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ON THE NOTION OF GEOMETRY OVER F,;

ALAIN CONNES AND CATERINA CONSANI

Abstract

We refine the notion of variety over the “field with one element” de-
veloped by C. Soulé by introducing a grading in the associated functor
to the category of sets, and show that this notion becomes compati-
ble with the geometric viewpoint developed by J. Tits. We then solve
an open question of C. Soulé by proving, using results of J. Tits and
C. Chevalley, that Chevalley group schemes are examples of varieties
over a quadratic extension of the above “field”.
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Introduction

In his theory of buildings J. Tits obtained a broad generalization of the
celebrated von Staudt reconstruction theorem ([I], Chapter II) in projective
geometry, involving as groups of symmetries not only GL, but the full col-
lection of Chevalley algebraic groups. Among the axioms which characterize
these constructions [29], a relevant one is played by the condition of “thick-
ness” which states, in its simplest form, that a projective line contains at least
three points. By replacing this requirement with its strong negation, i.e. by
imposing that a line contains exactly two points, one still obtains a coherent
“geometry” which is a degenerate form of classical projective geometry. In
the case of buildings, this degenerate case is described by the theory of “thin”
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526 ALAIN CONNES AND CATERINA CONSANI

complexes and in particular by the structure of the apartments, which are the
basic constituents of the theory of buildings. The structure of the von Staudt
field inspired to Tits the conviction that these degenerate forms of geometries
are a manifestation of the existence of a hypothetical algebraic object that he
named “the field of characteristic one” [27]. The richness and beauty of this
geometric picture provide convincing evidence for the pertinence of a separate
study of the degenerate case.

For completely independent reasons the need for a “field of characteristic
one” (also called the field with one element) has also emerged in Arakelov
geometry and e.g. in [23], in the context of a geometric interpretation of
the zeros of zeta and L-functions. These speculative constructions aim for
the description of a geometric framework analogous to the one used by Weil
in the proof of the Riemann Hypothesis for function fields. More precisely,
one seeks for a replacement of the surface C' xp, C, where C' is a (projective,
smooth algebraic) curve over a finite field IF; and whose field of functions is the
given global field. The main idea is to postulate the existence of the “absolute
point” SpecF; over which any algebraic scheme would sit. In the particular
case of SpecZ, one would then be able to use the spectrum of the tensor
product Z x, Z as a substitute for the surface C' xg, C. This viewpoint has
given rise, in the recent past, to a number of interesting constructions ([I9],

23], 25, [26], [16], [17], and [30]).

Our interest in the quest for 'y arose from the following equation
(0.1) Fin ®p, Z :=Z[T)/(T" - 1), neN

which was introduced in [26] and supplies a definition of the finite extension
Fin of Fy, after base change to Z. The main point promoted in [I0] is that
the above equation (0.]) yields (without knowing the algebraic nature of Fy,
and after base change to Z), an algebraic object which reflects the structure
of the inductive limit

Floo = li_II>1F1n7

by also supplying an analogue of the geometric Frobenius correspondence.
This object is the integral model of a rational Hecke algebra which defines the
quantum statistical mechanical system of [2]. It is known that our construc-
tion determines, after passing to the dual system, a spectral realization of the
zeros of the Riemann zeta function, as well as a trace formula interpretation
of the Riemann-Weil explicit formulas (see [2], [6], [8], [9], and [24]).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



ON THE NOTION OF GEOMETRY OVER F; 527

In [I0], we made use of the general definition of an algebraic variety over
F, as introduced by C. Soulé in [26]. Our goal in this paper is to give an
answer to the following two natural questions

e Are Chevalley group schemes examples of varieties that can be defined
over [F{?

e [s the notion of variety over F; as in op.cit. compatible with the geometric
viewpoint developed by Tits?

The first question was formulated in. In this article we show that
Chevalley group schemes can be defined! over the quadratic extension [Fq2
(¢f. Theorem BI0]). The second question originates naturally by working with
the simplest example of a projective variety, namely the projective spaces P.

At first sight, a very serious problem emerges in [26], since the definition
of the set P4(IF;) does not appear to be naturally linked with the notion of
a geometry over Fy as in [27]. In fact, in §6 of [26] the cardinality of the
set P4(Fy») is shown to be N(2n + 1), where N(z) is a polynomial function
whose values at prime powers ¢ = p” are provided by the classical formula
N(q) = ¢*+ ...+ g+ 1 giving the cardinality of P4(F,). When n = 1, one
obtains the integer |P4(F;)| = N(3) = % which is incompatible with
(and much larger than) the number d + 1 of points of the set P; on which
Tits defines his notion of projective geometry of dimension d over Fy (c¢f. [27],
§13, p. 285).

After clarifying a few statements taken from [26] on the notion of variety
over F; and on the meaning of a natural transformation of functors (cf. §Il),
we show how to resolve the aforementioned problem by introducing a suit-
able refinement of the notion of affine algebraic variety over F;. The main
idea is to replace the category of sets (in which the covariant functor X of
op.cit. takes values) by the category of Zso-graded sets. In L2 (cf. Defi-
nition [[7)), we explain how to refine the covariant functor X into a graded
functor X =[], X ) defined by a disjoint union of homogeneous components
which correspond, at the intuitive level, to the terms of the Taylor expansion,
at ¢ = 1, of the counting function N(g). The condition that N(q) is a poly-
nomial is very restrictive (e.g. it fails in general for elliptic curves) and was
required in [26] (§6, Condition Z) to define the zeta functiond . In g2l we check
that in the case of a projective space, the set P?(Fin) coincides in degree
zero with the d 4+ 1 points of the set Py, and this result shows the sought for
agreement with the theory of Tits.

L As varieties, but not as groups.

2The definition of the zeta function given there is “upside down” with respect to the
one defined in [23], and should be replaced by its inverse to get e.g. (p, (s) = 1/(s(s — 1))
rather than s(s — 1).
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528 ALAIN CONNES AND CATERINA CONSANI

Our new definition of an affine variety over F; is described by the following
data:

(a) A covariant functor from the category of finite abelian groups to the
category of graded sets

X = ]_[ X®) . F— Sets.
k>0

(b) An affine variety X¢ over C.
(¢) A natural transformation ey connecting X to the functor

Fap — Sets, D — Hom(Spec C[D], X¢).

These data need to also fulfill a strong condition (cf. Definition [L9]) which
uniquely determines a variety over Z. Associated to a point of Spec C[D] is
associated a character y : D — C* which assigns to a group element g € D
a root of unity x(g) in C. For each such character, the map ex provides a
concrete interpretation of the elements of X (D) as points of Xc¢.

In 3.5 we test these ideas with Chevalley groups GG and show that they can
be defined over F12. Let & be the algebraic group scheme over Z associated
by Chevalley ([4] and [15]) to a root system {L, ®,n,} of G (¢f. @8I and [28§],
§4.1). In 36 we prove that G can be defined over Fi2 in the above sense. For
the proof, one needs to verify that the following conditions are satisfied

— The functor G (to graded sets) contains enough points so that, together
with G, it characterizes &.

The cardinality of G(IFy») is given by a polynomial P(n) whose value, for
¢ a prime power and n = ¢ — 1, coincides with the cardinality of &(F,).

— The terms of lowest degree in G have degree equal to the rank of G and
determine the universal and canonical group extension of the Weyl group of
G by Hom(L, D), as constructed by Tits in [28§].

The first condition ensures the compatibility with Soulé’s original notion
of variety over F;. The second statement sets a connection with the theory
of zeta functions as in [23]. Finally, the third condition guarantees a link
with the constructions of Tits. In fact, in [27] it was originally promoted the
idea that the Weyl group of a Chevalley group G should be interpreted as the
points of G which are rational over . For G = GLg4, it was then shown in
[19] that the points of G over Fy» are described by the wreath product of the
group of permutations of d letters with ud. It is important to notice that in
our theory these groups are recast as the terms of lowest degree of G. The
terms of higher degree are more subtle to describe; to construct them we make
use of the detailed theory of Chevalley as in [3] and [4].
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ON THE NOTION OF GEOMETRY OVER F; 529

If G is the Chevalley group associated to a root system, the cardinality of
the set B(F,) (i.e. the number of points of & which are rationald over F,), is
given by the formula

(0.2) B(F,) = (¢— D¢ Y "™,

weW
where ¢ denotes the rank of GG, N is the number of positive roots, W is the
Weyl group and N(w) is the number of positive roots r, such that w(r) < 0.
The above formula ([I.2) corresponds to a decomposition of &(F,) as a disjoint
union (over the Weyl group W) of products of the form

(0.3) &(F,) = H AN(Fq) Gm(Fq)é AN ) (Fq).

weWw
This equality suggests the definition of the functor G by means of a sum of
products of powers of the graded functors G,, and A (c¢f. §2I).

