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[This chapter, especially the theory of asymptotics, is under construction and
has not been proofread. Some statements may be slightly imprecise.]
In this chapter, we discuss representations of a group of the form G(F'), when
F is a local (locally compact) field, and G is a reductive algebraic group over F.
1
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We treat the Archimedean and non-Archimedean cases in parallel, highlighting
similarities. For economy of language, such a group will be called a “real or p-
adic reductive group” — the p-adic case including non-Archimedean local fields in
equal characteristic, F' = Fy((¢)). Everything in this chapter also applies to finite
central extensions of reductive groups of the form G(F), like the metaplectic group,
which are not necessarily algebraic; however, the notation is mostly adapted to the
algebraic case. When it is clear from the context, the group G(F) will simply be
denoted by G. If the word “reductive” is omitted, a “real group” will be a Lie group,
and a “p-adic group” will be a p-adic analytic group (although most statements will
be true for arbitrary totally disconnected, locally compact groups, in this case).

Remark 0.1. The “real” case includes the case when F' = C — notice that the
complex structure plays no role in setting up the representation-theoretic problems,
and we can think instead of G(C) as Resc/rG(R). A common misunderstanding,
when G = G(C) is a complex group, and (7, V) is a smooth complex representation
of G, is that the (complex) Lie algebra g acts by complex-linear endomorphisms on
V; it does not! Instead, G should be treated as a real Lie group; for any smooth,
complex representation of a real Lie group, we have an action of the complexified
Lie algebra g ®g C on V' by complex-linear automorphisms. Since g®@r C ~ g & g,
what in the literature of representations of real reductive groups is a g-module,
when one specializes to complex reductive groups it becomes a g-bimodule.

To avoid confusion, in this chapter we will replace every complex group by its
restriction of scalars over R. Also, as is customary, we will often write g (but will
say so) for the complexification of the Lie algebra gg of any real Lie group G, i.e.,
g:=gr ®r C.

1. Various categories of representations

1.1. Smooth and SF-representations. The notion of a continuous, in particu-
lar of a Banach representation of a topological group was introduced in Definition
We also introduced an F-representation (or Fréchet representation of moderate
growth) in Definition[6.1] which is a Fréchet representation that is a countable limit
of Banach representations.

Definition 1.2. A smooth vector in a Banach or Fréchet representation (7, V) of a
real or p-adic group, resp. an analytic vector, in the real case, is a vector v € V such
that the action map G 3 g — 7(g)v € V is smooth (resp., analytic)ﬂ In particular,
in the real case, for a smooth vector v and any element D of the universal enveloping
algebra U(gc), the element 7(D)v is defined.

The space of smooth vectors of a representation (w,V) is denoted by V*°, and
considered as a topological space, in the p-adic case with the direct limit topology
over the subspaces V' as J varies over open compact subgroups, and in the real
case with the topology of convergence of all 7(D)v, where D ranges over elements
of the universal enveloping algebra U(gc).

A smooth representation (w,V) is a representation such that V' = V°° as topo-
logical vector spaces.

An SF-representation, or smooth representation of moderate growth of a real or
p-adic group G is a smooth F-representation.

1n the p-adic case, “smooth” means locally constant, so the definition is equivalent to requiring
that v have an open stabilizer.
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Lemma 1.3. If V is a Fréchet representation of a Lie or p-adic group G, the
subspace V' of smooth vectors is dense.

Proof. By Proposition the algebra M°(G) of smooth, compactly supported
measures (= smooth, compactly supported functions times a Haar measure) acts
on V. The image of the action is clearly in V°°, and by an approximation of the
identity, one sees that the image is dense. O

A much stronger, and important, statement is true: the Dizmier—Malliavin the-
orem states that the image of the action of M2°(G) is all of V°°:

Theorem 1.4. Let V be a Fréchet representation of a Lie group or p-adic group
G. The action map

MGV V™

18 surjective.

Notice that the tensor product here is not completed! The theorem means that
every smooth vector can be written as a finite linear combinations of smooth, com-
pactly supported measures acting on other vectors. (Also, without loss of generality,
one might assume that V' = V°_ if desired.)

Proof. The p-adic case is trivial, since every J-invariant vector (where J is an open
compact subgroup) is fixed by the action of e; = the probability Haar measure on
J. The real case is the theorem of Dixmier-Malliavin, see [DMT78], or [Casli]. O

Remark 1.5. Outside of the realm of F-representations (Fréchet representations
of moderate growth), the notion of smooth representation leads to counterintuitive
examples, e.g., the space of distributions on a Lie group G is a smooth represen-
tation. We will only be considering smooth Fréchet representations of moderate
growth from now on.

Lemma 1.6. If V is an F-representation of a real group, them V°° is an SF-
representation.

Proof. First of all, notice that the topology on V°° is also given by a countable
set of G-continuous seminorms: If p, is a sequence of G-continuous seminorms
on V, definining its topology, and we fix, for every d > 0, a basis (Dg;); of the
d-th filtered part of the universal enveloping algebra U(gc), then the seminorms
pdn (V) = max; pp(Dg,v) define the topology on V™ as n and d vary, and are
G-continuous, because pq,(gv) = max; pn(g - Ad(g™')(Da,i)v) < pan(v) (locally
uniformly in G), since the adjoint representation preserves the filtration.

The content of the lemma, then, is that the topological vector space V°° is
complete. One Showsﬂ that the action map g — 7(g)v gives rise to a morphism
Ve — C*(G,V), where G acts by the right regular representation on C*°(G, V),
and that this is an isomorphism onto the closed subspace C°(G, V)¢ of functions
that are invariant under the simultaneous action: g - f(z) := 7(g) f(g™'z). O

2We will be abusing notation and writing C°° (G, V) for C(G, V), the space of smooth vectors
in the space of continuous functions from G to V. For example, in the p-adic case, these are not
just locally constant functions but uniformly locally constant, in the sense that they are fixed by
a compact open subgroup.
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1.7. Unitary representations. Unitary representations have been introduced in
§71 Their Plancherel decomposition was discussed in Here, we will just add

the uniqueness of the Plancherel decomposition, for reductive real or p-adic groups.
[LATER]

1.8. (g, K)-modules. Topological representations of Lie groups do not form an
abelian category. This is sometimes cumbersome; to make the theory more alge-
braic, we sometimes work with (g, K)-modules.

Definition 1.9. Let g be a complex Lie algebra, and H a Lie group, with an
embedding hc < g, and a representation Ad : H — GL(g), extending the adjoint
action on hc, whose differential coincides with the adjoint action of h C g. (For
example, g is the complexified Lie algebra of a Lie group containing H.) A (g, H)-
module is a vector space V with actions of both g and H, such that:

(1) the action of H is locally finite;
(2) the differential of the action of H coincides with the action of b, considered
as a subalgebra of g;

(3) h-X-h7t-v=Ad(h)(X) v, forallhe H, X €g,veV.

Remark 1.10. This notion is most often (but not exclusively!) used when H = K
is a maximal compact subgroup of a Lie group G (with complexified Lie algebra
g). In that case, by Theorems K = K(R) for an anisotropic reductive
algebraic group K, and there is no difference between locally finite K-modules and
locally algebraic K-modules. Thus, in that case, the notion of a (g, K)-module
can be defined in a completely algebraic way, using the complex pair (g, K), and
without any explicit reference to the real structure.

Lemma 1.11. Let (w,V) be a representation of a Lie group G, and H C G a
subgroup. The subspace Vi _fn of H-finite vectors is stable under the action of gc.

Proof. For every v € Vpy_ay, the image of the action map g ® span(Hv) — V is
finite-dimensional, and contains the element h- X -v for all X € g and h € H, since
h-X-v=Adh)(X) -h-wv. O

Recall also from Theorem that if H = K is compact, and the representation
is Fréchet, the space of K-finite vectors is dense.

Definition 1.12. Let G be a reductive Lie group, and K C GG a maximal subgroup;
use g to denote the complexified Lie algebra of G. The (g, K)-module of a Fréchet
representation (m,V) of G is the (g, K)-module V2, of K-finite smooth vectors
in V.

Two representations Vy, Vs are said to be infinitesimally equivalent if their (g, K)-
modules are isomorphic.

Remark 1.13. Infinitesimal equivalence captures more of the essence of repre-
sentation theory than isomorphisms of representations. For example, all Banach
representations LP(R*) (p > 1) of the group R* are infinitesimally equivalent, al-
though they are not isomorphic as topological vector spaces. On the other hand,
the “globalization” theorem of Casselman and Wallach [Cas89l [Wal92, BK14]) says
that any finitely generated, admissible (see Definition (g, K)-module admits
a unique “globalization” to a smooth Fréchet representation of moderate growth.
The proof of this theorem relies on the subrepresentation theorem (see Theorem
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[4.5), realizing irreducible (g, K)-modules as submodules of parabolically induced
representations.

Lemma 1.14. If V is a Fréchet representation of a reductive Lie group G, and
K C G a mazimal subgroup, its (g, K)-module Vfé‘fﬁn is dense in V. In particular,
if the (g, K)-module V2., is irreducible, so is V.

Proof. This follows from Lemma [[.3] and Proposition O

The converse is true in the category of admissible representations (Theorem
1.21)).

1.15. Admissibility. Let G be a real or p-adic reductive group. In the real case,
let K C G be a maximal compact subgroup, and denote by g the complexification
of the Lie algebra.

Definition 1.16. A (g, K)-module (7, V) (in the real case), or a smooth K-module
V (in the p-adic case) is called admissible if all irreducible representations of K
appear with finite multiplicity, i.e., dimHomg(7,V) < oo for every irreducible
representation 7 of K.

A (topological) representation (mw,V) of a real or p-adic reductive group G is
admissible if the (g, K)-module (resp. K-module, in the p-adic case) V2, is ad-
missible. Here, K is any maximal compact subgroup of G, in the real case, and any
compact open subgroup of G, in the p-adic case.

Remark 1.17. The property of being admissible, for a representation of G, does
not depend on the choice of K; indeed, in the real reductive case, all Cartan sub-
groups are conjugate, by Theorem[6.6] In the p-adic case, the independence follows
from the lemma below.

Lemma 1.18. In the p-adic case, a representation (w, V') is admissible if and only
if, for every compact open J C G, we have dim V"’ < oo.

Proof. First of all, observe that V2°;, = V' for every compact open K C G.

If a (smooth) irreducible representation 7 of K appears with infinite multiplicity,
then, obviously, dim V*/ = oo for all J with 77/ # 0.

Vice versa, given K, for every open compact J C K, the set of (isomorphism
classes of) irreducible representations 7 of K with 77 # 0 is finite. Indeed, to prove
this claim, we can replace J with the intersection of all its K-conjugates, which is
still open and compact, but also normal. Then, if 7/ # 0 and 7 is irreducible, we
have 7 = 77, hence 7 is an irreducible representation of the finite group K/.J, and
there are only finitely many such. Thus, admissibility according to Definition [L.16]
implies that V7 is finite-dimensional, for every .J. (]

Definition 1.19. The contragredient of a (g, K)-module V| in the real case, or a
smooth G-representation V', in the p-adic case, is the (g, K)-module, resp. smooth
G-representation V := (V*)kx_g, of K-finite vectors in the linear dual of V.

Lemma 1.20. A (g, K)-module V, in the real case, or a smooth G-representation

V., in the p-adic case, is admissible if and only if the natural embedding V < V is
an isomorphism.

If V is admissible and irreducible, any automorphism of V' (as a (g, K)-module,
resp. as a G-representation) is scalar.
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Proof. The module is a direct sum over its K-types, V = @ Vk r, where Vi ,
denotes the 7-isotypic subspace, and 7 ranges over all irreducible representations
of K. The contragredient is then V = D, Vi ., and the first claim follows from
linear algebra.

Any automorphism preserves the isotypic spaces. If those are finite-dimensional,
then the automorphism will have an eigenvector, and since this eigenvector gen-
erates the entire (g, K)-module, it immediately follows that the automorphism is
scalar. (]

The converse to Lemma holds, for admissible representations:

Theorem 1.21. If V is an irreducible admissible Fréchet representation of mod-
erate growth of a reductive Lie group G, its (g, K)-module is irreducible, and all
K -finite vectors are automatically analytic (in particular, smooth).

