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In this chapter we begin studying representations of compact, and non-compact,
Lie and algebraic groups. The focus will be on the representation theory of reductive
algebraic groups over R, and over the p-adic numbers. All compact Lie groups are
reductive algebraic, and most of the interesting non-compact Lie groups are such.

The study of continuous representations of compact Lie groups goes in parallel
with the study of algebraic representations of their complezifications, and with
finite-dimensional representations of their Lie algebras. We will introduce these
topics a little more generally, in order to be able to use them later for non-compact
Lie (algebraic) groups and their infinite-dimensional representations.

1. Lie groups, group schemes, algebraic groups
Definition 1.1. A Lie group is a group in the category of differentiable manifolds.

Remark 1.2. As a corollary of the Baker-Campbell-Hausdorff formula that we
will prove later, any Lie group is automatically real-analytic. See Proposition [4.§
In many references it is defined from the outset as a group in the category of analytic
manifolds.

Definition 1.3. A group scheme (over a base scheme S) is a group in the category
of (S-)schemes.

If S = Spec(k), where k is a field in characteristic zero, then a k-group scheme
is automatically smooth over k, see Theorem [6.7] This is not the case in positive
characteristic, as the following example shows:
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Example 1.4. Consider the (smooth) additive group scheme over k = F):
G, = Speck[T)
with the obvious group structure. For instance, addition G, x G, — G, is given
by the morphism induced by:
K[T] > f(T) w f(T1,Ts) € k[T] @y k[T] = k[T, T3]
Now consider the “Frobenius” homomorphism:
Go. — G,
K[T) > f(T%) < f(T) € k[T].
The kernel K of this homomorphism is, as a scheme, isomorphic to k[T]/(T?), with
the embedding K — G, given by the quotient map:
k[T] — K[T]/(T")
and the inherited addition morphism:
E[T]/(T) 3 f(T) = f(T1,T2) € k[T]/(T") @k k[T]/(T") = k[T1, To] /(17 , T5).

Notice that this is a k-group scheme with a unique closed point (the identity),
but it is not the trivial k-group scheme Spec(k), as it has non-trivial tangent space
(=Lie algebra), i.e. it is not reduced (hence not smooth).

Other examples of group schemes that are not smooth can be obtained, e.g. over
Zy, for instance by taking the subgroup of GLy (defined over Z) which stabilizes
the quadratic form Q(z,y) = p(x? + y*). The fiber of this over the generic point
SpecQ is an orthogonal group in two variables (hence of dimension 1), while the
fiber over the special point SpecF,, is GLy (of dimension 4) — in particular, this is
not a smooth group scheme.

Definition 1.5. An algebraic group over a field k is a smooth group scheme over
k. If an algebraic group is affine, it is called a linear algebraic group.

The following is a very basic theorem about quotients:

Theorem 1.6. Let G be a Lie or linear algebraic group over a field k, and H a
closed subgroup. In the first case, the quotient G/H exists as a smooth manifold.
In the second case, there is a linear representation G — GL(V') such that H is the
stabilizer of a line, and the quotient G/H is isomorphic to a locally closed subset
of P(V), hence quasiprojective.

Proof. Omitted, together with the definitions of quotients. Notice that the quo-
tient in the case of algebraic groups is taken in the fpqc topology; i.e., the maps
G(R)/H(R) — (G/R)(R) are not surjective for any k-algebra R, but they are
surjective over some faithfully flat, quasi-compact cover. O

2. Lie algebras; the Lie algebra of a Lie or algebraic group
Definition 2.1. A Lie algebra over a ring k is a k-module g with a bilinear, anti-
symmetric operation

[o,0]:gNg — g,
satisfying the Jacobi identity:
(2.1.1) (X, Y. Z]] + [V, [Z, X]| + [Z,[X, Y]] = 0.
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A morphism of Lie algebras T : g — h over k is a k-linear map T from g to b,
which is compatible with the Lie bracket: [T(X),T(Y)] = T([X,Y]).

There is a functor from associative algebras to Lie algebras, mapping an asso-
ciative algebra A to the Lie algebra Lie(A), with the same underlying set and Lie
bracket [X,Y] = XY — YX. We will often write simply A for the Lie algebra
Lie(A).

Definition 2.2. A representation of a Lie algebra g on a vector space V is a
morphism of Lie algebas g — End(V).

Definition 2.3. The adjoint representation of a Lie algebra g is the homomorphism
ad : g — End(g) given by ad(X)(Y) = [X,Y].

Remark 2.4. These notions explain the meaning of the Jacobi identity (2.1.1): It
simply says that the adjoint map is, indeed, a representation.

Example 2.5. Let A be an associative algebra, and consider the submodule
Der(A) C End(A) of derivations, i.e., endomorphisms D satisfying the Leibniz
rule D(fg) = fDg+ D(f)g. It is a Lie subalgebra of End(A).

For a manifold or algebraic variety M, we will be denoting by Der(M) the
derivations on M, i.e., sections of the tangent bundle of M.

Given a Lie group G, or an algebraic group over a field k, its tangent space
g = T1G at the identity can be endowed with the structure of a Lie algebra. This
works as follows: First, evaluation of a vector field at the identity defines a linear
maps

Der(G) — g.

Let Der(G)&'** and Der(G)% 8" denote, respectively, the subspaces of left-
and right- invariant derivations. For example, a left-invariant vector field V' has
the property that L(g).V =V for every g € G, where L(g) is the left action of g
on G. Then

Lemma 2.6. Evaluation at the identity gives bijections
Der(G)G'leﬂ =g,
Der(G)GWght =g

These bijections are mapped to each other under the inversion map g +— g~ on G,
which acts by —1 on g.

Proof. This is clear from the definitions. |

Derivations satisfy the Jacobi identity (think of them, locally, as a subalgebra
of the Lie algebra associated to the endomorphism algebra of smooth/algebraic
functions), which gives rise to a Lie algebra structure on g:

Definition 2.7. The space g = 171G, endowed with the Lie bracket of its identi-
fication with left- invariant derivations according to Lemma [2.6] is the Lie algebra
of the group G.

