TRANSFER OPERATORS AND HANKEL TRANSFORMS:
HOROSPHERICAL LIMITS AND QUANTIZATION

YIANNIS SAKELLARIDIS

ABSTRACT. Transfer operators are conjectural “operators of functorial-
ity,” which transfer test measures and (relative) characters from one ho-
mogeneous space to another. In previous work [Sak21, Sak23], I com-
puted transfer operators associated to spherical varieties of rank one, and
gave an interpretation of them in terms of geometric quantization. In
this paper, I study how these operators vary in the horospherical limits
of these varieties, where they have a conceptual interpretation related
to scattering theory. I also revisit Jacquet's Hankel transform for the
Kuznetsov formula, which is related to the functional equation of the
standard L-function of GL,, and provide an interpretation of it in terms
of quantization.
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1. INTRODUCTION
1.1. Outline.

1.1.1. Let G be a connected reductive group over a local field F, and, for
a G-space X, consider the quotient stack X = (X x X)/G, where G acts
diagonally. There is a notion of “relative characters” for G-representations
associated to this quotient (generalizing characters on the adjoint quotient
of the group), and many interesting questions that one can ask about them,
such as

Are there relations between representations and characters
associated to different spaces X, ) as above?

Such relations are often conjectured by the Langlands program and its
generalization, the relative Langlands program. Relative characters are,
roughly, G-invariant generalized functions on X x X, or, equivalently, func-
tionals on the Schwartz space S(X) [Sak16], that are eigen- for the Bern-
stein center or the Harish-Chandra center. We would therefore like to an-
swer such questions by describing “transfer operators” between Schwartz
spaces

T:8(2) = S(%),

which pull back characters for X to characters for ).

Such operators were described previously in [Sak21], when X is an affine
homogeneous spherical variety of rank one, and 2) is the Kuznetsov quo-
tient for the group G* = SLy or PGL> (hence, the analogous to the space X
for ) is the quotient of G* by a nontrivial unipotent subgroup, “twisted”
by a nontrivial character ¢ of this subgroup). The surprising discovery was
that, despite the non-abelian nature of the problem, the transfer operators
T were given by explicit, abelian, Fourier transforms. A phenomenologi-
cal “quantization” interpretation for this fact provided in [Sak23]: namely,
we can view S(2)) and S(X) as “quantizations” of (roughly) the same sym-
plectic variety, and these Fourier transforms can be understood as direct
analogs of the “operators of change of Schrodinger model” (albeit in a non-
linear setting).

One goal of this paper is to provide another interpretation of these op-
erators, in terms of the “asymptotic cones” (boundary degenerations) of X
and 2). In the case of X, this is the degeneration that one obtains when one
lets the spherical variety X degenerate to its horospherical limit, and in the
case of ), when one lets the character i) degenerate to the trivial character.
In Section 3, we generalize to all rank-one (affine homogeneous) varieties
a discovery of [Sak22a, §4.3, 5] for the special cases X = G,,\ PGL; and
X = SLy, namely, that the transfer operators for X and its boundary degener-
ation have exactly the same form (in appropriate coordinates); see Theorem
34.1.
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1.1.2. The argument for the study of transfer operators in the horospher-
ical limit is no different than the one used in [Sak22a], up to knowing the
scattering operators in each case. Those are the operators that control the
asymptotics of generalized matrix coefficients on X, and the Plancherel for-
mula for the “most continuous” part of L*(X) [SV17, DHS21]. Thus, we
start in Section 2 by computing the scattering operators for all spherical va-
rieties of rank one. The calculation should be very familiar to anyone with
experience in the calculation of “unramified/spherical (eigen)functions”
(for the Hecke algebra): Indeed, the scattering operators are the “functional
equations” of the Casselman-Shalika method and its generalizations. Thus,
our methods do not differ significanty from the ones employed in [Sak13]
to compute spherical functions.

To extend this calculation to the ramified (principal series) representa-
tions, we need to be very pedantic with the definitions of Radon trans-
forms (intertwining operators), to eliminate scalar ambiguities. Unfortu-
nately, this makes that section quite technical, and the reader might be wise
to just skim through it at first reading. On the flip side, we obtain a very
rigid formula, encoded in Theorem 2.4.2, that relates scattering operators
to the gamma factors of the local functional equation of L-functions. These
v-factors will be our first encounter, in this paper, of the deep relations be-
tween local harmonic analysis and local L-functions.

1.1.3. Of similar nature to the transfer operators are the so-called Hankel
transforms, which are the trace-formula-theoretic incarnations of the func-
tional equations of local L-functions. For the purposes of the present paper,
we do not need to recall general definitions or conjectures around those,
as we will only be concerned with the standard L-function of GL,,. By the
work of Godement and Jacquet [G]72], the local functional equation for this
L-function is afforded by the Fourier transform (depending on an additive
character 1)

F : D(Mat,,) — D(Mat}),

between half-densities on the vector space of n x n matrices, and on its dual,
both viewed as G = GL,, XS’L GL,-spaces. The natural embeddings of GL,,
in both Mat,, and Mat;; allow us to view F as a G-equivariant map between
certain spaces of half-densities (or, by fixing a Haar measure, of measures)
on GL,,. It therefore acts by a scalar on characters of irreducible representa-
tions 7 (at least, a scalar varying meromorphically, as the representation is
twisted by characters of the determinant, and therefore defined for almost
every ), and this scalar is, by definition, the gamma factor

y(, %ﬂ/’)

of the standard (local) L-function of 7. Because of its equivariant nature, the
Fourier transform descends to a Hankel transform between spaces (N, )?-
coinvariants (where IV is the upper triangular unipotent subgroup, and
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now also denotes a generic character of it)
H: D(Matn)(]\[ﬂpy = D(Mat;:)(]v7¢)2 y

and we can now think of both sides as spaces D, D™ of half-densities for
the Kuznetsov quotient stack 2) of GL,,. Jacquet [Jac03] has computed a
formula for this transform — see Theorem 4.1.2.

In this paper, we will give a quantization interpretation for this formula,
Theorem 4.2.10, similar to the one given in [Sak23] to the rank-one trans-
fer operators. Namely, we will view the spaces D~, D" as two different
“geometric quantizations” of the same cotangent stack 91 (the latter being
the two-sided Whittaker reduction of 7* Mat,, = 7™ Mat}), given by two
different Lagrangian foliations on it. And we will show that Jacquet’s Han-
kel transform is given by the integral along the leaves of these foliations,
just as in the case of intertwining operators between Schrodinger models
for the oscillator representation. This point of view also allows us to give a
geometric reformulation of Jacquet’s proof.

1.1.4. Iview the results of this paper as further evidence for the microlo-
cal nature of conjectural “operators of functoriality.” This idea appeared
already in my earlier work mentioned above, but the study of Jacquet’s
Hankel transform given here is the first time that it is being confirmed in
higher rank. Similar ideas, but not in the context of trace formulas, have
appeared in talks and unpublished notes of Vincent Lafforgue.

Moreover, concepts such as “geometric quantization of symplectic stacks”
are essentially unexplored, and presently very vague. This paper provides
some examples and hints as to what they might mean.

1.2. Acknowledgments. Itis my pleasure to dedicate this paper to Toshiyuki
Kobayashi, on the occasion of his 60th birthday. I met Professor Kobayashi
in 2007, when I visited him with Joseph Bernstein in Kyoto, and I have since
enjoyed the privilege of talking to him at various occasions in Japan, Israel,
and elsewhere. I have always admired his originality and independence as
a mathematical thinker, but also the breadth and depth of his knowledge
beyond mathematics, which ranges from Japanese mountain vegetables to
Greek mythology.

I am deeply indebted to the anonymous referees for pointing out many
errors in the original submission and for substantial suggestions on expo-
sition.

This work was supported by NSF grant DMS-2101700; the results of Sec-
tions 2-3 were previously announced, without proof, in the first arXiv ver-
sion of [Sak21], but were not included in the published version.

1.3. Notation. We will be working over a local field F’, which is non-Archi-
medean of characteristic zero in Sections 2, 3, and Archimedean in Section
4. When no confusion arises, we will simply write X for the F-points of a
variety X over F.
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Once we fix a Haar measure on F, every volume form w on a smooth
variety X gives rise to a density (measure) |w| on its F-points, in the stan-
dard way. We mostly follow the standard habit of denoting differentials
and the associated densities by the same symbols, dx etc., when the mean-
ing is clear from the context; when not, we write |w| for the density. One

can also define associated half-densities, which will be denoted by |w| 3,

We write X // G for the invariant-theoretic quotient Spec F[X]% of a (typ-
ically affine) variety X by the right action of a group GG. When quotients are
denoted by a single slash, X /G, unless we say otherwise, we will mean the
stack quotient. However, knowledge of stacks is not required to read this
paper: when this is not a variety, this symbol will mostly be a placeholder
for an explicitly-defined object associated to the G-action on X, such as a
space of orbital integrals.

We will sometimes switch right actions to left actions, via the rule g~
x = x - g. The quotient of the product X x Y two right G-varieties by the
diagonal action of G will be denoted by X x¢ Y.

The “universal” or “abstract” Cartan of a reductive group G is defined
as the quotient A = B/N of any Borel subgroup B by its unipotent radi-
cal N; different choices for the Borel give a canonically isomorphic torus,
which also comes equipped with a based root datum. Many constructions
in this paper are “universal” in this sense: they can be described using a
Borel subgroup, but a different choice leads to a canonically isomorphic
construction. In those cases, we will feel free to use a Borel subgroup B,
without commenting on the choice.

Finally, if M is a Hamiltonian G-space (i.e., a symplectic G-variety equip-
ped with a moment map to g*, for some group G), and f € g* is a G-
invariant element, the Hamiltonian reduction of M at f, denoted M ///f G, is
the symplectic “space” (M x4« {f})/G. Often, this quotient does not make
sense as a variety, i.e., the G-action is not free. In those cases, the proper
way to think of M, ///f G is as a derived stack, i.e., we also need to understand
the fiber product over g* as a derived fiber product. However, in this paper,
we will usually restrict to an open subset which is a variety, or else explain
some less sophisticated way of using this quotient.

1.

2. SCATTERING OPERATORS IN RANK ONE

2.1. Spherical varieties of rank one, and their asymptotic cones.

2.1.1. Let X = H\G be an affine, homogeneous spherical variety of rank
one over a local field F, with G and H split reductive groups. In this section
and the next, we will assume that I is non-Archimedean in characteristic
zero, because this is where a “cleaner” theory of asymptotics is available,
by [SV17, § 5].
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Remark 2.1.2. There are no serious obstacles to extending the theory of
asymptotics to positive characteristic, at least for the spaces of Table (1) be-
low, other than some care that needs to be taken when defining these spaces
and their boundary degenerations in small characteristics. Moreover, the
calculations of scattering operators in the present chapter extend to the
scattering operators for tempered representations, developed in [Car97],
[DKSBP22], in the Archimedean case.

We will assume that X is contained in the following table, which contains
all such varieties, up to the action of the “center” Z(X) := Aut®(X).

X P [ Gx 5 Ix
Ay G,,\PGLo B SL; a L(Std, 3)?
An GLn\PGLn+1 Pl,nfl,l SL2 o]+t oy L(Std, %)2
B, SOQn\SOQn+1 PSOQ,,L,l SL, o1+ t+op L(Std, n — %)L(StCL %)
Ch Sp2n_2 X Sp2\8p2" PSL2 X SPa(n_2) SLo ap + 200 + -+ 20,21 + ap L(Std, n — %)L(Std, n— %)
F4 Sping \F4 PSpin7 SL2 o1 + 20[2 + 30[3 + 20&4 L(Std7 %)L(Std, %)
Go SLs \GQ PSL2 SL, 201 + o L(Std, g)L(StCL %)
Do SLy, = 803\804 B PGL, a1 + oo L(Ad7 1)
D, SOQn_l\SOQn ]Dso,zn_2 PGLsy | 200 + -+ - 4+ 200p—9 + Qip1 + L(Ad, n— 1)
Dy Spin, \ Sping Pspin, PGL, 201 + 200 + ag + ay L(Ad,3)
Bg GQ\ Spin7 PSL3 PGL, a1 + 2as + 3ag L(Ad7 3)
1)

The table also shows the dual group Gy of X, with its positive coroot 7
(the “normalized spherical root” of X) and the “associated L-value.” The
dual group admits an embedding into the dual group G of G with positive
coroot v, and its Weyl group Wx ~ Z/2 has a generator w which can also
be considered as an element of the Weyl group of G.

Associating L-values (i.e., special values of L-functions — in this case,
of local L-factors) to these varieties is motivated by number theory, but it
turns out that these mysterious quantities control a great deal of harmonic
analysis. In this paper, we will see how they control scattering operators on
the asymptotic cone of X, and transfer operators for its relative trace formula.
We postpone the discussion of these L-values until we encounter them in
harmonic analysis.

2.1.3. The purpose of this section is to recall and precisely calculate scat-
tering operators, for all the varieties above. We must first recall the asymp-
totic cone (or boundary degeneration, in the language of [SV17]) of a (quasi-
affine, homogeneous) spherical variety X. This is a horospherical variety X o
(which, here, we will take to be homogeneous, by definition), which can be
defined in several equivalent ways. One of them is by identifying X with
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the open G-orbit in the normal bundle to a closed G-orbit in a “wonder-
ful” (or rather, smooth toroidal) compactification of X [SV17, § 2.4]. In the
case at hand, where our varieties are of rank 1, they all possess a canonical
“wonderful” compactification X, which is the union of X and a projective
orbit isomorphic to the flag variety Bx = P(X)™\G, for some parabolic
P(X)~. The opposite P(X) of this parabolic (or rather, its conjugacy class)
can be characterized as the stabilizer of the open Borel orbit X° < X, and
it admits a quotient to a torus Ay, which is the quotient by which it acts
on X°/Up(x). In the rank-one cases of the table above, Ay ~ G, either
via the spherical root v (wWhen Gx = SLy) or via its square root (when
Gx = PGLy). Letq : P(X) — Ax = G,, denote the quotient map.

When X is symmetric (as are almost all® of the varieties in Table (1)), with
¢ = the involution associated to a point in the open orbit for a chosen Borel
subgroup, P(X) is known as the “minimal §-split parabolic.” The roots in
the Levi of P(X), for the varieties of Table (1), are those that are orthogonal
to the spherical root 7, and the boundary degeneration is an A x-torsor over
P(X)™\G.

The quotient ¢ : P(X) — Ax = G,,, also defines a character ¢~ for the
opposite parabolic P(X)~, by the natural identification of the abelianiza-
tions of P(X) and P(X)~. The boundary degeneration is an A x x G-variety
which can be identified with

Xy =S\G, 2)

where S = kerq~, and our convention is that Ax acts on X via Ax ~
P(X)~/S. For the cases of Table (1), P(X) is self-dual, i.e., P(X)~ is conju-
gate to P(X), so we could have written X as an Ax-torsor over P(X)\G.
However, our presentation helps recall our conventions for the Ax-action,
and the action of the universal Cartan A of G: While Ax is identified as
a quotient of the abstract Cartan via B — P(X) — Ax, it acts on X via
P (X )_ — Ax.

Note that the identification (2) is by no means canonical — any translation
by the action of Ax leads to another such identification. But the boundary
degeneration Xy is rigid, by construction, and this has consequences for
our geometric and harmonic-analytic calculations (which will not always
be invariant under the action of Ax). In particular, by [SV17, Theorem
5.1.1], there is a canonical “asymptotics” morphism

ety : O (X) — O (Xg), ©)
with the property that, in a suitable sense (that we will not review here), ®
and e ® “coincide in a neighborhood of the orbit at infinity.”

As another manifestation of the rigidity of X, in a subsequent subsec-
tion we will show that there is a distinguished G-orbit X g in the “open

ln fact, as abstract varieties, all are symmetric; but the varieties SL3 \G2 and G2\ Spin;
are symmetric under a larger group of automorphisms, namely, they are isomorphic to
S06\SO7 and SO7\SOs, respectively.
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Bruhat cell” of X x X, that is, whose image in Bx x Bx under the map
induced from X — By (the map taking a point to the normalizer of its
stabilizer) belongs to the open G-orbit.