The most technical part of our construction is the definition of the natural
transformation e as in (c¢), which involves the introduction of a lifting proce-
dure from the Weyl group W to the complex group G¢ = &(C). The solution
to this problem is in fact already contained in [28]. Indeed, Tits introduced
in that paper a functor Np (L, ®) from pairs (D, €) of an abelian group and
an element of square one in D, to group extensions of the form

1 — Hom(L, D) — Np (L, ®) = W — 1.

The definition of the graded functor G and the natural transformation eg
then follow by applying the original construction of Tits together with the
Bruhat decomposition of G and working with a specific parametrization of its
cells which depends upon a chosen ordering of the roots.

Incidentally, we find rather remarkable that the image of this lift of the
Weyl group in G¢ consists only of finite products of elements in the maximal
torus with elements of the form x,.(u), where u is a root of unity in C and
where the z, () generate (over any field k) unipotent one-parameter subgroups
associated to the roots r. The fact that G contains enough points so that,
together with G, it characterizes &, follows from an important result of
Chevalley [], by working only with the points in the big cell of G.

The original definition of varieties over Fy in [26], as well as the variant
used here, is based on a covariant construction of enough points with cyclo-
tomic coordinates, but a precise control on the size of this set is not required.
In § we show that the above examples of varieties X over F; (more pre-
cisely over Fy2) fulfill much stronger properties than those originally required.

3There are, in general, more points in &(F,) than in the Chevalley group GIFq which is
the commutator subgroup of &(Fg).
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530 ALAIN CONNES AND CATERINA CONSANI

That is:

e The construction of the functor X extends to the category of pairs (D, €)
of an arbitrary abelian semi-group (with a unit and a zero element) and an
element of square one.

e The definition of the natural transformation ey extends to arbitrary
X(As) — X(A), where
Ay, is the abelian semi-group given by the multiplication in A.

e The natural transformation ex 4 is a bijection when A = K is a field.

In the final part of the paper (c¢f. ), we explain how this enriched con-
struction yields a new notion of schemes over F; which reconciles Soulé’s
original viewpoint with the approach taken up by Deitmar in [I3] (following
Kurokawa, Ochiai, and Wakayama [2I]) and the log-geometry of monoids of
K. Kato [20]. The new notion also has the extra advantage of not being lim-
ited to the case of toric varieties. In Theorem [L1] we show that Chevalley
groups are schemes over 2 in this enriched sense. In the Noetherian case,
the local representability of the functor X implies that its restriction to finite
abelian groups is automatically a functor to graded sets, thus clarifying the
role of the grading in our construction. This new notion of schemes over Fy
supplies also a conceptual reason for the equality of the number of points of
X(F,) and the cardinality of the set X (D) (D = ;) and for the polynomial
nature of the counting function (¢f. [7]).

commutative rings A and determines a map ex 4 :

1. On the notion of variety over [

In this section we review the notion of a variety over F; as in [26] and de-
velop a refinement of this concept that will be applied in §3.5 to the Chevalley
group schemes to show that these varieties can be defined over (an extension
of) Ty, thus establishing a link with Tits’ geometries.

1.1. Extension of scalars. In this paragraph we shall use the same no-
tation as in [26]. Let k be a field and © be a commutative k-algebra. One
considers the functor of extension of scalars:

(1.1) -k QA — Aq, R— Ro=R®;Q

from the category Ay of unital commutative k-algebras to the corresponding
category Aq. This functor extends to the category of schemes over k and
we use the same notation to denote it. If X is a scheme (of finite type)
over k, one lets Xg = X ®; € the corresponding scheme over Q. If X =
Spec(R) is affine and corresponds to the k-algebra R, then X, is also affine
and corresponds to the -algebra Rq. The natural homomorphism of algebras
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ON THE NOTION OF GEOMETRY OVER F; 531

R — Rq corresponds, at the level of schemes, to a surjective morphism
(1.2) Xq = Spec(Rq) — X = Spec(R) .

Let Sets be the category of sets. Then we view a scheme X over k as a
covariant functor

(1.3) X : Ay — Sets, R— X(R).

For affine schemes X = Spec(A), one has X(R) = Hom(A, R). Note that the
functor X — X on schemes is covariant.
In [26, ¢f. Proposition 1] one makes use of the following statement.
Proposition 1.1. (i) There exists a natural transformation of functors

(1.4) i: X—>X,, X(R)CXq(Rq).
(ii) For any scheme S over Q and any natural transformation
(1.5) v X—=85,

there exists a unique morphism pq (over Q) from Xq to S such that ¢ = P01

Notice that (4] seems to imply that by means of the covariance property
of the functor X — X, one should obtain a natural morphism of schemes
X — Xq, and this is in evident contradiction with (L2). This apparent
inconsistency is due to an abuse of notation and it is easily fixed as follows.
The functors X, and S which in op.cit. are defined as functors from Ay to
Sets (cf. equation above Proposition 1), should instead be properly introduced
as functors from the category Aq to Sets. The “hidden” operation in [26] is
the composition with the functor of extension of scalars

(1.6) B: Ay — Ag, B(R) = Rq.

In the above proposition, by replacing X, by X008 and S by Sof3, one then
obtains the following correct statement:
Proposition 1.2. (i) There exists a natural transformation of functors

(1.7) it X—=XgofB, X(R)CXg(Ro).
(ii) For any scheme S over Q and any natural transformation
(1.8) o X808,

there exists a unique morphism pq (over Q) from Xq to S such that ¢ = 0t
The proof is a simple translation of the one given in [20], with only a better
use of notation.
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532 ALAIN CONNES AND CATERINA CONSANI

Proof. We first consider the case of an affine scheme X = Spec(A). The
proof in that case applies to any functor S from Agq to Sets. The functor Xq
is represented by Aq and the inclusion X (R) C Xq(Rq) is simply described
by the inclusion

i : Homg (A, R) C Homo(A®, Q,R®, Q), [f—i(f)=[fQkido=p6(f).

Next, since X is represented by A, Yoneda’s lemma shows that the natural
transformation ¢ of (L)) is characterized by

(1.9) h = p(A)(ida) € S(Aq)

(in the displayed formula just after Proposition 1 in [26] there is a typo: the
term Xq(Agq) should be replaced by S(Agq)). Similarly, the functor Xgq is
represented by Agq, and a morphism of functors ¢ from X¢q to S is uniquely
determined by an element of S(Aq). Thus h determines a unique morphism
1 = pq from X to S such that

P(Aq)(ida,) = h.

The equality ¢ = P 0 follows again from Yoneda’s lemma since X is rep-
resented by A and one just needs to check the equality on id4 and it follows
from i(ida) = ida,,. Similarly, to prove the uniqueness, since the functor Xgq
is represented by Agq, it is enough to show that the equality ¢ = 1)o7 uniquely
determines ¥, (ida,, ).

The extension to schemes which are no longer affine follows as in [26], but
the proof given there is unprecise since it is not true in general that the inverse
image of an open affine subscheme of a scheme X by a morphism Spec A — X
is affine. As a functor from Aq to Sets, X, is the composition X o a of X
with the restriction of scalars a from € to k& which is the right adjoint of 3.
The inclusion i comes from the canonical morphism R — «(3(R)) for any
object R of Aj. We leave it to the reader to clarify the proof and show the
result using on the functor S the only assumption that it is local in the sense
of [I4, Definition 3.11]. O

1.2. Gadgets. We keep the same notation as in the previous paragraph.
Let us first recall the definition of “truc” given in [26]. Let R be the full
subcategory of the category of commutative rings whose objects are the group
rings Z[H] of finite abelian groups (cf. [26], 3. Définitions, Remarques).