Notice that the identification with right-invariant derivations would give the
opposite Lie bracket.

Definition[2.7|makes sense for an algebraic group over a field k, as well, producing
a Lie algebra over k. In positive characteristic, this Lie algebra has extra structure:
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Definition 2.8. Let k& be a field of characteristic p > 0. A restricted Lie algebra
over k is a Lie algebra g together with an operation X — X[?! such that:
(1) ad(X[)) = ad(X)?;
(2) tx)lPl =2 X (for t € k, X € g);
(3) (X+Y)lPl = X[p]—i-Y[p]—i—Zf;ll i~1si(X,Y), where s;(X,Y) is the coefficient
of t* in ad(tX 4+ Y)?P~1(X); in particular, if [X,Y] = 0, (X + V)PPl =
Xl 4 ylol,

Example 2.9. If A is an associative algebra over k, then Lie(A) is a restricted
Lie algebra, with AP! = AP. In particular, if G is an algebraic group over k, the
p-th power of a left-invariant vector field, viewed as a differential operator, is also
a left-invariant vector field, and endows the Lie algebra g with the structure of a
restricted Lie algebra.

3. The universal enveloping algebra and the Poincaré—Birkhoff-Witt
theorem

The functor A — Lie(A) from associative to Lie algebras has a left adjoint.

Definition 3.1. Given a Lie algebra g, the initial object U(g) of the category of
associative algebras A with a homomorphism of Lie algebras: g — A is called the
(universal) enveloping algebra of g.

Equivalently, the association g — U(g) is left adjoint to the natural functor from
associative to Lie algebras, i.e.

Homp e (g, Lie(A)) = Homagsoc(U(g), A)
for every associative algebra A.

In other words, U(g), together with the homomorphism g — U(g) is defined by
the universal property that any other homomorphism of Lie algebras g — A factors
uniquely through U(g).

Proposition 3.2. The universal enveloping algebra of any Lie algebra g exists.

Proof. One can construct it as the quotient of the tensor algebra of g,
Tg:=Pg*",
n>0
by the two-sided ideal generated by all elements of the form:
XY -YeX-[X,Y], X,)Y €g.
(The rest of the proof is left to the reader.)
O

Example 3.3. Let X be a smooth manifold, or an algebraic variety (over a field
k). Let g = Der(X) be the vector space of derivations, or vector fields on X: these
are sections of the tangent bundle of X E| Then, g is a Lie algebra, and U(g) is, by
definition, the algebra of (smooth/algebraic) differential operators on X.

n algebraic geometry, derivations are defined as certain endomorphisms of the structure sheaf,
and are used to define the tangent bundle.
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The universal enveloping algebra is (N-)filtered: We have F°U(g) = k, F1U(g) =
g @k, and F"U(g) = the subspace generated by n-fold products of elements of
FlU(g).

Definition 3.4. Let A be an algebra with an increasing N-filtration, and write
F' simply for FiA: A=Y _,F"A, F' C F'*', and F'- FJ C F'"J. Set, by
convention, F~! = 0.

The associated graded algebra of A is the N-graded algebra

gA=Par'A=PFA/FA
i>0 i>0
The Rees algebra of A is the N-graded algebra
A=EPFA-t'C A k).
i>0
Lemma 3.5. In the setting of Definition the Rees algebra A is a free k[t]-
module, its fiber over any t = a # 0 (i.e., the quotient A/(t — a)A) is canonically
isomorphic, through the evaluation map t — a, to the original filtered algebra A,

and its fiber over t = 0 (i.e., the quotient A/tA) is canonically isomorphic to its
associated graded grA.

Proof. The fact that it is free over k[t] is obvious.
Away from t = 0, that is, if we tensor with k[t~!], we get an isomorphism

Akt = A®k[t™1,1],
so the fiber at t = a # 0 is isomorphic to A through the evaluation map.
On the other hand, the element ¢ is homogeneous, so the quotient .A/(¢) is also
a graded algebra, with i-th graded piece equal to F'A - ¢/t - Fi=1A . 171 = griA.
O

The structure of the universal enveloping algebra is described by the Poincaré—
Birkhoff-Witt theorem:

Theorem 3.6 (Poincaré-Birkhoff-Witt). Let g be a Lie algebra over a field k. Then
there is a canonical isomorphism

(3.6.1) grU(g) ~ S(g),

where S(g) denotes the symmetric algebra in g.

In particular, if we choose a linearly ordered vector space basis (X;)ier (possibly
with infinite indexing set 1), then the monomials of the form X' X2 --- X[*, with
i1 <ig < -+ <ig, form a vector space basis for U(g).

Proof. First, we construct a natural surjection:
S(g) = erU(g):

The symmetric algebra S(g) is the homogeneous quadratic algebra T(g)/(R),
where T'g is the tensor algebra T = @ T¢ with T/ (g) = g®---® g (i times), and R
the subspace of T2(g) (hence “homogeneous quadratic”) generated by elements of
the form  ® y — y ® x. The notation (R) denotes the two-sided ideal generated by
R.

On the other hand, U(g) is the inhomogeneous quadratic algebra T(g)/(P), where
P C T=2(g) the subspace generated by elements of the form x ® y —y @ x — [z, y].
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The image of P under the quotient T<2(g) — T?(g) is equal to R, and this
implies that the ideal (R) is in the kernel of the natural surjective map

S(g) = erT(g) = @ T<'(g)/T<""(g) — grU(g).

The hard part of the proof is to show that the resulting map S(g) = T(g)/(R) —
grU(g) is an isomorphism. The proof uses the Jacobi identity in an essential way:

The idea of the proof is to construct a representation p of g (equivalently: of
U(g)) on the free vector space V generated by the monomials X' X;*--- XF.
This representation will have the property that ¥ = Xi*X;”-.- X/* considered
as an element of U(g), takes 1 € V to X' X2 --- Xi'* (a posteriori, it is just left
multiplication on U(g)). In particular, the map U(g) 2 YV — p(Y)(1) € V is
injective, which proves the theorem.