2.1.4. Before we do that, let us recall an alternative, equivalent definition
of X: Itis the open G-orbit in the special fiber of the “affine degeneration”
of X [SV17,2.5]. This is a family X — Ay of affine varieties over a certain
affine embedding of the torus Ay, which in our case can be identified with
Al. The fibers over Ay are isomorphic to X, while the fiber over 0 € Al is
an affine horospherical variety, whose open G-orbit can be identified with
Xg.

Example 2.1.5. Let X = SO,\SO,,+1, identified with the “unit sphere” in a
maximally isotropic quadratic space V' of the appropriate discriminant (if
we want SO,, to be split, too). Then, in one version of the affine degenera-
tion, we can consider V itself as a family of spaces containing X, with the
map to A! being the quadratic form. Note, however, that the fibers over
t # Al are only isomorphic over the algebraic closure, and depend on the
square class of ¢t over F. Therefore, it may be arithmetically preferable to
define X = V x4 Al, with A — Al the square map. This is the family
over Ax mentioned above.

2.2. Scattering operators.

2.2.1.  We generally normalize actions of various groups to be L*-unitary.
Specifically for the action of Ax on functions on X, if dp(x) denotes the
modular character of P(X) (the inverse of the modular character of P(X)~,
when considered as a character of their common Levi subgroup), then this
unitary action is given by

@+ B(Sg) = 53 (@)B(Sag). @

For x a character of Ax in general position, consider the normalized
(possibly degenerate) principal series representation

1
IEx)- (0 = IndE )~ (XOpx))-
Up to a choice of scalar, we have an isomorphism

CP((Ax, )\ Xg) = I5(x)- (%), (5)

where the space on the left is the space of smooth (Ax, x)-eigenfunctions
under the normalized action above.

The scattering maps that we would like to describe form a meromorphic
(in x) family of morphisms:

Fwx : O ((Ax, X )\Xg) = C*((Ax, 0\ Xg),
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such that’ Fwx-1 ©Fwy = I, and characterized as follows:

For x in general position, there is a unique up to scalar morphism / g( x)- (x) —
C*(X), and the scattering morphism .7, , encodes its asymptotics, in the
sense that the composition of this embedding with the asymptotics mor-

phism (3) lives in the space of .}, -invariant pairs of the direct sum

C*((Ax, x )\ Xg) ® C*((Ax, )\ Xg).

More precisely, the following commutative diagram characterizes the
scattering morphisms, see [DHS21, § 10.17]:

-1

O ((Ax, X XLy — = C*((Ax, x )\ Xg)

ot

C*((Ax, X)\Xg),
(6)

where the notation is as follows:

(1) The space X % is the space of generic horocycles on X, or on Xgy. It
classifies pairs (P,Y’), where P € Bx (that is, in the class of parabol-
ics P(X)), with unipotent radical U, and Y is a U-orbit in the open
P-orbit of X, or of X¢; by [SV17, Lemma 2.8.1], X and Xy give
canonically isomorphic spaces by this construction, and we will
therefore also use the simplified notation X" for X % In the rank-
one cases that we are considering, X % is G-isomorphic to X, but
not canonically. Moreover, the Ax-action on Xg, defined above,
gives rise to the w-twisted Ax-action on X % under such an isomor-
phism, where w is the longest element of Wx (in rank one, this is
the inverse A x-action). It is therefore best to think of X % as ST\G,
where ST < P(X) is the kernel of the character ¢.

(2) The operator 9Mt,, which can be thought of as the “standard inter-
twining operator”, is the operator which, in a region of conver-
gence, takes a function in C*((Ax, x)\Xg) and integrates it over
generic horocycles. Because there is no canonical measure on those horo-
cycles, this operator depends on a choice of such measures, and more
canonically has image in the sections of a certain line bundle over
X % (the line bundle dual to the line bundle whose fiber over a horo-
cycle is the set of U-invariant measures on it — see [SV17, §15.2]).

2We rely throughout on the fact that, in rank one, “x = x % in general the scattering
operators relate induced representations from Wx-conjugate characters.
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However, in the cases of Table (1) that we are interested in this pa-
per (and, more generally, whenever X, hence also X, admits a
G-invariant measure), such a choice can be made G-equivariantly,
and it will not matter for the commutativity of the diagram — the
important point here being that horocycles in X and X are identi-
tied, and the choices of Haar measures must be made compatibly.

(3) The operator 9, is, similarly, the integral over the horocycles on
X, followed by an averaging over horocycles in the same B-orbit,
against the character x~ ! of Ax; thatis, for a horocycle Y, consid-
ered both as a point in X % and as a subset of X,

ND(Y) = LX < L ) @(y)dy> ¥y (a)da. @)

In other words, this is the standard morphism to the principal series
representation C*((Ax, x)\X %), given by an integral over the open
Borel orbit. Again, the Haar measure used on Ax does not matter
for the commutativity of the diagram.

Note that, via the noncanonical identification (5), the morphism .7, , has
to be (for almost all x) a multiple of the “standard intertwining operator”

Ry Ig(x)—(Xfl) - g(x)—(X)

given by the integral

P(X)

%R, f(g) = f f(dug)du,

for some lift @ of w to G. Hence, our goal is to describe this constant of pro-
portionality, but we must first give a careful definition of these intertwining
operators, since they depend on the isomorphism (5), and the lift @, as well
as the measure v that appear in the definition of fi,. It turns out that there
is a way to do define R, (which I will call “spectral Radon transform”) that
is independent of choices.

2.3. The canonical Radon transform and the basic cases.

2.3.1. The spectral Radon transforms R, will be obtained as Mellin trans-
forms of a Radon transform R : C°(Xy) — C®(Xy) which, under iso-
morphisms X ~ S\G as before, can be written

RP(Sg) = J O (Swug)du.

P(X)

Interpreting such an integral without fixing such an isomorphism or a lift
w for the Weyl group element, we must describe a distinguished G-orbit
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X g < Xy x Xy, living over the open Bruhat cell of Bx x By, such that the
Radon transform is given by:

K@) = [ ey ®
(z,y)eX g

2.3.2. Choice of measure for Radon transforms. This integral (8) also depends
on fixing (G-equivariantly) measures dy on the fibers of X g with respect
to the first projection. The formulas for the scattering operators that we
will present in this section are only true for one such choice of measure, be-
cause the spectral scattering operators .#,, , are completely canonical (and
unitary on L?((Ax, x)\Xg), for x unitary). The measure (and formulas)
will depend on a nontrivial, unitary additive character ¢ : F' — C*, which
we fix throughout, thereby fixing the corresponding self-dual Haar mea-
sure on F'.

It is enough to describe the measure for the standard intertwining oper-
ators for nondegenerate principal series,’

-1
Ry 15 (Y x) = Ip-(X),
defined for almost every character by meromorphic continuation of

Reaf(o) = | f(ng)in, ©)
(N=nw=IN—w)\N—

since the operator for degenerate principal series descends from those. This
will be applied, in the course of our argument, to various spaces which
are (noncanonically) quotients of N7\G (i.e., horospherical), hence, being
mindful of the noncanonical nature of such isomorphisms, we should think
of f above as a function on a space Y which is isomorphic to N7\G, and of
the representative w of the Weyl element w as determining a distinguished
G-orbit in Y x Y, so that !, 4 is given by an integral analogous to (8).
Choosing a reduced decomposition @ = w; - - - wy, into representatives for
the simple reflections, it is well-known (and immediate to check) that

%ﬁ) = 9%1;,1 o---o%@n, (10)

hence we only need to describe the measure for w a simple reflection in
the Weyl group. In this setting, we are reduced to the case of SLo, through
the map from SL; to the Levi of the parabolic corresponding to the simple
reflection.

Hence, we take G = SL, with a chosen G-orbit on (N\ SLy)2. We can
then fix an isomorphism between SL, and the special linear group of a
symplectic vector space (V,w), with the chosen G-orbit equal to VF =
{(v1,v2)|w(vi,v2) = 1}. (Any two such identifications differ by the scalar

3In keeping with standard conventions for boundary degenerations when x stands for
a character of the universal Cartan, i.e., the torus quotient of a Borel subgroup, we use x
to index the Radon transform whose image is in the induction of x from the opposite Borel
subgroup. This ensures compatibility with the notation of [Sak22a].
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action of +1, which does not affect Haar measures.) The canonical choice
of measure, then, is the one described in [Sak22a, § 3.3], and it is as fol-
lows. By our isomorphism, the intertwining operator descends from the
following Radon transform on V,

RpP(u) = J O (v)dv, (11)
w(u,v)=1

with dv the measure to be described.* But the horocycle w(u,v) = 1 (for
fixed u), here, is canonically an F-torsor under (x,v) — v + zu, thus inher-
iting the Haar measure from F.

This completes our description of the measure used to define Radon
transforms. We complement it with a well-known formula for its inverse.
It uses the gamma factors of the local functional equation of L-functions:

Y05, ¥)L(x 8) = (x5, ¥)L(x 1,1 = 5). (12)
They are defined by the theory of local zeta integrals (Iwasawa-Tate), see
[Sak22a, 2.1.4] for a recollection.
When Y is a character of a split torus 7', and r is a representation of the
dual torus, we will use Langlands’ notation for L- and v-factors:

CEEROR | RCERUEROE (13)

where \; ranges over the weights of r (with multiplicities).

Lemma 2.3.3. The operator R, g is defined and invertible almost everywhere,
with inverse

m;i;; = H W(de’oﬂj))’y()(v —54,0,1/)_1)9%10—1%@71- (14)

a>0,w"ta<0

Proof. This reduces again, by the same argument, to SLy, where the for-
mula can be proven by relating Radon transforms to Fourier transforms, as
before [Sak22a, (3.25)]. However, there is a sign error in op.cit.: The asser-
tion that §* o § = 1 at the bottom of p.50 of op.cit. is incorrect. The correct
statement is that § o § = 1, which implies that the characters =1 in (3.25)
and (3.28) of op.cit. should be . However, the Radon transform of (3.25)
corresponds to what we denote here by R, ; for a representative of the
nontrivial Weyl element of SLy with w? = —I; this is x(—I )R, 51, and

using x(—1)y(x, =&, 0,%) = v(x, —&, 0,9 ~!), we obtain our formula. [
Remark 2.3.4. A technical detail: When w? = 1, the operator mw—lxﬁj,1

is not necessarily equal to the operator f)fiw_1x » — which is why we stress
the choice of representative w in the notation. For example, for SLy, we

“The definition of Radon transform here is opposite to the convention of [Sak22a], where
the integral was taken over the set w(v, u) = 1. This change will only affect the formula (18)
below.
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cannot find @ with @w? = 1. More abstractly, in terms of the chosen G-
orbit on ¥ x Y (where Y ~ N7\G), this orbit does not necessarily get
preserved by switching the two copies of Y. However, this will be the case
for the cases of Table 1 — even when X = SL,, the group acting will be
(SLy x SLy)/u3 8 = SO4, where the longest Weyl element is represented by
an involution in the group.

2.3.5. Review of the basic cases. Having fixed the measure for the Radon
transform (8), there remains to describe the “canonical” G-orbit X g c
Xy x Xg. Such G-orbits were described in [Sak22a, §3] for the basic cases
of the two families of Table (1), denoted by A; and Dy: X = SO2\SO3 =
G, \PGLg and X = SO3\SO4 ~ SLgy. The word “canonical” is too strong,
since there is nothing compelling about choosing these G-orbits over oth-
ers. However, they are independent of choices of isomorphisms, and even-
tually their importance is that they are useful in obtaining exact formulas
for the scattering operators.

Remark 2.3.6. The varieties of the second group of Table (1) admit various
forms over the field F with G and H split, parametrized by F* /(F*)2.
Namely, since they are all isomorphic (as abstract varieties) to SO2,—1\SO2,,
the forms depend on the discriminant of the orthogonal complement of
a (2n — 1)-dimensional, maximally isotropic quadratic space V' inside of
a split (2n)-dimensional quadratic space U. We choose to compute only
for the cases where this discriminant is (square equivalent to) 1, of which
X = SLs is the base case; minor modifications are needed to accommo-
date other discriminants. The same choice was made for the calculation
of transfer operators in [Sak21], but unfortunately I did not explicitly state
that choice there.

2.3.7. Inthe case of X ~ G,,\ PGLy, we should fix a 2-dimensional sym-
plectic vector space V, an isomorphism G' ~ PGL(V'), and an isomorphism
of X ~ SO3\SLy with the space of quadratic forms of the form ¢ = zy
for some choice of standard symplectic coordinates (i.e., such that the sym-
plectic form is dz A dy). Once the isomorphism G ~ PGL(V) is fixed, such
an identification for X is unique up to the G-automorphism group 7Z/2 of
X, which sends the quadratic form zy to the quadratic form —xy (corre-
sponding to the standard coordinates (—y,z)). The variety Xy can, then,
be identified with the variety of rank-one degenerate quadratic forms on
V, which is the same as V** /{£1} (wWhere V* is the dual, and the exponent
* denotes the complement of zero), since those quadratic forms, over the
algebraic closure, are squares of linear forms. Via the identification V' ~ V*
afforded by the symplectic form, we can also identify X with V> /{£1}.
Evaluation of the quadratic form:

ev: Xg xV -G,

on G, gives rise to our “canonical” G-orbit XZ, as the image of ev=1(1)
under X x V* — X x Xg. Applying the automorphism zy — —zy to X
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also induces the analogous automorphism on X, fixing the distinguished
orbit X ¢ X2
With this distinguished orbit fixed, the scattering operator
Fwx : C7((Ax,x N\ Xg) = C*((Ax, x)\Xgp)
was calculated in [Sak22a, Theorem 3.5.1]

a1l _ a 1 .
yw,x = V(X, 57 5»7/) 1)7()(7 55 55¢)7(X7 _aaoaw) . f°R)(' (15)

Here, 9 is any nontrivial unitary character of the additive group F, and
the Radon transforms are computed with respect to a measure that is di-
rectly proportional to the self-dual Haar measure on F' with respect to .
Note that the change-of-character formula for y-factors,

1
(x5, 9(ae)) = x(a)lal” 2y (x, 5, ¥ (o)) (16)
(see [Del73, 3.3.3], taking into account that the self-dual measure for )(ae)
is |a]% the self-dual measure for ¢) implies that the factor

a1l a1 .
7(X7§7§7¢ )’Y(Xa§7§>w)’7(X7 —a70,¢)

will get multiplied by |a|*%, which is the inverse of the factor by which the
measure defining 93, will be multiplied, making the above expression for
“w,x independent of 1.

2.3.8. Inthe case of X = SLy = SL(V'), on the other hand, we can identify
Xy with the space of endomorphisms of V' of rank 1, i.e., operators of the
form 7 : V/L — L', where L and L’ are lines in V. The distinguished
GYi2g_orbit, in that case, is the set of pairs (71, 72) € X x Xg with 1 + 1 €
SL(V). With this distinguished orbit at hand, we define the spectral Radon
transforms R,, and a correction” of [Sak22a, Theorem 3.5.1] in this case
gives the following formula for the scattering operator:

yﬂhx = 'Y(X707>07¢)7(X7 _d707¢> ! S)(‘{X' (17)

Again, the product of gamma factors would be multiplied by |a| 7}, if we
changed v to 1 (ae), which is exactly inverse the factor by which the mea-
sure defining R, would change. (Notice here that the intertwining operator
MR, is given by an integral over a 2-dimensional unipotent subgroup.)

2.3.9. We will also need a twisted version of the scattering operator for
G\ PGL3 (§ 2.3.7), where instead of functions we consider the induction
of a character of G, (F"); equivalently, we can generalize the calculation of
scattering operators to the variety X = G,,\ GL2, where G, is embedded

as the subgroup [ . This variety can be identified with SL,, with the
group 1 y

action of SO4 ~ SLy x#2 SLj restricted to a Levi subgroup isomorphic to

5See the proof of Lemma 2.3.3.
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G = SLy x"2(G,, ~ GLg, but we prefer to think, again, of GG as the general
linear group of a 2-dimensional symplectic vector space V, and of X as
the variety parametrizing standard bases (v1,v2) (i.e., w(vi,v2) = 1), with
G-action

(v1,v2) - g = ((det )~ 'v1g, v29).

