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1. Introduction

This paper aims to illustrate the unifying power of the notion of topos, due to Grothendieck, in the context
of cyclic homology. Our main motivation originates from the recent discovery (cf. [5]) of the role of cyclic
homology of schemes for the cohomological interpretation of the archimedean local factors of L-functions
of arithmetic varieties. This result raises naturally the question of a conceptual interpretation of cyclic
homology of schemes. In [3] it was shown that cyclic cohomology can be interpreted as Ext-functor in
the category of cyclic modules. These modules are defined as contravariant functors from the (small) cyclic
category /A to the category of abelian groups. This development brings at the forefront the crucial role played
by the cyclic category as an extension of the simplicial category A by finite cyclic groups. Moreover, in [3] it
was also shown that the classifying space BA is equal to the classifying space of the topological group U(1),
and later it was discovered (cf. [2,8,9]) that the geometric realization of the simplicial set underlying a cyclic
set (this latter understood as a contravariant functor A — Gets to the category of sets) inherits naturally
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an action of U(1). The equality BA = BU(1) then leads to a deep analogy between cyclic cohomology and
U(1)-equivariant cohomology.

In this article we show that one obtains a conceptual understanding of the above U(1)-action on the
geometric realization of cyclic sets by extending that result to the framework of topos theory. The transition
from a small category to its classifying space produces in general a substantial loss of information: the
classifying space of A is, for instance, a singleton. It is exactly at this point that the implementation of
topos theory turns out to be useful to provide the correct environment that encloses both schemes and small
categories while also furnishing the tools for the development of cohomology. In the words of Grothendieck:

Lidée du topos englobe, dans une intuition topologique commune, aussi bien les traditionnels espaces
(topologiques), incarnant le monde de la grandeur continue, que les (soi-disant) « espaces » (ou « variétés »)
des géomeétres algébristes abstraits impénitents, ainsi que d’innombrables autres types de structures, qui
jusque-la avaient semblé rivées irrémédiablement au « monde arithmétique » des agrégats « discontinus » ou
« discrets ».

The category Sh(X) of sheaves of sets on a topological space X is a topos that captures all the relevant
information on X. For a small category C, the associated category C = Gets®”" of contravariant functors
C — Gets is a topos. What is more, the notion of point is meaningful for any topos 7: a point is simply
a geometric morphism f : Gets — T from the topos of sets to 7. To each point of 7 corresponds
a contravariant functor 7 — Gets which is the inverse image part of the geometric morphism f and that
preserves finite limits and arbitrary colimits. This picture generalizes the functor that associates to a sheaf
of sets on a topological space X the stalk at a point of X. In particular, for the topos C = Gets®” (C a small
category), the points are described by flat, covariant functors § : C — Gets. Then the inverse image part
of the geometric morphism associated to a point of C determines a natural generalization of the notion of
the geometric realization of a simplicial set. This latter notion is obtained, in the case C = A, by considering
the flat functor § = A : A — Gets that associates to an integer n > 0 the standard n-simplex. In general,
the flatness of § implies that the geometric realization functor

||: Gets®” — Sets, R~ |R|:=R®¢F

is left exact thus transforming finite products in GetsC” into finite products in Gets. This property combines
with the fact that §F = A extends to the larger cyclic category A to yield the natural action of the group
U(1) on the geometric realization of a cyclic set.

In this paper we provide a far reaching generalization of this construction for the points of the topos of
simplicial sets. Given a point p of the topos A with associated flat functor § : A —» Gets, a cyclic structure
on p is defined to be an extension of § from A to A. Our main result states that cyclic structures are
classified by the datum provided by a totally left-ordered group G (not necessarily abelian) endowed with
a central element z > 1 such that the interval [1, 2] C G generates G. It is well known (¢f. [11]) that the
points of the topos A = Gets®” correspond to intervals I i.e. totally ordered sets with a minimal element
b and a maximal element ¢ > b. Proposition 4.2 shows that if (G, z) is a left-ordered group with a fixed
central element z > 1, one obtains a natural cyclic structure on the point p; of A associated to the interval
I = [1, z]. The converse of this statement constitutes the main result of this paper. More precisely one shows
(¢f. Theorem 5.1) the following

Theorem. Let p be a point of the topos of simplicial sets and let I be the associated interval. Let G =
(Z x I)/ ~ be endowed with the lexicographic ordering, where the equivalence relation identifies (n,b) ~

(n—1,t), Vn € Z. Then, a cyclic structure on p corresponds to a group law on G such that

(a) the order relation on G is left invariant
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(b) the following equalities hold
(n,0)(m,w) = (m,w)(n,D) = (n+m,w), Vn,meZ, uel.