Define the structure constants of the Lie algebra, cfj, by [ X5, X;] =>4 cijk. We
write every monomial as above in the form Yy, where M = (j; < jo < -+ < j,)is
a finite ordered sequence of elements of the indexing set I (with repetitions). This
includes the element Yy = 1 € k. Notice that we will be using the letter X for
elements of g, and the letter Y for elements of V', to distinguish them. We define
the representation as a filtered map

gxV =V,

with respect to the filtration of V' by the subspaces V,, spanned by monomials of
length < n (with the elements of g in degree 1, of course). First of all, we set

Xi-Yp =Y.
Assume now that we have defined a map g x V,,_1 — V,,, n > 1, satisfying the
following three properties:

o X;-Yy =Y n) when i < the smallest (first) element of M (which we will
denote by ¢ < M;

°

(3.6.2) Xi - Yii<<jn) = Y(ji<..<i<..j,) + lower order terms;
[ ]

(3.6.3) Xi (X -Yu)—X; - (X;-Yu) =[Xs, X5] - Y.

We define the map on g x V,,, inductively on the basis elements (i.e., assuming it
has been defined for X; with j < i) by

Xy o= Y ifi<j
Lo Xj - (Xi-Yar) + X, ¢ Xy - Yar,  otherwise.

Then, the first of the three properties above holds by definition. For (3.6.2)), also
by the definition, if the ordering is j; < -+ < j,, <@ < ..., also by the definition
we have

Xi Yii<o<j) = Xjy - X, - Xi - Y5,y T lower order terms

=Y, <..<i<..j,) + lower order terms.
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Finally, for (3.6.3)), if ¢ = j, both sides are zero. Also, since both sides are anti-
symmetric in ¢ and j, we may assume that ¢ > 7. In j < M, then the property
holds by definition. Assume now that M = (k, N) with j > k. Then, by definition,

Xj'}/(k,N) = Xj . (XkYN) :Xk . (XJYN)'F [XJ,X]C] 'YN>

and similarly for X; - Y, n). By , the element X; - Yy can be written as
Y(j,N)o,at lower order terms, where (j, N)orq denotes the ordering of the multiset
obtained by appending j to N. Since k < N and k < N, by the above and by the
induction hypothesis we have

Xi (X (X, Yn)=Xi - (X5 - (X - YN)) + [ X5, Xi] - (X - Y).
Thus,

Xi (X5 - Yur) = X - (X - Vi) = X - (X - (Xpe - Yv)) = X - (X - (X - V) =
=X (X5 (X5-YN))+ [ X5, Xa] - (X5 - YY) + (X5, X - (X - Y) + (X6, [XG, Xi])- Y
=X (X (X3 Yiv)) = [ X5, Xoo] - (X - Yiv) = [Xi, Xi] - (X - Yiv) = [ X, [Xo, Xie]] - Y

By the Jacobi identity, this is equal to
Xip- (Xi - Xj — X+ X;) - Yy + [ X, [Xi, X)) - Y,
and again by the induction hypothesis this is is
X - [Xi, X5 - YN + [Xi, [ X5, XG]] - Vv,
and once more by the induction hypothesis this is
(X5, Xj] - X - Y = [ X, X;] - Y,

as desired.
O

Remark 3.7. A different and more general proof by Braverman and Gaitsgory
interprets the Jacobi identity in terms of Hochschild cohomology, see [BG96]. We
summarize the ideas: In this proof, instead of starting from U(g), we start from the
symmetric algebra S(g), and construct the Rees algebra of U(g) as a deformation
of that.

Let A = S(g), considered as a graded algebra. An i-th level graded deformation
of A will be a graded k[t]/k[t]tiT -algebra A; (where deg(t) = 1), which is free
as a k[t]/k[t]t"t1-module, together with an isomorhism of A;/tA; ~ A. A graded
deformation A of A will be a graded algebra over the polynomial ring k[t], which
is free as a module over this ring, together with an isomorphism A/tA ~ A.

Suppose we are given a first-level deformation A; — A, and choose a splitting
A — Aj as a graded k[t]-module, so that A} = A@tA. Then, the multiplication on
Aj is described by a k-linear map f: A® A — A, homogeneous of degree —1, such
that (a+t-0)-(b+t-0) =ab+tf(a,b). The associativity condition is rewritten
in terms of f as:

(3.7.1) f(a,b)c — f(ab,c) + f(a,bc) —af(b,c) =0,
for any a, b, c € A.

It turns out that this condition defines a Hochschild cocycle. The Hochschild
cohomology of A is the derived functor of Hom gg 400 (4, A), the endomorphisms of
A as an A-bimodule. It can be computed using the bar resolution by free bimodules
Bi(A) = A®"" with the boundary map B(A) — B'~!(A) given as the alternating
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sum of replacements a ® b + ab, over all identifications of A® A with the (4, j +1)-
st factor of B* (where j = 0...4). So, the derived functor Ext’yg 4on (A, A) can be
computed in terms of the complex consisting of

Hom g 00 (Bi(A), A),

which is the same as
Hom(A®', A)

with appropriate boundary maps. For ¢ = 2, the cocycle condition is precisely the
equation . One checks that the choice of splitting A — A; changes the 2-
cocycle by a coboundary, so the first-level deformations of A correspond uniquely to
classes in H?(A) (second Hochschild cohomology group). In fact, since A is graded,
so is the Hochschild cohomology, and we get a bijection between isomorphism classes
of first-level deformations, and the —1-graded piece H%,(A).

There is a similar description of extensions of an i-th level deformation to an
(i 4+ 1)-st level deformation by H2, ;(A), provided such deformations exist. The
obstruction to the existence of such a deformation is an element of H?, ;(A).