In this case the torus Ax is the full Cartan of GL,. The boundary degen-
eration X o can then be identified with the space of pairs (v1, v2) of nonzero
vectors with w(vy,v3) = 0 (i.e., colinear), with similar G-action, and there
is a map X — G, taking such a pair to the constant ¢ such that v = cvs.
The fibers of this map can be identified with the nonzero vectors in V' via
the projection to v, and for simplicity we will fix a Haar measure on G,
and fix the G-invariant measure on X whose disintegration with respect
to that specializes to the measure corresponding to the symplectic form on
Vi = V*, the fiber over 1 € G,,. (This choice will not affect the functional
equations.)

We fix the distinguished G-orbits” X = X x Xz and XF < X x X5
consisting of those quadruples ((v1,v2), (w1, w2)) such that

w(vy, w2) =1 = w(ve, wr).

The distinguished G-orbit X’ identifies X with the generic horocycle
space X", taking the point y € Xy to the horocycle {z € X|(z,y) € X®};
similarly, the G-orbit X g identifies Xy with the generic horocycle space

X % (intertwining the action of a € Ax with that of “a, where w is the non-
trivial element of the Weyl group). These G-orbits correspond to each other,
in the sense that these identifications are “the same,” i.e., compatible with
the canonical identification X = X %.7

®Note that the distinguished G-orbit X g is not involutive in this case, and therefore it
matters for the formulas in this paragraph that we define Radon transform with respect to
the first, instead of the second projection. This will not matter, however, for the application
of this case to the proof of Theorem 2.4.2, since we will only apply the formula for the
scattering operator to even characters. Moreover, note that the intersection of X} with
V¢ x V¥ coincides with the distinguished SL(V)-orbit on V' x V described in [Sak22a,
§ 3.3], hence equation (3.16) of op.cit., relating Fourier transforms and Radon transforms,
applies to this setting — up to a change due to our conventions, explained in Footnote 9.

"The reader who wishes to understand this should refer to the construction of the identi-
fication X" = X/, in [SV17, § 2.8]. A way to reformulate that identification is the following:
On the affine degeneration X — A recalled in § 2.1.4, which here we can take to be the
family of pairs (vi,v2) € V2, with image w(v1,v2) € A', there is a G-commuting action of
Ax which matches its action on the special fiber Xy = X . Here, if we identify Ax = G2,
as the diagonal torus with respect to the upper triangular Borel subgroup, the action on the
family is diag(a, b) - (v1,v2) = (b~ 'v1, avs). The canonical isomorphism X" = X7 takes a
generic horocycle z - N on X to lims_0 e®(t) - (z - N) - e~ %(t), where the action on the left is
the action of Ax on &, and the action on the right is the action of Ax on X k or equivalently
the action of any section of the quotient B — Ax on X.
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Using these orbits to define Radon transforms, as before, we have the
following formula for the scattering operator .7, .

1 1 .
<Eﬂw,x = 7(X7 617 57 dj 1)7()(7 —€2, 57 1/1)’7(X7 —Q, 07 1/]) : ina (18)

where €, € are the standard coweights of GL; (i.e., the weights of the stan-
dard representation of its dual). Note that, when the character is trivial on
the center, the formula specializes to (15).

I sketch the proof, which is essentially the same as the proof of the special
case (15) in [Sak22a]:

The adjoint of the operator 1, of (6) is an operator

CP(XE) — CP(X)
which factors through the dual of the principal series representation

C*((Ax, x)\X%) ~ Ipx)(X).

I claim that, when composed with evaluation at (v1,v2) € X, this operator
is given by the meromorphic continuation of the integral against an Ax-
eigenfunction, whose restriction to V;* < X % ~ X is of the form

—a vy + bug — x1(a)xa(b), (19)

for appropriate characters (to be described below) x1, x2. Indeed, it is easy
to see that this is the integral over the preimage {(w, w2)|w(vi, w2) = 1 =
w(vg, w1)} of (v1,v2) in X &, averaged against the appropriate character over
the Ax-action.

The characters x1, x2 are computed by the equivariance properties of this
operator, taking into account that, when X is thought of as X %, the Ax-
action is given by diag(a, b) - (w1, ws) = (a~twy, bws) (with the conventions
of Footnote 7). One computes that xi(z) = \z\%x o efl(z) and x2(2) =
2|72y o e®2(z) (Compare® with the formula §@(y, 2)X(yz)dydz on p.47 of
[Sak22a], which is for the adjoint of the operator 91»,, when the central
character is trivial.)

The integral against (19) is a product of two Tate integrals, and the argu-
ment of op.cit. generalizes to this case to show that, with §* denoting the
G-equivariant extension of the symplectic Fourier transform

FO0) = | @) wlw, v)do,

\%4

8The minus sign in front of the coefficient a~*, which does not appear in the cited for-
mula, is because of the way that we have embedded V;* into Xg. When we mod out by
the center Z of G, we get X /Z ~ the space of rank-one quadratic forms ¢ on V, but here
an element v € V;* will map to ¢ = —(w(v, »))?, while in op.cit. it was mapping to the neg-
ative of that. In the notation of p.45 of op.cit., our space V; corresponds to a twist V* of V/
corresponding to the quadratic extension F'(v/—1).
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on V7, we have
IEF" = 7(x1,0,8 0 0,8) ey, = 10,1, 3,870~ 07
which as in op.cit.” implies (18).

2.3.10. The other cases of Table (1). The calculation of scattering operators for
the general case of a variety of Table (1) will be reduced to the basic cases by
means of the following lemma. For every subset I of the simple roots of G,
we denote by P the corresponding class of parabolics (or a representative),
by Up, its unipotent radical, and by L; its Levi quotient.

Lemma 2.3.11. Let Z < X be a closed B-orbit.

o For the cases of Tuble (1) with G'x = SLa, Z is of rank zero, and for every
simple root o such that Y := ZP, # Z,Y> :=Y /Up, is L-isomorphic to
SO\ SLy ~ G,,\ PGLy under some morphism L — PGLo.

o For the cases of Table (1) with Gx = PGLy, and for all simple roots o
we have Z P,, = Z, except for two orthogonal simple roots o, B for which,
setting Y := ZP,3, Y2 := Y/Upaﬁ is L-isomorphic to SO3\SO4 under
some homomorphism L — SOy.

As a matter of notation, what we denote by Y /Up here is the geomet-
ric quotient of Y by the Up-action, not the stack quotient, which could be
different because of nontrivial stabilizers.

Proof. This is a combination of Lemmas 2.2.4 and 2.3.5 of [Sak21]. O

In the remainder of this subsection, we will describe a “canonical” G-
orbit X g c Xy x Xy, living over the open Bruhat cell in Bx x Bx. This
will give rise to a “canonical” Radon transform, which we will use in the
next section to describe the scattering operators.

As mentioned before, a G-orbit on X x X over the open Bruhat cell
in Bx x By is equivalent to a G-equivariant isomorphism ¢ : Xz — X %,
where X % is the space of generic horocycles on X %, as above. Indeed, such
an isomorphism defines the distinguished G-orbit

X5 ={(z,y) e Xz x Xgglw € u(y)},

and, vice versa, can be recovered from it. Note, however, that this iso-
morphism intertwines the action of a € Ax with the action of “a, where
w € Wy is the longest element. Similarly, this is equivalent to describing a
distinguished G-orbit
R,h h h
X o < X x X,

9Since our convention for the definition of Radon transform in (11) is opposite to
the one of op.cit., in applying formula (3.16) of that reference one needs to change
to ¥~ '. We then apply the identity v(x,é1, 3,¢)v(x, —¢€2, 5,9 )v(x, =&, 0,47 ") =
’Y(Xv 617 %7 wil)y(X7 7623 %7 1/’)7()(7 70?7 0’ 1/)) to obtain (11)
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which by the canonical isomorphism X % ~ X" of [SV17, Lemma 2.8.1],

can be understood as a distinguished G-orbit X" = X" x X". This is the
orbit that we will describe.

The orbit (and the Radon transform) will depend, a priori, on the choice
of a closed B-orbit Z, as in Lemma 2.3.11; a posteriori, by the calculation
of scattering operators, it doesn’t, a fact that can also be proved directly
(but we will not do). Hence, fix Z, let Y be as in Lemma 2.3.11, and let P
be the parabolic P,, resp. P,g, appearing in the two cases of the lemma.
Let Y° < Y be the open B-orbit; without fixing a Borel subgroup, we can
consider Y° as a G-orbit on X x B — denoted by Y° to avoid confusion.
Similarly to the definition of X h we can define

X™Y = {(B,M)|B € B, M is a Up-orbit with (m, B) € Y° for any m € M}.

Hence, these are not generic horocycles, but horocycles corresponding to
the B-orbit Y°.

Let X" be the base change X" x5, B of X" to the full flag variety B.
Fixing a Borel subgroup B € B, we have noncanonical isomorphisms:

X" =Ax xP @, (20)

XY = Ay xB @, (21)

where Ay is the torus quotient by which B acts on the geometric quotient
Y°/Ug.

Let w’ be the Weyl group element w, or w,wpg, respectively (where w,,
wg denote simple reflections), for each of the two cases of Lemma 2.3.11. A
result of Knop [Kno95, § 6] implies that there is an element w; of the Weyl
group of G, such that

Yo s NowNert g v 2, X (22)

under the restriction of the action map to w1 N < G; here, w; is any lift of
w1, thought of as a double coset of B\G/B, to G. Note that this implies that
codimY® = length(w ), and Ay" = Ax.

Let wy € W be such an element. It is known [BriO1], [Sak13, § 6.2] that
the nontrivial element w € Wx is equal to w; L' w;.

1

Lemma 2.3.12. In the setting above, the decomposition w = wy ~w'w is reduced,

i.e., we have length(w) = 2length(w;) + length(w’).

Proof. One can make an abstract argument for that (for example, in the
cases with Gx = SLo, ~ is a root of GG, and any reduced decomposition
of w = w, has to correspond to a “Brion path” by considerations related
to ranks of orbits), but it is also straightforward to see this by inspection of
Table (1):
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X =H\G dim X | dim Z | length(w)
Aq G\ PGL2 2 1 1
A, GL, \PGL, 41 2n n 2n —1
B, S02,\SO2p, 41 2n n o2n—1
Cp | Spap_o X SP \Spa, | 4n—4 | 2n—2| 4n—5
Fy Sping \Fy 16 8 15
Gy SL3 \Gs 6 3 5
D, SLy = SO3\SO4 3 2 2
Dn SOQn_l\SOQn 2n—1 n 2n — 2
Dy Spin \ Sping 7 4 6
BY G-\ Spin, 7 4 6

Here, for X = H\G, we computed dim Z, the dimension of a closed Borel
orbit, as dim Bg — dim By, where by B, we denote the corresponding Borel
subgroups. O

By Lemma 2.3.11, the P-variety Y := Y /Up is isomorphic either to
G\ PGL3 or to SLg under the action of the Levi L of P. In each of the
two cases, a distinguished L-orbit on Yy x Y3, living over the open Bruhat
cell, was described in § 2.3.5 above. This corresponds to a G-orbit on
XMY x XY living over the Bruhat cell corresponding to w’. We denote by
X 1Y this G-orbit.

Now, the product XY x X" lives over the product B x B. It follows from
(22) that there is a distinguished G-orbit X"* = XY x X" that lives over the
Bruhat cell corresponding to w, that is, over the G-orbit of a pairs (B, B’ =
1D1B1D1_1), where, as above, w; is any lift of w; € B\G/B to G. The fiber of
this orbit over (B, B’) consists of all pairs of horocycles ((B, M), (B’,zN’))
with N’ ¢ B’ the unipotent radical and = € M. Equation (22) implies that
if the horocycle (B, M) belongs to X hY the horocycle (B’, zN') is generic,
i.e., belongs to X".

Consider the set of quadruples

(ajlaylayQa :EQ)

with 21, 20 € X", (y1,12) € XY < (XPY)2 and (y;, ;) € X" fori = 1,2.
It lives over the set of quadruples

(B, ;! By, wy ' B(w') ™ My, oy ' w) B(awh) (@) iy

of Borel subgroups, where the tilde denotes, again, lifts to G, and @y, @}
are two possibly different lifts of w;. However, because of Lemma 2.3.12,
the element w = w; L w) is a lift of w € Wy, and the quadruples of Borel
subgroups as above form a single G-orbit. The distinguished G-orbit X"
Xhx X", now, is the image of this set under the first and last projections, composed
with the projection X" — X". The reader can immediately check that this is
indeed a G-orbit, using the noncanonical isomorphisms (20), (21).
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By the discussion above, this G-orbit corresponds to a distinguished G-
orbit X g c Xy x Xy, that we use to define the Radon transform R :
CP(Xy) — C*(Xg) by (8). The spectral Radon transforms 9, descend
from it by Mellin transform. For the choice of measure used to define R,
see § 2.3.2.

2.4. Formula for the scattering operators.

2.4.1. The main result of this section is the following, where we fix a uni-
tary additive character ¢:

Theorem 2.4.2. For the cases of Table (1), in terms of the spectral Radon trans-
forms

%, C((Ax. X )\ Xg) = C*((Ax, )\ Xgy)
that descend from the canonical Radon R described in § 2.3, the scattering operator
Fwx for the nontrivial element w € W is given by
Fwx = 1x () - Ry, (23)
where pux is given by the following formulas:
e for the cases with Gx = SLoy, with Lx = L(Std, s1)L(Std, s2),

px (x) = v(x j, 1= 51,9 700 2.1 — 50,97 (x, =7, 0,),  (24)

2 2
e for the cases with Gx = PGLy, with Lx = L(Ad, s),
px(x) =707 1 = s0,¥)v(x, —3,0,9). (25)

Here, v(x, A, 5,7) denotes the gamma factor (13) of the local functional
equation for the abelian L-function associated to the composition of x with
the cocharacter \ : @,, — Ax. Notice that, by (16), if we replace ¢ by
1 (ae), for some a € F'*, the factor px (x) changes by a factor of |a|~%, where
s = 81 + 89 — %, in the first case, and s = sg, in the second case. It so
happens (see [Sak21, § 1.2]) that 2s = dim X — 1 = the dimension of the
unipotent radical of P(X). Therefore, the measure used to define the Radon
transform DR, which is proportional to the self-dual measure with respect to
¢ to the power dimy,, ,,, changes by |a|*, making the formula above for
Zw,x independent of .

2.4.3. The proof of the theorem will be given in a somewhat telegraphic
fashion, because the arguments are essentially the same as the ones used
to compute “functional equations” in [Sak13, Section 6]. The reader who
wishes to read a detailed and explicit account of the arguments that follow
is advised to look at that reference. The “added value” of the present work
consists in the following;:

e We adopt the formalism of scattering operators, introduced in [SV17].
This adds an extra layer of complication; for example, [Sak13] only
considered the functional equations represented by the first verti-
cal (dotted) arrow of (6), while the scattering operators are given
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by the second vertical arrow. The benefit, however, is that the scat-
tering operators are directly related to the asymptotics (and other
constructions such as the “unitary asymptotics” of the Plancherel
formula), a fact that we will use in the next section.

e We allow for general principal series representations, not only un-
ramified ones. This is quite straightforward and does not change
any of the arguments of [Sak13], once the “basic cases” of § 2.3.5
have been computed.

o We “rigidify” certain constructions to eliminate ambiguities up to
automorphism groups. In the unramified case of [Sak13], integral
structures provided such rigidifications, but, to consider ramified
characters, this is not enough. Therefore, we replace various ex-
plicit integrals and principal series representations by (noncanoni-
cally) isomorphic constructions that live over the various horocycle
spaces already introduced. This necessitated the pedantic discus-
sion of the canonical Radon transforms of § 2.3, but is a more con-
ceptual description of these constructions.