The proof of the above theorem is rather involved and is developed in Section 5.2. As an immediate
corollary one obtains examples (Corollaries 5.2 and 5.3) of points p = py of the topos A with a prescribed
number of cyclic structures. Moreover, Theorem 4.4 shows that under the hypothesis of the above theorem,
there exists, for any cyclic set S, a canonical right action of the quotient group G/Z, of G by the central
subgroup {(n,b) | n € Z} ~ Z, on the “geometric realization” |S|, = p*S corresponding to the point p of
the topos A.

In the last part of the paper (c¢f. Section 5.3) we discuss the subtlety that distinguishes the notion of
cyclic structure on a point of A as given here, from the definition of a point of the topos of cyclic sets
(called “abstract circle”) as in the unpublished note [12]. By using [12] we prove that the category of points
of the topos of cyclic sets is equivalent to the category Atc of archimedean sets whose objects are pairs
(X,0) made by a totally ordered set X together with an automorphism 6 of X such that 6(z) > z, Vo € X
and fulfilling the following archimedean property: for any given pair z,y € X there exists n € N such that
y < 0™ (x). Modulo the identification f = 8™ o f (f morphism in 2ltc: see Definition 5.11), one obtains the
equivalence of 2Atvc with the category of abstract circles: ¢f. Proposition 5.12. To the inclusion of categories
A C A corresponds a geometric morphism of topoi and a related map between the corresponding points
that associates to an interval I the archimedean set X = (Z x I)/ ~ as in Theorem 5.1, endowed with the
translation 6(n,u) = (n + 1,u). In this way, one derives a reformulation of Theorem 5.1 by stating that
the cyclic structures on a point of A are classified by (order compatible) group structures on the associated
point of the topos of cyclic sets.

Thus the notion of cyclic structure on a point of the topos of simplicial sets is a very subtle concept
involving both groups and linear orders, not be confused with the definition of point of the topos of cyclic
sets, that only involves linear order.

2. The simplicial and the cyclic categories. The cyclic structures

In this section we recall the definitions of the simplicial and the cyclic categories together with the
definition of points of the related topoi. Then, in Section 2.5 we introduce the new notion of cyclic structure
on the points of the topos of simplicial sets.

2.1. The simplicial category A

We recall the classical presentation of the simplicial category A. Let A be the small category with one
object [n] = {0,...,n} for each non-negative integer n > 0: the object [n] is viewed as a totally ordered set.
The morphisms in A are non-decreasing maps of sets

HomA([n},[m]) = {f:{O,...,n}—> {0,...,m} } x>y = f(x) zf(y)}

The following well-known result (c¢f. [4] IIT.A.a, Proposition 2) implies a presentation of A by generators
and relations

Proposition 2.1.
(i) Forje{0,...,n}, there are n + 1 surjective morphisms

oj € HomA([TH-l]a[”])’ a(i) = {2_ 1 Z:i ij
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(i4) For j €{0,...,n}, there are n+ 1 injective morphisms
5; € Homa ([n — 1], [n]). @(i){l Fi<y
1+1 ifi>].
(t4i) The following relations hold in A
gjoo;=0;0041 for <4, 0j00; =0;00;_1 for i<y,

(SZ'OO']',l ’Lf’L<]
0j06,=1 id ifi=jori=j+1 (1)
(51',1003 ’Lf’L>]+1

Any morphism in A can be written as a composite (]]; §; o [[, ox) of a (finite) product of §’s with a
(finite) product of o’s. Moreover, by implementing the relations (1), one can also re-order these products
so that the indices for the ¢’s are increasing while they are non-decreasing for the §’s.