Proof. First of all, since V%, is dense (Lemma in V, it is also dense in
Vi fin. For any K-type 7, there is a measure pu, on K whose action on any Fréchet
module is a projection onto the 7-isotypic component. Therefore, the 7-isotypic
subspace V°>7 is dense in V7. But the former is finite-dimensional, therefore the
two coincide, i.e., every K-finite vector is smooth.

Suppose that Vo C Vi_gsn is a nonzero (g, K)-submodule. We claim that the
closure of Vy is G-stable. This requires the “big hammer” of elliptic regularity to
prove, so we only give a couple of steps, followed by references.

First, we notice that the action of the center 3(g) of the universal enveloping
algebra of the (complexified) Lie algebra g on Vi_g, is locally finite: indeed, it
preserves the finite-dimensional, K-isotypic subspaces.

Elliptic regularity, now, implies that all vectors in Vi _g, are analytic; see [Wal88|
3.4.9]E| And, the closure of a g-stable subspace of analytic vectors in V is stable
under the identity component of G: simply apply the exponential map gg — G,
whose image generates the identity component.

Since Vj is not only g-stable, but also K-stable, and K meets all connected
components of G, Vj is G-stable. Since V is irreducible, Vj is dense. But, again,
applying projectors to the K-types, this means that for any K-type 7, the 7-isotypic
subspace Vj is dense in V7. Since these spaces are finite-dimensional, Vj = V" for
all 7, hence Vo = Vi _gn. O

2. Schwartz and Harish—Chandra Schwartz spaces
2.1. Schwartz space defined by a scale function. We follow [BK14l §2].

Definition 2.2. A scale on a locally compact group G is a function s : G — RT
such that:

e s and s~! are locally bounded,
e s is submultiplicative, i.e., s(gh) < s(g)s(h) for all g,h € G.
A scale function s’ dominates a scale function s, if there exist positive constants
C, N such that s < Cs'N. They are equivalent if each dominates the other.
A scale structure on GG is an equivalence class of scale functions.

3In Wallach’s book, the argument is formulated for representations on Hilbert spaces, but it
holds verbatim for Banach spaces, and hence for Fréchet representations of moderate growth.
Note that a function G — V, where V is a Banach space, is (real) analytic iff it is weakly analytic,
i.e., iff its composition with any continuous functional v* : V' — C is analytic.
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In other words, a scale function is the exponential of a radial function, Definition
b1

In we saw the “natural radial function” r,,¢ (and hence its exponential, the
“natural scale function” sy.¢, denoted ||g|| there) of a compactly generated group;
recall that r,,¢(g) counts how many times we need to multiply a compact generating
neighborhood of the identity by itself in order to produce a set containing g.

Definition 2.3. Let G be a group equipped with a scale structure [s] (Definition
, with associated radial function r = logs. The associated Schwartz space
Si5)(G) is the space of smooth vectors in the left and right regular F-representation
on measures f on G which satisfy f-s" € L*(G) for all n € N.

The natural Schwarz space Spat(G) is the one defined by the class of natural
scale functions.

Equivalently, the natural Schwartz space is the space of smooth vectors in the
space of rapidly decaying measures of Definition

Example 2.4. For the additive group G = G4(F), we have S,,4+(G) = the Schwartz
space of smooth functions (times a Haar measure) which, together with their deriva-
tives (in the real case), are of superexponential decay. On the other hand, for
G = G, (F), they coincide with smooth functions f (times a Haar measure) such
that f(x)-|z|™ is bounded for all n € Z, and similarly for all derivatives (in the real
case).

Remark 2.5. There is some clumsiness in trying to deal with the real and p-adic
cases at the same time, which is due to the fact that the notion of “smooth” in the
p-adic case is not quite analogous to that of “smooth” in the real case; for example,
smooth vectors in an F-representation of a p-adic group do not produce Fréchet
spaces. There is a notion of “almost smooth” vectors in the p-adic case, which is a
better analogy to “smooth” in the real case, see [Sak13|, but it is not very useful
in practice. Because of the strong definition of smoothness (=local constancy),
and because we tend to forget about the topology on spaces of smooth vectors of
representations of p-adic groups, the “rapid decay” Schwartz spaces that we are
defining here are not suitable for p-adic groups; in the next subsection, we will
discuss algebraically defined Schwartz spaces using compactifications, where the
definitions in the real and p-adic cases coincide, and produce compactly supported
functions/measures in the p-adic case. [But, note for the future: Maybe we can
expand the notion of SF-representation to the p-adic case, to include the LF-spaces
of smooth vectors in an F-representation; or, include a full discussion of “almost
smooth” vectors, for the sake of uniformity.]

Proposition 2.6. Let G be a real Lie group. The categories of smooth Fréchet
representations of moderate growth of G, and of nondegenerate continuous algebra
representations of Spat(G) on Fréchet spaces, are equivalent.

Proof. If (m, V) is any F-representation, the action of G extends to a continuous
representation of the algebra of rapidly decaying measures by Proposition [5.7] in
particular, to the natural Schwartz space.

A theorem of Dixmier and Malliavin [DM78] states that, if (7, V) is a smooth
Fréchet representation of a real Lie group G, then the action map M*(G)®V — V
is surjective. Hence, so is the map Sy.t(G) ® V' — V| i.e., V is nondegenerate.
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Vice versa, if V' is a nondegenerate continuous Fréchet S.¢(G)-module, that is,
it is nondegenerate and the action map Syat(G) X V' — V is continuous, this action
extends to the projective tensor product Spat(G)®,V — V, which is also a Fréchet
space, and this gives a topological identification of V' as a quotient of the projective
tensor product. Quotients of SF-representations are SF-representations, see [BK14]
Lemma 2.9 and Proposition 2.20] for more details. U

2.7. Schwartz space of a semi-algebraic manifold. If G denotes the points
of a linear algebraic group over a local field, we also define another scale function,
that depends on the algebraic structure. (The same definition can be given for
finite covers thereof, by passing to the algebraic quotient.)

Definition 2.8. Let G be a linear algebraic group, and fix a closed embedding
G — A", with coordinates x1,...,x,. The corresponding algebraic scale function
of G(F), where F is a local field, is

salg(g) = max |z;(g)]-
It is easy to prove that any two algebraic scale functions are equivalent.

Lemma 2.9. If G is a reductive group, the natural and algebraic scale functions
on G are equivalent.

Proof. The statement is easily seen to be true for a torus. For a general reductive
group, it reduces to the case of tori by the Cartan decomposition G = KATK. O

This leads to a notion of “algebraic Schwartz space” according to Definition |2.3]
but in the p-adic case we would like a stricter definition that coincides with the
space of compactly supported smooth measures. In this subsection, we will provide
a uniform such for arbitrary real or p-adic (smooth) varieties (or semialgebraic
spaces).

[Definition of Schwartz space S(X) on a Nash manifold X here. In the p-adic
case, it coincides with M2°(X). In particular, in the p-adic group case, S(G) =
H(G) = the Hecke algebra.]

Proposition 2.10. For both real and p-adic reductive groups, there is an equiva-
lence of categories between SF-representations (in the real case), or smooth repre-
sentations without topology (in the p-adic case), and nondegenerate S(G)-modules.

Proof. In the real case, this is just Proposition [2.6] together with the equivalence
of natural and algebraic scale structures, Lemma [2.9]

In the p-adic case, the proof is similar (but simpler). Notice that the analo-
gous statement holds, more generally, for any locally compact, totally disconnected
group. O

2.11. Harish-Chandra Schwartz space. We follow [Ber88|. We start by defin-
ing a notion of radial function for a homogeneous space of a locally compact group;
everything in this section applies to a finite union of homogeneous spaces, as well.

Definition 2.12. Let X be a homogeneous space for a locally compact group G.
A radial function is a locally bounded function rx : X — R, such that:
(1) for every R € Ry, the “ball” B(R) = {z € X|rx(xz) < R} is relatively
compact in X;
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(2) for any compact Q C G, there is a constant C > 0 such that |rx(gz) —
rx(z)| < C.
We say that rx, r'y are two equivalent radial functions if there is a constant C' such
that C™1(1+7rx) < (1+7r%) <C(1 +rx).

We say that the space X is of polynomial growth (with respect to a given equiv-
alence class of radial functions) if there is a d > 0 such that, for one (any) compact
neighborhood  of the identity in G, and some positive constant C, the ball B(R)
can be covered by < C(1 + R?) orbits of Q.

The equivalence class of natural radial functions on X is the equivalence class of
the function rx(z) = inf{r(g)|zo - ¢ = =}, where r is a natural radial function on
G, and z( is some fixed point on X.

Now we assume that X is a homogeneous real or p-adic manifold, of polynomial
growth, under the action of a real or p-adic group G, or a finite union of such. [Fact,
to be added: the space X (F) of points of a spherical G-variety X over a local field
F, under the action of the group G(F), are such.]

Definition 2.13. Let X be a homogeneous real or p-adic manifold, under the action
of a real or p-adic group G, of polynomial growth with respect to the natural scale.
The Harish-Chandra—Schwartz space of X is the space C(X) of smooth vectors in
the Fréchet space of half-densities f on X with f € lim(;;O L2(X, (14 7)%), where r

is a natural scale function on X.

The notation L?(X, (1+7)9) stands for the Hilbert space of half-densities f with
norm equal to the square root of [y [f|?(1+r)?

Remark 2.14. The space C(X) is a nuclear Fréchet space, in the real case, and a
countable direct limit over the nuclear Fréchet spaces of J-invariants, as J ranges
over a basis of open compact subgroups, in the p-adic case.

Remark 2.15. If X has an invariant measure dx, or, more generally, a positive
G-eigenmeasure with (positive) G-eigencharacter 7, one can think of half-densities
as functions, by dividing by (dgc)%7 but the action of G on those functions is twisted
by the square root of 7, that is:

(2.15.1) (9 ®)(x) =n?(g)(x - g).

In other words, if F(X) denotes functions and D(X) denotes half-densities, di-
vision by (dz)2 defines an equivariant isomorphism D(X) = F(X) @ 2.

For example, consider the pre-flag variety X = U\Gg, where U C P C Gy is
the unipotent radical of a parabolic subgroup. Considering it as a homogeneous
space for the product G = L x GGy, where L is the Levi quotient of P, it possesses
G-eigenmeasure, which is invariant under G, but dp-equivariant under L, where
0p is the modular character of P. Thus, half-densities on X can be identified (after
a choice of such a measure, unique up to scalar), with functions on X, with the
action of L on the latter twisted by dp.

Definition 2.16. The space of tempered half-densities on X is the dual of the
topological vector space C(X). If a G-eigenmeasure dx on X is chosen (always to
be taken G-invariant, if possible), the dual of the space (dz)~2C(X) of Harish-
Chandra—Schwartz functions is the space of tempered measures, and the dual of the
space (dz)2C(X) of Harish-Chandra-Schwartz measures is the space of tempered
generalized functions.
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The space of tempered smooth half-densities (and, correspondingly, functions or
measures in the presence of an eigenmeasure) is the space of smooth vectors in the
contragredient of the F-representation (), L2(X, (1 + r)¢) (Definition 7 that is,
in the direct limit of Hilbert spaces limﬁo L2(X,(1+7)%).

>

Here is the main result of [Ber88]:

Theorem 2.17. The inclusion C(X) < L*(X) is fine; that is, for any morphism
from L*(X) to a direct integral H = [ H,p(z) of Hilbert spaces, the composition
C(X) — H is pointwise defined (Definition[8.19).

Proof. This is [Ber88, Theorem 3.2], applied to the setting of [Ber88|, §3.5, 3.7]. O

Definition 2.18. An admissible smooth representation 7 of a real or p-adic reduc-
tive group is called tempered if its matrix coeflicients are tempered, i.e., have image
in the space Cfy,,,(G) of smooth, tempered functions (Definition .