Proof of Theorem 2.4.2. The proof will follow the argument of [Sak13, § 6.5].
Because of the isomorphism (22), the morphism 1, of Diagram (6), given
by an integral over the open P(X)-orbit X°, can be expressed in terms of
a similar integral over the smaller B-orbit Y°. Namely, choosing a lift @,
of wy, we get a bijection M +— M Nw; I between horocycles in Y° for
a given Borel subgroup B and generic horocycles for the Borel subgroup
B’ = @ By . Then, for ® € C¥(X), we can rewrite (7) as

_1
N, (Mg Ny ) = f J ®(za)dr X160y (a)da =
Ax JMwNaoT!

f J f O (yawynw; ) dy -
(N N \N JAy JM
_1
wi <X_1 : (5P(2X)> -6(wa;1Nw1)\N(a)da dn, (26)

where we have factored the invariant measure dz on the horocycle M@ Nw; 1
in terms of an invariant measure dy on the horocycle M and an invariant
measure on (N n w; *Np)\N. (Recall that the choice of this measure is
not canonical, but is canceled by the compatible choice of measure for the
operator 9, of Diagram (6).)

Remark 2.4.4. We use the “universal” Cartan A and its quotients Ax and Ay
in the notation above, with x, dp(x), etc. considered as characters of these
universal quotients, and with ¢ (N~ Ny \N considered as a character of A
via the quotient B — A. For example, in the first integral, when a € Ay is
represented by an element ¢ € B’, the character Jp(x) really stands for the
modular character of the representative P(X)’ of the class of P(X) which
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contains B’. To prevent some natural confusion, I note here that the ele-
ments a of the two integrals above can be represented by the same element
t of a common torus T' < B n B’, but the images of ¢ in the “universal” Car-
tan quotients B — A — Ay and B’ — A — A differ by the right action
of wy on A, hence the character T — B’ — Ax — C*, where the last arrow

_1
is x~ 1o P(QX), is equal to the character 7' — B — Ay — C*, where the last
_1
arrow is 1 (Xl - 6P(2X)) .
The inner two integrals of (26) represent a morphism that we can denote
N} CX(X) = O ((Ay, ")\ X™YY .

There is some abuse of notation in the expressions above, due to the
fact that the characters “!y, 5( NeaT Nay )\~ are characters of the universal

Cartan A of G which do not, in general, factor through Ay. Related to
this is that the measures on the horocycles corresponding to the points of
XY cannot, in general, be fixed in a G-equivariant way. The rigorous
interpretation is that the innermost integral of (26) is valued in a certain
equivariant sheaf over XY, whose fiber over the horocycle M is dual to
the invariant measures on this horocycle. The prime that appears in the
notation CX(X) — C®((Ay,*1x)\X"Y) is supposed to remind us that
the image of the map above is does not lie in scalar-valued functions, but
in sections of this sheaf. This sheaf is induced from a certain character of
ker(A — Ay), explicated, e.g., in [Sak08, § 5.2], but we will not need to
recall this calculation here.

For clarity, we will explicate noncanonical isomorphisms with principal
series representations, as we did for the asymptotic cone in (5). First of
all, we can fix a “standard” split Cartan subgroup in a “standard” Borel
subgroup B, which will determine the choice of lifts of the Weyl group
elements, up to elements of that Cartan, so that it makes sense to write
wy Bwy .

o For the horospherical space X" = X %, we have C®((Ax, x)\X") ~
1

I]Cj( x)(x)- Note that this is a subrepresentation of 1 g(xé;&)), where
d1(x) is the modular character of the Borel of L(X).
e For the Y-horospherical variety XY, what we denoted above by
_1
C*((Ay,"1x)\X"™Y)" is isomorphic to I§(*1 (X(SL(QX))).
¢ The outer integral of (26) represents a standard intertwining opera-
tor

1
2

_1
Ig(wl (X(SL(X))) - Ig(XéLfX)%

that takes the image of 0} into the subspace / ]Cj( X ()
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We can now expand the left-hand triangle of Diagram (6) to

(27)
where T is the transform represented by the outer integral of the right
hand side of (26), and we used horizontal dotted arrows to signify that
the map is only defined in the image of the maps ‘ﬁi/_l, resp. ‘ﬁ?w It is
also some kind of Radon transform/standard intertwining operator, but
between principal series representations realized on two different varieties.
Note that this Radon transform can be expressed in terms of the canonical
G-orbitin X™Y x X", described at the end of § 2.3, by a formula analogous
to (8).!

If we fix the isomorphisms (20), (21), this diagram becomes

(28)

with the operators T;/il translating to the standard intertwining operators

(9) corresponding to a lift @] ' of the Weyl element w; ' (up to the choice
of measure, which however, will be made simultaneously for T}; and ‘Iz,l,

10The reader is advised to remember the isomorphism of C*((Ax, x*')\X") with the

possibly degenerate principal series representation / ,Cj( X) (x™), and to think of these dotted
1
s, G0))-

HNote that the recipe of § 2.3.2 for the choice of measure for this transform does not
apply (because the source and target varieties are different), but this ambiguity cancels out
with the ambiguity that forced us to denote the source of the map by ( )": the two choices
of measures combine to a choice of measures for the horocycle M1, N1, ' of the middle
expression of (26). The latter choice, we recall, can be performed G-equivariantly along
all such “generic” horocycles, and will be canceled by the corresponding choice for the
definition of 9, in (6).

arrows as actual maps into the non-degenerate principal series 15 (x
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and therefore will not affect the right dotted arrows of the commutative
diagram).

From now on we omit the character from the notation of these spectral
Radon transforms. If we could compute the left vertical arrow of (28) as
a scalar multiple ¢,/ (x)%4 of a Radon transform, then the right vertical
arrow would be equal to cw/(x)%wfl o Ry o SRZD%“ which we could then

express in terms of the transform 9%@;1 o Ry o Ry, (9 R using12 the
Radon inversion formula (14).

Our next step is to relate the left vertical arrow of (27) to the calculation
of the “basic cases” of § 2.3.5. The relevant basic case is the variety Y5 :=
Y /Up, where P denotes the parabolic denoted by FP,, resp. P,3, in the two
cases of Lemma 2.3.11. The operator ‘ﬁ}; of (27) can be further factored in
the form

Y
‘)”(X@(M):f f f ®(yua)du dy -
Ay JM3 JUp ,\Up
_1
- (X_l ‘ 513(2)()) oy vy (@)da, (29)

where we have written M for the image of the horocycle A modulo Up.
The innermost integral represents a P-equivariant map to a certain sheaf
over Y, —whose fiber over some point ¢ is dual to the space of Up-invariant
measures on the fiber of Y — Y5 over y. Again, by abuse of notation, we
will denote the innermost integral as a surjection

CE(X) = C2(Va).

where the prime is supposed to remind us that these are not scalar-valued
functions, but valued in the sheaf described above. As we vary P over its
conjugacy class, these maps combine to produce sections over a “partial
horocycle space” associated to the pair (Y, P) — the analog of XY, with B
replaced by P. These can be identified with the induction of C°(Y3)’, that
is, we have a G-morphism

C2(X) — Ind§(C2 (Va))).

Y

The two outer integrals of (29), now, represent the analog 9.7,

of the op-

_1
erator N, for Y, with y replaced by “!(x~! - § P(QX)) as in (28) (but we omit

the modular character from the notation). We have a factorization of the

27he indexing of Radon transform by Weyl elements here is as in (9), but with the
integral taken over a quotient of IV, not N~ . It should be clear from the diagrams which of
the two conventions we are using, and hopefully this abuse of notation will make it easier to
follow the arguments, rather than conjugating Weyl elements by the longest Weyl element
every time we use the “standard” Borel B.
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morphisms 9N,
dB(02 (Ay, " WEY) = C2((Ay, " NXYY
ny_,

Yy
w1 X71

N
2 (X) == md$(C2 (1))

C C
Y-
Y
mX

|
|
|
|
|
v
Imd%(CX((Ay, " x)\YS)')

C((Ay, )\ XYY"
(30)
The point is now that, from the discussion of the basic cases in § 2.3.5 we
essentially know the vertical arrow of the diagram above. However, both
the results of § 2.3.5 and the statement of the current theorem are about the
scattering operators, i.e., the right vertical arrow of (6), and to relate those,
we need to compose with the appropriate inverse intertwining operators
im;il of (6). Adding those to the commutative square of Diagram (27), we
obtain
sz

PC2((Ay,

31)
where EUIZ}XJ_H are the corresponding inverse Radon transforms for the Levi
L of P.

The left curved arrow is the (induction from P to G) of the scattering
operator for Y3, which was computed in § 23513 Thus, if we calculate
the arrows denoted by question marks, that will allow us to compute the
scattering operator .7, ,, as well.

To calculate the arrows ?, we return to the diagram (28), and use the
“canonical” G-orbit on (X")? (where we have fixed the isomorphism (20)
for X", so that, as explained above, the canonical G-orbit is represented

13The twist by certain sheaves, denoted by ' throughout, plays a role in this calculation,
as we will indicate in Example 2.4.5 below.
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by an involution @ € G) to identify X" ~ Xy (in such a way that the
canonical G-orbit corresponds to the distinguished “tautological” G-orbit
on X % x Xg). We have now fixed an isomorphism between the bottom
square of (31), and the square

_1 Ry
1§ () — = —'= = = = T8 (1) 32)
|
Ry 7!
¥
1 2 B
Ig(“’l (Xfl‘SL(QX))) ***** >I}€(X)(X b,

(and similarly for the top square of (31)). By the standard property (10) of
Radon transforms, the arrow ? is the operator 9%511.

To conclude, the scattering operator .#,, , can be computed from the scat-
tering operator .%2,,, . of the basic cases via the commutativity of the dia-

w’ W1y
gram
—1
190" () — = L — = = 18400, 3)
’711};’2,“’1xl Fwx
—1
IG( (18, 4) - — - = = IS0 (),

and the final result should be expressed in terms of the “canonical” Radon
transform [ g( X) (x) > I g( X) (x~1) which, under the isomorphisms that we

fixed, is the standard Radon transform %R;.

The theorem now follows from the formula for 45”13/,21”1 X recalled in §2.3.5,
and formula (14) for the inverse of Radon transform. The details of how the
various gamma factors simplify to produce the final answer are essentially
the same as in the unramified case, therefore I point the reader to [Sak13,
§ 6.5]. In the three examples that follow, I will demonstrate the calculation
for the cases Az and Cs, that the reader can compare with [Sak13, § 6.6 and
6.17], as well as the case of F;, which was not included in op. cit.

O

Example 2.4.5. Let X = GLy\ SL3. For the sake of calculations, let us pick
a point on X and identify its stabilizer, H = GLy, with the subgroup of

det g1

matrices of the form , g € GLa. Letting B denote the upper

triangular Borel subgroup, and labeling the simple roots a, 8 from top to
HNote that we are using, here, labeling conventions for the Radon transforms that corre-

spond to induction from the “standard” Borel subgroup B, see Footnote 12; when applying
formulas from § 2.3, they will need to be adjusted accordingly.
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bottom (so that the spherical root is v = a + 3), the intersection H n P,
is equal to the upper triangular Borel subgroup of H. The open B-orbit in
H n P,\P, will play the role of Y° in the argument above. We identify the
Levi quotient L, of P, with GLy through the top 2 x 2 block of a matrix,
and then the variety Y> is equal to G2\ GLy ~ G,,\ PGLo. .

The inner integral of (29), which corresponds to the map C*(X) —
Ind%(C%(Yz)') of (30), is an integral over the (3, 3) entry of a matrix (a copy
of the additive group G,). The Haar measure on this G, is not invariant
under the stabilizer G2, = GL3 of a point on Y5, but varies by the charac-
ter n : diag(a,b) — |a®b|. Thus, what we denote by C*(Y5)’ are sections
of a GLg-equivariant sheaf over Y3 — the compact induction of this charac-
ter. The restriction of this sheaf to (the action of) SLs is induced from the
character diag(a,a™!) ~ |a| of G,, < SLs.

We can now calculate the scattering operator Ygﬁwl , based on the case of
the spherical variety G,,,\ GL2, discussed in § 2.3.9. This scattering operator
is a morphism between the L,-representations

Indf (x02) = I52 (“x ) @ |det [2 — Tpe ("X) © | det |2
(taking into account that 5;(%)() is trivial here), where 6 = §p is the modular
character of the Borel of G, and we have denoted by B,, B, the “standard”
Borel subgroup of L, and its opposite.

Now, consider L, ~ GLy as a homogeneous space for L, := G2, x&m
GLgy, and its derived group SL; as a homogeneous space for G,,, x*2 SLy ~
GLa. The “standard cocharacters” é;, é&o with respect to the upper triangu-
lar Borel of GLs can be written as £3%, 229 respectively, in terms of the
presentation G,, x#? SLa, where [i is the tautological cocharacter of Gy,.

The character n ® “5 x| det |% descends to a character of the Cartan of L,
and restricts to a character x; of the Cartan of GL3; we compute:

¢t (x1)(a) = 2 (“sx)(a)al?,

e (x1)(a) = €5 (“7x)(a)lal?,
where we have used the fact that “~ is trivial on the center of L, , hence it
makes sense to evaluate it on %
Plugging this x into (18), and using the fact that wga = ¥, we obtain

Y - Y y
yu};//%w1x = 7()(7 57 17 ¢ 1)’7(X7 57 07¢>7(X7 -7, Oﬂp) ' %waa

where R, is defined with respect to the “canonical” orbit introduced in
§2.3.9, therefore

_ (14) _ .
yw,x = mw;oy’@ omwﬁ - V(X’ %’ 1’ w 1)7(Xﬁ 17 07 7?)’7()(, -7 07 ¢)

w’, B x
’ fY(X? /Ba 07 wil)’Y(X, _IBJ 07 w)%w

\)
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Noting that in the cocharacter group of Ax we have = 3, this is

( ga >¢ ) ( 7%7011#)70()_’?’071#)
Y _
57071/) ) (Xv

=56 2,047 Mlx. % 0,4)706 =7 0,) %

Example 2.4.6. Let X = Sp,y x Sp, \ Spg- The spherical rootis v = ay + 2 +
a3, with ag denoting the long simple root, while the Levi L(.X) is the one
that contains the simple roots ay, a3 (isomorphic to SLa x Gy, x SLg). The
decomposition w = w; Lw'wy of the nontrivial element of Wy, as above,
can be taken to be w' = w,, with

(X

W] = WayWas Was -

Thus, a “Brion path” for the action of the Weyl group on the Borel orbits
of maximal rank, defined by Knop [Kno95], is given by the following; I
point the reader to [Sak13, § 6] for details.

ay,T

To calculate the right hand side of the equality .7, , = R, 0 .7, Y,lex
Ry, , in the notation of (33), we can invert the simple factors %w% of Ry,
step-by-step, mimicking the inductive argument of [Sak13, § 6].

The two lower nodes correspond15 to the variety GLg \ PGL3, as in Ex-
ample 2.4.5 above. These nodes will contribute a factor as in the previ-
ous example, except that we have to take into account another twist. If
P = L x U denotes the Siegel parabolic of Sps, we will identify its Levi
quotient L with the general linear group of the Lagrangian fixed by P un-
der the left standard representation of Sps. We consider the closed P-orbit
on X' corresponding to the bottom two nodes of the diagram above; the
stabilizer of a point on that orbit is P; := P n Spy x Sp; = the product of
Siegel parabolics of Sp, x Sp,. The integral of a function in C°(X’) over

151N the sense that there is a closed orbit for the corresponding parabolic, whose quotient
by the radical of the parabolic is isomorphic to this variety.
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U-orbits on P;\P lands in the induction, from GL; x GLg to L = GLg, of
the character |u|? ® | det |, where 1 denotes the tautological character of
GL;. In particular, restricting the action to the derived group SL3 of L,
we are not inducing the trivial character of GLs, but the character | det | ~!.
This requires a modification of the calculation in the previous example,
where C2°(Y2)" will not be induced from the character diag(a,b) — |a2b|
any more, but from the character diag(a, b) — |ab|. This changes the factor
contributed by the two lower nodes, which, following the argument of the

previous example, can be computed16 to be

(X?i 771# ) ( X 7 7¢) ( ;Yaoaw) (34)

The inversion of the Radon transform Ry, corresponding to the middle
edge contributes, by (14), a factor of

_1 _1
V("2 (X0 () 63, 0,07 )y ("2 (X0 ), —is, O, w>

gl 71
_7(X> 7 7¢ ) ( X §7§7w)7

while the inversion of R, corresponding to the top edge contributes

1

_1 _1
7((X6L(?X))’ d?a Oa @Z)_I)V((X(SL(?X))’ _d2> 07 d})

_’Y(X7 97 7¢ ) (

Taken together, the factors above give the formula

M\Q<

3
7§7¢)'

T3 - 71 .
Fox =706 55006 55 =5, V(G —7,0,9)R
27 2 27 2
for the scattering operator.