Now, it so happens that A = S(g) is a Koszul algebra. One of the equivalent
definitions of this notion for N-graded algebras is that Ay = k, and Ay = A/A~,
as a graded A-module, has a graded projective resolution

o PO 5 PO L PO 5 AJAG -0

where P®) is generated by homogeneous elements in degree i. This turns out to
be equivalent, for a homogeneous quadratic algebra of the form Q(V,R), to the
statement that the bar resolution can be replaced by a resolution by the subspaces
Ki=A®K'® A, where K' is the intersection of the spaces V¥’ @ R V&' 77
0 < j < i—2. Then, the following four conditions on the generator P of the
non-homogeneous quadratic ideal:

(1) PNFY(T(V)) = 0; hence, we can write every element of P as r+a(r)+3(r),
with r € R, a(r) € TH(V), B(r) e T°(V) = k;
(2) Im(a® I — I ® @) C R; (this map is defined on K> = R® VNV @ R);
3) ac(a®I-I®a)=—(BI—-1®p5);
(4) Bo(a®I—-I®a)=0
(where the second, third, and fourth condition follow from the Jacobi identity, in
our case) have, correspondingly, the following cohomological interpretations:

(1) this is just saying, as remarked, that we can write every element of P as
r+a(r) + B(r);

(2) da = 0; thus, « defines a cohomology class in H2(A), which can be checked
to belong to H?,(A), thus defining a first-degree deformation of A;

(3) the cocycle representing the obstruction to a second-level deformation is
trivial;

(4) the cocycle representing the obstruction to a third-level deformation is triv-
ial.

Then, it turns out that for Koszul algebras every third-level graded deformation
extends uniquely to a graded deformation A over klt].

The PBW theorem has several corollaries:

Proposition 3.8. The universal enveloping algebra U(g) is Noetherian.
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Proof. This follows from the Noetherian property of grU(g) = S(g) by the follow-
ing standard argument: if J; C Jo C --- is an increasing sequence of ideals, then so
isgrJ; C grJy C -+, where grJ = @, (JNF,,/F,_1). Notice that the map J > grJ
is not injective on ideals: two different ideals of U(g) can have the same image in
its graded. However, the map is injective on chains, i.e. if J; C J and their graded
ideals coincide, then J; = Jo. From the Noetherian property of S(g), the sequence
of graded ideals stabilizes, therefore so does the original sequence. O

Another corollary is the following:

Proposition 3.9. Ifh C g is a Lie subalgebra then U(g) is a free U(h)-module,
and hence the induction functor:

M — U(g) ®U(h) M

(where M is an h-module) is exact.

4. Exponential map and the Baker—Campbell-Hausdorff formula

Now we work differential-geometrically in the setting of a real Lie group, follow-
ing [Ste09].

Definition 4.1. A one parameter subgroup is a homomorphism of Lie groups:
v:R— G.

Lemma 4.2. The map v — +'(0) is a bijection between one-parameter subgroups
and elements of the Lie algebra.

Proof. Locally around any point x, any vector field is uniquely integrable (this is
a basic result from ODEs), namely: if v is a vector field then there is an interval
(—€,€) and a curve v : (—¢,€) — G such that v(0) = z and v/(t) = v(y(¢)), and
any two such curves coincide in a neighborhood of 0.

For a left-invariant vector field, we can use left translations by the group to show
that this local existence and uniqueness statement becomes global. O

Definition 4.3. The exponential map
g—G

is defined by
exp(X) = 7x (1),
where vx is the unique one-parameter subgroup with 74 (0) = X.

Lemma 4.4. The exponential map is a local diffeomorphism around 0 € g.

Proof. Its differential, if well defined, is the identity on g = T.G, so we only need
to show that it is a smooth map. The flow on G X g associated to the smooth
vector field (g, X) — (X (g),0) is given by: Rx G x g 3 (t,9,X) — (g-exp(tX), X),
and the flow of a smooth vector field is smooth. Therefore, the exponential map is
smooth. (|

The exponential map is not a group homomorphism, except if G is abelian (but,
by definition, it is a group homomorphism when restricted to any one-dimensional
subspace of g). Its failure to be a homomorphism is addressed by the so-called
Baker—Campbell-Hausdorff formula (which goes back to Schur). Before we state
and prove the BCH formula, we prove an important formula that will be used in
the proof, the Maurer—Cartan equation.
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Theorem 4.5 (Maurer—Cartan equation). Let 6 be the unique left-invariant, g-
valued differential 1-form on G which at the identity (e) is equal to the canonical
(“identity”) element of TG @ g = g* ® g = End(g). Then its differential is given
by

1
(4.5.1) do = —20,6).

The convention here is that for two g-valued 1-forms 6y,01, and two vector fields
Vg, V1, we have [0g, 01](vo,v1) = [0o(vo), 01 (v1)]—[00(v1), 01 (v0)], hence %[0,9](1}0,@1) =
[6(vo), 0(v1)].

Proof. Since 6 is left-invariant, so will be its differential df, which is a section of the
exterior square of the cotangent bundle of G, valued in g. Thus, df is determined
by its value at the identity, and it therefore suffices to verify the formula when df
is applied to a pair (vg,v;1) of left-invariant vector fields (identified with elements
of g). By the definition of exterior derivative,

d@(vo,vl) = 1109(111) — Ulo(vo) — 0([110,’01]).

Since the v;’s are left-invariant, 6(v;) is the constant v; € g, and therefore
v;0(v;) = 0. Thus, df(vo, v1) = —6([vo, v1]) = —[0(vo), 8(v1)], as claimed. O

Theorem 4.6 (Baker—-Campbell-Hausdorff formula). If G is a Lie group with Lie
algebra g, then for sufficiently small X,Y € g we have
(4.6.1)

1

exp(X)exp(Y) = eXp(XwLYJr%[X, Y]+E([X, (X, Y]+[Y, [V, X))+ P (X, Y)+...),

where P;(X,Y) is a Lie polynomial of order i, i.e., P;(X,Y) is a linear combination

of i — 1 nested commutators in the variables X,Y .