2.2. The cyclic category A

The cyclic category A was introduced in [3] using classes of degree-one maps of the circle. In this paper we
use a reformulation of A that implements the lift of these maps to the universal cover (cf. [6]). The advantage
of this description is to involve only periodic non-decreasing maps Z — Z. For each pair of integers a > 0,
b > 0, consider the set

T(a,0) = {/ 2~ Z| () > [(), Yo > y; [z +0) = f(a) +b, Vo € T},
The following relation is an equivalence relation on Z(a, b)
f~g = 3keZ g(x)=f(x)+ kbVz € Z. (2)
Denote by C(a,b) the set of the equivalence classes of maps in Z(a,b).

Proposition 2.2.

(i) The set C(a,b) is finite.
(#3) The equivalence relation (2) is compatible with the composition of maps.

Proof. (i) In any given equivalence class in C(a,b) there is a unique map f : Z — Z such that f(0) €
{0,...,b — 1}, since {0,...,b — 1} is a fundamental domain for the subgroup bZ C Z. It follows that
fla) = f(0)+b e {b,...,2b — 1}, thus there are only finitely many possibilities for f(z) € [f(0), f(a)] as
x € {0,...,a—1}. One concludes, by applying the periodicity property, that there can be only finitely many
equivalence classes in each C(a,b).

(77) Let j € {1, 2} be an index and let f; € Z(a,b) and g; € Z(b,c). One has g1 ~ g2 < g2(x) = g1(x)+kc,
for some k € Z and Vo € Z. Then it follows that g, o f; ~ g1 o f;. Similarly one has f1 ~ fo & fa(z) =
J1(z)+k1b, for some k; € Z and Vz € Z. It follows that gjo fo(x) = g;(f1(x)+kib) = g;(f1(x))+kic, Yz € Z,
thus gjo fo ~gjo fi. O

Definition 2.3. The cyclic category A has one object [n] for each non-negative integer n > 0. The morphisms
in A are given by

Hom ([n],[m]) =C(n+1,m+1).
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By construction one derives a natural functor (not faithful)
@A — Fin

to the category Fin of finite sets. p is the identity on the objects of A and to a morphism f € Hom4([n], [m])
it associates the map of finite sets u(f): {0,...,n} — {0,...,m} given by

w(f)(z) = f(xr) mod. m+1, Vze€Z/(n+1)Z. (3)

There is an inclusion functor j : A < A that is the identity on the objects of the simplicial category A and
on the morphisms f € Homa ([n], [m]) is defined as follows

i(f)(z+kn+1)) = f(z) +k(m+1), Voen] kel (4)

One easily checks that j(f)~*([0,m]) = [0,n], since by construction one has j(f)([0,n] + k(n + 1)) C
[0,m] + k(m + 1), Vk € Z. A similar result holds for all morphisms in A as the following proposition (cf.
part (i)) shows

Proposition 2.4. Let f € Homx([n],[m]), then

(i) For any interval I = [y,y +m], f~1(I) is an interval of the form [z, x + n].
(i) There is a unique decomposition of the form

f=4j(h)ot, heHoma([n],[m]), t € Auts([n]).

Proof. (i) f~!(I) is a finite interval J because f is increasing and f(z) — +o0o when x — Fo0o. Moreover
since for any fixed interval I as in (i) and for k € Z (varying) the translates I + k(m + 1) form a partition
of Z, the same statement holds for their inverse images which are, in view of the periodicity property of the
maps in A, of the form J + k(n + 1).

(#3) It follows from the last sentence in the proof of (i) that there exists a unique ¢ € Aut,([n]) such that
(0, m]) = t=1([0,n]). Thus (f ot=1)=1([0,m]) = [0,n] and by implementing the functor j as in (4) one
concludes that there exists h € Homa ([n], [m]) such that fot=! =j(h). O

One derives the following presentation of the cyclic category A that in applications is usually referred to
as the decomposition A = AC, where C is the category with the same objects as A and whose morphisms
are automorphisms (cf. [3]).