Example 2.4.7. Let X = Sping \F}y. The spherical rootis vy = ag + 209 +3a3 +
a4, with the roots labeled long first, short last, while the Levi L(X) is the
one that contains the simple roots a1, oz, ag (isomorphic to Spg x G,y,). The

16More details on this computation: The induced representation IndLBZ (" X(S%) can be
computed to be equal to the normalized induction I éz ("1 xler7@17*2723]), and when we
plug this into (18), the scattering operator Ylifil w1, turns out to be

33 - 7 _1 _x A
’Y(X7 27 2»¢ )’Y(X7 27 27’¢)’Y(X7 ’Y»Qd’) mwal'
Similarly, the factor contributed by inverting the Radon transform E)‘iwaz is, now,
-1 - Wag Wa -3 x
,y(wagwaz (X(SL(QX)),dz,wa 1)7( 3 2(X6L(2X))7—042,07 '¢')

e AV G
7’7(X72727¢ )’Y(X7 27 27w)7

¢
—_

and the product of the two simplifies to give the result.
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decomposition w = w; Lw'wy of the nontrivial element of Wy, as above,
can be taken to be w' = w,, with

W] = Was Weay Wag Way Wy Weag Weyy -

Thus, a “Brion path” for the action of the Weyl group on the Borel orbits
of maximal rank, defined by Knop [Kno95], is given by the following.

ay, T

Note that the three lower nodes correspond to the variety Sp, x Sp, \ Spg,
as in Example 2.4.6 above.

The reader can now use the calculation of the previous example (there
is no extra twist here, since the subgroup Sp, x Sp, has no nontrivial char-
acters), together with the Radon inversion formula (14), to confirm the for-
mula

cSﬂw,x = ’y(Xa %7 _ga ¢_1)7(X> %7 _%7 ¢)7(X7 _’?7 07 ¢)%w
Remark 2.4.8. The analog of the inductive hypothesis used in the proof of
[Sak13, Proposition 6.5.1] for “type T' spherical roots,” here, is, with &, w,
4’ as in that proposition, that the contribution of the nodes below a certain
node in the diagram is the factor

’Y((X(s%(){))/a da 07 wil)fY((X(S%(X))/v _wovh 2- <ﬁ7 '7/>7 W’Y(% _;Ya 07 w)a
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1
2

L(x) Dy the sequence of

1
where by (X(SE( x))" we denote the conjugate of xJ
Weyl elements above the given node.
For example, for the second-lowest node in Example 2.4.6, we have & =
a2, 7 = wa,00 = a1 + ag, and w = the reflection corresponding to the root

1
a1 +ag, while the character xd7 ) has to be translated by the Weyl element
WasWa,y. We then compute

<é‘7 waswa2pL(X)> =5

. . 1
<—wa, wagwasz(X)> +2 - <p7 ’Y/> = _57
resulting in the gamma factors of (34).
Note also that the Brion path that was used for the calculation of the F}-
case above does not satisfy the assumptions of Proposition 6.4.1 of op.cit.
(at the node with edges labeled «; and ag), but nonetheless satisfies this

inductive hypothesis.

3. DEGENERATION OF TRANSFER OPERATORS

In the previous section, we saw how the L-value associated to the spher-
ical varieties of Table (1) controls, through its gamma factors, the scattering
operators associated to the theory of asymptotics.

On the other hand, in [Sak21] it was discovered that the L-value also has
a different function: It controls certain “transfer operators,” which translate
stable orbital integrals for the quotient X = (X x X)/G to orbital integrals
for the associated Kuznetsov quotient @) = (N, ¢)\G*/(N, ), where G* =
PGL; or SLy, according as Gx = SLs or PGL,, respectively.

In this section, we will see how the two results are related via the degen-
eration of the transfer operators to the asymptotic cone.

3.1. Transfer operators for rank-one spherical varieties. We keep assum-
ing that the field F' is non-Archimedean. Here, we will need to work with
measures, rather than functions, so we will use S(X) to denote the space
of Schwartz measures (compactly supported, smooth) on the points of a
variety X over F. Note that the varieties of Table (1) all carry a G-invariant
measure, so the translation from functions to measures is quite innocuous
(up to the noncanonical choice of such a measure). But measures have natu-
ral pushforwards, and, using X as a symbol for the quotient of X x X by the
diagonal action of GG, we will denote by S(X) the image of the pushforward
map, from Schwartz measures on X x X, to measures on the invariant-
theoretic quotient (X x X) / G := Spec F[X x X]%, which in our cases is
just an affine line.

The meaning of S(2)) for the Kuznetsov quotient of G* is similar, but
because of the twist by the Whittaker character 1), we need to fix some
conventions, as in [Sak21, § 1.3]. The result is a space of measures on the
quotient N\G* / N, which is again isomorphic to the affine line.
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The main theorem of [Sak21] is the following.

Theorem 3.1.1 ([Sak21, Theorem 1.3.1]). For the varieties of Table (1), and for
appropriate identifications of the invariant-theoretic quotients (X x X) // G and
N\G* /| N with the affine line (with coordinates that we denote by £ or ¢, depend-
ing on whether G* = PGLq or SLo, respectively), the operator T described below
gives rise to an injection

T:8(2) — S(%). (35)
o When GX = SLo with Lx = L(Std, Sl)L(Std, 52), S1 = So,

THE) =l 3 (Jo 37 0(e)de) = (| [F20(o)ds ) « £(6).
o When Gx = PGLy with Ly = L(Ad, s),
TIQ) = [CFo7 (o [F70u(e)d) * F(C).
1

Here, x denotes multiplicative convolution on F*, Dxf(x) = §__.x D(a)f(a™ x).

The operator is bijective for a certain explicit enlargement of the space
S(9)) of measures, that we will not recall here. Conjecturally, the transfer
operator also translates relative characters of one quotient to relative char-
acters of the other. This has been proven in several cases [GW21, Sak22a,
Sak22b]. We will recall the notion of relative characters below, noting that
in the case of SLy = SO3\SO4 they coincide with the usual stable characters,
while in the case of the Kuznetsov quotient ) they are often called “Bessel
distributions.”

3.2. Asymptotics of test measures. To relate transfer operators to the scat-
tering maps computed in the previous section, we recall [DHS21, Theorem
1.8] that the asymptotics map (3) restricts to a morphism

e S(X) = ST (Xy), (36)

where ST (X ) denotes a certain enlargement of S(X ), namely, a space of
smooth measures on X, whose support has compact closure in an affine
embedding (in this case, the “affine closure” Spec F'[ X ]). The “restriction”
of the asymptotics map (3) from smooth functions to Schwartz measures
makes sense, because by [SV17, § 4.2] an invariant measure on X canoni-
cally induces an invariant measure on X .

The spectral scattering maps .7,  studied in the previous section are
actually the Mellin transforms of a scattering operator &,,, an involution
on 8T(X ) which we think of as an action of the Weyl group Wx ~ Z/2.
This involution is (Ax, wy)-equivariant, that is, it intertwines the action of
a € Ax with the action of “7a = a~!, when this action is normalized to
be unitary. Since we are working with measures, here, the unitary action
analogous to (4) is

a- [(Sg) = bpiy)(@)f(Sag). 37)
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Because of the equivariance property of &,, it descends to an operator
from the (Ax, x~!)-coinvariants to the (A x, x)-coinvariants of S* (X ); for
x in general position, these can be identified with the corresponding coin-
variants of the standard Schwartz space:

Lemma 3.2.1. For an open dense set of x € Axc (the complex Lie group of char-
acters of Ax), the inclusion S(Xg) — St (Xg) induces an isomorphism on
(Ax, x)-coinvariants, hence identifying those with S((Ax, x)\X ), the space of
smooth measures on Ax\Xg, valued in the sheaf whose sections are (Ax,x)-
equivariant functions (for the normalized action (4) on functions) on Xg. More-
over, the “twisted pushforward maps”

ST(Xg) = S((Ax, x)\Xg), (38)
are meromorphic in x.

Proof. This follows directly from the description of S*(X) as a “fractional
ideal” in the space of rational sections of x — S((Ax, x)\Xy), in [DHS21,
(1.18)]. O

We will denote the map (38) by f — f(x), and think of it as a Mellin
transform.

The spectral scattering morphisms of the previous section are the mero-
morphic family of operators descending from &,, through this map:

yww,x : S((Ava_l)\XQ) - S((AXa X)\XQ)

Note that, up to a choice of measure, S((Ax, x)\X) is what was denoted
before by C*((Ax, x)\X ).

Similar maps exist for the Whittaker model S(V, )\G*), with e there
mapping to a space ST(N\G*) of measures on the space N\G* (the “de-
generate Whittaker model,” with the trivial character on N). In what fol-
lows, we will also be denoting by Y the “quotient” (N, ¥)\G* (i.e., the space
N\G* endowed with a sheaf defined by the nondegenerate character ),
and by Y its degeneration (the space N\G with the trivial sheaf). The im-
age of the Schwartz space S(Y') := S(IV, \G*) under the asymptotics map
will be denoted by ST (N\G*):

ety : SN, P\G*) - ST(N\G¥).

Now, let us repeat the construction of test measures for the relative trace
formula, for the asymptotic cones of X and Y. Denote by ST (X x X/G)
the pushforward of S*(X ) ® ST (X) to the invariant-theoretic quotient
(Xg x X) J G. We adopt the same convention for (N\G* x N\G*)/G* =
N\G*/N, letting ST (N\G*/N) be the image of the pushforward map from
ST(N\G*) ® ST(N\G*) to N\G* | N = (N\G*) x (N\G*) J G*.
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Composing the asymptotics maps with these pushforwards, we obtain
maps

SINNGH) @SN w1\ 2 st Ny L (39)
T
e* ®eX)a \
S(X x X) i) SH(Xy x Xg/G)

with the map 7y to be introduced. The main result of this section will
be a description of a canonical “transfer operator” 7, characterized by
compatibility with relative characters; therefore, let us first discuss those.

3.3. Relative characters.

3.3.1. Let m be an admissible representation of G, with 7 its contragredi-
ent. A relative character on the quotient X = (X x X)/G for 7 is a functional
that factors
Jr:S(X xX)->7m®@71—C,

with the first map G' x G-equivariant and the second the defining pairing
between 7 and 7.

A source of relative characters is the Plancherel formula for L?(X): Once
we choose a Plancherel measure 1 x, as well as a G-invariant measure dx in

order to embed S(X) — L?(X), we have a decomposition of the bilinear

pairing (f1, f2) = | % as

i fo) = fé T2 (f1 ® fa)ux (),

uniquely determined by this formula for px-almost every 7 in the unitary
dual G.

On the other hand, we can build relative characters by pullback via the
asymptotics maps. Of interest to us here will be the relative characters
that we can pull back from the space S*(X g x X/G). Namely, there is a
“canonical” open embedding Ax — X x Xy // G, such that

e the identity maps to the image of the distinguished G-orbit X g c
X x X, described in § 2.3.

e the map is equivariant with respect to the Ax-action descending
from the action on the first, or equivalently the second, copy of X .

Consider the meromorphic family of functionals I, obtained as pull-
backs of the composition of maps

*

1
(6®®GE)G X716p(§X>

§
IX:S(XXX) S+(X@XX@/G) (C,
where the last arrow denotes the integral against the pullback of the char-

_1
acter Y16 P(ZX) from Ax to (a dense open subset of) X x X . A priori, this
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arrow converges only on the subspace of such measures that are supported
on Ay < (Xyu x X¢) / G, but it is not hard to make sense of it for almost
every x:

Lemma 3.3.2. The functionals I, converge when |x(w?)| « 1, and extend mero-

morphically to all x € Axc (the complex Lie group of characters of Ax). For
an open dense set of x’s, the functional I, is a relative character for the normal-
ized principal series representation 7y, = Ipx)(x), that is, it factors through a
morphism
S(X x X) > m @7y~ C.

Proof. The elements of ST (X x X) are of moderate growth, and their
support has compact closure in the affine closure of X x X . Therefore,
the elements of S* (X g x X /G) are of moderate growth, and their support
has compact closure in A (F'), when we identify Ay ~ G, via the character
7 or %. Convergence for |x(w?)| « 1 follows.

Before we sketch the proof of meromorphic continuation, let us explain
why they are relative characters. The composition

SX_I‘;;(QX)

12 . 8Y(Xz) @ ST (Xy) St ( Xy x Xg/G) —————C,

is, by construction, (Ax, xil)-equivariant with respect to the normalized
action of Ax oneither S* (X )-factor, and therefore the map factors through
the (Ax, x)-coinvariants of each factor. By Lemma 3.2.1, for x in general po-
sition, these coinvariants are equal to S((Ax, x)\X ), which is isomorphic
to Ip(x)-(x) ~ m1. Hence, I, factors through 7,1 ® 7,-1. Since x is
w-conjugate to its inverse, for generic x we have that 7, ~ 7, 1 = 7.

Finally, for the claim of meromorphicity, it is not hard to express the map
I?, on the tensor product S((Ax, x)\Xg) ® S((Ax, x)\Xg) of these coin-
variant spaces, in terms of standard intertwining operators and the stan-
dard pairing between 7, and 7, -1. More precisely, if we use the canonical
Radon transform introduced in § 2.3 (translated to measures, by multiply-
ing both sides by a G-invariant measure):

Ry S((Ax, x ™)\ Xg) = S((Ax, X)\X ),
then the map I XQ factors through

Ixiﬁx,l

S((Ax, )\ Xg) ® S((Ax, )\ Xg)
S((Ax, )\ Xg) ® S((Ax, x )N\ Xg) b€, (40)

where the arrow labeled (e) is the integral over the diagonal of Ax\X,
against an invariant measure that is prescribed by the measure used for the
Radon transform. (I leave the details of this measure to the reader.) (|
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The factorization (40) will be very useful in what follows, so let us record
it as
I2(f1® f2) = (i) Ry 2 () - (41)
Of course, we could have applied Radon transform to the first, instead of
the second factor.
Similarly, consider the Kuznetsov quotient for G*. Identifying the Cartan
A* of G* with the torus of diagonal elements through the upper triangular

Borel, the embedding
A% s (1 1) A% c G*

descends to an embedding of A* in N\G* / N. We similarly have a relative
character .J, on S(N, Y\G*) ® S(N, ¢~ '\G*), obtained as the composition

1
6* ®€* 716_?
o0 sHN\GH/N) e

S(N,Y\G*) @ S(N, ¢~ 1\G") C.

1

Notice that here we are integrating here against the character y 16,2 of
A* < N\G* J/ N, where B* — G* is the Borel subgroup of G*; this makes
Jy arelative character for the normalized principal series I g,f (x). The anal-
ogous statements of Lemma 3.3.2 all hold in this setting.

We identify A* with the Cartan A x of X via the identification of the dual
groups with SLy or PGLy, i.e., so that the positive root of G* corresponds
to the spherical root .

3.3.3. We will now discuss the relation of the relative characters I,, J,
to the Plancherel formulas for L?(X), resp. L2((N,v)\G*). Recall [SV17,
Theorem 7.3.1] that the spaces L?(X), L*(Y) have discrete and continu-
ous spectra, with the continuous spectra naturally parametrized by unitary
characters of Ax, modulo inversion (i.e., modulo the action of Wx). More
precisely, using the index ¢J for the orthogonal complement of the subspace
spanned by relative discrete series (the images of irreducible subrepresen-
tations 7 — L?(X) or L?(Y)), there are Plancherel decompositions

L*(X)g or L*(Y)g = fA Hydx, (42)
Ax/Wx

where 171; denotes the unitary dual of Ay, and the unitary representation

M, can be identified with “the” (Ax, x)-equivariant (for the normalized

action) Hilbert space completion of S(X ) (resp. of S(Yy)).

