometric Breuil-Mézard conjecture in [CEGS20a] (which uses Theorem as
an input).
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5.2. Irreducible Galois representations

We now show that the points of C™B™:! which are irreducible (that is, cannot be written as an

extension of rank one Breuil-Kisin modules) lie in a closed substack of positive codimension. This,
in essence, amounts to bounding the dimensions of the Kisin varieties (for Breuil-Kisin modules
of height at most 1 with descent data of type 7) corresponding to irreducible representations.
We begin with the following useful observation.

Lemma 5.2.1. The rank two Breuil-Kisin modules with descent data and Fp—coeﬁicients which
are irreducible (that is, which cannot be written as an extension of rank 1 Breuil-Kisin modules
with descent data) are precisely those whose corresponding étale p-modules are irreducible, or
equivalently whose corresponding G i -representations are irreducible.

Proof. Let M be a Breuil-Kisin module with descent data corresponding to a finite type point
of C;&BTJ, let M = 9[1/u], and let p be the Gx-representation corresponding to M. As noted
in the proof of Lemma p is reducible if and only if p|g,__ is reducible, and by Lemma [2.2.4
this is equivalent to M being reducible. That this is in turn equivalent to 9t being reducible
may be proved in the same way as [GLS14, Lem. 5.5]. O

Recall that L/K denotes the unramified quadratic extension; then the irreducible representa-
tions p: Gg — GLo (Fp) are all induced from characters of Gr. Bearing in mind Lemma
this means that we can study irreducible Breuil-Kisin modules via a consideration of base-
change of Breuil-Kisin modules from K to L, and our previous study of reducible Breuil-Kisin
modules. Since this will require us to consider Breuil-Kisin modules (and moduli stacks thereof)
over both K and L, we will have to introduce additional notation in order to indicate over
which of the two fields we might be working. We do this simply by adding a subscript ‘K’ or
‘L’ to our current notation. We will also omit other decorations which are being held fixed
throughout the present discussion. Thus we write C} to denote the moduli stack that was
previously denoted C™BT! and CZ'L to denote the corresponding moduli stack for Breuil-Kisin
modules over L, with the type taken to be the restriction 7|7, of 7 from K to L. (Note that
whether 7 is principal series or cuspidal, the restriction 7|7, is principal series.)

As usual we fix a uniformiser 7 of K, which we also take to be our fixed uniformiser of L.
Also, throughout this section we take K’ = L(ﬂl/(pw_l)), so that K’/L is the standard choice
of extension for 7 and 7 regarded as a type and uniformiser for L.

Write ¢ : W (K')[[u]] = W (k')[[u]] for the automorphism fixing v and acting on W (k') via the
automorphism induced by the non-trivial automorphism of k’/k. If 98 is a Breuil-Kisin module
with descent data from K’ to L, then we let /) be the Breuil-Kisin module given by the
pullback of 8 along ¢, and such that the descent data on (/) is given by §(s@m) = g(s)®gpf (m)
for s € W (k')[[u]] and m € . In particular, we have 9 (r, a,c)) = M(r’, a’, ') where 7} = r;y 1,
a; = aj+y, and ¢, = ¢4 .

We let o denote the non-trivial automorphism of L over K, and write G := Gal(L/K) = (o),
a cyclic group of order two. There is an action o of G on C;, defined via oy : P — P&, More
precisely, this induces an action of G := (o) on C;‘L in the stric sense that

OLUOOLJ:id 7L -
CL

We now define the fixed point stack for this action.

2From a 2-categorical perspective, it is natural to relax the notion of group action on a stack so as to allow natural
transformations, rather than literal equalities, when relating multiplication in the group to the compositions of the
corresponding equivalences of categories arising in the definition of an action. An action in which actual equalities hold
is then called strict. Since our action is strict, we are spared from having to consider the various 2-categorical aspects
of the situation that would otherwise arise.
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Definition 5.2.2. We let the fixed point stack (C;*)¢ denote the stack whose A-valued points
consist of an A-valued point 9t of CEL, together with an isomorphism 7 : 9 — M) which
satisfies the cocycle condition that the composite

o s () L (o)D) — on

is equal to the identity morphism idgy.

We now give another description of (CEL)G, in terms of various fibre products, which is
technically useful. This alternate description involves two steps. In the first step, we define fixed
points of the automorphism «,, without imposing the additional condition that the fixed point
data be compatible with the relation 02 = 1 in G. Namely, we define

O e N
L") 2 O
L L

where the first morphism C;'* — C;'* x C;'* is the diagonal, and the second is id x a,. Working
through the definitions, one finds that an A-valued point of (C;'*)® consists of a pair (9%, 9')
of objects of CEL over A, equipped with isomorphisms a : 9t — 9 and 3 : MM — (M) ).
The morphism

(M, M, «, B) — (M, 1),

where 2 := (@™ ")) o B: M — M) induces an isomorphism between (C;'*)*~ and the stack
classifying points 9t of C;‘L equipped with an isomorphism 2 : 9t — MM, (However, no cocycle
condition has been imposed on ¢.)

Let I L denote the inertia stack of CE\L. We define a morphism

(CEL)O‘U — ICgL

via
(M, 2) = (M, 2 04),

where, as in Definition we regard the composite 2(/) 04 as an automorphism of 9t via the
identity (9())() = 9. Of course, we also have the identity section e : CEL — I 7. We now
L

define
(€)% = (c]h)™ < cpn.