More generally, if X is a homogeneous G-space of polynomial growth, a morphism
¢:m — C™(X) is called tempered if the image lies in CgS  (X).

temp

3. Asymptotics

3.1. General setup. When X = H\G is a homogeneous G-space, and 7 a smooth
representation of G, a morphism m : 7 — C°°(X) is sometimes called a generalized
matriz coefficient; the reason is that any such morphism is equivalent (by Frobenius
reciprocity) to an H-invariant functional ¢, so m(v)(z) = (w(g)v,£) is a “matrix
coefficient”, where the covector £ is allowed to be non-smooth. In this section, we
compare generalized matrix coefficients of certain representations of G on a spherical
variety X, with generalized matrix coefficients on the boundary degenerations.

There are similarities, but also differences, between the real and p-adic cases.
The main difference, in the real case, is that we need to restrict to admissible
modules. (A general theory of asymptotics for smooth representations would be
very desirable, but has not yet been developed! The naive tranlation of statements
from the p-adic to the real case does not hold, in general.)

For the remainder of this section, G is a real or p-adic reductive group, and K is a
maximal compact subgroup, if G is real. We compare generalized matrix coeflicients
on X and Xg by choosing some reasonable (but noncanonical) identification of the
spaces “close to infinity”. We write X = X (F), etc.

Definition 3.2. Let Z be the closure of a G-orbit in a smooth toroidal embedding
X of X. An approzimate exponential map is an analytic map ¢ : Uz — X, where
Uy is a neighborhood of Z in the F-points of the normal bundle Nz X, with the
property that the partial differential of ¢ induces the identity on N, X, and ¢
maps the intersection of every G-orbit with Uy to the corresponding G-orbit on
X. The exponential bundle Exp,X over Z is the fiber bundle of germs, over Z, of
approximate exponential maps, i.e., approximate exponential maps defined in some
neighborhood of Z, modulo the equivalence relation of being equal in a smaller
neighborhood.

Note that Exp,X is a torsor for the group bundle Exp,NzX of germs of ap-
proximate exponential maps from the normal bundle to itself (defined the same
way).
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Proposition 3.3. Assume that F' is non-Archimedean. Using the notation of Def-
z'm'tz'on let ¢ : Uz — X(F) be an approvimate exponential map for some orbit
closure Z C X. Then, given an open compact subgroup J C G, there is a J-
invariant neighborhood U, C Uy of Z, with J-invariant image U C X(F), such
that ¢ descends to a bijection: Uy/J — Uk /J. Moreover, any two approrimate
exponential maps descend to the same bijection, if the neighborhood U, is taken
sufficiently small.

Proof. See [SV17, Proposition 4.3.1]. The reader is encouraged to check it directly
in the baby case of X = Al, Z = {0}, G = G,,. O

Now, the normal bundle to Z contains some open G-orbit, which we have called
the boundary degeneration; let’s denote it by Xg. This proposition implies that, for
any J-invariant functions f, fo on X and Xg, respectively, there is a well-defined
notion of the functions being asymptotically equal:

Definition 3.4. Assume that F' is non-Archimedean. Let X be a spherical variety,
and Xeo an asymptotic cone thereof, obtained as the open G-orbit in the normal
bundle of some orbit Z in a toroidal embedding. If f € C*°(X), fo € C*(Xo), we
say that f is asymptotically equal to fo, written f ~ fg, if there is an approximate
exponential map ¢ : Uz — X (F) (Deﬁnition, where Uy is a neighborhood of Z,
such that, after possibly replacing Uz by a smaller neighborhood, ¢* f|u, = felu,-

Notice that, by Proposition [3:3] this notion does not depend on the choice of
approximate exponential, i.e., if the statement is true for one such map, then it is
true for all.

In the real case, things are finer, since smooth functions are not locally constant.
Therefore, any such attempt to identify f and fo will depend on the choice of
approximate exponential. Instead of looking at arbitrary smooth functions, here,
we will restrict our attention to “functions that look like generalized characters” (of
the tori Ag) at infinity—we will call such functions “asymptotically finite”. The
following baby example captures the essence of such functions:

Example 3.5. Let X = A! D X = A’ {0}, over F = R. Let Z = {0}; then,
NzX = Al. Here, we want to think of X simply as a variety (without a group
action), while N, 2 X has a G,,-action. Any analytic map ¢ : Uz — R, where Uy is
a neighborhood of zero, fixing zero and inducing the identity on its tangent space,
is an asymptotic exponential. Explicitly, such a ¢ is given by a power series of the
form ¢(z) =z + Y., , a,z™, convergent within some radius.

An “asymptotically finite” function f on X is a function with the property that
¢*f =3, fr - ha, a finite sum indexed by characters of the multiplicative group,
where f) is a generalized G,,-eigenfunction with generalized eigencharacter A, and
hx € C*(Ugz). The reader should check [exercise!] that this notion does not depend
on the choice of approximate exponential ¢.

Definition 3.6. Let F' be real or non-Archimedean, and let X be a spherical variety
over F. An asymptotically finite function on X is a smooth function f with the
property that, for some toroidal compactification X, in a neighborhood of any point
z € X (belonging to a G-orbit Z whose normal bundle is the boundary degeneration
X7z), and for any approximate exponential ¢ defined in a neighborhood U of z, the
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function ¢* f, restricted to a neighborhood U’ C U of z, is equal to

(3.6.1) > b,
A

a finite sum indexed by characters of Az, where f) is a generalized A z-eigenfunction
with generalized eigencharacter A, and hy € C*°(U").

We let Finz(X) denote the bundle of germs, over a G-orbit Z, of asymptotically
finite functions defined in a neighborhood of Z in X, and call the image (germ) of
such a function f in Finz(X) the asymptotic expansion of f at Z. Equivalently,
if Fingz(NzX) denotes the space of germs, at Z, of functions of the form
defined in a neighborhood of Z in N;X, the asymptotic expansion of f is the
induced map

EXpZ(X) — Finz(NzX)

from germs of approximate exponential functions (see Definition , which is
equivariant for the group bundle Exp,(NzX).

The characters A in an expansion will always be assumed to be such
that no quotient of two of them extends to a smooth function on U’. Under that
assumption, the dominant term of an asymptotically finite function of the form
is the sum fz = Y, fn € C*°(U’); when U’ contains the entire orbit of z,
fx extends uniquely as a generalized Az-eigenfunction to Xz, and we will consider
the dominant term as a function on X . (This depends on the orbit of z, not just
the isomorphism class of Xz!) We write f ~ fz to indicate that fz is the dominant
term of f.

Remark 3.7. Notice that, in the non-Archimedean case, the functions hy in the
asymptotic expansion are not needed, since they are constant in a neigh-
borhood of z; hence, an asymptotically finite function is exactly equal to an Az-
eigenfunction in a neighborhood of z.

Lemma 3.8. The dominant term fz of an asymptotically finite function along a
G-orbit is independent of the choice of an approximate exponential function used
to define it.

Proof. [Easy; will be added.] O

In the real case, asymptotically finite functions with respect to a given com-
pactification X, set E of “exponents” A, and bounded degree for the generalized
eigenfunctions f) have a natural structure of a Fréchet space. [Details are left to
the reader, for now.]

Remark 3.9. The following is expected to be true for every spherical variety:

Expected theorem:

Let X denote the points of a homogeneous spherical G-variety, and let Xo be a
boundary degeneration.
If m is any smooth representation of G, in the p-adic case, and an admissible SF
representation of G, in the real case, then for any morphism ¢ : 1 — C*(X), there
is a unique morphism lg : m — C>(Xe), such that {(v) ~ le(v) for allv € w. (In
particular, in the admissible case, £(v) is asymptotically finite.)

In fact, one can make a stronger statements, where the neighborhood of infinity,
or the rate of convergence of asymptotic expansions, is determined by a compact
open subset by which v is invariant, resp. a continuous seminorm of v. This theorem
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has not appeared in the literature in complete generality. In the next subsections
we will formulate (some of) the cases that are known.

3.10. Asymptotics in the non-Archimedean case.

Theorem 3.11. Let X denote the points of a homogeneous spherical G-variety
over a non-Archimedean field, and let Xg be a boundary degeneration. Under the
following assumptions:

e G is split and X is of wavefront type (see [SVIT, §2.1]), OR

o X is symmetric,

the following is true: There is a unique morphism
€o S(X@) — S(X)

with the property that, whenever Xg is realized in the normal bundle of an orbit Z in
a smooth toroidal compactification of X, and ¢ is an approximate exponential map
(Definition , for every open compact subgroup J there is a J-stable neighborhood
U, of Z as in Proposition — in particular, ¢ induces a bijection U, /J = Uy /J,
where U is the image of Uy in X — such that, for f € S(Uy)”?, eo(f) = ¢.(f),
its pushforward to Uk /J through this identification.

In particular, the adjoint morphism efy : C*(X) — C=(Xe) has the property
that e flu, = ¢ fluy,, for every f € C>(X)”.

The theorem is expected to hold without these assumptions on X.

In particular, if £: 7 — C°°(X) is any morphism of smooth representations, we
obtain the asymptotic morphism (g of the “Expected Theorem” of Remark [3.9] as
lg =efol.

Proof. See [SVI7, Theorem 5.1.1] and [Dell8, Theorem 1]. O
3.12. Asymptotics in the real case.

Theorem 3.13. (1) Let X = H, a (connected) reductive group over R, under
the G = H x H-action. Let T be an admissible smooth Fréchet represen-
tation of moderate growth of H, and T its contragredient. Then, for every
class P of parabolics in H, there exists a finite set E of Ap-exponents and
a degree d, depending on T, such that all matrix coefficients

fo5(9) = (7(g)v,0)

are asymptotically finite with exponents A € E and degree bounded by d in
a neighborhood of P-infinty, and the map from T®T to the corresponding
Fréchet space FinIEJ’d of asymptotic expansions is continuous.

In particular, considering only leading terms, there is a morphism £p :
T®F — C®(Xp) such that f, 5 ~ Lp(v®D) in a neighborhood of P-infinity.

Moreover, if {p = 0 (i.e., the matriz coefficients of T are of rapid decay),
for any P, then T = 0.

(2) Let X be any real spherical variety for a reductive group G, and ® an
admissible representation with a tempered morphism £ : m — Cg5 (X),
and let Xo denote a boundary degeneration, identified with the open G-
orbit in the normal bundle of some orbit in a toroidal compactification.
Then, there exists a tempered morphism lg : ™ — Cffmp(X@), an Ag-
eigenfunction h on Xg with real positive eigencharacter which is < 1 on
exp(ag), and a continuous seminorm q, such that, for any approrimate
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exponential map ¢, |¢*L(v) — Lo(v)| < h - q(v) in a neighborhood of ©-
nfinity.

Proof. For the group case, see [Wal88| 4.4]. For the tempered case, see [DKS19].
O

Definition 3.14. Let 7 be an arbitrary smooth representation of a p-adic reductive
group H, or an admissible smooth representation of moderate growth of a real re-
ductive group H. For every class P of parabolics in H, let Hp be the corresponding
boundary degeneration. The asymptotic matriz coefficient morphism associated to
P is the morphism
mp: T®7~' — COO(HP),

where mp = {p in the notation of Theorem [3.13] in the real case, and mp =
e} om, where m is the matrix coefficient map, and e%, : C*°(H) — C*°(Hp) is the
asymptotics map of Theorem in the p-adic case.

4. Consequences of the asymptotics
4.1. Supercuspidals.

Proposition 4.2. For an admissible smooth representation of a real or p-adic Lie
group H, the following are equivalent:
(1) The matriz coefficients of T are of rapid decay (in the real case) or compactly
supported (in the p-adic case) modulo the center.
(2) The asymptotic matriz coefficient morphisms mp (Definition[3.1]] are zero
for every class P of proper parabolics in H.
In particular, in the real case, if the matriz coefficients are of rapid decay modulo
the center, then T = 0.

Proof. Follows immediately from Theorems and Theorem together with
the fact that, in the real case, if the asymptotic expansion at infinity is zero, then
the function is of rapid decay (modulo center). O

Definition 4.3. Let H be a p-adic reductive group. An irreducible admissible
representation 7 of H is called supercuspidal if its matrix coefficients are compactly
supported modulo the center.

4.4. The subrepresentation theorem.

Theorem 4.5. Any irreducible admissible representation T of a real reductive
group H, is infinitesimally equivalent to a submodule of an irreducible represen-
tation induced from a minimal parabolic; that is, there exists an irreducible (finite-
dimensional, necessarily) representation o of the Levi quotient L of the minimal par-
abolic subgroup P of H, and an embedding of (g, K)-modules Tx-fin = Ip(0) K -fin,

where Ip(o) = Indg(aéé) is the (normalized) induced representation.