To be precise, L?(X) is not quite a completion of S(X) (it is, rather, a
completion of a space of half-densities), but, fixing a Haar measure on X
(and hence a Haar half-density), we can consider it to be so. We can sim-
ilarly fix a Haar measure on N\G*, and take dy, in the decompositions

above, to be such that it pulls back to a fixed Haar measure on Ay under
the finite map Ax — Ax/Wx. The Plancherel decompositions (42), then,
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give rise to relative characters JZ (where Z = X or'Y), which are the pull-
backs of the Hermitian forms of #, to S(Z) —but our convention will be to
consider them as bilinear forms, i.e., as functionals on S(X) ® S(X), resp.
on S(N,P\G*) ® S(N, »~1\G*).

Proposition 3.3.4. Let () be the function introduced in Theorem 2.4.2.

The product I, jux(x) is a family of relative characters on X that is invariant
under the Wx-action x — x '

For suitable choices of invariant measures, the most continuous part of the
Plancherel decomposition of L*(X) (corresponding to the canonical subspace L*(X) g <
L?(X)) reads:

(1= | LA ® fux(dx, 43)

Ax/Wx

where dy is such that it pulls back to a Haar measure on Z} .

Similarly, for the Whittaker space Y = (N, )\G*, the family of relative char-
acters y(x, —,0,).J is invariant under x — x ', and the Plancherel formula
for the most continuous part of L*(N, )\G*) reads:

(BB = [ A6 ® R0 =00 (a4)

Proof. The proof, which is based on Theorem 2.4.2 and the Plancherel for-
mula of [SV17, Theorem 7.3.1], is identical to that of [Sak22a, Theorem
3.6.3]. The Whittaker case is already included in [Sak22a, Theorem 3.6.3]
(in the case of G* = SLsy, but the case of G* = PGLs is identical, since the
scattering operators only depend on the pullback to SL»). O

The relative characters I, (fi1 ® f2)ux(x) and J, (fi ® f2)v(x, —%,0,%) of
the proposition, which appear in the Plancherel formulas of two different
spaces with the same Plancherel measure, or any multiple of this pair by the
same scalar, will be called “matching” relative characters.

3.4. Asymptotic transfer operators. Putting everything together, we can
now prove the main result of this section, which is a generalization of the
results of [Sak22a, §4.3, 5] to all varieties of Table (1).

Let us first fix coordinates: We identify Ax = A* with G,, via the char-
acter v, when Gx = SLo, resp. %, when Gy = PGL,. We previously
embedded Ax — Xy x X / G sending the identity to the image of the
distinguished G-orbit, but here we will work with the opposite embedding
G, ~ Ax — Xg x X // G, sending —1 to the image of the distinguished
G-orbit."”

175uch a choice was also made in [Sak22a, § 5], and should also have been made in
§ 4.3 of op.cit., due to the correction noted in the proof of Lemma 2.3.3, and the subsequent
appearance of the character ¢ in both factors of (25). Of course, these choices are only
made for compatibility of the final formulas with those of [Sak21], which also depend on
non-canonical choices of coordinates.
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Having identified an open subset of (X x Xg) / G and of N\G* |/ N
with , we will use the following coordinate for this space:

e when Gy = SLs, an element of A* will be denoted <5 1)

e when Gy = PGLs, an element of A* will be denoted << C_1>.

We will denote the smallest Ax = A*-stable subspace of ST(N\G*/N)
(resp. of ST(Xg x Xg/G)) containing the image of the map e}y ® ef; by
ST(N\G*/N), resp. ST (Xg x X5/G)'.
Theorem 3.4.1. There is a unique A x-equivariant operator

Tz : SH(N\G*/N) - 8T (Xg x Xgz/G),
such that, for all almost all x € Z}, the pullbacks of

* *
e®®eg

S(N,Y\G*) @ S(N,»~1\G*) ST(N\G*/N)'
lT@ -3
6* 6* —16 2
S(X x X) 0¥ SH(Xy x Xy /G D orc

(45)
are matching relative characters for X and (N,{)\G*.
Moreover, in the coordinates fixed above, the operator is given by the following
formula:

e When Gx = SLy with Lx = L(Std, s1)L(Std, s3), 51 = 59,
Tl (€) = 61775 (o [F7w(e)de ) = (10 2720 (e)de ) = £(£).
e When Gx = PGLy with Ly = L(Ad, sg),
T f(Q) = ¢ ([ o ['70q(e)de) * f(C).

The term “Ax-equivariant”, here, refers to the normalized action of Ax
on ST (X g x X5/G) that descends from (37), and, similarly, its analogously
normalized action (but using the modular character g« instead of dp(x))

on ST(N\G*/N). The factor |§|31*%, resp. |¢|**7}, in the formula for Ty is
1 1

due to the difference between the characters 5;3 and 6,2, in the definition

P(X)
of the relative characters I, and J; in terms of the torus Ax, this factor can
1 _1
be written |¢”P() 73 | = |ePP() " PE% | = 5123()()633.

It would have been more natural to work with half-densities instead
of measures, in order to avoid these factors; the downside would be that
the pushforward maps from half-densities on X x X to half-densities on
X x X /| G are not completely canonical. However, there seems to be a
distinguished way to define such pushforwards, that was used in [Sak23]
to give a quantization interpretation of the transfer operators. Although
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we will discuss that picture in the next subsection, we will not dwell any
further, in this article, on the reformulation of these results using half-
densities.

Proof. Knowing the scattering operators by Theorem 2.4.2, the proof is then
identical to that of [Sak22a, Theorem 4.3.1]. O

The remarkable feature of the formulas of Theorem 3.4.1 is that the trans-
fer operators for the boundary are given by exactly the same formulas as for
the original spaces, Theorem 3.1.1.

I expect that (45) descends to a commutative diagram

* *
eg®ey

S(N,P\G*/N, )

ks
* e

S(X x X/G) i

ST(N\G*/N) (46)

i”r@

*
T SH(Xg x Xg/G)

where 7 is the transfer operator of Theorem 3.1.1. This would imply that
the relative characters under 7 satisfy:

T*(ux()IL) = v(x, =, 0,¢)Jy. (47)

This was proven for the basic cases A; and D, in [Sak22a].

4. HANKEL TRANSFORMS FOR THE STANDARD L-FUNCTION OF GL,,

In this section, we change our setting, to discuss a close analog of trans-
fer operators, the Hankel transforms which realize the functional equation of
L-functions at the level of trace formulas. Our goal is to give an interpre-
tation of a theorem of Jacquet, and of its proof, from the point of view of
quantization.

Here, we will take /' = R, in order to use the language of geometric
quantization (which involves line bundles and connections). The results
can then be transferred formally to any local field, and indeed the theo-
rem of Jacquet holds over any local field.'® For example, the flat sections
of the connection V = V" — ihdx on the trivial (complex) line bundle over
R, where VY is the usual connection, are the multiples of the exponential
¢"@ and this can be replaced by an additive character when F is any other
local field. Similarly, Jacquet’s formula (see Theorem 4.1.2 below) has a
“natural” meaning (and is correct) over any local field. The reformulation
of Jacquet’s proof that we provide also makes sense over any such field,
due to the theory of the Weil representation. However, since we do not de-
velop a general theory for how to understand geometric quantization over
general local fields, there is little benefit to complicating the presentation

18, fact, Jacquet wrote [Jac03] for non-Archimedean fields, but Jacquet’s proof of the
Theorem 4.1.2 that we are discussing here holds over Archimedean fields, as well.
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by including other local fields F’; it should be straightforward for the in-
terested reader to fill in the translations and verify that every step makes
sense over any F

Remark 4.0.1. An important note on proofs and notation: The arguments
that we present are mere reformulations of Jacquet’s arguments. There is
therefore no point in commenting again on convergence issues and other
technical details that have been dealt with in [Jac03]. For the same reason,
we will take the freedom to be a bit vague with some of our notation; in par-
ticular, we will often denote by D(X') an unspecified space of half-densities
on a variety X. The rigorous mathematical interpretation of these spaces is
that we start with well-defined spaces, such as the space D(V') of Schwartz
half-densities on a vector space, and then the other spaces D(X) are im-
ages of this space under various integral constructions that make sense, as
proven by Jacquet. Finally, we will sometimes write D(X) for a space of
half-densities defined on an open dense subset X* of X; it will be clear
(and we will usually say) what this subset is.

4.1. The theorem of Jacquet. In this section, we denote by G the group
G = GL,, and we will work with the Kuznetsov formula for GG, with re-
spect to the standard character ¢ : (z;;)ij — ¢(30" #;;11) of the upper
triangular unipotent subgroup N < G, where, again, we use v both for a
fixed nontrivial unitary character of F', and for this character of N. Since
F =R, v has the form 1(x) = ¢, for some nonzero constant ; we will be
writing dz for the self-dual Haar measure with respect to v (or |dz|, when
we want to distinguish the measure from the differential form).

As in the case of G* in the previous section, we will identify the dense
subset N\Gp/N < N\G )/ N, where G denotes the open Bruhat cell, with
the Cartan A of diagonal matrices, but this time (for compatibility with
the literature), we will use the identification that descends from A — wA,
where w is the antidiagonal permutation matrix (i.e., its entries are all 1,
rather than the antidiagonal of (1, —1) that we used previously in this pa-
per). Fortunately, these noncanonical choices will not play a role, once we
reformulate our theorem in terms of geometric quantization — our reformu-
lation of § 4.2 will not depend on choices of representatives for the orbits.

It is essential here to work with half-densities, so we let D(X) be the
space of Schwartz half-densities on the F-points of a smooth variety X.

Those are products of Schwartz functions by half-densities of the form |w| 3,
where w is a nowhere-vanishing polynomial volume form on X. (In the
examples at hand, one can always find such a form; in the general case, one
would have to be more careful with the definitions.)

We are particularly interested in the case where X = Mat,, the space
of n x m-matrices, or Mat}, its linear dual. In calculations that follow, we
will be identifying Maty, as a space, with Mat,,, via the (symmetric) trace



TRANSFER OPERATORS AND HANKEL TRANSFORMS 41

pairing (A, B) = tr(AB); note, however, that, defining the right G x G-
action on Mat,, as

A- (91792) = 91_1A927 (48)
the dual action on Mat} is

B (g1,92) = g5 'Bygi. (49)

The two natural embeddings G — Mat,, and G — Mat; differ by g —
g~!, once we apply the identification Mat} = Mat,. These embeddings
allow us to restrict half-densities to GG, and then we define twisted pushfor-

wards to the double quotient space N\G / N, or rather to its open subset

identified, as above, with the Cartan A: If ¢ = @(dg)% is a half-density
on (G, where dg is a Haar measure on GG and @ is a function, its twisted
push-forward to A < N\G // N is defined as the product

52 (a)0u(®)(da)?, (50)

where ¢ is the modular character of the Borel subgroup B > N, da is a Haar
measure on A, and O, is the Kuznetsov orbital integral

Ou(P) = JN N ®(nywans )y~ (n1ng)dnydna, (51)

where, again, w is the antidiagonal permutation matrix. The choice of Haar
measures used here will not affect any of the results of this section.

Remark 4.1.1. We pause to emphasize the importance of the definition (50)
for the pushforward of a half-density. Canonically, only measures admit
pushforwards. The pushforward of a measure of the form ®dg is easily
computed to be equal to §(a)O%(®)(da) (for compatible choices of Haar
measures), where now O is the orbital integral (51), but with the trivial
character instead of 1. (Or, better, use O, and think of it as a twisted push-
forward.) Less canonically, the function a — O4(®) can be thought of as
(twisted) “pushforward of functions” — it is the natural definition that we
obtain from fixing the same Haar measure |dn| on N x N for all its orbits (in
the open Bruhat cell), and integrating; it is ambiguous up to a constant, that
depends on the choice of Haar measure. Similarly, the definition (50) corre-

sponds to fixing a Haar measure on N x N, taking its square root |dn |% (a

Haar half-density), and multiplying ¢. The product ¢ - |dn |2 is a “measure
along the fibers of the map to A, multiplied by a half-density in the trans-
verse direction,” and it makes sense to push it forward to a half-density on
A. We should note, however, that, although natural, it is not completely
clear why we should take the same Haar measure for every N x N-orbit;
the full justification of this choice will come with the proof of the main the-
orem, see Proposition 4.3.6.

For reasons that have to do with the Godement-Jacquet method of rep-
resenting L-functions, we will adopt the notations of [Sak19], and denote
the images of D(Mat,,), D(Mat;) under these pushforward maps by
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DZ(St a1 )(2)), DZ(St av,1 )(2)), respectively, where ) stands as a symbol for

the twisted Kuznetsov quotient (N, ¢)\G/(N, ). These are understood as
spaces of half-densities on A, and they are genuinely different; for exam-
ple, when n = 1, the embedding A — Mat; attaches the point 0 to A ~ F',
while the embedding A — Mat] attaches the point co.

The theorem that follows is due to Jacquet [Jac03, Theorem 1]; I present
it in the reformulation of [Sak19, Theorem 9.1]. Thinking of half-densities
for Q) as half-densities on the torus A of diagonal element, we also identify
the latter with the “universal” Cartan of G, via the quotient B — A of the
upper-triangular Borel subgroup. Thus, it makes sense to write e® : A —
Gy, for a root (where we use exponential notation for the character of A,
reserving the additive notation « for its differential), and we also denote
by €% : G,, — A the cocharacter into the i-th entry of the diagonal. The
Hankel transform of the theorem that follows will be expressed in terms of
operators of the form “multiplication by a function ) (e*) on A” as well as
multiplicative Fourier convolutions along the cocharacters e~%. Those will be
denoted by F_ &l and are given, explicitly, by

]:_éiégo(diag(al, ceyap)) = J p(diag(a,...,ax,... ,an))|x|%¢71(a:)dxx.

(Caution: Compared to the notation of [Sak19], we have changed 1 to 1)~ here,
and we will make some corresponding changes below.)

Theorem 4.1.2. Let G = GL,,. Consider the diagram

D(Mat,,) D(Mat})

| |

_ Hstd y—
,DL(Std,%)(ED) B DL(Sth,%)(QJ)

where F denotes the equivariant Fourier transform:

Fo)y) = ( jM )= <x,y>>dxé> iy

(for dual Haar measures dz, dy on Mat,, and Mat}, with respect to the character
¥).

There is a linear isomorphism Hgyq as above, making the diagram commute.
Moreover, Hsq is given by the following formula:

Hsta = ]:—61,% o(e ™) o F . 10--o0thp(e o F . 1. (52)

—€2,§ _é'nvE
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Explicitly, and denoting diagonal matrices simply as n-tuples, (52) reads:

%Stdf(blv ey bn) =

n n—1
b; 1
Jf(blplv <o 7bnpn)w(_ Zpi + Z p}i)’pl e 'pn‘2dxp1 ce dxpn- (53)
i=1 i=1 P

Remark 4.1.3. Opposite to the convention in [Sak19] and [Jac03] (where 1
is denoted by 6~1), we have changed the convention of Fourier transform,
using the character ¢! instead of 1. This resulted in some sign changes,
but will simplify some expressions in the rest of the section.

4.2. Cotangent reformulation of Jacquet’s theorem.

42.1. The reformulation of Jacquet’s theorem that we will present is di-

rectly analogous to the interpretation of transfer operators given in [Sak23]:

Namely, we will interpret both of the spaces DZ(St 41 )(N ,9\G/N, 1) and
’2

DZ(St av.1) (N,Y\G/N,) as geometric quantizations corresponding to two

different Lagrangian foliations on the same symplectic space, and then the
operator of Formula (52) represents integrals over the leaves of such a foli-
ation.

Let us start by introducing the notions of foliations and integrals over the
leaves; our definitions are more restrictive than usual, but good enough for
our purposes.

Definition. (1) We will call foliation a smooth morphism of smooth va-
rieties .# : X — Y, and leaves its fibers; we will also be denoting YV’
by X /.Z. If X is symplectic, a foliation is Lagrangian if its leaves are
Lagrangian subvarieties.

(2) Given a foliation as above, let (L, V) be a smooth vector bundle
on (the real points of) X, with a connection that is flat with triv-
ial monodromies along the leaves of .#. The space of parallel half-
densities along .%, D4 (X, L), is defined as follows: Its elements are
half-densities on Y, valued in a line bundle L #, whose sections are
those sections of L that are V-flat along the leaves of Y.