A
L
‘L

If we use the description of (CZ‘L )@ as classifying pairs (90,4), then (just unwinding definitions)
this fibre product classifies tuples (9,2, M, ), where « is an isomorphism 9t — 9" which
furthermore identifies +(/) o ¢ with idgy . Forgetting 9’ and « then induces an isomorphism
between (CZ‘L )¢, as defined via the above fibre product, and the stack defined in Deﬁnition

To compare this fixed point stack to Cj, we make the following observations. Given a
Breuil-Kisin module with descent data from K’ to K, we obtain a Breuil-Kisin module with
descent data from K’ to L via the obvious forgetful map. Conversely, given a Breuil-Kisin
module B with descent data from K’ to L, the additional data required to enrich this to a
Breuil-Kisin module with descent data from K’ to K can be described as follows as follows:
let 0 € Gal(K'/K) denote the unique element which fixes 7'/ (P*’=1) and acts nontrivially on
L. Then to enrich the descent data on 3 to descent data from K’ to K, it is necessary and
sufficient to give an additive map 6 : 8 — B satisfying 0(sm) = 0(s)0(m) for all s € Sp and
m € B, and such that g0 = §* forall g € Gal(K'/L).
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In turn, the data of the additive map (9 B — P is equivalent to giving the data of the map
0(0 ) P — P obtained by composing 6 with the Frobenius on L/K. The defining properties
of 6 are equivalent to asking that this map is an isomorphism of Breuil-Kisin modules with
descent data satisfying the cocycle condition of Definition [5.2.2} accordingly, we have a natural
morphism Cj — (C;L)G, and a restriction morphism

Cx —C;". (5.2.3)

The following simple lemma summarises the basic facts about base-change in the situation
we are considering.

Lemma 5.2.4. There is an isomorphism C — (C/")€.

Proof. This follows immediately from the preceding discussion. O

Remark 5.2.5. In the proof of Theorem we will make use of the following analogue of
Lemma for étale p-modules. Write Ry, Ry, for the moduli stacks of Definition ie.
for the moduli stacks of rank 2 étale ¢p-modules with descent data respectively to K or to L.
Then we have an action of G on Ry, defined via M — M) with M) defined analogously
to P, and we define the fixed point stack (Rp)¢ exactly as in Definition namely an
A-valued point of (Rr)¢ consists of an A-valued point M of Rr, together with an isomorphism
v M = M) satisfying the cocycle condition. The preceding discussion goes through in this
setting, and shows that there is an isomorphism Rx — (Rp)¢
We also note that the morphisms C — C;'* and C — Ry induce a monomorphism

Cr — ;" xR, Rk (5.2.6)
One way to see this is to rewrite this morphism (using the previous discussion) as a morphism
(€)= ct xr, (RL)C,

and note that the descent data via G on an object classified by the source of this morphism is
determined by the induced descent data on its image in (Rz)“

We now use the Lemma to study the locus of finite type points of C} which correspond
to irreducible Breuil-Kisin modules. Any irreducible Breuil-Kisin module over K becomes
reducible when restricted to L, and so may be described as an extension

0—->N—=P —-M—0,

where 9 and N are Breuil-Kisin modules of rank one with descent data from K’ to L, and
P is additionally equipped with an isomorphism 9 = P satisfying the cocycle condition of
Definition £.2.2

Note that the characters T'(9), T(MN) of G are distinct and cannot be extended to
characters of Gk . Indeed, this condition is plainly necessary for an extension ‘13 to arise as the
base change of an irreducible Breuil-Kisin module (see the proof of Lemma . Conversely,
if T(9), T(MN) of G, are distinct and cannot be extended to characters of G K, then for any
P e Ext,IC(F)(Em, M) whose descent data can be enriched to give descent data from K’ to K,
this enrichment is necessarily irreducible. In particular, the existence of such a 3 implies that
the descent data on 9t and 91 cannot be enriched to give descent data from K’ to K.

We additionally have the following observation.

Lemma 5.2.7. If M, N are such that there is an extension

0—->MN—->PL—->M—0
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whose descent data can be enriched to give an irreducible Breuil-Kisin module over K, then
there exists a nonzero map M — M),

Proof. The composition 9t — P 4 P — M, in which first and last arrows are the natural
inclusions and projections, must be nonzero (or else 6 would give descent data on 9 from K’
to K). It is not itself a map of Breuil-Kisin modules, because 0 is semilinear, but is a map of
Breuil-Kisin modules when viewed as a map 9t — (/). O

We now consider (for our fixed 9, 91, and working over L rather than over K) the scheme
Spec Bt as in Subsection Following Lemma we assume that there exists a nonzero
map N — M) The observations made above show that we are in the strict case, and thus
that Spec A%t = G,, x G,,, and that furthermore we may (and do) set V = T. We consider
the fibre product with the restriction morphism

Y (9, M) := Spec Bt X Ck.

Let G,, — G,, X G, be the diagonal closed immersion, and let (Spec BdiSt)‘Gm denote
the pull-back of Spec BY** along this closed immersion. By Lemma the projection
Y (9M,N) — Spec BY* factors through (Spec BYY) ¢ | and combining this with Lemmam
we see that Y (91, 9) may also be described as the fibre product

(Spec B, X iz (C1F).

m

Recalling the warning of Remark [3.3.16] Proposition [3.3.21| now shows that there is a
monomorphism

[(Spec B @, /Gy X G — C1'*,
and thus, by Lemma that there is an isomorphism
(Spec B¥™) @, X7z (Spec BY¥™)\q,, < (Spec B™) g, X Gy X G-
L

(An inspection of the proof of Proposition [3.3.21] shows that in fact this result is more-or-less
proved directly, as the key step in proving the proposition.) An elementary manipulation with
fibre products then shows that there is an isomorphism

Y (9,9) X mizy6 Y (O, ) S Y (OM,N) X Gy X G,

(

and thus, by another application of Lemma we find that there is a monomorphism
[Y(O,N) /G x Grn] = (C17)C. (5.2.8)

We define Ciyreq to be the union over all such pairs (99, 0) of the scheme-theoretic images of
the various projections Y (9, 0) — (C;‘L)G. Note that this image depends on (9,9) up to
simultaneous unramified twists of 9t and 91, and there are only finitely many such pairs (91, 01)
up to such unramified twist. By definition, Ciyreq is a closed substack of C7, which contains every
finite type point of C} corresponding to an irreducible Breuil-Kisin module.