Remark 4.7. There is a precise formula for the Lie polynomials P;:
(4.7.1)

(—1)n~1 [X )y () x (r2)y(s2) .. X )y (sn)]
P(X,Y)=) " ) Y S e
n n ri+s1+ratsotdrpfsn=i ijl(rj + 57) ' Hj:1 585
rj,s;20, rj+5j>10 )

where [X (@Y (®)] denotes the Lie polynomial [X,[X,...,[X,[Y,[Y,...,Y]---], with

X appearing a times and Y appearing b times (and similarly for more “factors”).
This precise formula can be worked out inductively from the differential equation

below. What is important (and difficult) is the existence of such a series.

Proof. We outline two proofs, following [Ste09], and point the reader to Sternberg’s
notes for details. The second proof, which is algebraic, assumes that the group is
analytic (as Lie groups are often defined to be, from the outset, e.g., in Bourbaki).
The first, which is analytic, proves the analyticity of Lie groups (defined in the
differentiable category; see Proposition below).

For the first proof, the main idea is to express the product exp(X)exp(Y) in
terms of the elements ad(X), ad(Y) in the concrete associative (and Lie) algebra
of endomorphisms of g.

We consider the former power series (1 +u) = (1 +U)M =1+ - “—62 +...

u

the BCH formula, with the precise terms (4.7.1), is equivalent to the statement
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that
1
(47.2)  log(exp(X)exp(Y)) = X + / (exp(ad(X)) exp(t - ad(Y)))(¥)dt
0

for sufficiently small elements X, Y. Notice, first of all, that the formal power series
defining the operator ¢ (exp(t-ad(X))exp(ad(Y))) € End(g) on the right hand side
converges for small X,Y. The logarithm on the left hand side is, by definition, the
inverse of the exponential map on g, defined in a small neighborhood of the origin.

This, in turn, will be proven by proving the following formula about the “loga-
rithmic derivative” of any smooth curve C(t) on g:

(4.7.3) exp(C(1)) ™ exp(C(1)) = o(—adC(1)C' (1),

where ¢(z) is the power series

ez_l_z 1 n
z (n—i—l)!z'

n>0

Both sides of the last equation are valued in g, identified with the tangent space at
the identity of G. Applying this relation to the curve C(t) = exp(X) exp(tY), we
get
B = ¢(—log(exp(ad(X)) - exp(t - ad(B))))C"(t),
and, using the fact that
¥(z)p(—log(2)) = 1,
we get
C'(t) = y(exp(ad(X)) - exp(t - ad(B)))(B),
which is equivalent to .

There remains to prove the formula (4.7.3]), about the logarithic derivative of a
smooth curve.

Setting f(s,t) = exp(sC(t)), and with 6 the Maurer-Cartan form, the left hand
side of (4.7.3) is equal to f*@(%)(l, t), while it is immediate to compute

£ ) (.8) = exp(sC(0) 2 exp(sC(t)) = C()

(for any s,t). We let k(s,t) = f*@(%)(s,t).
The differential of f*6, applied to these vector fields, is
wn, 0 0 0 0 0 0
df0(5. 50 = 5. 050 — 5 770(5;)

* *

9 /
= %H(S,t) —C'(t).

Applying the Maurer-Cartan formula (4.5.1) to the pullback of 6, we get that
this is equal to

105 £8(5)] = ~[C(0), 8(s, D).

Thus, fixing t, the g-valued function k(s) = k(s,t) satisfies the ordinary differ-
ential equation

K'(s) = —ad(C(t))r(s) + C'(t),

with initial value x(0) = 0.
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This is now easily seen to have the unique solution
e—sad(C’(t)) -1
= —F——7—F—C'(¢

where the fraction is a formal expression for the series

1
n+1_n
2 mrin®

n>0

in the operator —ad(C(t)).
Setting s = 1, the proof is now complete.
[TO ADD: ALGEBRAIC PROOF]

Immediate corollaries of the BCH theorem include:

Proposition 4.8. Fvery Lie group has a unique structure of a group in the category
of real analytic spaces with the property that the exponential map is an analytic
isomorphism in a neighborhood of the identity.

Proof. Fix a sufficiently small neighborhood U of zero in g, and use it to define
an analytic chart in the neighborhood g exp(U) of any element g € G. The Baker—
Campbell-Hausdorff theorem implies that the transition maps between these
charts are analytic, so we have a well-defined analytic structure. The same theorem
shows that multiplication is analytic. O

Proposition 4.9. Given a Lie group G and a sub-Lie algebra b C g, there is a
unique connected immersed Lie subgroup H C G whose Lie algebra is §y.

By an immersed Lie subgroup we mean an immersed submanifold: H — G such
that H is a subgroup of G.

Proof. The left translations of f give rise to a distribution Dy, i.e. a subbundle of
TG. Tt is known from the theory of differential equations that a distribution D is
(uniquely) integrable if and only if for any two vector fields which lie in it, their
commutator also lies in it. This is easily seen to be the case for Dy, since b is a Lie
subalgebra. By the Baker—Campbell-Hausdorff Theorem [£.6] the leaf through zero
of the corresponding foliation is an immersed subgroup. ([

Proposition 4.10. Let G1,G> be Lie groups with Gy connected and simply con-
nected, then every morphism between their Lie algebras

g =02

lifts to a unique morphism
f : Gl — GQ.

Proof. The pair (f/,I) defines an embedding g; — g := g1 & g2 which, by Proposi-
tion [4.9] corresponds to a unique connected immersed Lie subgroup: H — G1 x G
whose Lie algebra is g;. Composing with projection to G; we get: H — G which
is an isomorphism on tangent spaces, hence a covering map. Since G; is simply
connected, H = G;. (]
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Remark 4.11. In a following chapter, [7] we will discuss Ado’s theorem, which
states that every finite-dimensional Lie algebra over a field in characteristic zero
has a faithful representation; hence, Proposition [4.9] implies that, given a finite-
dimensional Lie algebra over R, it is the Lie algebra of a Lie group. We may assume
that this Lie group is connected and simply connected by passing to the universal
cover, in which case Proposition [£.10] implies that it is uniquely determined, up to
unique isomorphism, by the Lie algebra.