Proof. This relies on the statement of Theorem [3.13] that the asymptotics of ma-
trix coefficients in any direction have to be nontrivial. In particular, for the minimal
direction we have a non-zero map, which by irreducibility has to be an embedding,
T®R®T = C®(Hp) = Ipyp-C™(L), whose image consists of Ap-finite functions.
By projecting to an A p-eigenquotient of the image, we may assume that the image
is in an eigenspace, with respect to some character x of Ap. Notice that L/Ap is
compact; hence, the space C*°(L/Ap, x) has a dense subspace of L-finite vectors,
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which are spanned by matrix coefficients of irreducible representations. Thus, re-
stricting to K-finite vectors, there is an morphism (necessarily an embedding) of
(9, K)-modules (T ®7) g x k-fin = Ipxp- (0 ®0) Kk x K-fin = IP(0) K-fin @ I p- () K-fins
for some irreducible representation o of L, and by fixing a vector in Tx_g,, we get
the embedding claimed in the theorem. O

5. The Langlands classification

Definition 5.1. Let G be a reductive real or p-adic group, let P — L be a parabolic
subgroup with its Levi quotient, and let v : L — C* be a character. We will say
that v is P-dominant if log(v) € ap", and strictly P-dominant if log(v) € ap™.
Here, a}, = Hom(L,G,,) ® R, log is the map that sends the absolute value of an
algebraic character to its image in a’, and aj", aj™ are those characters which
are non-negative (resp. strictly positive) on coroots ¢ corresponding to roots in the
unipotent radical of P, i.e., [v(e®(x))| = |z|¢ for some € > 0 (resp. € > 0).

Equivalently, a} is identified with a subspace of a* (spanned by the F-rational
characters of the universal Cartan), and a;’Jr (resp. a};’Jr) is just the corresponding

wall (resp., relative interior of the wall) of the dominant Weyl chamber.

Theorem 5.2 (The Langlands quotient theorem). Let G be a reductive real or p-
adic group, let P — L be a parabolic subgroup with its Levi quotient, and let T be an
irreducible tempered representation of L. For any character v : L — C* which is
strictly P-dominant, the (normalized) induced representation IS (tv) has a unique
irreducible quotient mp ., and every irreducible representation of G is of this form,
for a unique (up to conjugacy) pair (P,Tv). Moreover, wpr, is the image of the
standard intertwining operator Mp- p(tv) : Ip(Tv) — Ip-(TV).

Proof. [Later] O

Example 5.3. The trivial representation, for a quasisplit group, is equal to T sk

where B is a Borel subgroup, and 0 is its modular character.

Remark 5.4. The Langlands quotient theorem reduces the classification of irre-
ducible representations to the case of irreducible tempered representations, offer-
ing an invaluable link between the “smooth” and the “L? theory/Plancherel for-
mula” of irreducible representations. It is also supposed to be compatible with the
parametrization provided by the local Langlands conjecture: If ¢, : I' — FL and
¢, : I — 'L are Langlands parameters for 7 and v (where I', here, denotes the ap-
propriate version of the Weil, or Weil-Deligne group), then ¢, -¢, : ' — YL — LG
is a Langlands parameter for 7p ;. (Notice that ¢, and ¢, commute, because v is
a character.)

For example, the Langlands parameter (or rather, its projection to G’) of the
trivial representation of a quasisplit group is given by I' = C* — G, where I' — C*
is the “cyclotomic” /absolute value character, and C* — G is given by e?* : G,, —
A C G (where A is the dual of the universal Cartan).
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6. Algebraic theory for general totally disconnected groups; the Hecke
algebra

In this section, we discuss properties of smooth representations of a general
totally disconnected, locally compact group G. The category of smooth representa-
tions of G will be denoted by M(G). We mostly follow the notes from Bernstein’s
Harvard course [Ber92].

6.1. The Hecke algebra.

Definition 6.2. The Hecke algebra H(G) of a totally disconnected, locally compact
group G is the convolution algebra of compactly supported, complex-valued, smooth
measures on G (where “smooth” is defined with respect to the left or, equivalently,
the right action of G on itself). The Hecke algebra has a natural rational structure
H(G)q, consisting of measures of the form fdg, where f is a rational-valued element
of C°(@G), and G is a Haar measure assigning rational volumes to open compact
subgroups.

More generally, assume that G is unimodular, and fix a compact open subgroup
J C G. Let A be a commutative ring. The Hecke algebra of level J with coefficients
in A, H(G, J)a, is the convolution algebra of A-valued, J-biinvariant, compactly
supported functions on G, with convolution defined by assigning Haar measure 1
on J.

The Hecke algebra is not unital (unless the group is discrete), but it is idempo-
tented. We recall the what this means.

Definition 6.3. An algebra A is an idempotented algebra if for every finite collection
{fi}icr of elements there is an idempotent e € A with ef; = fie for alli € 1. A
module M for an idempotented algebra is called nondegenerate if the natural map

(6.3.1) A@AM — M

is a surjection (and henceﬁ an isomorphism); equivalently, if for every m € M there
is an idempotent e with e - m = m.

We will denote by M(A) the category of nondegenerate modules of an idempo-
tented algebra A. The Hecke algebra acts on any smooth G-module (see Section
3), and we have the following.

Proposition 6.4. The natural functor gives rise to an equivalence between the cat-
egories M(QG) of smooth G-representations and M(H(G)) of nondegenerate H(G)-
modules.

Proof. When A = H(G), the inverse functor is given by the left action of G on A
under the isomorphism (6.3.1]). O

Theorem 6.5. The category M(G) of smooth G-representations is abelian, and
has enough projectives.

Proof. By Proposition , it is identified with the category of nondegenerate
modules for the Hecke algebra. The category of nondegenerate modules for any
idempotented algebra is abelian with enough projectives (e.g., we have an epimor-
phism @, ¢ s Aem — M, where e, is an idempotent fixing m. The map sends e,

4The “hence” statement uses the property of being idempotented!
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to m, and note that Ae,, is a projective A-module, since it represents the exact
functor M — M°¢™ =e,, M. O

We will show later, using the contragredient (Definition , that — at least
when G is a p-adic reductive group — the category also has enough injectives. For
this, we need to know that irreducibles are admissible.

We have a version of Schur’s lemma for irreducible representations of second
countable totally disconnected groups.

Proposition 6.6. If G is a totally disconnected, locally compact, second countable
group, and V- € M(G) is irreducible, then Endg (V) = C.

Proof. Since G is second countable, the Hecke algebra has (at most — we will omit
“at most” from the rest of the proof) countable dimension, therefore V = H(G)v
(where v is any nonzero vector) has countable dimension. Therefore, its vector space
endomorphisms and therefore its G-endomorphisms have countable dimension. Let
T € Endg (V). By irreducibility, the operators (" — AI), A € C, are either zero
or isomorphisms. If one of them is zero, we are done. Otherwise, for dimension
reasons, their inverses are linearly dependent, i.e., there is a relation of the form

n

E:MT—&D*:O<:>Mﬂth—&D”:O
i=1 =1

for some nonzero polynomial p. Therefore, T" has an eigenvalue A, and by irre-
ducibility T"— A\ = 0. O

Remark 6.7. As is obvious from the proof, the analog of the theorem holds when
C is replaced by any uncountable algebraically closed field k& in characteristic zero
(for modules of the k-rational form of the Hecke algebra over k). But we really
need the size of the field to play against the size of the group for the conclusion
to be true in this generality, for otherwise, an inclusion k£ C K of countable fields
would provide a counterexample, with the discrete group G = K* acting on the
irreducible k-vector space K, with G-endomorphism ring equal to K.

6.8. Compact representations. The most important and involved notion that
we will encounter in the general theory of totally disconnected groups is that of a
compact representation.

Definition 6.9. A smooth representation V€ M(G) is compact if its smooth
matrix coefficients’

(6.9.1) VRV = C®(G),

D ® v — (g — (gv,0)), are compactly supported. It is said to be compact modulo
center if the support of (smooth) matrix coefficients is compact modulo the center
of G.

Note that, at this point, we do not require the representation to be irreducible,
or even finitely generated.

SWe use X to signify that we have a G X G-action on the tensor product; the matrix coefficient
map is G X G-equivariant.
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Proposition 6.10. An equivalent characterization of compact (resp. compact mod-
ulo center) representations is that, for any h € H(G) and any v € V, the map
G 2 g — hgv € V is compactly supported (resp. compactly supported modulo cen-
ter).

A finitely generated compact representation is admissible.

Proof. Assume the condition of the proposition, and choose © € V, as well as an
idempotent e fixing it, then

(gv,) = (gv,ev) = (e”gv, D)

is compactly supported (where by h — hY we denote the anti-involution hY(g) =
h(g~1)). Vice versa, if there is a pair (h,v) and sequence g; € G without compact
closure such that hg;v # 0, then we can find a linear functional [ € V* that does
not vanish on any of the countably many vectors hg;v. Then the smooth matrix
coefficient (gv, hVI) is not compactly supported.

If V is generated by a finite set {v;},cr of vectors, J is open compact and e
is the corresponding idempotent (the probability Haar measure on J), then V7 is
spanned by the vectors ejgv; (9 € G, i € I), and, by what we just proved, there
are finitely distinct such vectors. (]

Theorem 6.11. Assume G to be unimodular (i.e., left Haar measures are also
right Haar measures), and let V' be a finitely generated, compact representation. If
Iv = H(G)y denotes the anti-involution h — h" applied to the image of the matriz
coefficient map multiplied by a Haar measure, then Iy is an idempotented
two-sided ideal in the Hecke, which admits a complementary idemptotented two-
sided ideal Jy . This gives rise to a product decomposition M(G) = M(Iy)x M (Jy)
of the category of smooth G-representations, i.e., every object W decomposes as
IyW @ Jy W, and there are no nonzero morphisms between IyvW and JyW .

If V is irreducible, then every object in M(Iy) is totally decomposable (into a
direct sum of copies of V).

Proof. We will fix a Haar measure in order to consider H(G) as a subspace of
L?(G). We claim that orthogonal projection onto the closed span of Iy restricts
to a map H(G) — Iy. Indeed, this is a G x G-equivariant map, and it is enough
to check this claim on K x K-invariants, for any compact open subgroup K. But,
by Proposition V' is admissible, so I‘I/( *K is a finite-dimensional subspace
of L?(G)X*E | hence closed. Therefore, orthogonal projection indeed lands onto
IEE,

Thus, if Jy is the kernel of the orthogonal projection, then H(G) = Iy & Jy.
Both summands are G x G-invariant, hence ideals (since the matrix coefficient map
and the orthogonal projection are G x G-equivariant), and if {f;}¢ = 1" is a finite
collection of elements in I/, and e € H(G) is an idempotent fixing them under
left and right multiplication, with decomposition e = e; & e; under the above
direct sum, then it is immediate to check that e; is also an idempotent which fixes
them; hence, Iy is idempotented (and similarly for Jy ). The decomposition of the
category is now straightforward.

If V is irreducible, and W € H(Iy) is any module in the V-subcategory, then we
need to prove that W is generated by the irreducible copies of V inside of it. But,
by irreducibility, the matrix coefficient map is an embedding in this case, so, up to
the choice of Haar measure, and because of the involution applied, Iy = VX V.
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This is a direct sum of copies of V (as a G-module under left multiplication), and
therefore W = Iy W is generated by its irreducibles. ([

Remark 6.12. At least when V is irreducible, Theorem[6.11]can be proven without
recourse to an inner product, hence over other fields k of coefficients. Indeed, the
matrix coefficient map (composed with the anti-involution g — ¢g~') multiplied by
a Haar measure and composed with the action of the Hecke algebra gives

VRV - Iy < H(G) - VRV = (End V)>,

where the exponent “infinity” means smooth under the G x G-action, and the last
isomorphism follows from admissibility (Proposition [6.10). Now, the composition
of these maps cannot be zero (because V is the only irreducible where elements
of Iy can act nontrivially), and the codoimain is an irreducible smooth G x G-
representation, hence the composition has to be surjective. But then, for every
compact open subgroup K, the identity of Endi V¥ is represented by a K x K-
fixed element fr € IF*% and JE*X can be constructed as the kernel of the
action of fx (on the left or right) on H(G)X*X. For more details, see [Ber92, 1.5].