Definition 1.3. A truc over [F; consists of the following data:

- a pair X = (X, Ax) of a covariant functor X : R — Sets and a C-
algebra Ay,

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



ON THE NOTION OF GEOMETRY OVER F; 533

- for each object R of R and each homomorphism ¢ : R — C, an evaluation
morphism (C-algebra homomorphism)

ero: Ax = C, Vo e X(R),

which satisfies the functorial compatibility ef(y).o = €yo0r, V [ : ' = R
morphism in R and V y € X(R).

We shall reformulate slightly the above definition with the goal to:

e treat the archimedean place simultaneously with SpecZ,

e replace the category R by the category Fyp of finite abelian groupsE

e put in evidence the role of the functor 5.

Thus, we replace R by the category F,; of finite abelian groups. There is
a natural functor of extension of scalars from F; to Z which is given by

(1.10) B Fu— R, B(D)=D®s Z:=Z|D]

and associates to an abelian group its convolution algebra over Z. Let us un-
derstand the evaluation morphism as a natural transformation. We introduce
the functor

(1.11) Spec(Ax) : R — Sets, R+~ Hom(Ax, R ®gz C)

and compose it with the functor 5 : F,;, — R.
Lemma 1.4. The evaluation morphism e as in Definition [[3], determines
a natural transformation of (covariant) functors

e: X — Spec, (Ax)ofS.

Proof. For each object D of Fg; the evaluation map e, , can be viewed
as a map of sets X (D) — Hom(Ax, R ®z C), where R = (D). Indeed, for
x € X(D), we get a map e, from characters o of R to characters of Ax which
determines a morphism from Ax to R ®yz C. O

We now reformulate Definition [[3] as follows.

Definition 1.5. A gadget over Fy is a triple X = (X, X¢, ex) consisting
of:

(a) a covariant functor X : F,, — Sets to the category of sets,

(b) a variety X¢ over C,

(¢) a natural transformation ex : X — Hom(Spec C[—], X¢) from the func-
tor X to the functor

(1.12) Hom(Spec C[—], X¢), D +— Hom(SpecC[D], X¢).

Example 1.6. An affine variety V over Z defines a gadget X = G(V)
over Fy by letting X¢ = Ve = V ®z C. X(D) = Hom(O, Z[D]) is the set of
points of V' in the convolution algebra Z[D] with the natural transformation

4This replacement was suggested by C. Soulé.
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534 ALAIN CONNES AND CATERINA CONSANI

to Hom(Spec C[D], V¢) = Hom(O¢, C[D]) obtained by applying the functor
®zC.
Definition 1.7. A gadget X over Iy is said to be graded when

X = HX(’C) s Fap — Sets
k>0

takes values in the category of Z>o-graded sets. It is finite when the set X (D)
is finite V. D € Fup.

1.3. Varieties over F;. The notion of morphism of gadgets ¢ : X — Y is
essentially that of a natural transformation. More precisely, ¢ is determined

by a pair ¢ = (¢, ¢c), with
(1.13) ?ZK%Z, gbc:Xc—)Yc.

¢ is a natural transformation of functors and ¢c a morphism of varieties

over C. A required compatibility with the evaluation maps gives rise to a
commutative diagram

X(D) «7) Y/(D)

(1.14) 6X<D>l ley(m
Hom(Spec C[D], X¢) e, Hom(Spec C[D], Y¢).

As in [26], we introduce the following notion of immersion of gadgets.

Definition 1.8. A morphism of gadgets ¢ : X — Y is said to be an
immersion if ¢¢ is an embedding and for any object D of Fyyp, the map ¢ :
X(D) — Y(D) is injective. a

In fact this notion will only be used in the paper when ¢¢ is an isomorphism.
We can now re-state the key definition of an affine variety X over Fy. In the
formulation given in [26], it postulates the existence of a variety (of finite type)
over Z which plays the role of the scheme X ®p, Z and fulfills the universal
property of Proposition

Definition 1.9. An affine variety X over F; is a finite, graded gadget X
such that there exists an affine variety Xy over Z and an immersion i : X —
G(X7) of gadgets satisfying the following universal property: for any affine
variety V over Z and any morphism of gadgets ¢ : X — G(V), there exists a
unique algebraic morphism

@Z:Xz—)v

of affine varieties such that ¢ = G(pz) o .
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ON THE NOTION OF GEOMETRY OVER F; 535

1.4. Varieties over Fi». This small variant is obtained (following [26],
§3.8.2) by replacing the category Fg; of finite abelian groups by the finer one
.7-"(5?) whose objects are pairs (D,¢€), where D is a finite abelian group and
€ € D is of order exactly n. A morphism in F (gz) is a homomorphism of
abelian groups which sends e € D to ¢ € D'. Let R,, = Z[T]/(T™ — 1), then
the whole discussion takes place over Spec R,,. In this paper, we shall only
use the case n = 2. In that case, the two homomorphisms py : Ry — Z given
by p+(T) = +1 show that Spec Rz is the union of two copies (SpecZ)y of
SpecZ which cross at the prime 2. We shall concentrate on the non-trivial
copy (SpecZ)_ C Spec Ry. In Definition [[LH one replaces F,; by ]-'(Ei) and one
substitutes everywhere the group ring S[D] by the reduced group ring which
is the tensor product of rings

(1.15) BID, €] = Z[D] ®z(z/22) L,

in which e = —1. Thus the characters x of the algebra C[D, €| are the char-
acters of C[D] such that x(e) = —1. Using the fact that € is of order exactly
two, one checks that these characters still separate the elements of D:

(1.16) Vg1 # g2 € D, Jx € SpecC[D, €], x(g1) # x(g2) -

An affine variety V over Z defines a gadget X = G(V) over F2 by letting
Xc = Vo = V ®y C sit over the non-trivial copy (SpecZ)_ C Spec Ry. The
functor X (D) = Hom(O, B[ D, €]) is the set of points of V' in the algebra S[D, €]
with the natural transformation to Hom(Spec C[D, €], Vi) = Hom(Oc¢, C[D, €])
obtained by applying the functor ®z;C.

2. Elementary examples

In this section we apply Definition by working out the explicit de-
scription of the graded functor X in several elementary examples of algebraic
varieties over F;. The main new feature, with respect to [20], is the intro-
duction of a grading. At the intuitive level, the underlying principle in the
definition of the graded functor X =[], ., X (%) is that of considering the Tay-
lor expansion, at ¢ = 1, of the function N(g) counting the number of points
of the scheme X over the finite field F,. The term of degree k (i.e. aj(q—1)%)
in the expansion should agree with the cardinality of the set X (k)(D), for
q—1=D|, D € obj(Fup).

The requirement that the function N(g) counting the number of points of
the scheme X over the finite field F, is a polynomial in ¢ is imposed in [26]
in order to deal with the zeta function and is very restrictive. It fails for
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536 ALAIN CONNES AND CATERINA CONSANI

instance, in general, for elliptic curves but it holds, for instance, for Chevalley
group schemes. We shall first deal with a few concrete examples of simple
geometric spaces for which N(q) is easily computable. These are:

(1) G, N(g) =q— 1.

(2) The affine line A', N(q) = q.

(3) The projective space P4, N(¢) =1+q+ ...+ q%

In the following we shall consider each of these cases in detail.

2.1. Spec D. Let D be a finite abelian group. We let SpecD be the gadget
given by SpecD(D’) = Hom(D, D') and (SpecD)c = Spec(C[D]) with the
obvious natural transformation. One checks that it defines a variety over [F;.
It is graded by the grading concentrated in degree 0.

2.2. The multiplicative group G,,. For the multiplicative group G,,,
the counting function is N(¢) = ¢ — 1: its Taylor expansion at ¢ = 1 has
just one term in degree 1. We define the functor G,,, from abelian groups to
Z>o-graded sets accordingly, i.e. ,

(2.1) G,, : Fap — Sets, G

m(

D ifk=1.

In particular, one sets

] if k€ Zso \ {11,

2.2 G, (F1n)®) =
32 Con(Fi0) {Z/nZ if k= 1.

Except for the introduction of the grading and for the replacement of the
category of (commutative) rings finite and flat over Z (as in [26]) by that of
finite abelian groups, the definition (21 is the same as the corresponding
functor in op.cit.