Proposition 2.5. The cyclic category A admits the following presentation as an extension of the small category
A by means of a new generator T, € Cpy1 := Auta([n]) for each n > 0 and the relations

= d,
Tnooozano7'3+l Tp00; =0;_10Tht1, Vji€{l,...,n} (5)
Tn 000 = Op Tp00; =0j_10Tp_1, Vje{l,...,n} (6)

Proof. We introduce the cyclic permutation 7:

T:L—7 T(x)=2z—-1, VrelZ.
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Note that, for each n > 0, 7 yields an element 7, € Cp, 41 = Aut,([n]) (the index n will be dropped when
the context is clear). The relation 777! = id follows from the definition of the equivalence relation (2). To
prove (5) and (6) one first determines, using Proposition 2.4 and for f € Homa ([m], [n]), an integer a such
that

(7 0 3(£)) " ([0,m]) = 7%([0,m)).

Then it follows that 7,,05(f)o7® € j(A), thus there exists h € Homa ([m], [n]) such that 7,,05(f) = j(h)oT .
Since the powers of 7 are automorphisms, the surjectivity resp. the injectivity properties of f are inherited
from those of the associated h. Proposition 2.1 implies that the commutation relations (5) and (6) stay
within the o’s and §’s. Then one easily checks directly these relations. Conversely, these relations allow one
to write any morphism in A as a product (j(f)ot) for some automorphism ¢ and this suffices to present the
small category A. O

We refer to [10] (cf. §6.1) for a detailed proof of the above proposition and for the general notion of
crossed simplicial group that is beneath and generalizes the above decomposition A = AC.

2.3. The points of the topos GetsC”

Let C be a small category. We recall that a point of the topos C = GetsC is completely determined by
a covariant functor § : C — Gets that has the further property to be flat (cf. [11], VIL.5, Definition 1 and
Theorem 2). More generally, a point of a topos T is defined as a geometric morphism f : Gets — 7. To
such f corresponds naturally the pullback functor f* : 7 — Gets which is the inverse image part of the
geometric morphism ([11], VII.1, Definition 1). Besides being a left adjoint functor (to f,, the direct image
part of f) and hence (right exact and) commuting with arbitrary direct limits (é.e. colimits), the pull-back
f* is also left exact thus it commutes with finite inverse limits. In the specific case of the topos T = ¢
associated to a small category C, f* : C —» Gets pulls back contravariant functors F : C — Gets, hence
the inverse image f*F is a set. In this way f* is understood as a covariant functor

f: GetsC” — Gets.

To describe the covariant functor § : C — Gets associated to a point f : Gets — C of é, one uses the
Yoneda embedding

p:C — Sets®” C +— Home(-,C) (7)

and defines § as the composite:
F=1/"on (®)
The obtained § : C — Gets is a filtering functor ([11], VIL.6, Definition 2). This means that the category

7 = [, §, whose objects are pairs (z, C') where C is an object of C and z € F(C), is a filtering category i.e.
7 fulfills the following properties

(i) Z is non-empty; i.e., F(C) # 0 for at least one object C of C.
(ii) For any two objects 4, j in Z there is a diagram ¢ < k — 7, for some object k in Z.
(iii) For any two arrows ¢ = j in Z there exists an object k in Z and a commutative diagram of the form
k—i=3j.
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Conversely, one can show that given a filtering functor § : C — Gets, the associated point f : Gets — C
of C is described by the pair of adjoint functors

ff(R)=R®c¥,  f«(S)=Home(F,S). 9)

We refer to VII.6, Theorem 3 of [11] for a complete proof.
2.4. The points of the topos A

The points of the topos A of simplicial sets are constructed from intervals, i.e. totally ordered sets I
with a smallest element by € I (by < a, Va € I) and a largest element ¢; € I: [11], VIIL.8. The intervals [
and the morphisms

Hom>(I,J) = {f:I%J | x<y= f(x) < f(y), f(br) =by, f(tl):tJ}

given by non-decreasing maps preserving the two end points form a category J. One identifies the opposite
category A°P with the full subcategory of J defined by the intervals of the form n* := {0,1,...,n+ 1}, for
n > 0. The morphisms s; = o7 and d; = ¢; in the full subcategory are given, for j € {0,...,n}, by the
following formulas

. Py
sjin" = (n+1)" sj(i):{Z i<

i4+1 ifi>j
i if i < j

dj:n" — (n—-1)" dj(i):{i_l if i > j.