6.13. Restriction and induction. We finish this section with generalities re-
garding induction and restriction.

Definition 6.14. If H C G is a closed subgroup of a totally disconnected group,
we define the restriction functor Res§ : M(G) — M(H) in the obvious way, and
the (smooth) induction functor Ind§ : M(H) — M(G) as its right adjoint.

Whenever obvious from the context, we will be omitting the exponent G from
the notation for induction.

Proposition 6.15. The induction functor is well-defined, and Indg(V) S Tep-
resented by the space of smootfﬁ functions f : G — V with the property that
f(hg) = hf(g) for every g € G, h € H, with the isomorphism

Hom () (W, Indff (V) = Hom () (Resf (W), V)
given by composition with evaluation of such a function f at 1.
Proof. The standard proof of Frobenius reciprocity. ([l

Definition 6.16. If H C G is a closed subgroup, we define the compact induction
functor cInd§ : M(H) — M(G) as V ~ the space of smooth functions f : G — V,
with compact support modulo H on the left, and with the property that f(hg) =
hf(g) for every g € G, h € H.

Proposition 6.17. All functors Res, Ind, cInd are eract. If H C G is (closed
and) open, then cIndg 1s left adjoint to restriction.

Proof. Exactness is obvious from the explicit models of these functors.

If H C G is open, then the Hecke algebra of H is a subalgebra of the Hecke
algebra of G, and one can easily check that cInd§; (V) = H(G) @)V, so adjunction
follows from the equivalence of smooth representations with nondegenerate modules
for Hecke algebras (Proposition and the universal property of tensor products.

|

6«Smooth” means in the sense of smooth representations, i.e., any such function is invariant
by some compact open subgroup; see Footnote
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The following two lemmas are best understood in the context of reductive groups,
which possess parabolic subgroups P = LU with P\G compact and U (the unipo-
tent radical of P) unipotent.

Lemma 6.18. If H C G is a closed subgroup with H\G compact, then the induction
functor cIndg = Indg preserves admissibility.

Proof. For any compact open subgroup K, the set of H\G/K double cosets is
finite, and for any K-invariant f € Ind$(V) and g € G the evaluation f(g) has to
be H N gK g '-invariant. Since H N gKg~' is open in H, the result follows. O

Lemma 6.19. If G is the union of an increasing sequence of compact open sub-
groups, G = |J:2, G;, then the coinvariant functor M(G) — Vect sending V to
Ve = the quotient of V' by the span of vectors of the formv —gv,veV, g€ G, is
exact.

Proof. The coinvariant functor is always right exact, for any closed subgroup H.
If G is compact, it is also left exact, since it can be identified with the invariant
functor by integration, Vg — V&,
v / gudg
G

(where ¢ is the probability Haar measure on G). In particular, in that case, the
kernel of the coinvariant map is the kernel of this integral. If G is filtered by
compact open subgroups, and v € V is in the kernel of the coinvariant map, then
it will be in the kernel of the coinvariant map V' — Vi, for one of these compact
subgroups, which means that its integral over G; is zero. Applying this to a short
exact sequence 0 - A - B — C' — 0, it follows that if v € A is in the kernel of
the coinvariant map for B, it is already in the kernel for A. [

7. Algebraic theory for reductive p-adic groups; the Bernstein center

In this section, G is the set of points over a local, non-Archimedean field F', of
a connected reductive group G defined over F.

7.1. Parabolic induction and restriction (Jacquet functor). Recall that a
parabolic subgroup P of G is an algebraic subgroup such that the quotient P\G
is proper. Hence, at the level of F-points, P\G is compact. (We also have that
P\G = (P\G)(F).) The quotient of P by its unipotent radical is called a Levi
(subquotient) of G.

Definition 7.2. Given a parabolic P C G with unipotent radical U and Levi
quotient L, the parabolic induction functor i§ : M(L) — M(G) sends the inflation
to P of a representation of L to its induction from P to G,

iG(V) = Ind§ (Inflf (V).

(Inflation simply means that we consider V' as a representation of P via the quotient
map to L.)

The parabolic restriction or Jacquet functor rg(V) sends V +— Vg, the U-
coinvariants, considered as a module for L.

Proposition 7.3. Parabolic restriction and induction form an adjoint pair of exact
functors.
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Proof. Adjunction follows from Proposition [6.15] Exactness follows from Propo-
sition [6.17] and, for parabolic restriction, Lemma [6.19] given the fact that every
unipotent subgroup has a filtration by open compact subgroups. O

For the more analytic part of the story it is convenient to define normalized
versions of parabolic induction and restriction, where the representation on the
Levi is twisted by the square root of the modular character.

Definition 7.4. The modular character §p of a parabolic subgroup P is the ab-
solute value of its algebraic modular character, which is the character L — G,,, by
which the Levi quotient acts on the determinant of the Lie algebra u of its unipotent
radical under the left adjoint representation.

Proposition 7.5. If dpp is a left Haar measure on a parabolic subgroup P, then
d(p)drp is a right Haar measure.

There are identifications (depending on the same choice of positive scalar) of
the space M (P\G) of smooth measures on the flag variety P\G with the induced

representation i%(8), and of the space D> (P\G) of smooth half-densities on P\G
with the induced representation ig(5%), where 82 is the positive square root of the

modular character.

Proof. Measures on P\G are, locally, smooth functions multiplied by the absolute
value of a volume form, and there is an identification, up to scalar, of the line bundle
of volume forms on P\G with the algebraic induction of the algebraic modular
character. (]

Definition 7.6. Given a parabolic P C G with unipotent radical U and Levi
quotient L, the normalized parabolic induction functor IS : M(L) — M(G) sends
the inflation to P of a representation V of L to the half-density version of its
induction from P to G, that is, to the space of smooth half-densities f on P\G
values in V' and with the property that f(hg) = hf(g) for every g € G, h € H.

The normalized parabolic restriction or normalized Jacquet functor Rg(V) sends
V = Vi @ D%, where Dp = | det(p\g)*|2 (a complex line) denotes the “fiber” of
the half-density bundle at the point P1 of the flag variety P\G.

These definitions are, up to a choice of scalar as in Proposition the same as
the definitions

I§(V) = iG(V 0 5})
RE(V) =rE(V) ®4p*
more commonly found in the literature. The benefit of the definitions as given

above is that they perform the main function of normalized induction indepenently
of choices, namely:

Lemma 7.7. Normalized restriction and induction form an adjoint pair of exact
functors, and if V€ M(L) is unitary, i.e., endowed with an L-invariant Hilbert
space (semi)norm, then IS (V) is unitary, with (semi)norm

1

””:<LWW@0'

Note that the integral defining || f|| makes sense precisely because f is a half-
density (valued in V).
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Proof. The first statement follows from Proposition [7.3] and the fact that the
norm is well-defined and G-invariant is immediate. O

7.8. Compact and cuspidal representations. Now we will characterize compact-
mod-center representations (Definition [6.9), for reductive p-adic groups, in terms
of their Jacquet functors.

Definition 7.9. A smooth representation V' € M(G) is called quasicuspidal if its
Jacquet functors RpV are zero for all proper parabolic subgroups P C G, cuspidal
if it is quasicuspidal and finitely generated, and supercuspidal if it is (quasi)cuspidal
and of finite length.

Please note that there are slightly different preferences in the literature as to
how to distinguish among the three terms.

Our main result will be that a smooth representation V'€ M(G) is quasicuspidal
if and only if it is compact modulo center (Theorem , but we need some
preparation. First, we need the following two results about p-adic reductive groups
[whose proof should be added sometime!]. Let Py C G be a minimal parabolic
subgroup (i.e., the F-points of a minimal F-rational parabolic), with A = the
maximal split torus in the center of a Levi subgroup Ly of Py. (In particular, Lo
is the centralizer of A, and the choice of Ly determines an opposite parabolic Py
with Py NPy = Ly.) We let A denote the cocharacter (weight) lattice of A, AT C A
the submonoid of Py-dominant weights, and will use the notation a* to denote the
image of an element @ € F* under A € A. For A € AT, we denote by Ly the
centralizer of A (= a Levi subgroup containing L), and by Py, Uy (resp. Py, Uy )
the parabolic and unipotent radical with Levi Ly containing Py (resp. Fy ).

Weak Cartan decomposition: There is a compact subset K C G such that
G= Kw/ﬁ}ﬂ where w is any uniformizer in F.

Basis of Iwahori-type subgroups: There is a sequence of open compact
subgroups J which form a basis of neighborhoods of the identity, and pos-
sess Iwahori factorization with respect to any standard parabolic Py, that
is, J is the product of its subgroups Jf\) = J N Ly, J;r =JnN Uj, and
Jy =JNUy, in any order.

Proposition 7.10. Given an subgroup J with Iwahori factorization, there is an
embedding of the monoid algebra C[AT] into the Hecke algebra H(G,J),

(7.10.1) C[AT] — H(G, J),

sending the basis element indexed by X € AT to a scalar multiple of the characteristic
measure of the double coset Jw™J.

The precise normalization of this embedding, of course, depends on how one
chooses the scalar multiple on generators of the monoid.

Proof. This follows immediately from the following calculation of products of dou-
ble cosets, when A\, A\ € AT,

JoMJ - Jor ] = Jo ) Iy @t = Jeh e g,

since for dominant A we have w*Jjw™* C Ji and w *J;w* C J; (and J§
commutes with w?). O
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X
Remark 7.11. For G = GL; over Q, J the usual Iwahori subgroup (pZZ? Zﬁ)
p D

p

and @w* = p* = >, the corresponding element of the Hecke algebra is the

1
well-known U, operator.

Theorem 7.12. A smooth representation V€ M(G) is quasicuspidal if and only
if it is compact modulo center.

Proof. By Proposition and the weak Cartan decomposition, it is enough to
show that for any v € V', any open compact subgroup J, and k1, ks in a fixed com-
pact subset K C G, the function A — Jk;w?kyv is compactly supported modulo
center on A*. (Here and later, by the action of a compact group on a vector we
mean the averaging operator, i.e., the action of its probability Haar measure.)

Obviously, ko can be ignored since it just changes v. Moreover, the subset JK
is compact open and hence a finite union of right cosets of some (other) compact
subgroup J', so, by replacing J with J’ we are reduced to showing that the function
A — Jwv is compactly supported modulo center. Finally, we could have chosen
J small enough that v is J-invariant, and therefore Jw*v = Jw*Ju, i.e., we are
considering the action of the subalgebra C[A™] of Proposition on V7.

The basic observation, in that case, is the following: The kernel of the Hecke
operator Jww*J acting on V7 is equal to the kernel of w=*J{ @ (on V7). Indeed,
this follows from the calculation

JorJ = =t (w_)‘J;w)‘) J,

and the fact that @’ acts invertibly.

As A varies in A*, the parabolics Py vary over the finite set of “standard”
parabolics containing Py; number them Py, ..., Py, with Py = G. If v € V7 is in
the kernel the Jacquet module (coinvariant) map with respect to all P;’s other than
G, then for each i < N there is a compact open subgroup U? of the corresponding
unipotent radical U; which annihilates v — fix such a subgroup for every i. Then,
for A\ € AT outside of a compact (=finite) subset modulo the center, w*J{w >
contains one of the U’s, which means that v is in the kernel of the Hecke operator
Jw*J. Thus, if V is quasicuspidal, it is compactly supported modulo the center.

Vice versa, if v € V7 being in the kernel of Jw*.J and hence of w_’\J;rw’\
implies that v is in the kernel of the Jacquet module for Py. If this happens for all
large enough non-central A, it is in the kernel of the Jacquet modules for all proper
parabolics. Thus, if V' is compact modulo center, it is quasicuspidal. (I

7.13. Cuspidal components. We will now see that the equivalence class of an
irreducible supercuspidal representation modulo appropriate twists splits a very
simple component off the category M(G) of smooth representations of G. The
“twists” are characters of the discrete abelian group G/Gy, where Gg is the sub-
group of G generated by all compact subgroups.