We denote by e, : G,, = Hom(Spec C[—], G,,(C)) the natural transfor-
mation from the functor G,, to the functor

Hom(Spec C[-], G,,(C)), D — Hom(SpecC[D],G,,(C)),

which assigns to a character y associated to a point of Spec C[D] the group
homomorphism

(2.3) D —C", en(D)(9) = x(9)-

It is now possible to adapt the proof of [26] (as in 5.2.2) and show that this
gadget defines a variety over .

Proposition 2.1. The gadget G,, = (G,,,, G, (C),e,,) defines a variety
over [Fy.

Proof. By construction G,, is a finite and graded gadget. It is easy to guess
that G,, z = Spec(Z[T,T~']) while the immersion i is given by the injection
D — Hom(Z[T, T~,Z[D]). Let us see that the condition of Definition [ is
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ON THE NOTION OF GEOMETRY OVER F; 537

also fulfilled. Let V' = Spec(O) be an affine variety over Z. Let ¢ : G, —
G(V), be a morphism of (affine) gadgets. This means that we are given
a pair (¢, ¢c), where ¢c can be equivalently interpreted by means of the
corresponding homomorphism of C-algebras (O¢ = O @ C),

¢t + Oc — C[T, T 1.
Furthermore, ¢ is a morphism of functors (natural transformation)
o(D) : G, (D) = Hom(O, 5(D))

which fulfills the following compatibility condition (¢f. (ILI4])). For any finite
abelian group D, the following diagram is commutative:

(2.4) G,.(D) —27 . Hom(0, 3(D))

em(D)l legm(D)
Hom(C[T, T~], 8(D)c) ——= Hom(Oc, B(D)c).

To construct 1 = ¢z let us show that ¢*(0) C Z[T,T7!]. Let h € O
and f = ¢*(h). Then by construction f € C[T,T~!]. Let D = Z/nZ be the
cyclic group of order n with generator £ € Z/nZ; one has £ € G,,,(D) and
¢(D)(€) € Hom(O, B(D)). By evaluating on h € O one gets

o(D)(€)(h) € Z[D] C C[D].

It follows from the commutativity of the diagram (Z4)) that this is the same
as evaluating on f € C[T,T~] the homomorphism e,,(D)(&) which coincides
with the quotient map

0, : C[T, T '] = C[Z/nZ], T+ &€ Z/nT.

This means that 0,,(f) € Z[Z/nZ], for all n. For f € C[T,T!] one can
compute the coefficient of T* as the limit

1 n
b= lim = 3" f(e*™n)e 2"k,
n—oo N )

When f(z) = 2™, the sum Y ._, f(e*™%)e 2™*% is either zero or n and
the latter case only happens if m — k is a multiple of n. Thus, the sum
Loy f(e*™w)em 2k which only depends on 6,,(f), is a relative integer
it 0,,(f) € Z[Z/nZ]. Tt follows that all the by are in Z and hence that f €
Z|T,T71]. Thus ¢*(O) C Z[T,T~'] and this uniquely defines ¢ = ¢z €
Hom(G,, z, V). To check that ¢ = G(¢) o4 one uses the injectivity of the map
Homz (0, B(D)) — Homc(Oc, B(D)c). O
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2.3. The affine space A”. For the affine line A', the number of points
of AY(F,) is N(q) = q. Thus, the Taylor expansion of N(q) at ¢ = 1 is
¢ =1+ (¢ —1) and has two terms in degree 0 and 1. This suggests to refine
the definition of the corresponding functor of [26] as follows. We define Al as
the graded functor

{0} if k=0,
(2.5) Al Fup — Sets, A'YD)Y®P ={D ifk=1,
0 ifk>2.

More generally, one may introduce for any finite set F' the graded functor

(2.6) AT(D)® = 1] D

YCPF,
1Y |=k

which is just the graded product ({0} U D).

Proposition 2.2. Let er : A" — Hom(SpecC[-],CF) be the natural
transformation from the functor A to the functor D — Hom(Spec C[D],CF)
which assigns to a point in Spec C[D], i.e. to a character x : C[D] — C*, the
following map

(2.7)
1% F NN (N - xlgy) ifieY;
YIE[F D" = C7, eF(D)((gJ)JEY) = (5]),]61‘77 é-j = {0 if i ¢ v

Then, the gadget A¥ = (A", CF ep) defines a variety over Fy.

The proof is identical to that of [26].

2.4. Projective space P?. In [26], after defining the category A of affine
varieties over Iy, the general case is obtained using contravariant functors
from A to Sets, together with a global C-algebra of functions. In the present
paper we deal exclusively with the affine case and only briefly mention how
the counting of points is affected by the grading in the case of projective
space. We adopt the Definition in the non-affine case. As for schemes, it
is natural to require the existence of an open covering by affine open sets U,
such that, on each of them, the subfunctor

X (D) = {z € X(D)|ex(x) € Hom(Spec(C[D]), Ua)}

{03

of the functor X (together with the affine variety U, over C and the restriction
of the natural transformation ex) defines an affine variety over ;. One also
requires that the X, cover X i.e. that for any D one has X (D) =J X (D).
One can then rely on Proposition 5 of §4.4 of [26] to do the patching. In
fact we shall obtain in §4]a general notion of scheme over IF;. We shall simply

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



ON THE NOTION OF GEOMETRY OVER F; 539

explain here, in the case of projective space P, how to implement the grading.
More precisely, we define P? as the following graded functor

(2.8) P?: Fop — Sets, PYD)*) = 1T DY /D, k>0

Yc{1,2,...,d+1}
Y |=k+1

where the right action of D on DY is the diagonal action. It follows that
the points of lowest degree in Ed(IFln) are simply labeled by {1,2,...,d+ 1}.
Their number is evidently

(2.9) #PUF )0 =d+ 1.

In particular, this shows that Ed(Fln) coincides in degree zero with the d + 1
points of the set P, on which Tits defines his notion of projective geometry of
dimension d over . Tt is striking that the right hand side of the formula (23))
is independent of n. This result is also in agreement with the evaluation at
q = 1" of the counting function of the set P4(F,), namely (with the evaluation
at ¢ = 1™) of the function N(q) = Z?:o q.

3. Chevalley group schemes

The main result of this section (Theorem [BI0) is the proof that Chevalley
groups give rise naturally to affine varieties over (an extension of) Fy. To
achieve this result we shall need to apply the full theory of Chevalley groups
both in the classical (i.e. Lie-theoretical) and algebraic group theoretical de-
velopment.

If K is an algebraically closed field, a Chevalley group G over K is a con-
nected, semi-simple, linear algebraic group over K. By definition of a linear
algebraic group over K, G is isomorphic to a closed subgroup of some GL,,(K).
The coordinate ring of G, as affine linear algebraic variety over K, is then
K[G] = K[z;j,d ']/, i.e. a quotient ring of polynomials in n?
determinant d inverted by a prime ideal I.

As an algebraic group over K, G is also endowed with a group structure
respecting the algebraic structure, i.e. G is endowed with the following two
morphisms of varieties over K,

variables with

(3.1) p:GxG =G, plr,y)=xy; :G— G, v(z)=a""

Notice that by construction K[G] is a Hopf algebra whose coproduct en-
codes the group structure.

Let k be the prime field of K and let K be an intermediate field: k¥ C K C K.
Then, the group G is said to be defined over K if the affine variety G and the
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group structure are defined over K and, by extension of scalars, also over any
field above it (¢f. [22], Chapter 2 (2.1.1), p. 63). In terms of the Hopf algebra
structure, one is given a Hopf algebra A over K such that, as Hopf algebras,

K[G] = Aok K.

The property for the group G to be split over K means that some maximal
torus T' C G is K-isomorphic to G, x - - - X G, (d copies, d = dim T') (¢f. [I8],
Chapter XII, §§34.3, 34.4, pp. 219-220).

If G is a linear algebraic group over K, the set

G(K) = Homg (A, K)

is a group called the group of K-rational points of G. One has an identification
GK)=Gn A’}; using K-polynomials to generate the ideal I (¢f. op. cit.,
Chapter XII, §34.1, p. 218).

To a semi-simple, connected algebraic group G defined over K and a K-
split, maximal torus T' C G, one associates the group Hom(T,G,,) (G, =
GL1(K)): this is a free abelian group of rank equal to the dimension of 7.
The group R ®z Hom(T, G,,) plays in this context, the role of the dual h* of
a Cartan Lie-algebra.