The following is the main result of this section.

Theorem 5.2.9. The closed substack Ciyrea of Ci = CTET1 which contains every finite type
point of Ci corresponding to an irreducible Breuil-Kisin module, has dimension strictly less

than [K : Q).
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Proof. As noted above, there are only finitely many pairs (9%, 9%) up to unramified twist, so it is
enough to show that for each of them, the scheme-theoretic image of the monomorphism
has dimension less than [K : Q).

By [Stal3l [Tag 0DS6|, to prove the present theorem, it then suffices to show that
dimY(M,MN) < [K : Q,] + 1 (since dimG,, x G,, = 2). To establish this, it suffices to
show, for each point x € G,,(F’), where F’ is a finite extension of F, that the dimension of the
fibre Y/ (9, M), is bounded by [K : Q,]. After relabelling, as we may, the field F’ as F and the
Breuil-Kisin modules 9, and 91, as 9t and 91, we may suppose that in fact F/ = F and = = 1.

Manipulating the fibre product appearing in the definition of Y (91, 91), we find that

Y (9, 9); = Extic gy (M, N) X Clin Ck, (5.2.10)

where the fibre product is taken with respect to the morphism Ext,lC(F) (M, M) — C] that
associates the corresponding rank two extension to an extension of rank one Breuil-Kisin
modules, and the restriction morphism .

In order to bound the dimension of Y (91, 91);, it will be easier to first embed it into another,
larger, fibre product, which we now introduce. Namely, the monomorphism induces a
monomorphism

V(0,01 = Y'(IM, M)y := Extijemy (M, N) xr, Ri.

Any finite type point of this fibre product lies over a fixed isomorphism class of finite type points
of Rk (corresponding to some fixed irreducible Galois representation); we let P be a choice of
such a point. The restriction of P then lies in a fixed isomorphism class of finite type points of R,
(namely, the isomorphism class of the direct sum 9[1/u] ©N[1/u] = M1 /u] &MU [1/u]). Thus
the projection Y’/ (9, M) — R factors through the residual gerbe of P, while the morphism
Y' (9, M), — Ry, factors through the residual gerbe of M[1/u] & N[1/u] = M[1/u] & MD[1 /u].
Since P corresponds via Lemma to an irreducible Galois representation, we find that
Aut(P) = G,,. Since M[1/u] & N[1/u] corresponds via Lemma to the direct sum of two
non-isomorphic Galois characters, we find that Aut(9[1/u] ® N[1/u]) = G, X G-
Thus we obtain monomorphisms

Y(ma m)l — Y/(DJL m)l
= Extic ) (M, M) X(Spec 1/ /G x Gr] [SPEC F /[ Gin] 22 Extic iy (M, M) X Gy (5.2.11)

In Proposition[5.2.12| we obtain a description of the image of Y/ (91, 91); under this monomorphism
which allows us to bound its dimension by [K : Q,], as required. O

We now prove the bound on the dimension of Y (90,91); that we used in the proof of
Theorem Before establishing this bound, we make some further remarks. To begin with,
we remind the reader that we are working with Breuil-Kisin modules, étale ¢-modules, etc.,
over L rather than K, so that e.g. the structure parameters of 91,1 are periodic modulo
f'=2f (not modulo f), and the pair (91, 91) has type 7|r. We will readily apply various pieces
of notation that were introduced above in the context of the field K, adapted in the obvious
manner to the context of the field L. (This applies in particular to the notation CL, €Y etc.
introduced in Definition [4.1.7])

We write m,n for the standard generators of 91 and 1. The existence of the nonzero map
9 — M) implies that a;(M) > a;1 (M) for all i, and also that [, a; = [], b;. Thanks to the
latter we will lose no generality by assuming that a; = b; = 1 for all i. Let m be the standard
generator for M), The map N — M) will (up to a scalar) have the form n; — u®im; for
integers x; satisfying pr;_1 —x; = s; — 14y for all ¢; thus z; = a; (M) — a1 (M) for all 7. Since
the characters T'(9) and T(M) are conjugate we must have z; = d; — ¢;4 5 (mod p/” — 1) for
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all i (¢f. Lemma [4.1.4). Moreover, the strong determinant condition s; 4+ r; = ¢’ for all ¢ implies
that XTj = Ti4f-

We stress that we make no claims about the optimality of the following result; we merely
prove “just what we need” for our applications. Indeed the estimates of [Hel09, Thm. 1.1] and
[Carl?, Thm. 1] suggest that improvement should be possible by the methods of those papers.

Proposition 5.2.12. We have dimY (9, 9)1 < [K : Q,].

Remark 5.2.13. Since the image of Y/(91,91); in Ext,lc(F)(im, N) lies in ker—Ext,lc(F) (9%, M) with
fibres that can be seen to have dimension at most one, many cases of Proposition [5.2.12| will
already follow from Remark (applied with L in place of K).

Proof of Proposition[5.2.19. Let S = P(h) be an element of Ext,lC(F) (M, 91) whose descent

data can be enriched to give descent data from K’ to K, and let ‘,)~3 be such an enrichment.