We will give a more algebraic definition of Gg. If A“ is the maximal split torus
quotient of G, we let G be the kernel of the map G — A%(F)/A%(0). The quotient
G /Gy is a (full rank) sublattice of A% (F)/A%(0), although not necessarily equal to
it, and we let U be the complex algebraic group whose character group is G/Gy.
We will also abuse notation and write W for its group of complex points, which
can be identified with the characters G/Gy — C*.
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Remark 7.14. Bernstein’s notes [Ber92] call ¥« the set of unramified characters,
but there can be more unramified characters in the number-theoretic sense. For
example, if x : F*/o* — {£1} is the quadratic unramified character of F'*, then
X o det deserves to be called an unramified character of the group PGLy(F) =
GL(F)/F*, despite the fact that G = G for PGLs.

Consider the set Irr(G) of isomorphism classes of irreducible smooth representa-
tions of GG; a priori, this is just the set, but we will see that it admits a finite-to-one
map to a certain complex algebraic variety. The group Vg acts on Irr(G).

Lemma 7.15. The stabilizer of every € Irr(G) under the Ug-action is finite.

Proof. If Ag denotes the maximal split torus in the center of G, the map Ag —
A¢ has finite cokernel (and kernel). For € U, a necessary condition for 7 and
7 ® 1 to be isomorphic is that they have the same central character, which means
that 1 can only belong to the finite group of characters of G/G(y which are trivial
in the image of Ag. O

Lemma 7.16. If 7 is an irreducible representation of w then its restriction to Gy
s semisimple of finite length. The restrictions of two such representations w and 7'
share an irreducible summand iff they belong to the same U g-orbit (in which case
the restrictions coincide).

Proof. By Schur’s lemma (Proposition, the center and, in particular, its max-
imal split torus Ag acts by a character on m. The product H = AgGy has finite
index in G, and the induction of the restriction of 7 to H is the direct sum of
copies of 7 twisted by characters of G/H. From this, it follows that the restriction
is semisimple of finite length. (Finite length, because the length can only go up by
induction; semisimple, because every H-equivariant quotient of Resg () induces a
G-equivariant quotient of InngeSﬁ (), and the splitting of the latter implies, by
projection to the identity component of G/H, a splitting of the former.)
Regarding the case where 7|¢g, and 7’|, share an irreducible summand, we can
view the space Homg, (7, 7") as a representation of the abelian group G/Gy. By
finite length, it is finite-dimensional, and therefore has an eigenvector with some
eigencharacter n. But this means that ©’ = n. (]

Definition 7.17. A cuspidal component of Irr(G) is the ¥ g-orbit of a supercuspidal
representation.

Note that we do not, a priori, know if any cuspidal representations exist at all.
But this is not a question that we will address here.

Theorem 7.18. Every cuspidal component D splits the category M(G) of smooth
representations as
M(G) = M(G)p x M(G)np,
where all irreducible subquotients of M(G)p and no irreducible subquotients of
M.p belong to D.
More generally, we have a decomposition

(7.18.1) M(G) = [[M(G)p x M(G)ne,
D

where D runs over the set of all cuspidal components, and M(G)n. has no su-
percuspidal subquotients. The product over D corresponds to the subcategory of
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quasicuspidal representations, and the equivalence (from right to left) is given by
the functor of direct sum.

Proof. The restriction of (any) m € D to Gy is a finite direct sum of irreducibles
by Lemma|[7.16] which are cuspidal, since Jacquet modules do not see the difference
between G and Gy. Therefore, they are compact by Theorem (and the fact
that G has compact center), and each of them splits the category of Gp-modules by
Theorem [6.11] Putting the components corresponding to all summands together,
the first claim follows.

The second claim will also follow if we prove that, for every compact open sub-
group K of G, there is only a finite number of cuspidal components D containing
V € M(D) with VE £ 0; indeed, this would allow us to perform the decomposition
on the submodules of V' € M(G) generated by V¥, for all K. This follows from
the uniform admissibility theorem [to be added]. O

We will now describe the category M(G)p explicitly as a module category for
a finite algebra over the coordinate ring C[D]. For this, we need some general
algebraic preliminaries. Let C be an abelian category with arbitrary coproducts.
A progenerator is a compact, projetive generator of the category, that is, an object
P € C such that the functor

N — Hom(P, N)

is ezxact, faithful, and commutes with arbitrary coproducts. Under the projective
assumption, “faithful” simply translates to the condition that Hom(P, N) # 0 for
all nonzero objects N € C. This functor lands in abelian groups, but since we can
precompose any homomorphism with an endomorphism of P, it can be upgraded
to a functor

(7.18.2) C — End(P)°-modules.

Theorem 7.19. Under the assumptions above, the functor is an equiva-
lence of abelian categories.

Proof. Omitted. This is often referred to as the Gabriel-Mitchell theorem. See
[Bas68|, Theorem II.1.3]. O

Note that there can be many projective generators in such a category; their
endomorphism rings are then Morita equivalent, i.e., their module categories are
equivalent.

One example of a projective generator for M(G)p is

(7.19.1) IIp = cIndg, Resq,m,
where 7 is any element of D. (Obviously, all have equal restrictions.) Equivalently,
IIp = 7 ® C[G/Gy],

and recall that the group ring C[G/Gy)] is the coordinate ring of U

Fixing a base point 7 € D, we can identify D with U /T', where I is the (finite,
by Lemma stabilizer of the isomorphism class of 7 in ¥¢. We will now define
a 2-cocycle § : I' x I' — C*, as follows. For each v € T", choose an isomorphism
oy = 7 ® . By tensoring with any ¥ € ¥ we can also consider (., as am
isomorphism 7™ ® x — 7™ ® x7, and by Schur’s lemma these isomorphisms need to
satisfy a relation of the form a., o, = #(71,72)0y,~, for all v1,v2 € I'. This is our
2-cocycle, whose cohomology class does not depend on the isomorphisms chosen.
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Given such a 2-cocycle, we can define a twisted group algebra C[T', 4] with basis
T, v € T and relations T, T, = #(71,72)T5,~,. The crossed product

(7.19.2) Cl¥g] x CIT, £]
is the tensor product of the two factors, as a vector space, with multiplication

(fl ®T71)(f2 ®T72) = (fl 'W1f2) ® ﬁ(’Ylv'YZ)T’n'yz-

Here, f7 denotes the action of v on f by translation.

Proposition 7.20. The endomorphism algebra of the progenerator (7.19.1|) is the
crossed product . Its center is the coordinate ring C[D] = C[¥g]".

Proof. Left as exercise. (I

Remark 7.21. The crossed product algebra is an Azumaya algebra, and is Morita
equivalent to its center C[D] iff the cohomology class of the cocycle { is trivial; see
[AG60, Theorem A.15].

7.22. Cuspidal support. We will now extend the decomposition of the category
of smooth representations given in Theorem [7.1§| to a decomposition indexed by
cuspidal components of Levi subgroups.

Definition 7.23. A cuspidal datum is a pair (L, o) consisting of a Levi subgroup
L of G and an irreducible supercuspidal representation o of L.

Two cuspidal data (L,o) and (M, 7) are said to be associate cuspidal data if
there is a ¢ € G such that gMg~! = L and o(g e g~') is isomorphic to 7. Two
cuspidal components for Levi subgroups, (L, D) and (M, D') are said to be associate
cuspidal components if one (equivalently, all) elements of the former is associate to
an element of the latter.

A Bernstein component is the following complex variety whose complex points
parametrize equivalence classes of cuspidal data: Given a Levi subgroup L and a
cuspidal component (Definition D of L (considered as a complex affine va-
riety), its Bernstein component Q(L, D) is the quotient variety Q J W (L, D) =
SpecC[D]WIP) " wwhere W (L, D) is the subgroup of the (finite) group N (L)/L
which maps the component D to itself (i.e., such that precomposition with a rep-
resentative in Mg (L) preserves the component of a cuspidal representation o € D).
This is identified with Q(M, D’) for any associate cuspidal component (M, D’) in
the natural way (i.e., via conjugation by any element g € G giving rise to the as-
sociate relation). The disjoint union of all Bernstein components is the Bernstein
variety Qgq.

There is a countable number of Bernstein components, and therefore the Bern-
stein variety is a countable union of affine irreducible varieties. This means that
its coordinate ring C[G] is the product of the coordinate rings of its irreducible
components.

We will now start studying parabolically induced cuspidal blocks. It will some-
times be convenient to work with the normalized induction and restriction functors
Ip = I}(,;, Rp = Rg of Definition rather than the unnormalized ones ip, 7p
(although for many statements the difference plays no role). Our basic tool will be
the Geometric Lemma, which is the proposition that follows.
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Proposition 7.24 (Geometric Lemma). Let P and Q be parabolics in G with Levi
quotients L, M, respectively. The functor

T M(L) - M(M)

given by I' = Rg o Ip has a finite filtration of by subfunctors indexed by the poset
of double cosets w € P\G/Q (with the opposite to the closure relation order), with
quotients naturally isomorphic (up to a scalar) to

_ M L
Ly = IMﬂw*IPw owo RLﬁwQuﬁl'

Here, by abuse of notation, we identify a double coset with a representative in G,
and the operator “w” appearing in the formula is simply conjugation by w, which
turns modules for the Levi quotient of LNwQw ™" into modules for the Levi quotient
of M Nw=tPw.

Note that, for any two parabolics P and @), the interesection P N projects to
parabolic subgroups modulo the unipotent radical of each. An easy way to see this
is to remember that the intersection contains a maximal split torus of G, and that
these parabolics are then of the form Py, for some cocharacters A into that torus,
in the notation used at the beginning of Subsection Also, to write intersections
such as M Nw ™' Pw, we have chosen a spliting of the Levi quotient of @ into Q,
but this intersection does not depend on the choice of splitting.

Proof. Using the explicit description of induction I§V in terms of smooth half-
densities on P\G valued in V, every Q-invariant open subset of P\G gives rise
to a filtered piece F “’IICD'YV7 of half-densities (compactly) supported in that sub-
set. Every w € P\G/Q defines such an open subset S,,, by taking the union of
double cosets which contain it in their closure. Moreover — and this is something
particular about totally disconnected spaces — every such section that vanishes on
the w-orbit is supported in its (open) complement in S,,. Therefore, the quotient
FYV/Y e F w"V is identified with sections over the w-orbit of the sheaf of half-
densities on P\G, valued in V. For notational simplicity, now, we assume that w
is represented by the identity in G, as we may by replacing P by w™' Pw.

It we choose an identification of the sheaf of half-densities with the induction of
04, as a (-module this graded piece is isomorphic to

Q l
cIndeQdﬁ,V.

We can write the unipotent radical Ug of @ as a product of subgroups Ug =
(Ug N P) x Ug, with the first factor being the stabilizer of the point P1 in P\G,
and the second acting freely on its @Q-orbit. (Indeed, think of roots with respect to a
maximal split torus, as in the comment preceding this proof.) The (unnormalized)
@-Jacquet module of this graded piece will then be the composition of averaging
over U’Q—orbits, followed by coinvariants with respect to Ug N P. The latter, after
projection modulo Up, is precisely the unipotent radical of the parabolic LNQ of L.
Similarly, PNQ\Q/Ug is the parabolic M NP of M. Therefore, for the normalized
Jacquet module (again choosing an identification of the sheaf of half-densities on
1

Q\G with the induction of §3), we get a graded piece
Q

11 1
[V =0 " innprIngdus,dpV,
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where the factor 5% := the modular character for the action of L N @ on UC’2
appears because of the U(fg-integration. One now checks that 5p5Ué = dpnp and

(5@552 = d1nQ, hence this becomes

M 3 -3 L M L
ZMmP(SfmpéerQTLmQV = IMmPRLmQV-

A corollary of the geometric lemma is the following.

Proposition 7.25. Let o be an irreducible, admissible, unitarizable representation
of a Levi subgroup L. There is an open dense U C W, such that, forn € U and P,
Q two parabolic subgroups with Levi L, the representations Ip(oc ®@n) and Ig(c®n)
are irreducible and isomorphic.