5. Open and closed subgroups of Lie groups

For any Lie group G we will be denoting by G° the connected component of the
identity. It is a normal subgroup (exercise!).

Lemma 5.1. Any open subgroup of G contains G°.

Proof. Let H be an open subgroup. Its complement is a union of (left, let’s say)
H-cosets, and since right multiplication takes open sets to open sets, those cosets
are open. Hence, the complement of H is open, therefore H is both open and
closed, and therefore it contains the connected component of the identity. O

It is not true that every subgroup of a Lie group is closed. For instance, any
one-parameter subgroup in the torus (R/Z)? with non-rational slope is dense, but
not closed.

On the other hand, every closed subgroup is a Lie subgroup:

Theorem 5.2 (Cartan). Fvery closed subgroup of a Lie group is a smooth manifold,
hence a Lie subgroup.

Proof. Let H C G be a closed subgroup of a Lie group. Let g denote the Lie
algebra of G, i.e. the tangent space at the identity. We will define a subspace of g
which will be the candidate for the tangent space of the identity for H. Then we
will show that it is indeed so.

Choose a Euclidean metric on g and let exp : ¢ — G be the exponential map. In
a neighborhood of the idenity in g, it is a diffeomorphism onto a neighborhood of
the identity in G, and let log denote its inverse in that neighborhood.

Let W C g be the set of all tX, where t € R and X € g is the limit of a sequence:
hn‘ with h,, — 0 € g and exp(h,) € H. We claim:

Thnl
(1) exp(W) C H;
(2) W is a linear subspace of g.

For the first, if ‘Z—:l — X and |hy,| — 0 we can choose, for given t € R, integers
my, € Z such that my,|h,| — ¢, so exp(my, - hy) — exp(tX) as n — oo.

Here we will use the following fact: for an one-dimensional subspace of g the ex-
ponential map is a homomorphism of groups. Therefore, exp(my,-h,) = exp(hy)™",
therefore it belongs to H. Since H is closed, the limit exp(¢X) is also in H.

For the second claim, if X, Y € W set h(t) = log(exp(tX)exp(tY)). We
claim that lim;oh(t)/t = X + Y. Indeed, the differential at the identity of
the multiplication map: G x G — G is gx g > (X,Y) —» X +Y. Hence,
h(6)/ k()| = h(t)/t-t/|h(t)] — xi57 ast =0, t > 0, therefore X +Y € W.

Having proven the two claims, and given that the exponential map is a diffeo-
morphism in a neighborhood of the identity, it now suffices to show that exp(WW)

is a neighborhood of the identity in H. Let D be the orthogonal complement of W
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in g with respect to the above norm. For a sequence h,, € H with h,, — e, we can

eventually write h,, = exp(x,, + y,) with x,, € W and y,, € D, (zn,y,) — 0. We

claim that

log(hy, exp(—xy))
|yn‘

|Yn|

lim,, s o0

if one of the two limits exists.
Indeed, by the Baker-Campbell-Hausdorff formula (4.6.1)), the left hand side can
be written as

|Yn|

where P; is a homogeneous Lie polynomial of order ;. When both z,, and ¥, tend
to zero, the quotient

limy, o0 )

Pz(xn + Yn, yn)
|Yn
tends to zero, for every ¢ > 2. This proves the claim.
But then, we must have y,, = 0 for large n, for otherwise a subsequence of the
\zZI’S will have a limit point y € D, |y| = 1, which should then belong to W, a
contradiction. This completes the proof of the theorem.

O

6. Algebraic groups in characteristic zero

6.1. The functor from schemes to topological spaces. If k£ is a topological
field (e.g., R, C), and X = Spec(A) is an affine k-scheme of finite type, the set

X (k) = Hom(A, k)
acquires a natural topology, the open compact topology when A is viewed as a
discrete ring, i.e., the restricted topology under the embedding
Hom(A, k) — k4.
There is a unique way to extend this definition to any scheme of finite type over

k, in such a way that open embeddings of schemes give rise to open embeddings of
topological spaces, and this gives rise to a functor

Top : Schemes of finite type over k — topological spaces.

For these facts, we point the reader to Brian Conrad’s expository article [Con12].

6.2. Smooth schemes and manifolds. A morphism X — S of algebraic schemes,
locally of finite presentation, is said to be smooth of relative dimension r if it is given,
locally on the source X, by equations which in differential geometry would satisfy
the conditions of the implicit funcion theorem, namely: restricting to sufficiently
small open neighborhoods, we have X = Spec(B), S = Spec(A4), with A — B a
map of rings which can be presented as B = Alx1,..., Tmir]/(f1,- - fm), with the

Jacobian
afi\™
det ( / )
9fi /)i j=1
being invertible in A.

This condition on the Jacobian can be checked locally at every point of X. In
particular, if S = Spec(k) with k a field, it is a condition on the local rings O, for
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every x € X, and in this case it is known to be equivalent to regularity, see [Stal9l
Tag 00TV]: namely, to the condition that

(6.2.1) dimg,an(O,) = dime, /m, My /m2.

When £k is a topological field that is complete with respect to an absolute value,
we can upgrade the functor from schemes to topological spaces to a functor from
smooth k-schemes to analytic k-manifolds; those are, by definition, topological
spaces endowed with a complete k-analytic class of charts or, equivalently, locally
ringed spaces that are locally isomorphic to open subsets of k™ with their sheaf of
k-analytic functions. We point the reader to [Ser65] for a more detailed discussion.