By Lemma (and the discussion preceding that lemma) the étale p-module PB[1] is
isomorphic to M[] & M [L]. All extensions of the G__-representation T'(M[1] &M [L]) to

a representation of G are isomorphic (and given by the induction of T'(9M[]) to Gk, ), so
the same is true of the étale p-modules with descent data from K’ to K that enrich the descent
data on M[L] @ M [L]. One such enrichment, which we denote P, has 6 that interchanges m

1 1
u u
1
As in the proof of Lemma|5.2.7} the hypothesis that T'(9t) 2 T'(NM) implies that any non-zero
map (equivalently, isomorphism) of étale p-modules with descent data A : ‘ﬁ[%] — P takes the

and 7. Thus PB[L] is isomorphic to P.

submodule N[1] to M) [1]. We may scale the map A so that it restricts to the map n; — u®irh;
on M. Then there is an element £ € F* so that A induces multiplication by & on the common
quotients E)ﬁ[%] That is, the map A may be assumed to have the form

<:z> ~ (uux 2) (2) (5.2.14)

for some (v;) € F((u))/". The condition that the map A commutes with the descent data from
K’ to L is seen to be equivalent to the condition that nonzero terms in v; have degree congruent
to ¢; —d; + x; (mod pl = 1); or equivalently, if we define p; := v;u~*: for all ¢, that the tuple
p = (1) is an element of the set €% = €Y (MM, N) of Definition

The condition that A commutes with ¢ can be checked to give

0 n;—1 o us 0 n;
mi_1 Qv )u" T — T ) \my )

The extension B is of the form B(h), for some h € €' as in Definition The lower-left
entry of the first matrix on the right-hand side of the above equation must then be h;. Since
Tiyf — Ti = 8; — PT;—1, the resulting condition can be rewritten as

hi = p(pi—1)u™ — piu',

or equivalently that h = d(u). Comparing with Remark we recover the fact that the
extension class of I3 is an element of ker—Ext,lc(F)(im, ), and the tuple p determines an element
of the space H defined as follows.

Definition 5.2.15. The map 9: €) — €L induces a map €%/C° — €L/9(€°), which we
also denote 9. We let 5 C €% /€% denote the subspace consisting of elements p such that
d(u) € CL/o(eY).
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By the discussion following Lemma |4.1.8] an element p € H determines an extension P(A(u)).
Indeed, Remark and the proof of (3.1.31) taken together show that there is a natural
isomorphism, in the style of Lemma between the morphism 9 : H — €1/9(C°) and
the connection map Hom ) (9, N[1/u]/N) — Ext,IC(F)(Em, M), with im d corresponding to
ker-Exty (g (9, N).

Conversely, let h be an element of 9(€) N C!, and set v; = u® j1;. The condition that there is
a Breuil-Kisin module 9 with descent data from K’ to K and £ € F* such that X : ‘i[%] — P

defined as above is an isomorphism is precisely the condition that the map 0 on P pulls back
via A to a map that preserves . One computes that this pullback is

0 <n1> =¢1 ( —Vitf Ur) (ni+f>
m; (& —vvippu™ v Miyf

recalling that x; = x4 .

We deduce that @ preserves P precisely when the v; are integral and v;v;4 5 = €2 (mod u®)
for all 4. For ¢ with x; = 0 the latter condition is automatic given the former, which is equivalent
to the condition that ;; and j1;4 5 are both integral. If instead x; > 0, then we have the nontrivial
condition vy ¢ = §21/i_1 (mod u™); in other words that p;, ;45 have u-adic valuation exactly
—x;, and their principal parts determine one another via the equation p,;4y = 2 (uip;)~t
(mod 1).

Let G, ¢ be the multiplicative group with parameter £. We now (using the notation of
Definition [5.2.15) define H' C €% /€% x G, ¢ to be the subvariety consisting of the pairs (y, £)
with exactly the preceding properties; that is, we regard €2 /€° as an Ind-affine space in the
obvious way, and define 3’ to be the pairs (p, §) satisfying

o if x; = 0 then val; p = val;; f p = o0, and
e if z; > 0 then val; u = valy y = —a; and piqyp = E2(u®® ;)1 (mod uP)

where we write val; i for the u-adic valuation of u;, putting val; 4 = oo when p; is integral.
Putting all this together with (5.2.10]), we find that the map

H' O (H X Goe) — Y (9,9,

sending (u, &) to the pair (‘B,‘ﬁ) is a well-defined surjection, where B = B(I(u)), P is the
enrichment of 3 to a Breuil-Kisin module with descent data from K’ to K in which 6 is pulled
back to B from P via the map X as in (5.2.14). (Note that Y (9,91); is reduced and of finite
type, for example by , so the surjectivity can be checked on Fp—points.) In particular
dim Y (9,M); < dim H'.

Note that H’ will be empty if for some ¢ we have x; > 0 but z;+¢; —d; Z 0 (mod pf = 1) (so
that v; cannot be a u-adic unit). Otherwise, the dimension of H' is easily computed to be D =
1+ 20 [/ (0 —1)] (indeed if d is the number of nonzero ;’s, then H’ = Gd+1 x GP—d=1),
and since z; < €’ /(p—1) we find that H’ has dimension at most 1+ [e/(p—1)]f. This establishes
the bound dim Y/ (9, M); <1+ [e/(p—1)]f.

Since p > 2 this bound already establishes the theorem when e > 1. If instead e = 1 the
above bound gives dim Y (9, M) < [K : Q,] + 1. Suppose for the sake of contradiction that
equality holds. This is only possible if H' = G, H' € H x Ge, and 2; = [d; — ¢;] > 0
for all 4. Define u(® € €2 to be the element such that pu; = u~[%=%l and pu; = 0 for
j # i. Let F”/F be any finite extension such that #F” > 3. For each nonzero z € F”
define p. = >, 0y 1@+ 2p® 4 2710+ g0 that (p.,1) is an element of H'(F”). Since
H' C H x Gyy¢e and K is linear, the differences between the u, for varying z lie in H(F"), and
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(e.g. by considering pu; — p_1 and py — p, for any z € F” with z # 27!) we deduce that each
19 lies in 3. In particular each A(u(?) lies in C'.