One shows that there exist sub-tori S C T, dim S = dim T — 1, whose
centralizers Z(S) are of dimension dim 7'+ 2 and such that Z(S)/S is isomor-
phic either to SLy(K) or PGLy(K). The study of these groups allows one to
introduce pairs of elements +« € Hom(T, G,,) and by varying S one defines
a full set of roots ® (cf. op.cit. Chapter XII, §34.5 and [5], §25.7).

If N denotes the normalizer of the torus T' C G, then the (finite) group
W = N/T acts on R ®z Hom(T, G,,,) and is called the (K-) Weyl group.

The theory of Chevalley groups over a field K has been further extended in
[] and [I5]. To every semi-simple, complex Lie group G, and more generally
to an abstract root system, one associates canonically a group scheme & over
Z, such that G gets identified with the group &(C) of complex points of &.
We shall return to this construction in §3.31

In the next paragraphs we shall first review and then apply a construction
due to M. Demazure and J. Tits (¢f. [15] and [28]) which associates to an
algebraic reductive group G defined over K and a K-split maximal torus
T C G, a canonical extension of the Weyl group W, obtained by considering
the groups of K-rational points of T' and of its normalizer. This construction
makes explicit use of a suitable extension of the Weyl group (so called the
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extended Weyl group) whose definition is independent of the field K and is
given only in terms of the root system of G.

The notion of an extended Weyl group is related to that of extended Coxeter
group V associated to a Coxeter matrix M and a given abstract root system
{L,®,n,}. The group V is a certain extension of the Coxeter group of M
by a free abelian group whose rank equals the cardinality of the set of the
reflections associated to the roots.

3.1. Root systems and coxeter groups. In this paragraph we follow
§4.1 and §2.2 of [28] and we shall review several fundamental notions associ-
ated to the notion of a root system.

A root system {L, ®,n,} is the data given by:

- a lattice L, i.e. a free abelian group of finite rank (the group of weights);

- a finite subset ® C L (the set of roots);

- for each r € @, a Z-valued linear form n, : L — Z (the co-root associated
to r)

which satisfy the following axioms:

(1) L ® Q is generated, as Q-vector space, by ® and by the intersection of
the kernels of the n,;

(2) ny(r)=2,Vred;

(3) the relations r € ®, ar € ®, a € Q imply a = +1;

(4) if r, s € @, then r — ng(r)s € .

For each r € ®, the reflection associated to r is the map s, : L = L defined
by s.(z) =z — n,.(x) - r. The following equality holds s, = s_,.

We recall (c¢f. [I5], Exposé XXI) that the lattice L can be endowed with a
total order which divides the set ® of the roots into two disjoint sets: positive
and negative roots. The set of positive roots ®T is a subset of ® satisfying
the conditions:

-if ri,ro € ®F, then r; + 175 € T,

- for each r € ® exactly one of the conditions » € ®F, —r € & holds.

One then lets ®° C & be the set of simple (indecomposable) roots of ®+.
It is a collection ®° = {p;,7 € II} C ® (II = finite set) of linearly independent
roots such that every root can be written as an integral linear combination
of the p;, with integer coefficients either all non-negative or all non-positive.
Then, the square matrix M = (m;;), ¢, 7 € II, with 2m,; equal to the number
of roots which are a linear combination of the p; and p;, is a Cozeter matriz
i.e. a symmetric square matrix with diagonal elements equal to 1 and off
diagonal ones positive integers > 2.

The Cozeter group W = W (M) associated to M is defined by a system of
generators {r;,i € I} (the fundamental reflections) and relations

(32) (T’i’f’j)m” =1, Vi,j €Il
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The group generated by the reflections associated to the roots is canonically
isomorphic to the Coxeter group W (M): the isomorphism is defined by send-
ing the reflection associated to a simple root to the corresponding generator,
L.e Sy, =Ty

The root system {L, ®, n,} is said to be simply connected if the co-roots n,.
generate the dual lattice L’ = Hom(L,Z) of L. In this case, the co-roots n,,
determine a basis of L’.

Given a root system {L,®,n,}, there exists a simply connected root sys-
tem {L,®,n;} and a homomorphism ¢ : L — L uniquely determined, up-to
isomorphism, by the following two conditions:

(3.3) () =, Ny = Ny 0@, Vr € O.

The restriction of ¢ to ® determines a bijection of ® with ®.
The Braid group B = B(M) associated to a Coxeter matrix M is defined
by generators {¢;,7 € II} and the relations

(3.4) prod(mgj; ¢i, qj) == - - ¢:q;q:q; = prod(mij;; q5,q:), ¥V i,5 €1l.
—_——

mMij

The extended Coxeter group V- = V(M) associated to a Coxeter matrix M
is the quotient of B(M) by the commutator subgroup of the kernel X (M)
of the canonical surjective homomorphism B(M) — W (M). It is defined by
generators and relations as follows. One lets S be the set of elements of W
which are conjugate to one of the r;, i.e. the set of reflections (¢f. [2§], §1.2).
One considers two sets of generators:

{gi,i €T}, {g(s),s € 5}

(g9(s) = gs are generators indexed by s € S). The relations are given by ([B.4)
and the following:

(1) ¢ =g(r:), Viell
(2) qi-g(s)-q; ' =g(ri(s)), VseS, icll
(3) [g(s),g(s")] =1, Vs, s e€S.

Tits shows in Théoreme 2.5 of [28] that the subgroup U = U(M) C V
generated by the g(s) (s € S) is a free, abelian, normal subgroup of V' that
coincides with the kernel of the natural surjective map f: V — W, f(¢;) =r;
(and f(g(s)) = 1). The group U = U(M) is the quotient of X (M) by its
commutator subgroup.

In the following paragraph we shall recall the construction of [28] of the
extended Weyl group using the extended Coxeter group V.
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3.2. The group Np (L, ®P). We keep the same notation as in the pre-
vious paragraph. In §4.3 of [28] Tits introduces, for a given root system
{L,®,n,}, a functor

(Dﬂe)%{N,paNs;SES}:N

which associates to the pair (D, ¢€) of an abelian group and an element € € D
with €2 = 1, the data (i.e. an object N of a suitable category) given by a group
N = Np,(L,®), a surjective homomorphism of groups p: N — W = W (M)
and for each reflection s € S, a subgroup Ny C N satisfying the following
conditions:

(n1) Ker(p) is an abelian group;

(n2) For s € S, n € N and w = p(n), nNyn™' = Nyy(s);

(n3) p(Ng) ={1,s}, VseS.

A morphism connecting two objects A" and N’ is a homomorphism a :
N — N’ such that p’ oa = p and a(N,) C N/ for all s € S (¢f. §3 of [28]).

Notice, in particular, that the data {V, f,Vy;s € S}, characterizing the
extended Coxeter group, where Vs C V is the subgroup generated by Qs =
{v € V,v? = g(s)}, satisfy (n1)—(n3).

The object N is obtained by the following canonical construction. One
considers the abelian group 7' = Hom(L, D) endowed with the natural (left)
action of W (denoted by ¢t — w(t), for w € W, t € T') induced by the corre-
sponding action on L (generated by the reflections associated to the roots).
For each r € @, let s = s, € W be the reflection associated to the root r. One
lets T be the subgroup of 7' made by homomorphisms of the form

(3.5) L3z a'®

for some a € D and where v : L — Z is a linear form proportional to n,..
Also, one defines (for s = s,),

(3.6) he(z) =€ zecL

(note that replacing r — —r does not alter the result since €2 = 1). The
formula (3:6]) determines a map h: S — T. Then, the data {T, T, hs;s € S}
fulfill the following conditions V w € W, s € S

(1) w(Ts) = Tus);

(2) w(hs) = hu(s);

(3) hs € Ts;

(4) s(t) -t 1 eTs, VteT;

(5) s(t)=t"1, VteT..

One then obtains the object N as follows (cf. Proposition 3.4 of [2§]).
One defines the group N = Np (L, ®) as the quotient of the semi-direct
product group T x V (V = extended Coxeter group) by the graph of the
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homomorphism U — T (U = U(M)) which extends the map g(s) — h;'.
One identifies T with its canonical image in N and for each s € S, one lets N
be the subgroup of N generated by the canonical image of T X @4, where T is
as above and Qs = {v € V,v? = g(s)}. The surjective group homomorphism
p: N —= W = W(M) is induced by id x f where f is the canonical group
homomorphism f : V — W = W(M). By construction one has a morphism
connecting the data {V, f,Vi;s € S} to {N,p,Ng;s € S} = N. Tt gives a
homomorphism a : V' — N such that, in particular,

(3.7) a(g(s)) = hs, Vs € S.