Proposition 6.3. If X is a smooth scheme over a topological field k, there is a
unique structure of analytic k-manifold on the topological space Top(X) = X(k),
such that for every open affine U = Spec(B) with presentation

B = k[ml,~--,Im+r]/(fl7-"7fm)a

the open subset U(k) is an analytic submanifold of k™.

m
Proof. We may give ourselves such a presentation, with the Jacobian det (g}c? )

i/ =1
being nonzero everywhere on U(k). Then, U(k) is the fiber over zero of a map
E™*" — k™ which is submersive at every point of that fiber, and the impicit func-
tion theorem implies that this fiber is an analytic submanifold of k™%, The result-

ing analytic structure is independent of the choice of (smooth) presentation. ]

6.4. Weil restriction of scalars. For every finite-type scheme X’ over C, the set
of C-points X’(C) can also be thought of as the set of R-points X (R) of a scheme
X over R.

More generally, let S — S be a morphism of schemes, and X’ — S’ a scheme.
The Weil restriction of scalars

Resg/5(X')
is a S-scheme X representing the functor which assigns to any S-scheme T the set
HOIHS/ (T Xg Sl, X/)

of T xg S’-points on X'.
If such a scheme X exists, it is unique up to unique isomorphism, by Yoneda’s
lemma.

Theorem 6.5. Assume that S’ — S is finite and locally free, and X' is affine or,
more generally, has the property that for every s € S, any finite set of points P
in the fiber of X' over s is contained in an affine open U' C X'. Then, the Weil
restriction Resgi/s(X') exists.

Proof. See [BLR90, Theorem 7.6.4]. We just explain how to write down equations
when everything is affine, and S’ — S is free:
Let S = SpecR, S’ = SpecR’, where R/ is free and of finite type as an R-module.
Choose free generators:
R =Re, ®---® Re,,.

Assume that X’ = SpecR'[t]/(f1,. .., fr). Here, t denotes an m-tuple (¢1,...,tm),
but we won’t explicitly write the indices 1,...,m, in order to avoid confusion, as


https://stacks.math.columbia.edu/tag/00TV
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we are about to clone the m-tuple. Namely, consider the linear combination
eity + esty + -+ ent, € R'[ty,...1,],

where each t; denotes an m-tuple. For each j, write
n
filewt; +eaty + - +ent,) =Y cinlty, ... t,)ex,
k=1

where the ¢ € R[ty,...1,].
Then, the restriction of scalars X can be presented as the spectrum of the ring

1<j<r
R[tb . ﬁn]/(cak)@?@n

6.6. Smoothness of group schemes in characteristic zero.

Theorem 6.7. If G is a group scheme of finite type over a field k of characteristic
zero, then G is smooth over k.

Proof. A summary of the proof: By homogeneity, and the fact that every alge-
braic variety contains a regular point, the reduced group scheme associated to G
is smooth. Thus, a group is smooth iff it is reduced, which again by homogeneity
reduces to the local ring at the identity.

Let R be the local ring O[G|m, where m = m, is the maximal ideal of the structure
sheaf at the identity of G. We need to show that it contains no nilpotents. The
comultiplication

A:R—-RxR

induced by the multiplication map G X G — G sends anya € mto l1®a+a® 1
module m®@m. (Exercise in Hopf algebras!) For a nilpotent element a with a™ =0
and n minimal such, we will have

0=A(a")=(A(a)"=na""'®a mod (a"71m® A+ A ®m2) ,

and since na"~! ¢ a"~'m (characteristic zero plus minimality of n!), we must have
a €m?

But then, m./m? coincides with the corresponding quotient for the reduction of
G, which by regularity has dimension equal to the dimension of the ring. Thus,
the local ring O[G]w, is regular. See [Mil12, §VI.9] for details on this proof, and
[Stal9, Tag 047N]| for a more abstract thread of arguments, which boils down to
essentially the same calculation. 0

7. Compact Lie groups are algebraic

An amazing fact is that the passage from real algebraic groups to Lie groups also
works the other way in the case of compact Lie groups: they can all be realized as
the points of a real algebraic group, as was proven by Weyl.

Proposition 7.1. Every compact Lie group has a faithful (i.e. trivial kernel), finite-
dimensional representation.

Proof. Let w1, m9,... be an enumeration of the irreducible representations of G.
We already know from the Peter—Weyl theorem that they are finite-dimensional.


https://stacks.math.columbia.edu/tag/047N
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For every n, let G,, be the kernel of the map: G — GL(71 & --- @ m,). Hence, we
have a sequence of closed subgroups:

G=GyDODG  DGyD....

We claim that every such sequence terminates. Indeed, by Cartan’s theorem [5.2
we know that all G,, are Lie groups, therefore the dimension of G,, has to stabilize
after some n. But then, the induced map of Lie algebras g,+1 < g, will be an
isomorphism, which means that the identity components GY, G0, are eventually
equal, and since connected components in Lie groups are both open and closed, by
compactness each GG, has a finite number of connected components, so the sequence
has to terminate.

On the other hand, the intersection of the G;’s is (again by Peter—Weyl) the
kernel of the left regular representation of G on L?(G), hence trivial. O

The second element is of invariant-theoretic nature. For this, let G — GL(V)
be a (complex), finite-dimensional representation of G and consider it as a real
representation by regarding V as a real vector space. (This is the baby case of
“restriction of scalars”.) Accordingly, GL(V) is considered as an algebraic group
over R (by restriction of scalars). Notice that the Zariski closureﬂ of the image of
G is a real algebraic subgroup. We need to show that it coincides with G. One
thing that G and its Zariski closure have in common is the set of invariants on
the polynomial ring R[V]. Recall that the polynomial ring R[V] is (essentially, by
definition) the symmetric algebra on the dual space S*V*.

Proposition 7.2. For each orbit X of a compact group G on the space V of a
finite-dimensional real representation, there is a canonical real algebraic subset'Y,
defined as the fiber over the image of X under the map V — V//G := SpecR[V]%,
such that X = Y (R).

The compact group in the proposition is not required to be a Lie group.

Proof. We consider the map V — V//G := SpecR[V]Y, and the induced map
on R-points: V(R) — V//G(R). Clearly, the preimage of any point is a union of
G-orbits. We claim:

The preimage of every R-point contains at most one G-orbit on
V(R).

