Homework 3 Solutions

1. Determine if the following limits exist. When they do find their value

(a) lim,_, o e*t?
Solution:

lim e%+2 = e2+2

r— 2
(b) lim, , g+ 22T
Solution:
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(C) hmx_> 0 %
Solution:
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(d) lim,, o+ =55
Solution:
1
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As z approaches 2 from the right, the limit blows up to arbitrarily large num-

bers for ﬁ So the limit does not exist!
(e) hmzﬁ 0 %1_1
Solution:
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2. Consider the function f(z) defined below

5 if £>1
f($): 0 fz=0
»—x ifxr<0

Determine if the following quantities exist. In case they exist, find their values.

(a) lim, ., 1+ f(z).
Solution:

(b) lim,, 1- f(x).
Solution:

lim f(z)= lim (z® —2)=(1)*-1=0

r— 1 r— 1

(c) lim,, ¢ f(x).
Solution:From (a) and (b), it is clear that lim, ., ;- f(x) # lim,_, 1+ f(x). There-
fore, because the one-sided limits do not coincide, lim,_, ; f(x) does not exist.



3. Determine if the function g(x) defined below is continuous at x = —4.

2 .
o) = {_ oz
-8 ife=-4
Solution:
(i) First, we determine whether g(—4) exists. g(—4) = —8. Thus, g(z) is defined
at v = —4.
(ii) Next, we determine whether lim, , 4 g(z) exists.

. (2) = 2 — 16
Jm g(@) = lim ———
(x+4)(x —4)

= lim
r— —4 .1'—|—4

= lim (v —4)= -8

r— —4

(iii) Last, we determine whether the limit of g as x approaches -4 is equal to the
value of g at = —4. From (i) and (ii), it is easy to see that:

lim g(z) = -8 =g(-4)

r— —4

. Therefore, the function g(x) is continuous at x = —4.



4. The function h(x) is defined as follows

‘fﬁlz if x>0
hz)=¢ -2 ifz=0

et ifr <0

(a) Find the value of ¢ such that lim,_, o h(x) exists. Please explain your answer.

Solution:In order for the limit to exist, the one-sided limits must be equal.

2

2 2
i B(r) =l VE2_VOE2
z— 0t z— 0+t T +1 (O)+1

lim h(z) = lim e+ = e0Fe = ¢,
z— 0~ z— 0~

In order for the limit to exist, lim,_, - h(z) = lim,_, o+ h(x).
= =2 = c=1In(2)

(b) Suppose now that ¢ is the number you found in part (a). Is the function h(z)
continuous at x = 0. Please explain your answer.

Solution:
(i) First, we determine whether h(0) exists. h(0) = —2. Thus, h(x) is defined
at z = 0.
(ii) Next, we determine whether lim, , 4 g(z) exists. From (a), we know

lim A(x) = lim h(z) = lim h(z)=2

z— 0 x— 0~ z— 0t

(iii) Last, we determine whether the limit of g as x approaches -4 is equal to
the value of g at x = —4. From (i) and (ii), it is easy to see that:

;}Lmo h(z) =2+# —-2=h(0) = a}LmOh(x) # h(0)

Therefore, the function h(x) is not continuous at x = 0.