More precisely, one has the following result (¢f. §3.4 and §4.3 of [28§]).
Proposition 3.1. The data N = {N,p, Nys;s € S} satisfy the conditions
(nl1)—(n3). Moreover, every map

a:{¢,iell} = N

such that a(q;) € Ny, \ Tr, = N,, Np~L(r;) extends to a homomorphism of
groups V.— N.

We collect together, for an easy reference, the main properties of the con-
struction of [28] reviewed in this paragraph.

Proposition 3.2. Let {L,®,n,.} be a root system. To a pair (D,e€) of

an abelian group and an element ¢ € D, €2 = 1, corresponds a canonical

extension Np (L, ®) of the Cozeter group W by T = Hom(L, D),
(3.8) 1T —-N-25W—-1

and for each reflection s € S a subgroup Ny C N. These data satisfy the
following properties:

e nN;n~ ' = Ny, fors€ S, ne N and w = p(n).

o p(N,)={1,s}, Vseb.

e NNT=T,, Vseb.

ea’=h,eT,, Vacp(s)=N,\T,.

e For each pairi # j in II, let m = my; be the order of rir; € W, then

(3.9) prod(m;a;,a;j) = prod(m;a;, a;), Yar € Ny, , plar) =rp #1.

The canonical extension Np (L, ®) of W by T is functorial in the pair
(D, €), with respect to morphisms t: D — D’ such that t(e) = €.

The meaning of equation ([B9) is the following one. Once a choice of a
section W O ®° 5 s +— afs) € N, of the map p has been made on the
set of simple roots ®° C W, this section admits a natural extension to all
of W as follows. One writes w € W as a word of minimal length w =

p1 - Pk, in the generators p; € °. Then ([B.3) ensures that the corresponding
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product a(w) = a(p1) -+ a(pr) € N is independent of the choice of the word
of minimal length representing w (cf. [28], Proposition 2.1).

3.3. Chevalley schemes. We keep the notation of §§3.1] and To a
root system {L, ®,n,.} one associates, following [4] and [I5], a reductive group
scheme & = &{L, P, n,} over Z: the Chevalley scheme. We denote by T a
maximal torus that is part of a split structure of & and by N its normalizer.

To a reflection s € S correspond naturally the following data: a one dimen-
sional sub-torus 7 C 7T, a rank one semi-simple subgroup &, C & containing
Ts as a maximal torus and a point hy € T, (belonging to the center of &y).
One denotes by A the normalizer of 7, in &;.

Let A be a commutative ring with unit and let A* be its multiplicative
group. We denote by &(A), T(A), respectively N (A) the groups of points
of &, T, resp. N which are rational over A. The quotient N'(A)/T(A) is
canonically isomorphic to W = W(M). More precisely, there exists a unique
surjective homomorphism p4 : N(A) — W (M), whose kernel is 7 (A) so that
the data {N(A),pa, Ns(A); s € S} satisfy the conditions (n1)—(n3) of §8.2

The goal of this paragraph is to review a fundamental result of [28] which
describes the data above only in terms of A and the root system {L,®,n,}.
To achieve this result one makes use of the following facts:

- The group 7 (A) is canonically isomorphic to Homy (L, A*) and the left
action of W (M) ~ N(A)/T(A) on T(A) is induced from the natural action
of W on L.

- If s = s, is the reflection associated to a root r € ®, then

N (A)NT(A) =T, (A)={p € Hom(L, A*)|Fa € A*, p(z)=a"™ | Yz € L}

where v : L — 7Z is a linear form proportional to n, (¢f. §8.2)). Taking a = —1
and v = n,, one gets the element hs(A) € T5(A).

- The normalizer Ny of T; in &; is such that all elements of N5(A) which
are not in 75(A) have a square equal to hs(A) € T5(A).

We are now ready to state Theorem 4.4 of [28] which plays a key role in
our construction.

Theorem 3.3. The group extension

1= T(A) = NA) W1
is canonically isomorphic to the group extension
1 — Hom(L, A*) = N« (L, ®) 25 W — 1.

Here N~ _1(L, ®) refers to the functorial construction of Proposition
for the group D = A* and e = —1 € D. Note that the case A = Z corresponds
to D = {£1}, e = —1, and gives the extension N'(Z) of W by Hom(L, {£1}) ~
(7./27)*. This particular case contains the essence of the general construction
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since for any pair (D, €) the group Np (L, ®) is the amalgamated semi-direct
product

Hom(L, D) “Hom(L,{+1}) N(Z).

3.4. Bruhat decomposition. We keep the notation as in the earlier
paragraphs of this section. To each root r € ® corresponds to a root sub-
group X, C & defined as the range of an isomorphism x, from the additive
group G, 7z to its image in ® and fulfilling the equation

(3.10) hx, ()Rt = 2. (r(h)€), VheT.
We recall the following standard notation and well-known relations:

(3.11) ne(t) =z () _ (=t (1), ¥t € A", n, =n,.(1),
(3.12) he(t) = n.(t)n,.(=1), ¥Vt € A",
hy = hp(=1), he(t1)hr(t2) = hy(t1t2).

Let r,s € ® be linearly independent roots and ¢,u € A. The commutator
of z5(u) and x,(t) is defined as

(3.13) [2s(w), 2, ()] = zs(u) o, () " ag(u)z, (1)

The following formula, due to Chevalley ([3], (4), p. 36) expresses the above
commutator as a product of generators corresponding to roots of the form
ir+js € ®, for 4,5 > 0.

Lemma 3.4. Let r,s € ® be linearly independent roots. Then there exist
integers Cjjrs € Z such that

(3.14) zo(u) e, ()2 (w)z, (1) 7L = H Tir o (tiud)Ciirs

where the product is applied to pairs (i,7) of strictly positive integers such that
ir+ js € ®, and the terms are arranged in order of increasing i + j.

The above formula holds, in particular, in the case that r, s belong to the
subset @+ C @ of the positive roots (cf. Bl and [15], Exposé XXI), in which
case the product is taken over all positive roots of the form ir + js, ¢ > 0,
j > 0 in increasing order, for the chosen ordering of the lattice L (¢f. [13],
Exposé XXII, Lemme 5.5.6, p. 208).

Let U(A) be the subgroup of &(A) generated by the elements . (t) for
r € &+, t € A. By construction, the subgroup U C & is generated by the root
subgroups X, corresponding to the positive roots. For any w € W, we let
D, = {r € d*|w(r) < 0} and we denote by U, the subgroup of & generated
by the root subgroups X, for r € ®,,.
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Chevalley proved in [3] (Théoreme 2) the existence of a canonical form for
the elements of the group &(K'), when K is a field. We recall this result.
Theorem 3.5. Let K be a field. The group B(K) is the disjoint union of
the subsets (cells)
Cw =U(K)T(K)n,U,(K)

where for each w € W, n,, € N(K) is a chosen coset representative for w.
The natural map

(3.15) ow  UK) X T(K) XxUy(K) = Cyp, pu(z, h,2') = zhn,a'

is a bijection for any w € W.

We refer to [I5] (Exposé XXI, Théoreme 5.7.4 and Remarque 5.7.5).

3.5. Chevalley group schemes as gadgets. For the definition of the
gadget over F; associated to a Chevalley group G and in particular for the
construction of the natural transformation eq (c¢f. L2)), one needs to choose
a Chevalley basis of the (complex) Lie algebra of G and a total ordering of
the lattice L. We keep the notation as in §8.4 and in §3.I] through §3.3]

Chevalley proved (cf. [3], Lemma 6 and [4]) that, over any commutative
ring A, each element of U(A) is uniquely expressible in the form

H r.(t,), t. €A, Vr € ®F
redt
where the product is taken over all positive roots in increasing order. More
precisely one has the following:
Lemma 3.6. The map

(3.16) t=(tr)rea+ — Y(t) = H (L)

redt
establishes a bijection of the free A-module with basis the positive roots in ®T
with U(A).
The proof of this lemma applies without change to give the following vari-
ant, where we let ®,, = {r € ®T|jw(r) < 0,w € W} and we denote by

U, = [[ %
red,,
Lemma 3.7. The map

(3.17) t=(t)rew, = Yu() = [] =)
red,,

establishes a bijection of the free A-module with basis @, with U, (A).
The key identity in the proof of Lemmas and B.7 is the commutator
relation of Lemma [3.4]
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We are now ready to apply the theory reviewed in the previous paragraphs
to construct the functor

G : ]-'éi) — Sets

from the category F, C(Li) of pairs (D, €) of a finite abelian group and an element

of order exactly two, to the category of graded sets.