If (¢ —1,4) were not a transition then (since e = 1) we would have either 7; = 0 or s; = 0. The
former would contradict d(u(") € €' (since the ith component of d(u(?) would be u~[4 =<l of
negative degree), and similarly the latter would contradict 9(u*~1) € €'. Thus (i — 1,4) is a
transition for all 4. In fact the same observations show more precisely that r; > x; = [d; — ¢;]
and s; > px;—1 = p[di—1 — ¢;—1]. Summing these inequalities and subtracting e’ we obtain
0 > pldi—1 — ¢i—1] — [¢i — d;], and comparing with shows that we must also have v} =0
for all i. Since e = 1 and (¢ — 1,4) is a transition for all ¢ the refined profile of the pair
(M, N) is automatically maximal; but then we are in the exceptional case of Proposition
which (recalling the proof of that Proposition) implies that 7'(90t) = T'(9M). This is the desired
contradiction. O

5.3. Irreducible components

We can now use our results on families of extensions of characters to classify the irreducible
components of the stacks C™BT1 and Z71. In the article [CEGS20a] we will combine these results
with results coming from Taylor-Wiles patching (in particular the results of [GK14, [EG14]) to
describe the closed points of each irreducible component of Z™! in terms of the weight part of
Serre’s conjecture.

Corollary 5.3.1. FEach irreducible component of CTBTL s of the form C(J) for some J;
conversely, each C(J) is an irreducible component of CTBT1,

Remark 5.3.2. Note that at this point we have not established that different sets J give distinct
irreducible components C(J); we will prove this in Section below by a consideration of
Dieudonné modules.

Proof of Corollary[5.3.1] By Theorem 2), C"BT:1 is equidimensional of dimension [K : Q,)].
By construction, the C(.J) are irreducible substacks of C™B™>!, and by Theorem they also
have dimension [K : Q,], so they are in fact irreducible components by [Stal3l Tag 0DS2].
By Theorem and Theorem we see that there is a closed substack Cqman of CT-BT>!
of dimension strictly less than [K : Q,], with the property that every finite type point of CcmBT.1
is a point of at least one of the C(J) or of Cyman (or both). Indeed, every extension of refined
profile (J,7) lies on C(J,7), by Remark so we can take Cgpan to be the union of the
stack Ciprea of Theorem and the stacks C(.J, ) for non-maximal profiles (.J, ). Since C™-BT:1
is equidimensional of dimension [K : Q,], it follows that the C(J) exhaust the irreducible
components of C7BT:1 as required. O

We now deduce a classification of the irreducible components of Z™1. In the paper [CEGS20a]
we will give a considerable refinement of this, giving a precise description of the finite type
points of the irreducible components in terms of the weight part of Serre’s conjecture.

Corollary 5.3.3. The irreducible components of Z™Y are precisely the Z(J) for J € Pr, and
if J# J then Z(J) # Z(J').

Proof. By Theorem if J € P, then Z(J) is an irreducible component of Z71.
Furthermore, these Z(J) are pairwise distinct by Theorem

Since the morphism CcmBT1 — 271 is scheme-theoretically dominant, it follows from Corol-
lary @ that each irreducible component of Z™! is dominated by some C(J). Applying
Theorem [5.1.12] again, we see that if J ¢ P, then C(J) does not dominate an irreducible
component, as required. O
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5.4. Dieudonné modules and the morphism to the gauge stack

We now study the images of the irreducible components C(.J) in the gauge stack Gy; this
amounts to computing the Dieudonné modules and Galois representations associated to the
extensions of Breuil-Kisin modules that we considered in Section [3| Suppose throughout this
subsection that 7 is a non-scalar type, and that (J,7) is a maximal refined profile. Recall that
in the cuspidal case this entails that ¢ € J if and only if ¢ + f & J.

Lemma 5.4.1. Let P € Ext,IC(F) (O, M) be an extension of type T and refined profile (J,r).
Then fori € Z/f'Z we have F =0 on D(B)y,i—1 if it € J, while V=0 on D(B),; ifi ¢ J.

Proof. Recall that D() = B/uPB. Let w; be the image of m; in D(P) if ¢« € J, and let w; be
the image of n; in D(P) if ¢ ¢ J. It follows easily from the definitions that D (), ; is generated
over F by w;.

Recall that the actions of F,V on D(*B) are as specified in Definition In particular F' is
induced by ¢, while V is ¢~ mod u where U is the unique map on B satisfying Vo p = E(u),
and ¢ = E(0). For the Breuil-Kisin module 9, we have

o(ni—1) = bu’n,, w(mi—1) = a;u""m; + hin,,

and so one checks (using that E(u) = u¢ in F) that

’Il(ml) = a;lusimi,l — a;lbflhini,l, m(n,) = b;lu”ni,l.

From Definition and the discussion immediately following it, we recall that if (i —1,4) is
not a transition then r; = €', s; = 0, and h; is divisible by u (the latter because nonzero terms
of h; have degrees congruent to r; + ¢; — d; (mod pf' — 1), and ¢; # d; since 7 is non-scalar).
On the other hand if (i — 1,4¢) is a transition, then r;,s; > 0, and nonzero terms of h; have
degrees divisible by p/ - 1; in that case we write hY for the constant coefficient of h;, and we
remark that hY does not vanish identically on Ext,lC(F) (0, N).

Suppose, for instance, that ¢ — 1 € J and i € J. Then w;_; and w; are the images in D(*B)
of m;_1 and m;. From the above formulas we see that u"i = u® and h; are both divisible by
u, while on the other hand u* = 1. We deduce that F(w;_1) = 0 and V(w;) = ¢ 'a; 'w;_;.
Computing along similar lines, it is easy to check the following four cases.
it—1ledJieJ. Then F(w;—1) =0 and V(w;) = c o tw;_q.