(3) Suppose, now, that .%1, %, are two Lagrangian foliations on a sym-
plectic space X, and (L, V) is a smooth vector bundle on X, with a
connection whose curvature is equal to ¢uw — in particular, flat along
the leaves of Lagrangian foliations. Assume, also, that the restric-
tion of each foliation to the leaves of the other is also a foliation; in
particular, the intersections of two leaves are smooth, and their tan-
gent spaces coincide with the intersections of the tangent spaces of
the leaves. If Z is a leaf, say of .%;, we will be writing Z /%, < Y5
for its space of leaves for the restriction of the .#,-foliation.

In this setting, the integral of an element ¢ € Dz, (X, L) along the
leaves of .%; is the element of Dz, (X, L) whose “value” at z € X is



44 YIANNIS SAKELLARIDIS
given by
L dim (P ) F
Lz /7 Ty - p(2)|w]2 W22/ 71, (54)
72,2/ F1

provided that the integral converges. Here, .%5 , denotes the .7»-
leaf containing z, and T}, ., denotes parallel transport from the point
z to the point z. The integral makes sense as a parallel half-density
along %5, exactly as in the linear case [Li08, § 3.4] (see Remark 4.2.2
below for an explanation). In particular, our convention is that, for a
volume form € on a smooth variety, |€2| denotes the corresponding
positive measure on the R-points of the variety, that is induced from

the self-dual measure on F' = R with respect to the character z —
eihm.

Remark 4.2.2. We explain why the outcome of integral (54) represents a half-
density on X /.%; (valued in the line bundle L z,):

Let x € X, set M = T,X, and let 1,/ = M be the tangent spaces of the
leaves of %1, %, passing through . The symplectic form w restricts to a
symplectic form on the quotient (¢; + ¢2)/(¢1 N ¢2), giving rise to a volume
form w A -+ A w (3 dim(¢; + £3)/(61 N £2) times). We have a canonical
isomorphism of lines

det(M /1) ®@det((1 +L2) /(11 N Ly)) = det(M /ly) @det(Lo/(£1 N 1la))®2. (55)

Taking the “square root of the absolute value” of the dual spaces, we
deduce that the product of a half-density along X /.%; by |w| 5 dim(F2.0/F1) .
lw A - A w|% can be canonically understood as a density (measure) on
Fo.5/F1 times a half-density on X /.%,. This is how the integral (54) gives
rise to a half-density on X /%5, valued in the appropriate line bundle. For
further discussion of these integrals along Lagrangians, see § 4.3.4 below.

4.23. For the case at hand, let us adopt a basis-independent point of view,
and write V' for an n-dimensional vector space, V* for its linear dual. The
role of Mat,, will be played by End(V) ~ V*®V, and we identify its linear
dual with End(V*) ~ V ® V*. The cotangent spaces of both are identified
with the space M := End(V) @ End(V*), and the foliations M/ — End(V')
and M — End(V*) will be called the “vertical” and “horizontal” foliation,
respectively. Breaking the symmetry,'” we need to fix a sign for the sym-
plectic form on this vector space, and we choose it to be

wy = Y, dTy A dTY, (56)
J

where (7});, (T7}'); are dual bases for End(V), End(V*).

19Only the product of the symplectic form by an chosen nonzero constant /2 matters for
what follows; we are not really breaking the symmetry — just choosing opposite constants
for the two quotients.
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The group G = GL(V) ~ GL(V*) admits an open embedding into both
End(V) and End(V*), giving rise to two distinct embeddings of T*G into
M.

Now we will define a smooth line bundle L on (the real points of) M,
equipped with a connection V, whose curvature is i/, for some nonzero
constant f. Let 1 be the additive character z — €. In order not to privi-
lege one Lagrangian over the other, we will define L in a symmetric fashion:
Smooth sections of L are pairs (®, ®*) consisting of ¢, * € C*(M), with
the property that

®*(A, B) = (—(A, B))®(A, B). (57)

If VY denotes the standard flat connection on the trivial line bundle on M,
then the connection V is defined as

V = (V0 —ih Y | TFdT;, VO + ih )y T;dT}), (58)
J J
where again we have used a dual basis. In particular, a function f on
End(V') pulls back to a section f = (®, ®*) of L on M, given by

(I)(A, B) = f(A)7 @*(A, B) = f(A)T/J(— <A7 B>)7

with the property that Vzf = 0 for any vector field Z which is parallel to
the leaves of the “vertical” Lagrangian foliation // — End(V'). Similarly, a
function f on End(V*) pulls back to

((4, B) = f(B)Y((4, B), ®*(A,B) = f(B)),
which is V-flat along the leaves of the “horizontal” foliation M — End(V*).

42.4. We now introduce the Kuznetsov cotangent space T*2). We first give
a rather clumsy presentation of the Whittaker model, by fixing a maximal
unipotent subgroup N < G, and a homomorphism f : N — G, which is
a generic (i.e., nonzero on every simple root space). The Whittaker “space”
Y is then the homogeneous space N\G, but we will think of every point
Ng of it as the set of triples (Ng, N’, '), where N’ is the maximal unipo-
tent subgroup ¢~ 'Ng, and f’ is the homomorphism N’ — G, obtained
from f via conjugation by g. There are nicer presentations of the Whittaker
model, which do not depend on the choice of a base point; for example, if
dimV = 2, we can let Y = the set of pairs (v,w), where v € V* and w is a
non-zero alternating form on V, and we can endow the stabilizer N < G
of such a point with the homomorphism f such that v* —n - v* = f(n)v,
for every v* € V with w(v,v*) = 1. (Also, if the group were adjoint, the set
of pairs (IV, f) consisting of a maximal unipotent subgroup and a generic
morphism to G, would constitute the Whittaker model.) However, for rea-
sons of conciseness, we will fix a base point.

We may, and will, identify f with its differential, as well, which is an
element of n*. We will then symbolically write f + n' for the preimage of
f under the restriction map g* — n*, and define the Whittaker cotangent
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space T*Y as the space T*Y = (f + nl) xV G. We define the opposite
Whittaker cotangent space as T*Y ~ = (—f +nt) xV G.

The inclusion (f+n') < g* gives rise to a G-equivariant map 7*Y — g*,
and 7Y is naturally a Hamiltonian space with this moment map; same for
T*Y ™.

Finally, the Kuznetsov cotangent space 7*2) is defined as the Hamilton-
ian reduction of T*Y~ x T*Y with respect to the diagonal G-action:*"

T*Y = T*Y ™ xG , T*Y = N\, T*G/; N, (59)

where + denotes that the images under the moment map should be opposite.
Of course, the map —f — f induces an equivariant map 7*Y~ — T*Y
which inverts the moment map, so we could also present 7*9) as T*Y ngk
T*Y, but in order to avoid sign confusions in the calculations that follow,
it is better to think of the presentation (59).

For completeness, we use the last presentation to provide a standard de-
scription of this space, although we will not use it further in this paper.
Recall the group scheme of regular centralizers Jo — ¢*, where ¢* := g* J G; it
comes equipped with an isomorphism of its pullback to the regular locus
g*"°® with the inertia group scheme for the adjoint action of G. A well-
known result of Kostant says that 7*Y" is a Jg-torsor over g*™&. As a corol-
lary, T*9) is canonically isomorphic to Jg, with the isomorphism induced
by the (action, projection) map Jg X T*Y — T*Y xgx T*Y.

4.25. Next, we study the double Hamiltonian reduction
M = NNy My N = M_jz/(N x N),

where M_y s = M Xpsnx ({—f} % {f}) (with respect to the right action of
N x N). The two embeddings of 7#G into M induce two distinct embed-
dings of Jg ~ T™9) into it.

The coordinate-dependent embedding A — N\G / N that we defined
when we identified G with GL,, is more canonically an A-torsor 4; —
N\GL(V) J N, which further maps into the quotient N \\ End(V') / N.
The coordinate ring of N \\ End(V') / N is spanned by the semiinvariants
(highest weight vectors) for B x B on F[End(V)], and similarly for the
other spaces, which shows that A;, the locus where these semiinvariants
are nonvanishing, is open in each of those spaces, and its preimage is the
open B x B-orbit (Bruhat cell), which we will denote by Gg = G. We have
the analogous torsor A2 < N \\ End(V*) / N. In particular, the restriction
of the maps

N\ My N — N\ End(V) / N,
N\s M}y N — N\ End(V*) / N,

200ur notation stands for Hamiltonian reduction at (f, f) with respect to a left and a
right action of N; when we convert this to a right (N x N)-action, it will correspond to
Hamiltonian reduction at (—f, f).
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to Ay, resp. Ay, coincides with the maps

N\, T*Gp/l; N — A1 < N \ End(V) // N,

N\, T*Gp/ly N — Az < N\ End(V*) // N,
respectively, but note again that these two refer to two different embeddings
of T*G p into M. We will denote by M° the intersection of the two embed-

dings, which is an open subset of M. Explicitly, in coordinates identifying
M with pairs (A, B) of n x n matrices,

M°® = NwAN x NAwN,

with this presentation corresponding to how we think of the GIT quotients
as A-torsors. From the freeness of the N x N-action on Gp it is imme-
diate that (T*Gp)_y, is an N x N-torsor over T*A (for each of the two
embeddings above), and from this it is easy to deduce that M°; ; is an
N x N-torsor over A x As.

To summarize, we have an open, N x N-equivariant subset M/° < M, and
the double Hamiltonian reduction J° := M\, M7/, N admits two Lagrangian
fibrations, J° — A; and J° — Aj, identifying J° with the product 4; x
Ay. The symplectic space J° can be identified as an open subset of the
Kuznetsov cotangent space Jg = T™9), but this identification depends on
which of the two embeddings 7#G — M we choose.

Lemma 4.2.6. The fibers of the composition M° , , — J° — A (A = Ay or Ay)
are Lagrangian subspaces. In particular, the connectzon V on the line bundle L
restricts to a flat connection on those fibers. The monodromy of this flat connection
is trivial.

Proof. Both statements are true already for the map (I'*Gg)_s s — A. The
analog of the first statement is true for any Hamiltonian space X for a group
H, endowed with a Lagrangian fibration X — Y with free H-action on
Y, and the Hamiltonian reduction at an H-fixed point of h*. (Take, here,
X = T*Gp and Y = Gp.) Triviality of the monodromy follows from the
sequence”’
(T*"Gp)—f s = T*A— A,

with the first arrow being an N x N-torsor and the second an a*-torsor
(hence both contractible). O

Note, also that the fibers of M° f J° are N x N-torsors. The line
bundle, with its connection, descend to J°, and will also be denoted by
(L, V). We will call the foliations 4 : J° — Aj; and % : J° — A, the
“vertical” and “horizontal” foliations, respectively, but I emphasize that
these are different foliations than the “vertical” and “horizontal” foliations
on M: their preimages in M°; , — J° do not coincide with leaves of the
foliations on M.

211 thank the anonymous referee for pointing out a mistake in a previous version of this
proof and suggesting this argument.
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427. We are now ready to reformulate Jacquet’s Theorem 4.1.2. We will
think of D(End(V')) and D(End(V*)) as geometric quantizations of M, given
by the data (L, V). This means that we consider functions on End(V") (resp.
on End(V*)) as sections of L which are flat along the leaves of the “vertical”
(resp. “horizontal”) foliation, as explained before, and we will be writing
D(End(V)) = Dpor(M, L) (resp. D(End(V*)) = Dyer(M, L)), thinking of
the elements as (Schwartz) half densities on the space of leaves for the cor-
responding foliation, valued in the line bundle of flat sections along the
leaves.
Fourier transform, then, becomes the isomorphism

F: Dhor(M> L) - Dver(M7 L)

given by the standard intertwiners of “integration along the leaves of .%,;,”
as in Definition 4.2.1. Note that the inverse Fourier transform is also given
by integration along the leaves, this time of .Z ..

4.2.8. The pushforwards (50) of half-densities (restricted to M °) can now
be seen as maps
Dhor(Ma L) - Dhor(‘]ov L)v
Dver(M’ L) - Dver(‘]ov L)'

We can understand these maps as integrals along the Lagrangian leaves
of the map M° f A (where A = Ay, resp. Az), but some care is required
in understanding those integrals, since the expression (54) does not make
sense in the absence of a Lagrangian foliation on the entire space M.

Rather, what we should do is pick a Haar measure on N x N, and use it
(or rather, its square root half-density) to integrate the given half-densities
along the fibers of the map M°; , — J°, which are N x N-orbits.

In more detail: Consider the Lagrangian leaves of the foliation %, :
J° — A;. By Lemma 4.2.6, these are quotients by the (free) N x N-action of
Lagrangian subvarieties of M°; we will denote by ¥, the leaf of ¥4,., over
a € Ay, and by @Ver,a its preimage in M°. The intersection of every gvem
with the leaves of the “vertical” foliation .#e, : M — End(V') is easily seen
to be of dimension n (= dim A). The orbits of N x N provide sections for
each quotient

(60)

gver,a - Ver,a/yver'
The elements ¢ € Dy, (M, L) are half-densities in the transverse direc-
tion to Fye; (valued in the line bundle Ly, of vertically parallel sections of

L). The analog of (54), here, is an integral of ¢ over the quotient f?vem | Fer-
For such an integral to make sense, we do not multiply ¢ by a power of |w|,

as in (54), but by our fixed Haar half-density ]d@\% along N x N-orbits. Using
an isomorphism analogous to (55), the product ¢ - |dn |% can be written as

the product of the Haar measure |dn| on @ver,a /Zver by a half-density along
J°/%er and by a section of L.
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The reader can check, using Remark 4.1.1, that this definition of the push-
forward (60) corresponds to the one that we gave in coordinates in (50).
The definition depends on the choice of Haar measure on N x N, but this
choice applies to both sides of Theorem 4.1.2, and will not affect the Hankel
transforms. As we pointed out in that remark, although it is natural, this
definition of pushforward is not entirely justified yet — one could imagine
varying the N x N-Haar measure along the orbits. Its full justification will
appear in Proposition 4.3.6 below.

429. Jacquet's theorem 4.1.2, now, admits the following simple reformu-
lation:

Theorem 4.2.10. The diagram

f
Dhor(M’ L) — Dver(Ma L)

| i

H
Dhor(J°, L) % Dy (J°, L)

commutes, where the horizontal arrows are given by the integrals (54) along the
leaves of the foliations.

A pleasant feature of this reformulation is that it does not require any
arbitrary choices, such as the choice of the subset wA — G for representing
the orbital integrals (51) of the Kuznetsov quotient (N, ¢)\G/(N, v).

4.3. The case of GL2. We will use the case n = 2, both to explicitly verify
that the Hankel transforms #giq described by Theorems 4.1.2 and 4.2.10 co-
incide. The proof of the general case will only be sketched in the next sub-
section; it uses an inductive argument where every step is almost identical
to the case of GLy. The explicit verification that Theorem 4.2.10 amounts
to Jacquet’s formula (52) in higher rank is also similar to the case of GL,
and will be left to the reader; the validity of both theorems proves that,
indirectly.

4.3.1. Verification of (52) for n = 2. Taking the description of Theorem 4.2.10
for the operator Hsq, let us see that it is given by (52).

First of all, let us calculate the set M° £.fr and the (free) N x N-action on
it. It is not hard to see that this set consists of all elements of the form

al by + cfzb;l afl . 1 y\ /(1 =z B
<w < a2> 9 < al_l b2 w 1 1 =
<w ( ay a1x > ’ <b1 + a1_2b2_1 — al_l(af —y) — baxy al_l — a:b2> w) ’

—a1y as — a1y al_l + ybs bo
(61)

with a1, as, b1, by # 0. The symplectic form (56) on M restricts to the form
wy = dby A day + dba A dag + ay *by 2dby A day (62)
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on M?; ., which descends to a symplectic form on J. Note that
wj Awy = —dby A dby A day A das.

Next, we describe the elements of Dy, (J°, L): Denoting, as before, by

Yyver the “vertical” foliation J° — A;, and by E?VH the corresponding folia-
tion M°; , — J° — A of Lemma 4.2.6, we have the following description,
whose proof will be left to the reader.