Definition 3.8. The functor G : fﬁ) — Sets is defined as the graded
product

(3.18) G(D,e) = A (D) x ] (0~*(w) x A™ (D))
weWw

where p is the projection Np (L, ®) -+ W as in §§32 and B3l All elements
of p~1(w) have degree equal to the rank of &.

It follows immediately that there are no elements of degree less than the
rank ¢ of & and that the set of elements of degree ¢ is canonically identified
with Np (L, ®).

We now move to the definition of the natural transformation

eq : G — Hom(SpecC[—],Gc), (D,€)— Hom(SpecC[D, €], Ge).

For this part, we make use of the natural transformations ep of (21) for
F = ®*" and F = ®,, and of Theorem to obtain, for a given character Yy,
x(€) = —1, associated to a point in Spec C[D, €], maps

(3.19) eor 1 A® (D) = C*",
(3.20) es, : A" (D) — C*,
(3.21) ex : Np.o(L, ®) — N(C).

The map e, is obtained using the functor N (L, ®) of Proposition B2l applied
to the morphism x : (D,€) — (C*, —1) which yields a group homomorphism

(3.22) ex' : Npo(L,®) = New_1(L, @) ~ N(C).

It is compatible with the projection p, and maps p~!(w) to p~!(w) for any
w € W. We now make use of Lemmas and 37 to obtain the natural
transformation eq defined as follows

(3.23) eg(a,n,b) = p(ep+(a)) e (n) Yules, (b)) € 6(C) = Ge

where 1 and ), are defined as in Lemmas and B.1 for A = C, and one
uses the group law of G¢ to take the product.
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3.6. Proof that G determines a variety over Fi2. In this paragraph
we shall prove that the gadget G = (G, Gc,eq) associated to a Chevalley
group G (or equivalently to its root system {L,®,n,}, c¢f. §30) defines a
variety over Fi2. We keep the earlier notation. We first recall the following
important result of Chevalley (cf. [4], Proposition 1).

Proposition 3.9. Let wg € W be the unique element of the Weyl group
such that wo(®T) = —®F and let w) be a lift of wy in Gz. Consider the
following morphism, associated to the product in the group,

(3.24) 0:Uxp Hwy) xU— &, O(u,n,v) = unv.

Then 0 defines an isomorphism of U x p~ (wo) xU with an open affine (dense)
subscheme 0 of &, whose global algebra of coordinates is of the form

(3.25) Oq = Og[d™Y]

where d € Og takes the value 1 on wy.

We refer also to proposition 4.1.2; page 172, in [15] combined with propo-
sition 4.1.5.

The next theorem shows that the gadget G = (G, G, eq) over Fy2 fulfills
the condition of Definition

Theorem 3.10. The gadget G = (G, Ge, eq) defines a variety over Fq2.

Proof. By construction G is a finite and graded gadget. It is easy to guess
that the sought for scheme Gy over Z is the Chevalley group scheme & associ-
ated to the root system {L, ®,n,} (¢f. e.g. [15], Corollary 1.2, Exposé XXV).
One has by construction an immersion of gadgets G — G(®). More precisely,
let (D,€) be an object of fﬁ) and A = Z[D,e]. The inclusion of D as a
subgroup of A* gives a canonical morphism from the pair (D, ¢€) to (A*, —1).
The functor N (L, ®) of Proposition applied to this morphism thus yields
a group homomorphism

(3.26) et Npo(L,®) = Nae _1(L, ®) ~ N(A).
One then combines €, as in [3:23) with the natural inclusions
(3.27) s A% (D) = AT

(3.28) ey, + A% (D) — A%,

to define, using the group law of &(A),

(3.29) ec(a,n,b) = (eps(a)) er(n) Y (eg, (b)) € B(A).

To check the injectivity of this map of sets e, : G(D,e) — &(A) it is enough
to prove injectivity of the composition with the inclusion A — A¢ = C[D, €].
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The latter follows from two facts:

e The characters of C[D, €] separate points of D (c¢f. (ILI6).

e The uniqueness of the Bruhat decomposition in G¢ = &(C).

It remains to be checked that G fulfills the universal property of Definition
Let V' = Spec(O(V)) be an affine variety of finite type over Z and
¢ : G — G(V), be a morphism of gadgets. This means that we are given a
pair (¢, ¢c) where

oc - Oc(V) — Oc(ﬁ)

is a homomorphism of C-algebras, and ¢ is a natural transformation of func-
tors from pairs (D, €) to sets

¢(D,e) : G(D,e) - Hom(O(V), 5(D,¢€))

which satisfies the following compatibility condition (¢f. (ILI4)): for any pair
(D, €) the following diagram commutes

6(D.e)
G(D,€) ——

(3.30) eG(D’E)l leg(v)(D,e)_C
Hom(Oc(®), C[D, ]) —“~ Hom(Oc(V), C[D, €).

Hom(O(V), B(D,¢))

One needs to show that ¢c(O(V)) C O(B). Let h € O(V) and f =
¢c(h). Then by construction f € O¢(®). By Proposition B9, the intersection
Oc(6)N0Og coincides with O(®) since O = Og[d~!] while elements of O¢ (&)
have a trivial pole part in d~'. Thus it is enough to show that the restriction
of f to the open affine subscheme 2 C & belongs to Oq, to conclude that
/€ O(8). Let us choose a lift w(, of wy in Nz. In fact we can more precisely
choose a lift wj of wo in Nz oz, (L, ®), where Z/27 is the group of order two
generated by e and then take the image of w({ under the map which sends e
to —1. We have p~(wq) = wyT. Asin [] (cf. §4, Proposition 1), the algebra
Oq is the tensor product of the following three algebras:

- O(U) which is the algebra of polynomials over Z generated by the coor-
dinates t, of Lemma [3.6]

- O(T) = Z[L] the group ring of the abelian group L.

- Another copy of O(U).

We consider elements of G(D,¢) of the form

(3.31) g€ C=A" (D) xp (wo) x A® (D)

and use the choice of w) € p~t(wg) C Np.(L,®) to identify the cosets
p~H(wo) = Hom(L, D)wj. Then, we choose generators v;, 1 < j < /£, of
the free abelian group L and use them to identify Hom(L, D) with the set
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of (y;)jef1,...ey» ¥ € D. Bach map y from Y = ® U {1,..., ¢} to D defines
uniquely an element g(y) € C' b

(3.32) 9() = (Yr)rea+ x (yj)je{l,“.,z} X (Yor)reat-
Then g(y) € G(D,¢) and ¢(D,€)(g(y)) € Hom(O(V), B(D,¢)) so that by
evaluating on h € O(V) one gets

(3.33) ¢(D,€)(9(y))(h) € Z(D,€) C C[D, €.

By the commutativity of the diagram (B30), this is the same as evaluating

on f € O¢(®) the homomorphism eg (D, €)(g(y)). We denote by k = f|q the
restriction of f to 2, it is given by a polynomial with complex coefficients

(3.34) k= P(tmuj,u;l) € (C[tr,uj,u;l], red, 1<j</.

Let n be an integer and D = (Z/nZ)Y x Z/27Z = D; x Z/2Z be the group
Dy of maps from Y = ® U {1,...,¢} to the cyclic group of order n, times
the cyclic group of order two with generator € (¢2 = 1). We denote by ¢ the
generator of Z/nZ and for s € Y we let {s € D; have all its components
equal to 0 € Z/nZ except for the component at s which is £&. One has a
homomorphism of algebras

On : Cltr,uj,u; '] = C[D1] ~ C[D, €|, tr &, uj—&;.