Proof. Irreducibility is an open condition: Parabolic induction preserves admis-
sibility, and irreducibility of an admissible representation V is equivalent to the
statement that the action map H(G,J) — End(V’) is surjective for every J. We
can choose a compact open subgroup K such that G = PK, and then the restric-
tions of all V = Ip(c ®n) to K are identified (with the induction of the restriction
to PN K of o). Hence, for all J C K, the vector spaces End(V?’) are identified,
and the action of H(G, J) gives a map

H(G,J) — C[¥] @ End(V).

Therefore, this map being surjective is an open condition. [For the conclusion, it
is enough to restrict to a J of Iwahori type such that these modules are generated
by their J-invariants — to be added.]

Therefore, it is enough to prove irreducibility for a single element in the family.
If n is a unitary character, then Ip(o ® 1) is unitarizable and admissible, which by
a standard argument (projection to the orthogonal complement) implies that it is
completely reducible. Therefore, it is enough to show that, for some unitary 7, the
G-endomorphism ring of Ip(o ® 1) is scalar.

But Homg(Ip(o®n),Ip(c ®n)) = Homp(Rplp(oc ®n),0 ®n), and, by Propo-

sition the functor RplIp has a filtration with graded quotients I fmw—l Puw QWO
Rfmew,l, with w ranging over P\G/P. The point now is that, for w # 1 and 7

generic in ¥y, (and hence in its unitary subset), the Jordan-Holder components of
these graded pieces have different central characters than ¢ ® i, and therefore this
endomorphism ring is scalar. This proves the first claim.
[Proof of second claim to be added.]
O

Proposition 7.26. Given a Bernstein component ) represented by a cuspidal com-
ponent D of a Levi subgroup L, the following are equivalent for a smooth represen-

tation V. € M(G).

(1) V injects into a direct sum, indexed by parabolics P with Levi subgroup L,
of representations ip(Wp), with Wp € M(L)p.

(2) V is a subquotient of representations as in (1)).

(3) If (M, D’) is any cuspidal datum that is not associate to (L, D), and Q a
parabolic with Levi M, the Jacquet module rq(V') has zero component in

M(M)p.
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(4) For a parabolic P with Levi L, the Jacquet module rp(V') belongs to the
product of M(L) p, with (L, D") associate to (L, D), and if we denote by the
index D the projetion to the D-cuspidal block, the map V — @ pip(rpV)p,
with P ranging over all parabolics with Levi L, is injective.

Proof. This follows relatively easily from the Geometric Lemma See [Ber84,
Proposition-definition 2.8] for details. O

Definition 7.27. Given a Bernstein component {2 C {2, in the sense of Definition
the corresponding Bernstein block of the category M(G) is the full subcategory
M(G)q of all representations V' € M(G) satisfying the equivalent conditions of
Proposition [7.26]

Theorem 7.28. The category M(G) is the product of its Bernstein blocks M(G)q,
with the equivalence given by direct sums.

That means that every object decomposes into a direct sum of objects belonging
to the various blocks, and morphisms between two objects are products of the
morphisms between their components.

Proof. For every representation V adjunction gives rise to a map

V — H IP(RPV)D,
(L,P,D)

where (L, D) ranges over a set of representatives for all Bernstein components, and
P ranges over all parabolics with Levi L; the index D means projection to the
corresponding cuspidal component for the Levi.

The kernel of this map is a submodule with the property that the cuspidal projec-
tions of all its Jacquet modules (including for P = G) vanish. Such a representation
is clearly zero.

The image lies in the direct sum, by Theorem [7.18] O

7.29. The Bernstein center.

Definition 7.30. The center of an abelian category C is the ring of endomorphisms
of its identity functor. The Bernstein center 3(G) of a reductive p-adic group G is
the center of the category M(G) of its smooth representations.

Explicitly, an element z of the Bernstein center consists of a collection zy of
(G-)endomorphisms of its various smooth representations V', which is functorial, in
the sense that for every morphism V' — W the following diagram commutes.

V—sW

e
V—sW

We will ignore general set-theoretic questions, which are pretty easy to settle in
module categories; for example:

Example 7.31. If A is a unital algebra, and C = Mod(A), the category of A-
modules, its center is the center of A. Indeed, the category is generated by the free
object A, and any A-endomorphism of A is determined by the image of its identity
element, which has to be central. This clearly induces functorial A-endomorphisms
of all modules N, through presentations of the form §; A — N.
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In our case, M(G) is equivalent to the category M(H(G)) of nondegenerate
modules of its Hecke algebra (Proposition, which however is only idempotented,
not unital. We can build a unital “completed” Hecke algebra out of it.

—

Definition 7.32. The completed Hecke algebra H(G) is the convolution algebra
of essentially compactly supported distributions on G, that is, linear functionals
C°(G) — C whose restriction to J x J-invariants, for every compact open subgroup
G, is represented by an element in the J-Hecke algebra H(G, J).

In other words,
(7.32.1) H(G) = (G, J),

where the limit is taken over a basis of open compact subgroups, and the transition
maps are given by averaging. The completed Hecke algebra is unital, with identity
element 6; = the delta measure at the identity.

Proposition 7.33. The Bernstein center 3(G) is naturally identified with the ring
of linear endomorphisms of H(G) which commute with right and left multiplication;

also, with the center of the completed Hecke algebra 77(5)

The “natural” identification is the one induced by viewing H(G) as a left G-
module (equivalently, a right G-module; ), so the map from 3(G) to

Proof. It is easy to see that the functor V + V7 = e;V (where e; is the identity
element in H(G,J)) from M(G) to H(G,J)-modules induces a homomorphism
from the center of the former category to that of the latter. But H(G,J) is a
unital algebra, so, by Example 3(G) lands in its center. The center commutes
with projections (averaging) V7’ — V7 for J' C J, so the collection of these
maps defines a homomorphism from 3(G) to linear endomorphisms of H(G) which
commute with left and right multiplication. Taking the inverse limit over J, we
obtain similar endomorphisms of the completed Hecke algebra; but this is unital,
so the ring of such endomorphisms is identified with its center.

—

Vice versa, every element z in the center of H(G) projects to central elements
zy in the centers of H(G, J) for all J, and induces functorial endomorphisms on all
smooth representations V, by letting it act on V7 as z. ([

The block decomposition of the category M(G) (Theorem [7.28]) induces a de-
composition of its center,

(7.33.1) 3(G) =[[3(@)e,
Q

where € runs over all the Bernstein components, and 3(G)q is the center of the
corresponding Bernstein block 9(G)q. Recall that every such component is the
associate class of a pair (L, D), with L a Levi of G and D a cuspidal component of
L, and that such a component is, as a variety, isomorphic to D J W(L, D).

Theorem 7.34. The center of the Bernstein block M(G)q is isomorphic to the
ring C[Q] of regular functions on Q. The isomorphism is uniquely determined by
the requirement that, if Q0 is represented by a cuspidal component D of a Levi
subgroup L, and P is a parabolic with Levi L, an element z in the center acts on
the normalized parabolic induction (Definition @) of a supercuspidal o € D by
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evaluation of the corresponding regular function at the image of o in Q@ = D
W(L, D).

Proof. We follow the proof of the original paper [Ber84]; a slightly different proof
is contained in Bernstein’s notes [Ber92], using the (imporant but heavier) machin-
ery of second adjointness. We use normalized parabolic induction and restriction
throughout.

Firstly, the case L = G was treated in Proposition [7.20]

Secondly, by Proposition every representation in M(G)q embeds into a
sum of representations of the form Ip(c), for P varying over parabolics with Levi
L and ¢ € M(L)p, so an element of the center is determined by its action on
representations of the form Ip(c).

Thirdly, we can replace an arbitrary ¢ with a progenerator Il of the category
M(L)p, for example, IIp = CIHdMOReSMUﬂ', as in Equation We have an
action of the group algebra C[M/M,] = C[¥,,] on I§(IIp) by G-automorphisms
(induced from its action on IIp), and by definition the action of the Bernstein
center has to commute with it. For every compact open subgroup K of G, the space
IS (1p)X is a projective C[¥s]-module of finite rank; the action of any z € 3(G)
on it must be given by a section of its sheaf of C[¥ /]-linear endomorphisms. On the
other hand, by Proposition [7.25] for a Zariski open set of 7 € ¥, the specialization
at n, i.e., the representation Ig(w ®n), is irreducible. (Note that a supercuspidal
representation with unitary central character is always unitarizable, as we can form
an inviant inner product by integrating matrix coefficients on G/Z(G).) It follows
from Schur’s lemma that z must act by a scalar on this quotient. These facts
combined imply that z acts as an element of C[¥y,]. Finally, if 7 and 7 ® n are
isomorphic, then a choice of isomorphism induces an L-endomorphism of IIp (as
in Proposition , hence this element should be invariant under the stabilizer I’
of m, and descend to an element of C[D].

Fourthly, for w € W(L, D) and generic 7 € D we have an isomorphism Ip(m) ~
Ip(™m). Similarly, for P,Q with Levi L and generic m we have Ip(w) = Ig(m),
again by Proposition Therefore, this element of C[D] is independent of P,
and invariant under W (L, D).

We have proven that we have an injection 3(M(G)q) — C[?]. There remains
to prove that it is surjective. Since, again by Proposition we have a functorial
embedding

(7.34.1) VP Ip(RpV)p,
P

and any z € C[Q] = 3(M(L)p)V D) acts by G-automorphisms on the right
hand side (since it acts by L-automorphisms on the inducing data), it is enough
to show that the embedding is invariant under the z-action. The class
of representations for which this happens is stable under subquotients and direct
sums, and therefore it is enough to assume that V = Io(Ilp), with IIp as before
and @ with Levi L. More precisely, we will prove that under the canonical maps

Io(Ilp) = Ip(Rplg(Ilp))p

the @Q-induced action of z on the left coincides with the P-induced action on the
right. Equivalently, considering the L-module

o= (RPIQ(HD))D € M(L)p,
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the @-induced action of z (call it zg) coincides with its action on ¢ as an object of
M(L)D (call it ZP).
The geometric lemma (Proposition provides a filtration of ¢ indexed by
w € W(L, D), with w-graded piece “IIp. The original C[D]-action on the induc-
ing datum IIp becomes w-twisted on the w-graded piece. Since z is a W (L, D)-
invariant function on D, the actions zp and zg coincide on all the gradings. There
remains to show that there is no unipotent difference between the two actions. Any
such nontrivial unipotent difference would give rise to an L-equivariant morphism
between two of the graded pieces, “*IIp and “2IIp. Moreover, it would be C[D]-
equivariant with respect to the wi-twisted action on the former and the wo-twisted
action on the latter. Again, for every compact open K C L, the K-invariants of
WiTlp and “2I1p are finitely generated projective C[D]-modules, and therefore it
suffices to show that for a Zariski dense set of specializations we cannot have such
morphisms. But this is indeed the case — for a Zariski dense subset of 7 € D we
have Homy, (“*7,*27) = 0. It follows that zp and zg have to coincide, completing
the proof of the theorem.
O

8. The Satake isomorphism

Definition 8.1. A reductive group over a local non-Archimedean field F is said to
be unramified if it is quasisplit, and splits over an unramified extension.

Proposition 8.2. For a connected reductive group G over F, the following are
equivalent:
(1) G is unramified (Definition [8.1));
(2) G admits a reductive model of the ring of integers o (i.e., a smooth model
with connected reductive geometric fibers).

Moreover, the integral model over o is unique up to Gqq(F)-conjugacy, that is, for
any two reductive o-groups G, Ga with general fiber identified with G, there is an
isomorphism Gy ~ Ga that restricts to an inner automorphism (over F') on G.

[This proposition should be moved to the chapter on algebraic groups.]

Proof. For the direction from the second to the first, see [Conldl Corollary 5.2.14].
The opposite direction follows from the classification in terms of root data with
Galois actions. [To be added.] For the uniqueness, see [Conl4l Theorem 7.2.16]. O

Definition 8.3. A hyperspecial subgroup of G(F), where G is an unramified con-
nected reductive group over F', is a subgroup of the form K = G(0), where G is a
reductive integral model.

Hyperspecial subgroups are unique, up to conjugacy, for adjoint groups, as fol-
lows from the uniqueness statement of Proposition This does not need to be
true when G(F') does not surject onto Gaq(F).