K2

.i—1€J,i¢ J. Then F(w;—1) = hdw;, V(w;) = 0.

i—1¢J,i€J. Then F(wi_1) =0, V(w;) = —c ta; *b; "hw;_;.
In particular, if ¢ € J then F(w;) = 0, while if ¢ ¢ J then V(w;41) = 0. O

Since C™BT is flat over © by Theorem [2.3.6} it follows from Lemma that the natural
morphism C™BT — G, is determined by an f-tuple of effective Cartier divisors {D;}o<;<
lying in the special fibre C™BT:1. Concretely, D; is the zero locus of X, which is the zero locus
of F': Dy ; = Dy 1. The zero locus of Y; (which is the zero locus of V' : Dy, j41 — Dy, ;) is
another Cartier divisor D;. Since C™BT1 is reduced, we conclude that each of D; and D; is
simply a union of irreducible components of C™B™:!, each component appearing precisely once
in precisely one of either D; or D}.

Proposition 5.4.2. D; is equal to the union of the irreducible components C(J) of CTBT:L for
those J that contain j + 1.

Proof. Lemma shows that if j +1 € J, then X; =0, while if j+1 ¢ J, then ¥; = 0. In
the latter case, by an inspection of case of the proof of Lemma [5.4.1] we have X; = 0 if and
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only if j € J and h,, = 0. Since 29, does not vanish identically on an irreducible component,
we see that the irreducible components on which X; vanishes identically are precisely those for
which j + 1 € J, as claimed. O

Theorem 5.4.3. The algebraic stack CTBTL has precisely 27 irreducible components, namely
the irreducible substacks C(J).

Proof. By Corollary |5.3.1} we need only show that if J # J’ then C(J) # C(J); but this is
immediate from Proposition [5.4.2 O

A. Serre weights and tame types

We begin by recalling some results from [Dia07] on the Jordan-Holder factors of the reductions
modulo p of lattices in principal series and cuspidal representations of GLa(k), following [EGS15]
§83] (but with slightly different normalisations than those of loc. cit.).

Let 7 be a tame inertial type. Recall from Section that we associate a representation o (7)
of GL2(Ok) to 7 as follows: if 7 ~ n @7’ is a tame principal series type, then we set o(7) :=
Ind?h(oK) 7’ ®@n, while if 7 = n @ n? is a tame cuspidal type, then o(7) is the inflation to
GL2(Ok) of the cuspidal representation of GLy(k) denoted by ©(n) in [Diad7]. (Here we have
identified n, " with their composites with Artg.)

Write o (7) for the semisimplification of the reduction modulo p of (a GL2(Ok)-stable O-
lattice in) o (7). The action of GL2(Ok) on 7(7) factors through GLa(k), so the Jordan-Holder
factors JH(o (7)) of o(7) are Serre weights. By the results of [Dia07], these Jordan—Holder
factors of &(7) are pairwise non-isomorphic, and are parametrised by a certain set P, that we
now recall.

Suppose first that 7 = @ 7’ is a tame principal series type. Set f/ = f in this case. We
define 0 < ~; < p—1 (for i € Z/fZ) to be the unique integers not all equal to p — 1 such
that n(n')~! = H'L_Ol wyi. If instead 7 = n @ 7' is a cuspidal type, set f' = 2f. We define
0<+; <p—1(fori€Z/f'Z) to be the unique integers such that n(n’)~1 = H{;Bl w;. Here
the o} are the embeddings | — F, where [ is the quadratic extension of k, o{, is a fixed choice of
embedding extending og, and (o}, ;)P = o; for all i.

If 7 is scalar then we set P, = {&}. Otherwise we have n # 7/, and we let P, be the collection
of subsets J C Z/ f'Z satisfying the conditions:

e ifi—1eJandi¢ Jtheny #p—1, and
o ifi—1¢ Jandie€ Jthen~y #0

and, in the cuspidal case, satisfying the further condition that ¢ € J if and only if i + f & J.
The Jordan-Holder factors of &(7) are by definition Serre weights, and are parametrised by

P, as follows (see [EGSTH] §3.2, 3.3]). For any J C Z/ f'Z, we let §; denote the characteristic
function of J, and if J € P, we define s;; by

6 = p—l—%—éJc(z) ifi—1€J
TN = 65(0) ifi—1¢.J,

and we set tj; =v; +9,c(i) if i—1 € J and 0 otherwise. Write § for the tuple (s,,;), suppressing
the .J from the notation for readability, and similarly write ¢ for the tuple (¢ 7.i)- Recall that the
Serre weight o7 ; is defined in .

In the principal series case we let G(7); 1= 077 ® 1’ o det for each J € P;; the 7(7); are
precisely the Jordan-Holder factors of o(7). ’
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In the cuspidal case, one checks that s;; = sj;y¢ for all ¢, and also that the character
n - Hif;l(o’;)t“ 11 — FX factors as 0 o N;/;, where Nj, is the norm map. We let &(7); :=
70,5 ® 6 o det for each J € P;; the G(7); are precisely the Jordan-Holder factors of &(7).
Remark A.1. The parameterisations above are easily deduced from those given in [EGST5| §3.2,
3.3] for the Jordan—Holder factors of the representations Ind?LZ(OK ) 7’ ®n and O(n). (Note
that there is a minor mistake in [EGSI5, §3.1]: since the conventions of [EGS15] regarding
the inertial Langlands correspondence agree with those of [GK14], the explicit identification
of o(7) with a principal series or cuspidal type in [EGSIH, §3.1] is missing a dual. The explicit
parameterisation we are using here is of course independent of this issue.