Using ([B.33)), we know that for each n, 8,,(k) € Z|D4]. Now for k€ Clt,, u;, u;l]
one can compute the coefficients b; of the polynomial as the Fourier coefficients
by = (2 —d k 1o iag\ ,—il.« dovs
I ( 7T) /(Sl)d (6 ) , € )6 H Q;

and hence as the limit

. _ ja1 jad . g j
by = lim n~¢ g k(e2™w ... e? i ) et aj =2r—.
n

n— o0
1<a;<n
mg o . .
When k(z) = [[ 7" [[u; "’ is a monomial, the sum
oy ey
E k(627\'2n7'”7627ﬂn)6 .o
1<a;<n

is either zero or n? and the latter case only happens if all the components of
the multi index m — I are divisible by n. Thus

_ an i2d N
nd E k(627\'2n7.“7e27ﬂn)e il.«

1<a;<n

only depends on 6, (k) and is a relative integer if 0,,(k) € Z[D;]. Tt follows
that all the b; are in Z and hence k € O(9). O

5(not all elements of C' are of this form)
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3.7. The distinction between G and &(k). Let & be the Chevalley
group scheme associated to a root system as in §3.3] and let k& be a field.

The subgroups X, generate in the group &(k) of points that are rational
over k a subgroup G}, which is the commutator subgroup of the group &(k).
The subgroup Gj, C &(k) is often called a Chevalley group over k and is not
in general an algebraic group. If & is the universal Chevalley group, then
one knows that Gj, = &(k), so that the distinction between the commutator
subgroup G}, and the group &(k) is irrelevant.

In the construction pursued in this paper of the gadget associated to a
Chevalley group, one can take into account this subtlety between G and
®(k) by constructing the following sub-gadget. Let (L, ®,n;) be the simply
connected root system associated to (L, ®,n,) (¢f. §81) and let ¢ : L — L be
the morphism connecting the two roots systems as follows

(3.35) o(®)=d, n, = Ny o, Vred.

One simply replaces the term Hom(L, D) in the construction of the functor
G(D) (c¢f. Definition B8] by the following subgroup

(3.36) {x € Hom(L, D) | 3\’ € Hom(L, D), x = X' o ¢}

which is the range of the restriction map from Hom(L, D) to Hom(L, D).
Unlike for the group &(k) the function N(g) that counts the number of
points of G, for k = [F; is not in general a polynomial function of g.

4. Schemes over F;

Except for the extra structure given by the grading, the definition of affine
variety over F; that has been used in this paper is identical to the notion
proposed by C. Soulé in [26] and the replacement of the category R by the
category Fgup of finite abelian groups was his suggestion. Theorem pro-
vides a solution of the problem formulated in [26] (§5.4) about Chevalley group
schemes.

Although the original notion of variety over F; played an important role to
get the theory started, it is also too loose inasmuch as the only requirement
one imposes is that to have enough points with cyclotomic coordinates with
no control on the exact size of this set.

In the following, we shall explain that our construction shows how to
strengthen considerably (see Remark [£3] below) the conditions required in
[26] on a variety over Fy. This leads also to the definition of a natural notion
of scheme over F; which reconciles the original point of view of Soulé with the
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one developed by Deitmar in [I3] following Kurokawa, Ochiai, and Wakayama
[21] and the log-geometry of monoids of K. Kato [20].

First, we point out that the category F,; of finite abelian groups that has
been used in this paper for the definition of the functor X can be replaced
by the larger category My, of abelian monoids. An abelian monoid is a
commutative semi-group with a unit 1 and a 0O-element. Morphisms in this
category send 1 to 1 (and 0 to 0).

Moreover, the construction of the natural transformation es can be ex-
tended to yield, for any commutative ring A and for the monoid M = A, a
map from the set G(M) to the group &(A). If A is a field, the resulting map
is a bijection. More precisely we have the following result:

Theorem 4.1. Let & be the scheme over Z associated to a Chevalley
group G.

e The construction BI8) of the functor G extends to the category Mﬁ) of
pairs (M, €) made by an abelian monoid M and an element € of square one.

e The construction [B23) of the natural transformation eq extends to ar-
bitrary commutative rings A to yield a map

(4.1) eg.a: G(A,—1) = &(A).

When A is a field, the map e, a is a bijection.

Proof. Let (M, €) be an object of M((li). In [28] (84.3), the construction of
Np (L, ®) is carried out for abelian groups D and it applies in particular to
the multiplicative group M™* of a given monoid M. The functor G : /\/l((j)) —
Ens is the product
(4:2) G(M,e) = M*" x I (07 (w) x M*)

weW
where p is the projection Nys- (L, ®) - W.

One defines the ring 5(M,€) = Z[M, €] in such a way that the following

adjunction relation holds for any commutative ring A,

(4.3) Hom(B(M,e€), A) = Hom((M,e€), 57 (A))
where 8*(A) = (A, —1) is the object of M(Qb) given by the ring A viewed as a

a
(multiplicative) monoid and the element —1 € A. One has

(4.4) BOM, ) = ZIM, | = Z[M]/ T, J = (1+Z[M].
Note that this ring is not always flat over Z (e.g. when € = 1) but the natural
morphism M — Z[M, €] is always an injection.

Note also that in ([@.1)) the natural transformation sends G o 8* to & rather
than the way it was formulated above in this paper i.e.

e“:G—=60p,  eY(Me): G(M,e) = &(Z[M,e]).
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However, the adjunction (&3] shows that these two descriptions are equiv-
alent. Now, we define the natural transformation eg 4. One considers (for

each w € W) the maps (B10),
t=(ty)rea+r = ¥(t) = [ (t,) €U(A) C &(A)

redt

and (B.17)
t=(ty)rea, = Yu(t) = [ 2:(t:) € Us(A) C B(A).

red,,

For the normalizer one uses Tits’ isomorphism (Theorem B.3)):
ex : Nas _1(L, @) = N(A).
For all n € p~Y(w), a € M®" and b € M® one lets
e, a(a,m,b) = 1(a) ex(n) Yu(b).
This definition describes the natural transformation
eg.a: G(A,-1) = &(A).

The last statement follows from Bruhat’s Theorem in the form of Theorem
5.0l O

Thus Theorem FT] suggests to strengthen the conditions imposed on a
variety over F; and to define a scheme over F; as follows (using the adjoint
pair of functors S(M) = Z[M] and §*(A4) = A).

Definition 4.2. An [F;-scheme is given by a covariant functor X from
My to the category of sets, a Z-scheme X and a natural transformation
from X o 8* to X such that:

e X is locally representable.

e The natural transformation is bijective if A =K is a field.

For arbitrary commutative rings the natural transformation yields a map

(4.5) ex,a + X(A4) = X(A)

which is bijective when A is a field.

A nice feature of this definition is that it ensures that the counting of points
gives the correct answer. Indeed, the above conditions ensure that the number
of points over Fi» which is given by the cardinality of X (D) fold D = 7 /nZ,
agrees with the cardinality of X (F,) when n = ¢ — 1 and ¢ is a prime power.

In the forthcoming paper [7], we shall develop the general theory of ;-
schemes and show in particular that under natural finiteness conditions the
restriction of the functor X to the full subcategory F,; of M, of finite abelian
groups is automatically a functor to finite graded sets. Moreover, under a

60ne adjoins a zero element to get a monoid in the above sense.
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torsion free hypothesis it follows that the number of points over Fq» is given
by the value taken up at 2 = n by a polynomial P(z) with positive integral
coefficients.

We also explicitly notice that unlike the theory developed in [I3], our con-
ditions do not imply that the varieties under study are necessarily toric.

What we have shown in this paper is that Chevalley group schemes yield
varieties over Fq2, however this does not imply that the group operation p can
be also defined over Fi2. In fact, it turns out that only the terms of lowest
degree (equal to the rank of G) yield a group, namely the group Np (L, ®)
of J. Tits. The structure of the terms of higher order is more mysterious and
its nature remains to be studied.

Remark 4.3. We leave as an open question the issue of showing that
Definition 2] determines a variety over Fy in the sense of [26]. More precisely,
it is enough to consider the affine case and show that if one restricts the functor
X to finite abelian groups and only considers the complex points of the Z-
scheme X, this pair suffices to characterize X as a Z-scheme. Our hypothesis
that the connecting map ¢ is a bijection for fields shows that among the toric
varieties obtained by extension of scalars, using the local representability of
X, there is one which plays the analogous role of the “big cell” of the Bruhat
decomposition.
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