Lemma 4.3.2. The Y,c,-parallel sections of L can be described as sections (®, P*)
of L over M? ; ,, such that ® depends only on the projection to End(V'), and ®(m

(n1,m2)) = ¥(ny 'n2)®(m), for all m. (This completely determines ®*, by the
defining property (57) of the line bundle L.) Thus, the elements of Dy, (J°, L) are
half-densities on A; valued in this line bundle. Similarly, elements of Dyer(J°, L)
are half-densities on As valued in the line bundle whose sections are given by pairs
(®,®*) on M? ; ; such that ®* depends only on the projection to End(V*), and

O*(m - (n1,n2)) = Y(ny 'ng)®*(m). (Again, this completely determines ®.)
The elements of D L(Std,2 )(2)), DZ(Sth ;)(QJ) of Theorem 4.1.2 are ob-
2

tained from the elements of Dhor(J°, L), Dyer(J°, L) of Theorem 4.2.10 by
evaluating @, resp. ¥, at the elements of M° ; , living over representatives
wA < G — End(V) and wA < G — End(V*), respectively. Such represen-
tatives are given by the pairs

. al b + a1_2b1_1 al_l o
A 3 (a1, a2) (w ( a2> , < a1_1 by w|eM; (63)
(with arbitrary by, by € F'*), and

o a1 b;l by o
A>3 (bl, b2> (U] <b2_1 ay + a1_1b2_2> s < b2 w ) € M,f}f (64)

(with arbitrary a;, as € F*).
Now we compute the Hankel tranform of such an element ¢ € Dy, (J°, L),
according to Theorem 4.2.10.

Writing (a,b) = (a1, as, by, by) and p(a, b) = (®, ®*)|db|2, we have Hgeqp =
(U, U*)|da| 2, with

v (o ) (" ) -
o (o2 o) ()
fcp <w <“11 52_,11 2> : <bl ) w) (—arby—asby—a; by ") |day das| =
by” a2 +aj b, bo
(4

a « ap ~1p-1
Q(w az )’ al—l L Y (—a1by — agby + aj by ")|day das|.
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~

This is (53), taking into account that the embedding GL,, — Mat; —

b bt
Mat,, takes w to w 1 -
bo by

4.3.3. Proof for n = 2. The proof of Theorem 4.2.10 for GLy will occupy the
rest of § 4.3. Let us rephrase what needs to be proven: We have Lagrangian
foliations Fycr, #hor on M, and also two Lagrangian foliations gver, %hor on
its subspace M°, ;. Our goal is to show that, starting from a “horizontal”
half-density ¢ (i.e., parallel along .%#..,), we obtain the same half-density that
is parallel along %, either by integrating ¢ directly?® over the leaves of
%hor, or by first integrating it over the leaves of .#;,, (= Fourier transform),
and then integrating it over the leaves of S?hor.

Such relations would be immediate, by the theory of the Weil representa-
tion (up to a certain factor that has to do with the 8-fold metaplectic cover),
if the foliations denoted by & were linear, by which we mean each fiber to
be open dense in an affine subspace of M. The fact that it remains true
for the nonlinear foliations of the theorem is remarkable, but the proof will
take advantage of such statements (“Weil’s formula”) in the linear case. The
main observation behind the proof is that there is another, linear Lagrangian
foliation G of M° £p that will serve as an intermediary between @Ver and
g4hor-

Let us recall once more that the fibers of M°,; — J° ~ A; x Ay are
N x N-orbits. We will write (a, b) for an element of A; x Ay (the underline
because we will sometimes explain things in coordinates, and think of a as
the pair (a1, a2), and similarly for b), and O, for its fiber. Using ~ for two
sets whose intersection is open dense in both, we have, in coordinates,

U Oup ~ Ma, by,

az,b1

where M, ;, denotes the affine subspace

ar @z by afl — xby 4
{<’LU <_a1y a2>7<a1—1+yb2 b2 w ), (a27blaxay)eF .
(65)
Coordinate-independently, we have made a choice of unipotent sub-

group NN, hence of the line L = VN < V, and these affine subspaces are
the fibers of the composition

Mfﬁf — End(V) X End(V*) — HOIn(L, V/L) X HOIH(LJ" V*/LJ‘)’

over pairs of nonzero morphisms in codomain. In what follows, we also
use (a1, b2) to denote such a pair in Hom(L, V /L) x Hom(L+, V*/L1). These
spaces My, p, (or rather, their open intersections M, , with M?, (), as the

21t is immediate to see that the composition L, in the diagram of Theorem 4.2.10 is the
same as directly integrating over the leaves of ...
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pair (ay,by) varies, form a Lagrangian foliation & of M° f - We will write
¢ for the corresponding foliation of the quotient J° = M?, /(N x N).

4.3.4. Integrals over Lagrangians. We now come to one of the finest, albeit
elementary, parts of the argument, which will also answer the question that
we posed in Remark 4.1.1: why is the chosen way to define pushforward of
half-densities the “correct” one? We start by asking the question: If .7 isa
Lagrangian foliation on M, what does it mean to average an element of Dz (M, L)
over a Lagrangian subspace £?

In the context where . is part of another Lagrangian foliation, the an-
swer is given by formula (54) and Remark 4.2.2. It is important to observe that
these do not make sense with knowledge of a single Lagrangian subspace £, with-
out the foliation. Indeed, the foliation allows the identification of all conor-
mal spaces to points of . with the cotangent fiber of their image in M /.#
(here, #, = .¥), giving a canonical, up to scalar, trivialization of the deter-
minant of the conormal bundle over any leaf of .7.

However, in our context, we need to integrate over Lagrangians which
are not part of a foliation of the entire space M, but just of its subspace
M2, ;. Let us call such a foliation of a (non-dense) subspace a “partial”
foliation. In this context, as we have seen, the integrals only make sense after
we pick a Haar half-density on each N x N-orbit, in order to first push forward
to the symplectic variety M°; /(N x N) = J°, where our Lagrangians
do form a foliation. The choice of Haar half-densities on the N x N-orbits
affects the answer; understanding which choice is right is the question we
posed in Remark 4.1.1. That remark gave an interpretation to our choice,
but it remains to be seen why this is the correct choice.

For the proof of Theorem 4.2.10, it is particularly important to compare

our integrals over the fibers M, ;, of the partial foliation & with the cor-
responding integrals for the linear foliations containing them. Note that
these affine subspaces are not parallel to each other — they belong to dif-
ferent linear foliations. But if we fix a pair (a1, b2), we can consider the
linear foliation .# = .%#,, 3, of parallel Lagrangians to it. We then have two
versions of the “integral over M,, ;,” of an element of Dy, (M, L) (or of
Dyer(M, L) — but we present the former):

(a) The integral corresponding to the foliation .%. Since dim My, p,/Fver =
3, this is given by (54), with the exponent of |w| being 3. It produces a
section of the line bundle multiplied by a half-density on the 4-dimen-
sional quotient space M /.%.

(b) The integral arising as the pushforward to Dy (J°, L) (“integration
over N x N-orbits,” depending on our choices of Haar half-densities
on those), followed by the integral (54) along the fibers of the foliation
¢ . Here, since ¥, /%,er has dimension 1, the exponent of |w| is % It pro-
duces a section of the line bundle multiplied by a half-density on the
quotient J°/4.
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How can we compare the outcomes of the two integrals? It clearly does
not make sense to say that their restrictions on M,, ;, are “equal,” since
the meaning of these restrictions is different: Both have a factor that can be
intepreted as a parallel section of L along this Lagrangian, but in the first
case this is multiplied by a “transverse” half-density for the quotient M /.#
(which is 4-dimensional), while the latter is multiplied by a “transverse”
half-density for the quotient J°/% (which is 2-dimensional). These half-
densities, restricted to M,, ,, live in the line bundle | det N'*| 2, where /*
denotes the conormal bundle in each case.

The quotient of the normal bundle of M , in M by its normal bundle
in M°, , is identified with the tangent space of (f, f) in n* x n* via the
moment map, hence the cokernel of the map of normal bundles can be
identified with n* x n*, hence:

Lemma 4.3.5. We have a canonical isomorphism of line bundles over M, , ,
det Ny 5 = det N5, oy ® (det n)®”, (66)
where the indices specify in which manifold the conormal bundles are taken.

Let D)2 be the line bundle of half-densities on M /.7, pulled back to
Mg 4, Let Do sq be the line bundle of half-densities on J°/¥, pulled back
to the same leaf. Then, (66) implies that we have a canonical isomorphism
of line bundles:

DM/J :DJo/g®\detn]. (67)

It follows that it makes sense to compare the restriction of an element of Dz (M, L)
to My, b, with the restriction of an element of Dy (J°, L) multiplied by a section
of | det(n x m)|2 = |detnl.

Now, the canonical, up to scalar, trivializations of det N'* (for either of
the foliations) along M ;th can be thought of as flat connections with triv-

ial monodromy on these line bundles. The line bundle with fiber (det n)®”
also has such a connection, of course (whose parallel sections are the con-
stant ones). The answer to the question posed in Remark 4.1.1 lies in the
following.

Proposition 4.3.6. The canonical isomorphism (66) of line bundles on M, is an
isomorphism of local systems, i.e., it preserves the canonical lines of sections.

Proof. After this abstract discussion, the reader will probably appreciate an
B A B

C D> “\¢ Dp

dinates for the linear quotient M /.# are givenby (A, D', D'B+ AB’, D'C +

AC"), hence det N}, 7 is trivialized, on M by by the section

explicit calculation. In coordinates w ( w for M, coor-

ng =dA A dD' A d(D'B+ AB') A d(D'C + AC")
=dA A dD' A d(baB + a1 B') A d(b2C + a1C").
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Coordinates for J°/¥ are given by (A, D’) (recall that now we are restrict-
ing to the subset M_¢ ¢), hence det N}‘o Jy is trivialized, up to scalar, by the
section

Ny = dA A dD'.

We could express 7z as the wedge of ny with differentials factoring
through the moment map to n* x n*, but equivalently we can also use the
symplectic duality to translate these sections to sections of the determinant
of the cotangent bundle of M , : Using the symplectic form (56), the dual
of ng is (up to scalar) the form dD A dA" A d(baB — a1B’) A d(b2C — a1 C")
on Mg 4, which in coordinates (65) translates (up to scalar) to the form

NG :=dby A dag A dx A dy.
Using the symplectic form (62) on J°, the dual of 7y is (up to sign) the form
N := dby A das.

Hence, we see that 7% is the product of 7, by a fixed Haar volume form
on N x N, which proves the claim. O

4.3.7. Completion of the proof of Theorem 4.2.10 for n = 2. We keep fixing a
pair (a1, b2), and denoting by .# the corresponding “linear” foliation of M.

Proposition 4.3.8. The integrals (54) along the leaves of the following Lagrangian
foliations give rise to a commutative diagram

f
Dhor(Ma L) Dver(M7 L)

\/

D (M, L).

Proof. In the theory of the Weil representation, such diagrams of integrals
along “linear” foliations commute up to an 8-th root of unity, see [Li08,
§ 3.5]. For the case at hand, this root of unity is trivial; this is “Weil’s for-
mula,” whose (very simple) proof is recalled in [Jac03, Proposition 2], and
we leave the verification to the reader. O

We can now complete the proof of Theorem 4.2.10 for the case of GLs.
Using a fixed Haar measure on N x N to define the pushforwards (60), we
have a diagram

Dhor(M, L) Dyer(M, L) (68)

l\/i

Dhor(J°, L) == Dy (J°, L) <—Dver J°, L

where all the arrows are given by integrals along the Lagrangian leaves of
each foliation. In particular, the maps to Dy(J°, L) are given by the inte-

grals over the leaves of the foliation % on M° 7.~ We discussed in § 4.3.4
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how to make sense of these integrals. Proposition 4.3.6 implies that the
evaluations of those on each leaf M,, ;, are equal, up to a fixed half-density
on |[n* x n*| which can be taken to be the one corresponding to the chosen
Haar half-density on N x N, to the “linear” integral along M,, ;, corre-
sponding to the linear foliation .# = %, ;,. Proposition 4.3.8, now, implies
that the upper triangle commutes. The two lower triangles also commute,
by construction; i.e., the diagram (68) is commutative.

Finally, the inverse of the arrow labeled by f is also the “integral (54)
over Lagrangians.” This can be reduced to a usual, linear Fourier transform
in dual a and b variables, using representatives as in (63), (64), and the
symplectic form (62). Therefore, the composition 87! o « is the map H#q
of Theorem 4.2.10.

4.4. Sketch of the proof in the general case. If one understands how the
argument of Jacquet translates to the argument we presented in § 4.3 for
the case of n = 2, it is straightforward to adapt it for general n. The only
additional idea needed, already present in [Jac03], is to apply induction in
n. I will give a vague and impressionistic summary of the argument; most
of the details remain to be filled in by the interested reader, who will also
need to consult Jacquet’s paper. This summary is not meant as a stand-
alone account of the argument; its goal is simply to convince the reader
that a translation to the setting of Theorem 4.2.10 is possible, even straight-
forward, given the argument for n = 2.

The inductive step needed corresponds to the following factorization of
the Kuznetsov orbital integrals (51)

Ou(P) = f J @(ulnlwanzm)w_l(ulnlnguz)d(nl,ng)d(ul,u2),
Ul xUy, JN!

n—1*XNn—1
(69)
where, if N is the unipotent subgroup of the Borel stabilizing a flag V; <
Vo < --- <V, = V (which, in coordinates, to take to be the standard flag of
F", with N upper triangular), U, is the unipotent radical of the stabilizer
of Vi, and N,,_; is the corresponding group for the (n — 1)-dimensional
space V' /V;, identified with a subgroup of N by choosing a splitting of the
quotient (which, in coordinates, we will do using the standard basis of F™.
The groups U,, and N/,_, are defined similarly, in terms of the dual filtration
on the dual space.
The inner integral of (69) is then the Kuznetsov orbital integral for a func-
tion ®; on GL,,_1, defined as

Dy (g) = JU,ngn o (ulwn <‘” g) u2> ™ (ugug)d(uy, ug),

I,

where w,, is the permutation matrix _1) . An inductive application

1
of the theorem, then, relates the Kuznetsov orbital integrals of ®; (appro-
priately normalized — i.e., we need to work with half-densities again) to
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those of its Fourier transform, and applies the same argument, using Weil’s
formula (a direct generalization of Proposition 4.3.8) to relate the Fourier
transform of ®; to the Fourier transform of ®.

It is clear that this argument directly translates to prove our reformula-
tion 4.2.10 of Jacquet’s theorem. I will only make a few comments on the
inductive step: Starting with the same foliations F : M — End(V') and
Fhor + M — End(V) as before, we can interpret the definition of ®; as
an integral of an element of Dy, (M, L) over appropriate Lagrangians cor-
responding to a foliation % of the symplectic reduction Uy \\, M /J; U, (or
rather, of its “open Bruhat cell”). These Lagrangians are parametrized by
pairs (a1, g) as above, which, coordinate-independently, can be thought of
as invertible elements a; € Hom(V1,V,,/V,,—1) and g € Hom(V /V1,V,,_1).
Moreover, fixing a1, these Lagrangians map to a similar to .%,., linear folia-
tion of (an open dense subset of) 7* Hom(V /Vi, V,,—1), in a way that allows
for an inductive application of the theorem to compute the Kuznetsov or-
bital integrals of the original function in terms of the Kuznetsov orbital
integrals of the Fourier transform of ®;. Finally, the relation between the
Fourier transform of ®; and the Fourier transform of ¢ (and its proof) can
be thought of as the statement that a diagram of the form

Dhor M L Ver M L

— /l

Dy, (Up\y M)y Un, L) — =Dy (U, 2\ My Un, L) <—Dg2 2\ M Up, L)
(70)

commutes. This diagram is the analog of (68), with %, a foliation parametrized

by pairs (b1, ¢'), with by, ¢ in the duals Hom(V,,/V;,—1, V1), Hom(V,,—1, V' /V1)

of Hom(V1, V,,/Vi—1), Hom(V /V1,V,,—1), respectively. The argument for the

proof of this remains essentially the same, with an intermediate “linear”

foliation ¢, parametrized by pairs (a1, ¢’) (notation as before), where one

can apply Weil’s formula.
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