This mistake has the unfortunate effect that various explicit formulae in [EGS15] §7] need to
be modified in a more or less obvious fashion; note that since o(7) is self dual up to twist, all
formulae can be fixed by making twists and/or exchanging n and n’. In particular, the definition
of the strongly divisible module before [EGSI5, Rem. 7.3.2] is incorrect as written, and can be
fixed by either reversing the roles of ), or changing the definition of the quantity ¢() defined
there.)

Remark A.2. In the cuspidal case, write n in the form (06)(q+1)b+1+c where 0 < b < q — 2,
0 <c<gq-—1 Sett, =tsis for integers 1 < i < f. Then one can check that (7); =

Ty 5 ® (Jéq+1)b+5"(o) o det).

We now recall some facts about the set of Serre weights W (7) associated to a representation
7T:Gg — GLQ(FP).

Definition A.3. We say that a crystalline representation v : Gx — GL2(Q,) has type Opz
provided that for each embedding o; : k — F there is an embedding 7; : K — Qp lifting o; such
that the o;-labeled Hodge—Tate weights of r are {—s; —t;,1 —t;}, and the remaining (e — 1) f
pairs of Hodge—Tate weights of r are all {0,1}. (In particular the representations of type o5 5
(the trivial weight) are the same as those of Hodge type 0.)

Definition A.4. Given a representation 7 : Gx — GL2(F,) we define W(T) to be the set of
Serre weights & such that 7 has a crystalline lift of type ©.

There are several definitions of the set W () in the literature, which by the papers [BLGG13,
GK14, [GLST5] are known to be equivalent (up to normalisation). While the preceding definition
is perhaps the most compact, it is the description of W(7) via the Breuil-Mézard conjecture
that appears to be the most amenable to generalisation; see [GHS1§| for much more discussion.

Recall that 7 is trés ramifiée if it is a twist of an extension of the trivial character by the
mod p cyclotomic character, and if furthermore the splitting field of its projective image is not
of the form K(ai/p,...,a;/p) for some az,...,as € OF.

Lemma A.8. If 7 is a tame type, then T has a potentially Barsotti—Tate lift of type T if and
only if W(7) N JH(5(7)) # 0.

. The following conditions are equivalent:

(a) T admits a potentially Barsotti—Tate lift of some tame type.

(b) W(F) contains a non-Steinberg Serre weight.
(¢) T is not trés ramifiée.

Proof. This is [CEGS20D, Lem. A .4]. O
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Lemma A.6. Suppose that & Of 7 is anon- Steinberg Serre weight. Suppose that 7 : G — GLo(F »)
s a reducible representation satzsfymg

_ CU *
Pl = <Hl 00 *—1H wh >
i= 0

and that T is not tres ramifiée. Then o7 € W (T).

Proof. Write T as an extension of characters ¥ by %’. It is straightforward from the classification
of crystalline characters as in [GHS18, Lem. 5.1.6] that there exist crystalline lifts x, x’ of X, X’
so that x, x" have Hodge-Tate weights 1 —t; and —s; — ¢, respectively at one embedding lifting
each o; and HodgeTate weights 1 and 0 respectively at the others. In the case that 7 is not the
twist of an extension of 7! by 1 the result follows because the corresponding H }(G X ®xh
agrees with the full H!(G g, X' ®x 1) (as a consequence of the usual dimension formulas for H?},
[Nek93, Prop. 1.24]). ‘
If 7 is twist of an extension of £~! by 1, the assumption that Oz is non—Steinberg implies

= 0 for all j. The hypothesis that 7 is not tres ramifiée guarantees that 7 ® H —0 wti s
ﬁmte flat, so has a Barsotti-Tate lift, and we deduce that ;5 € W (7).

Conlflicts of interest

None.

Financial support

The first author was supported in part by NSF grant DMS-1501064, by a Royal Society University
Research Fellowship, and by ERC Starting Grant 804176. The second author was supported
in part by the NSF grants DMS-1303450, DMS-1601871, DMS-1902307, DMS-1952705, and
DMS-2201242. The third author was supported in part by a Leverhulme Prize, EPSRC grant
EP/L025485/1, Marie Curie Career Integration Grant 303605, ERC Starting Grant 306326,
and a Royal Society Wolfson Research Merit Award. The fourth author was supported in part
by NSF CAREER grant DMS-1564367 and NSF grants DMS-1702161 and DMS-1952566.

References

[BDJ10] Kevin Buzzard, Fred Diamond, and Frazer Jarvis, On Serre’s conjecture for mod
I Galois representations over totally real fields, Duke Math. J. 155 (2010), no. 1,
105-161.

[BLGG13] Tom Barnet-Lamb, Toby Gee, and David Geraghty, Serre weights for rank two
unitary groups, Math. Ann. 356 (2013), no. 4, 1551-1598.

[BMO02] Christophe Breuil and Ariane Mézard, Multiplicités modulaires et représentations
de GLy(Zy) et de Gal(Q,/Qp) en | = p, Duke Math. J. 115 (2002), no. 2, 205-310,
With an appendix by Guy Henniart.

[Carl?7) Xavier Caruso, Estimation des dimensions de certaines variétés de Kisin, J. Reine
Angew. Math. 723 (2017), 1-77.

[CEGS20a] Ana Caraiani, Matthew Emerton, Toby Gee, and David Savitt, The geometric
Breuil-Mézard conjecture for two-dimensional potentially Barsotti-Tate Galois
representions, preprint, 2022.

, Local geometry of moduli stacks of two-dimensional Galois representations,

Proceedings of the International Colloquium on ‘Arithmetic Geometry’, TIFR

Mumbai, Jan. 6-10, 2020 (to appear), 2022.