This will be enough to prove the first claim: Since the preimage is an algebraic
variety over R, it means that G-orbits are the R-points of algebraic varieties (maybe
empty, because the preimage of an R-point does not need to contain any R-points
— for instance, consider the quotient of C* by the circle group).

To prove the claim we must show that if Y7, Y5 are two distinct G-orbits on V(R),
then there is a G-invariant polynomial which takes different values on Y7 and Y3
(i.e. the ring of invariant polynomials separates G-orbits).

Notice that R[V] is a locally finite representation of G (this follows by its iden-
tification with S*V*), and therefore by the Peter—Weyl theorems it is completely

2t is important here that we have restricted scalars to R, because the Zariski closure depends
on whether we consider GL(V') as a complex or as a real variety; for example, the Zariski closure
of the circle group S in C* is S! or CX, according as C* is considered as a real or complex
variety.
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reducible. If we fix two points y; € Y7 and ys € Y5, then the integrals:

/G f(yi - 9)dg

represent two G-invariant functionals ¢, /> on the space of continuous functions on
V. They obviously factor through restriction to the compact subset Y; UY5, and by
the Stone—Weierstrass theorem the restriction of polynomials is dense in the space
of continuous functions on Y; U Y3. Therefore, ¢1 and ¢2, when restricted to R[V],
are linearly independent, i.e. 5 is non-zero on the kernel W of ¢;.

Hence, ¢5 defines a G-invariant functional: W — C, and by complete reducibility
this splits; in particular, there is a G-invariant element f € W with 2(f) # 0. That
is, there is a G-invariant polynomial on V' whose integral over Y7 is zero and whose
integral over Y5 is non-zero. But this means that its value on Y; is zero and its
value on Y5 is non-zero, which is what we wanted to prove. O

Remarks 7.3. (1) A similar argument works to establish the following im-
portant result: Let G be a reductive algebraic group over an algebraically
closed field k in characteristic zero. We have not defined “reductive”, but in
characteristic zero this is equivalent to the statement that every algebraic
representation of G is completely reducible. Let X be an affine variety
on which G acts. Then the closed points of X//G := Speck[X]“ are in
bijection with (Zariski) closed orbits of G on X.

Here is the proof: Let Y7,Y5 be two closed orbits and consider the G-
stable ideal I C k[X] of regular functions vanishing on Y;. Restriction to
Y> gives a map: I — k[Ys], and the image I’ has to be non-zero because
otherwise Y5 would be in the Zariski closure of Y;. But since Y5 is a Zariski-
closed orbit, a non-zero ideal coincides with the whole ring, therefore the
image I’ of I contains constant functions. By reductivity, there is a G-
invariant quotient of I’, hence a G-invariant quotient of I. By reductivity,
again, I has a G-invariant element whose image in I’ is non-zero. In other
words, Y7 and Y5 are separated by G-invariant regular functions.

(2) Proposition is not true for non-compact groups. For instance, not only
is the subgroup:

1

x t cz,y € Rt € R
Yy t

of GL3(R) (where « is an irrational number) not an algebraic subgroup of

GLs, but it is not isomorphic to (the R-points of) any real algebraic groupﬂ

Given, now, a compact group G, denote by R[G] the space of R-valued functions
which are finite under left (or, equivalently, right) translation by G.

Proposition 7.4. R[G] is a finitely generated, commutative Hopf algebra.

Recall that a Hopf algebra is an algebra A which also has structures which
correspond to the axioms of a group (if A were an algebra of functions on the
group): a comultiplication A — A® A, a counit A — R, and an antipode A — A
satisfying certain natural axioms.

3For details, cf.
http://terrytao.wordpress.com/2011/06/25/two-small-facts—-about-lie-groups/.
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Proof. The structure of a commutative algebra follows once we observe that left-
finiteness is preserved under tensor products, and the multiplication map C(G) ®
C(G) — C(G) is left-equivariant, hence preserves finiteness.

The structure of a commutative Hopf algebra is obvious for the space C(G) of
continuous functions; moreover, since left- and right-finiteness are equivalent, the
comultiplication C(G) — C(G x G), which sends f to the function f(g1,g2) =
f(g192), preserves finiteness, and the finite vectors of C(G x G) are R[G] @ R[G].

There remains to argue about finite generation. Let G — GL(V') be a faithful
representation. By the Stone—Weierstrass theorem, the restriction of polynomial
functions on GL(V) (viewed here as a real algebraic variety, that is, as Res¢;rGLy )
is dense in C'(G). On the other hand, it is a G x G-invariant subspace of R[G].
The (reall) representation R[G] being semisimple, with its irreducible components
being orthogonal in the (real-valued) L?(G) the only way that the restriction of
polynomials on GL(V') be dense is that it is equal to R[G]. Hence, R[G] is of finite
type. O

Let, now G = SpecR[G]. Evaluation at the points of G gives rise to a natural
map G — G(R) = Hom(R[G], R). We have arrived at Weyl’s theorem:

Theorem 7.5. For every compact Lie group G, setting G = SpecR[G], the nat-
ural map G — G(R) is an isomorphism of Lie groups. Every continuous, finite-
dimensional (complex) representation G — GL(V) factors through an algebraic
representation Ge¢ — GL(V).

Proof. We start with the second claim: Polynomial functions on Resc/rGLy re-
strict to finite function on G, which gives rise to a morphism G — Resc/rGLy.
By the universal property of Weil restriction, this is the same as a morphism
Ge — GLv.

For the first claim, choose a faithful, finite-dimensional representation G —
GL(V). Replacing the space V of Proposition[7.2) with End(V) = V*®V, and using
the embedding GLy < End(V), there is a canonical real algebraic subvariety ¥ C
V*®V, namely, the fiber of the image of G under the map V*®@V — (V*@V)//G,
such that G = Y(R). On the other hand, the map to V* ® V factors through G,
which clearly has to belong to Y, therefore at the level of points G = G(R). The
map G — G(R) is also a homomorphism of Lie groups, so it is an isomorphism. O

We will later see a strengthening of this theorem, due to Chevalley (Theorem

5.6)-
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