Proposition 8.4. A hyperspecial subgroup (Deﬁnition is mazimal.
Proof. [Omitted for now.] O

From now on, G will denote G(F). Fix a hyperspecial subgroup K = G(o0),
corresponding to an o-model G, and consider the integral unramified (“spherical”)
Hecke algebra H(G, K) of Z-valued, K-biinvariant functions on G. If we consider
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them as functions on the discrete space G/K, using the counting measure on this
space we can identify them as measures, and this defines their convolution and,
more generally, their action on the K-invariant vectors of any representation V
(with arbitrary coefficients!). Explicitly, if v € VX the characteristic function of a
double coset KgK acts as

1K9K U= Z Y- .

V€E[K9gK/K]

The goal of this section is to establish the integral Satake isomorphism. For this
purpose, let Y be “the” full pre-flag variety of G over o, Y ~ N\G, where N\ is the
unipotent radical of a Borel subgroup. We do not really choose a Borel subgroup,
but the choice of integral model matters, as it endows ) with a distinguished K-
orbit, equal to Y(0), that will serve as our base point. As for the group, will use Y’
etc. to denote F-points. We let T' D T denote the universal Cartan T'= B/N, and
its maximal compact subgroup To = T (0); we reserve the letter A for the maximal
split torus in 7.

We let S(Y/K) denote the space of Z-valued, compactly supported, K-invariant
functions on Y. It is a module for H(G, K) (under the right action of G on Y') and
for T' (under the “left” action of T on Y'). To be clear, the action of an element
t € T on functions is defined as translation by ¢, not t~!, and it is not normalized
by any modular character — which is not defined over Z: (¢ - f)(y) = f(ty); this
way, the center of G acts the same, whether it is considered as a subgroup of G or
of T

Lemma 8.5. Every element of S(Y/K) is To-invariant, hence the action of T
factors through the quotient T/Ty; in particular, we have an action of the Hecke
algebra H(T,Ty). Under this action, S(Y/K) is a free module of rank one, and the
element eg = ly(o) 1S a generator.

Proof. The Iwasawa decomposition [needs to be added] G = NTK shows that
G = theT/To NtK, and in particular:

e every N\G/K-coset is left invariant by Tp;
e the group T'/T} acts simply transitively on the cosets.

One of these cosets is equal (modulo N) to V(o). O

Let A =T/Ty. We start with the Satake isomorphism for tori:

Proposition 8.6. Let T be an unramified torus over F, and let A C T be the
mazimal split subtorus. If w € F is a uniformizer, the map A :== X,(A) > X\ —
Mw) € A(F) descends to an isomorphism X, (A) ~T/T,.

Moreover, let T be the dual torus to T, understood as a group scheme over Z, with
an action of the unramified Galois group T' = (o), where o denotes the Frobenius
element. Then, the dual A of A is the mazimal torus quotient of T where T acts
trivially, and the natural maps induce isomorphisms of algebras

(8.6.1) Z[To)T = Z[A] = Z[\] = H(T, Ty),

where the “coset” To is the space T equipped with the o-twisted conjugation of T,
xo-t = (t-°t~)xo (and the notation Z[] is used both for group rings and coordinate
rings — it should be clear which is which).
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Proof. Consider the quotient of algebraic group schemes over o:
12 A>T —>T/A— 1L

Since A is split, this induces (by Hilbert 90) surjections at the level of F- and
F,-points, hence (by smoothness) at the level of o-points. On the other hand, T'/A
is anisotropic, and T/A(F') = T /A(o). Therefore, T(F) = A(F)T (0), and since
A(F)NT (o) = A(o0), and A(F)/A(0) = A, this shows the bijection A = T'/Tj.
For the coordinate rings, if A’ is the F-cocharacter group of T', then the torus
A is spanned by the images of Galois-stable cocharacters, hence A = (A’)'. On
the dual side, the embedding A < A’ induces a morphism of dual tori T — A,
which identifies A with the quotient of T by the subtorus of all elements of the
form (t-°t~1), t € T, hence Z[To]|" = Z[A] = Z[A]. O

Now denote by ¢y a representative for A € A =T /Ty in T, and let §) = 1yt x =
¢35 " +1y(0); thus, the elements d) form a basis for S(Y/K). By Lemma the action
map H(T,To) > h = h - 1y, identifies the spaces S(Y/K) and H(T,Tp) ~ Z[A];
notice, however, that the characteristic function 3Ty in H(T,Ty) corresponds to
0_x.

Theorem 8.7 (Satake isomorphism). Let S : H(G,K) — H(T,Ty) be the map
given by the action map H(G, K) 3> h+— h- 1y, € S(Y/K) and the identification
of S(Y/K) with H(T,Ty) (again through the analogous action map), i.e., S(h) is
that element of H(T,Ty) such that h-1yy = S(h) - 1y). Then S gives rise to an
isomorphism of algebras:

(8.7.1) H(G,K) ~ H(T, To)z N H(T, To)g"* = Z[A] N Q[A]"*,

where the e-action of the (relative) Weyl group W is defined by (w e f)(t\) =
g MP=we) f(t,-13) (where q is the degree of the residue field).

Explicitly, the element h € H(G, K), is mapped to the element of H(T, Ty) whose
value at t is equal to

(8.7.2) h-ly(o)(Ntfl)=/Gh(g)1NK(Ntflg)dg:/Nh(tn)dn,

where the Haar measure on N gives volume 1 to A/(0). The way that the Satake
isomorphism is usually defined in the literature is through the equation ,
multiplied by 65 (¢)2 (where 85 is the modular character of the Borel subgroup), in
order to replace the e-action of W by the usual action of W — but this modification
is not defined over Z.

Notice also that, the characteristic function of ¢\Tp in H(T,T,) corresponds to
the element d_» of S(Y/K), image of the action map will be invariant under the
following Weyl group action on S(Y/K)q:

(8.7.3) wedy = q</\’p_w71p>5w,\.

Proof. First of all, we notice that the map S is a homomorphism of algebras,
because the actions of G and T on Y commute, and H(T,Ty) is abelian: if h; €
H(G,K) and h; € H(T, To) are such that hz . 13)(0) = h; . 1y(0), then (h1h2) . ly(o) =
hy - (he - 1y(o)) = ha(hy - 1y (o)) = B (h1 - 1y(e)) = (A5h1) - 1y (o) = (R1R3) - Ly (o).

Next, we claim that the image lies in Q[A]""*. We will present two proofs for
that, one of them only for the split case [but it can be generalized — to do].
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The first proof, following [Car79], uses the explicit expression of the
Satake transform as an integral, and replaces it by an orbital integral for the action
of G on itself by conjugacy. Namely, choose a lift of the quotient map B — T,
thus identifying T as a subtorus of B. If t € T is a regular element (i.e., has trivial
stabilizer under the action of the Weyl group), then we have the following formula:

/ h(tn)dn = | det(Ad,(t™1) |/ f(n~'tn)dn = | det(Ad,(t™1) |/ flg~'tg)dg,
N

where Ad, denotes the left adjoint action of T" on the Lie algebra n, and the invariant
measure on T\G is normalized so that the total measure of K-orbits represented by
T\TN (o) is 1. This formula follows easily by considering the map N — ¢tN given
by n +— n~'tn, and representing the measures as absolute values of volume forms;
at the last step, one uses the K-invariance of H to represent T\G by NK.
Hence, for w € W and ¢ a regular element in T' (any class in T'/Tp has such
representatives),
Sy e t)dn | det(Ady(“tY) ~ 1))

S h(nt)dn |det(Ad,(t~1) —1)]

B 1 —e*(t)
= I T e o)

a>0,wa<0

-1

1—e ™ “(t)
=5

a>0

I <o

a>0,wa<0

= [eP ()],

which amounts to the stated invariance property. (We have not assumed G to
be split, for this calculation: the terms inside the absolute values are algebraic
functions, and therefore it is valid to manipulate them over the algebraic closure
— where all roots are defined.)

[Another proof with Fourier transforms to be added.]

Finally, we prove that the map H(G, K) — Z[A] N Q[A]"** is an isomorphism.
We will argue by identifying the space on the right (call it M) as a subspace of
S(Y/K) — the e-action of W is given by (8.7.3). Notice that M is a free Z-
module with generators m), indexed by dominant cocharacters A into A, given by
mx =Y\ qn0x, where X' ~ X means that A’ = w for some w € W, and in this
case we set gy = q<)“"°_“’71p>. We define a filtration of this module with respect to
the partial ordering by coroots, i > X if 41—\ is a sum of positive coroots. Similarly,
H(G, K) has a basis consisting of the characteristic functions of the cosets Kt_y K
(with A dominant, again), and we use it to define a filtration of H(G, K) indexed by

dominant weights. We claim that the map H(G, K) — M respects these filtrations:
FM(G,K) — FAM,

and that the generator of the A-th graded piece, represented by the function 1x+, &,
maps to the generator of the A-th graded piece, represented by my. These state-
ments follow from the following fundamental fact:

For A\ dominant, we have
(8.7.4) Kt\K C | J Nt, - K,
p<A
and KtyK N Nt\K = N(O)t)\K.

[The proof of this will be added together with the proof of the Cartan and
Iwasawa decompositions.]



36 REPRESENTATIONS OF REDUCTIVE GROUPS OVER LOCAL FIELDS

This implies that 1x:_, x - do = Ix + Z,K/\ cu 0y for some coefficients ¢, » € N.
We leave it to the reader to check that this is equivalent to the claim.
O

9. Langlands parameters

Let G be a (connected) reductive group over a local field F. We will write G for
G(F). The L-group and the C-group of G have been defined in Section ??7. We
denote by I'r the Galois group of F (of a fixed separable extensiorﬂ), and by Wr its
Weil group. For definitions, see [Tat79]. We only remind here that the Weil group
comes with isomorphisms Wr/Wg = I'r /T’y = Hom(E, F*) for every separable
extension E of F, and Wf;b = FX, compatible with the isomorphism I'p — Fx
(profinite completion) of class field theory. As in [Tat79], we will normalize the
isomorphism of class field theory so that a Frobenius element maps to the inverse
of a uniformizer, i.e., a geometric Frobenius element maps to a uniformizer. In
particular, we have a norm map | e | : Wp — F* — R, sending a Frobenius
element to ¢: the degree of the residue field.

We also remind of the modification of the Weil group that is needed in order to
pass from [-adic to complex representations:

Definition 9.1. Let F be a non-Archimedean field. The Weil-Deligne group W
is the semidirect product Wr x G,, with wrw™! = |w|z for w € Wp and = €
Gq- A representation of the Weil-Deligne group over a field E of characteristic
zero is a pair (p, N) consisting of a representation of Wg with open kernel on a
finite-dimensional vector space V over E, and a nilpotent endomorphism N of V|
satisfying p(w)Np(w)~" = |w|N.

The “open kernel” condition is the important one here; it makes irrelevant the
topology of GLg (V). The Weil-Deligne group is a convenient way to de-topologize
the [-adic representations of the Weil group that show up “in nature” (in étale
cohomology), and translate them among different I’s, or to the complex numbers:

Proposition 9.2. Let [ be a prime different from the residual characteristic p of
(a non-Archimedean field) F, and let E be a finite extension of Q;. There is a
canonical bijection between isomorphism classes of (continuous) finite-dimensional
E-representations ¢ : Wr — GL(V') and representations (p, N) of the Weil-Deligne
group over E (Definition , characterized by the property that

(9.2.1) 9(B0) = p(Po) exp(ti(0)N),

for some Frobenius element ® € Wg, any element o of the inertia subgroup, and t,
a choice of isomorphism of the pro-l-quotient of (tame) inertia with Z,.

Recall that the tame inertia quotient is generated by n-th roots of a uniformizer,
for (n,p) = 1, and is isomorphic (up to a choice of topological generator) to ZP =

[y Zi-

Proof. See [Tat79, §4.2] for references. O
Definition 9.3. A Langlands parameter into the L-group of G is a morphism
Wi — LG over T

See Remark it is better not to fix a separable extension, and to translate these definitions
to sheaves over the étale site of F'.
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The local Langlands conjecture posits the existence of a canonical finite-to-one
map:

{irreducible admissible representations of G}/ ~— {Langlands parameters into “G}/ ~ .
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