[CEGS20b)



[Dia07]

[DS15]
[DS17]
[EG14]
[EG21]

[EG23]

[EGS15]
[Eme]

[Fon90]

[Geell]
[GHS18]
[GK14]
[GLS14]
[GLS15]
[Hel09)]
[Kis09)]
[Kot92]
[Nek93]
[Ryd11]
[Sav08]
[Scho8]
[Ser87]

[Stal3]
[Thol7]

[Yos08]

REFERENCES 67

Fred Diamond, A correspondence between representations of local Galois groups
and Lie-type groups, L-functions and Galois representations, London Math. Soc.
Lecture Note Ser., vol. 320, Cambridge Univ. Press, Cambridge, 2007, pp. 187-206.
Fred Diamond and David Savitt, Serre weights for locally reducible two-dimensional
Galois representations, J. Inst. Math. Jussieu 14 (2015), no. 3, 639-672.

Fred Diamond and Shu Sasaki, A Serre weight conjecture for geometric Hilbert
modular forms in characteristic p, https://arxiv.org/abs/1712.03775, 2017.
Matthew Emerton and Toby Gee, A geometric perspective on the Breuil-Mézard
congecture, J. Inst. Math. Jussieu 13 (2014), no. 1, 183-223.

Matthew Emerton and Toby Gee, “Scheme-theoretic images” of morphisms of
stacks, Algebraic Geometry (2021), 1-132.

Matthew Emerton and Toby Gee, Moduli stacks of étale (p,T)-modules and the
ezistence of crystalline lifts, Annals of Mathematics Studies, vol. 215, Princeton
University Press, Princeton, NJ, [2023] (©)2023.

Matthew Emerton, Toby Gee, and David Savitt, Lattices in the cohomology of
Shimura curves, Invent. Math. 200 (2015), no. 1, 1-96.

Matthew Emerton, Formal algebraic stacks, Available at http://www.math.uchicago
edu/~emerton/pdffiles/formal-stacks.pdf.

Jean-Marc Fontaine, Représentations p-adiques des corps locaux. I, The
Grothendieck Festschrift, Vol. II, Progr. Math., vol. 87, Birkh&user Boston, Boston,
MA, 1990, pp. 249-309.

Toby Gee, Automorphic lifts of prescribed types, Math. Ann. 350 (2011), no. 1,
107-144.

Toby Gee, Florian Herzig, and David Savitt, General Serre weight conjectures, J.
Eur. Math. Soc. (JEMS) 20 (2018), no. 12, 2859-2949.

Toby Gee and Mark Kisin, The Breuil-Mézard conjecture for potentially Barsotti—
Tate representations, Forum Math. Pi 2 (2014), el (56 pages).

Toby Gee, Tong Liu, and David Savitt, The Buzzard-Diamond-Jarvis conjecture
for unitary groups, J. Amer. Math. Soc. 27 (2014), no. 2, 389-435.

, The weight part of Serre’s conjecture for GL(2), Forum Math. Pi 3 (2015),

€2, 52.

Eugen Hellmann, On the structure of some moduli spaces of finite flat group schemes,
Mosc. Math. J. 9 (2009), no. 3, 531-561, back matter.

Mark Kisin, Moduli of finite flat group schemes, and modularity, Annals of Math.(2)
170 (2009), no. 3, 1085-1180.

Robert E. Kottwitz, Points on some Shimura varieties over finite fields, J. Amer.
Math. Soc. 5 (1992), no. 2, 373-444.

Jan Nekovar, On p-adic height pairings, Séminaire de Théorie des Nombres, Paris,
1990-91, Progr. Math., vol. 108, Birkhduser Boston, Boston, MA, 1993, pp. 127-202.
David Rydh, The canonical embedding of an unramified morphism in an étale
morphism, Math. Z. 268 (2011), no. 3-4, 707-723.

David Savitt, Breuil modules for Raynaud schemes, J. Number Theory 128 (2008),
2939-2950.

Michael M. Schein, Weights in Serre’s conjecture for Hilbert modular forms: the
ramified case, Israel J. Math. 166 (2008), 369-391.

Jean-Pierre Serre, Sur les représentations modulaires de degré 2 de Gal(Q/Q),
Duke Math. J. 54 (1987), no. 1, 179-230.

The Stacks Project Authors, Stacks Project, http://stacks.math.columbia.edu, 2013.
Jack A. Thorne, A 2-adic automorphy lifting theorem for unitary groups over CM
fields, Math. Z. 285 (2017), no. 1-2, 1-38.

Teruyoshi Yoshida, Local class field theory via Lubin-Tate theory, Ann. Fac. Sci.


https://arxiv.org/abs/1712.03775
http://www.math.uchicago.edu/~emerton/pdffiles/formal-stacks.pdf
http://www.math.uchicago.edu/~emerton/pdffiles/formal-stacks.pdf
http://stacks.math.columbia.edu

68 REFERENCES

Toulouse Math. (6) 17 (2008), no. 2, 411-438.



	Introduction
	Acknowledgements
	Notation and conventions

	Preliminaries
	Breuil–Kisin modules with descent data
	Étale phi-modules and Galois representations
	Recollections from [CEGS20b]
	Dieudonné and gauge stacks

	Families of extensions of Breuil–Kisin modules
	Extensions of Breuil–Kisin modules with descent data
	Families of extensions
	Families of extensions of rank one Breuil–Kisin modules

	Extensions of rank one Breuil–Kisin modules
	Rank one modules over finite fields, and their extensions
	Extensions of profile J

	Components of Breuil–Kisin and Galois moduli stacks
	ker-Ext and vertical components
	Irreducible Galois representations
	Irreducible components
	Dieudonné modules and the morphism to the gauge stack

	Serre weights and tame types