The point py of A associated to an interval I is defined as in (8) by a covariant functor §F; : A — Gets.
This functor is described as the following contravariant functor

Fr: A°® — Gets, 31(71*) := Hom> (n*,]). (10)

Notice that an element 8 € §;(n*) is encoded by an increasing sequence (8;)o<j<n+1, B € I, fo = by,
Bn+1 = t;. The covariant action of A is expressed by the following maps

i i<
of :SI((nJr 1)*) %Sl(n*) a;(B)i = {gi_i_l 1fz i?

and
i i<
(o0 2w aei={ S

Notice that o; removes 3,11 from the list whereas J; repeats ;.
2.5. The cyclic structures on points of A

We are now ready to introduce the central notion of cyclic structure that will be further developed in
the remaining sections of this paper.

Definition 2.6. Let p be a point of the topos A of simplicial sets and let § = p* oy : A — Gets be the
associated (filtering) functor. We call a cyclic structure on p the datum provided by an extension of § to
a functor §: 4 — Gets.
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Note that the same point of A can have different cyclic structures and that there are points without any
cyclic structure: we refer to Section 5, Corollaries 5.2 and 5.3.

Example 2.7. As a basic example of cyclic structure we consider the point pjg 1) of A associated to the
interval [0,1] C R. First we describe the functor 1) as in (10) in an equivalent way by encoding the
datum of the increasing sequence (5;)o<j<n+1, 85 € [0,1], Bo =0, Bnt1 = 1, by means of the point of the
standard n-simplex

n

o(B8) = (Bjr1— Bj)v; € A" (11)

Jj=0

where the v;’s are linearly independent chosen vectors of a fixed, real vector space V and A" denotes the
standard n-simplex in V. In this way we obtain an equivalence of the functor o 1) with the covariant
functor A : A — Gets that associates to the object [n] of A the n-simplex A™ and to the morphism f €
Homa ([n], [m]) its unique extension as an affine map f: A™ — A™ such that f(v;) = vy(;), Vj €10,...n}.
The functor p : A — Fin of (3) restricts, on the simplicial subcategory A C A, to the natural action of
A on finite sets that is implemented in the definition of the simplicial structure of A. This shows that the
latter structure extends to a cyclic structure such that the action is affine and on the vertices is given by

f(vj) = Vu(£) () Vf (S HOHlA([’rL}7 [m]) (12)

Note that by construction the cyclic structure (12) extends to the category Fin.
3. The geometric realization of a simplicial set and its cyclic structure

This section reviews and develops on the concept of geometric realization of a simplicial and a cyclic set.
3.1. The essential geometric morphism A— A

The geometric morphism of topoi A — A associated to the inclusion functor j:A = Aasin (4), is
an essential geometric morphism (cf. [11], VIL.2 Theorem 2). The pullback functor j* takes a contravariant
functor F' : A — Gets to its restriction F o j : A — Gets. The functor j* has a left adjoint j; which is
defined by inducing from A to A

g A — A ji(S)=S®a 4, VS € obj(Sets™).

Here, S denotes a simplicial set and the contravariant action of A is viewed as a right action. Next, we
use Proposition 2.4 and the decomposition A = AC we referred to in Section 2.2, Proposition 2.5. For
v € Aut4([n]) and ¢ € Homa ([m], [n]), the composite map v o ¢ has a unique decomposition

Yoo =7(p) 00" (), (v) € Homa([ml],[n]), ¢*(7) € Auty([m]) (13)

that encodes the structure of crossed simplicial group of the cyclic category ([10], 6.1, Lemma 6.1.5).
Moreover, the maps v, : Homa ([m], [n]) — Homa ([m],[n]) and ¢* : Auta([n]) — Aut,([m]) satisfy the
following rules ([10], 6.1, Proposition 6.1.6)

(), (@) =% (@),  (¢¢) (1) =¥ *(*(7))-

The decomposition A = AC also provides the following description of the simplicial structure of j;(S)
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31(S)n = Sn x Auta([n]),  (z,7)¢ = (27:(¢), 9 (7)) (14)
where we encode in the simplicial structure the right action of A. The cyclic structure of 5 (.5) is given by
(77 = (2,77) V7,7 € Auta([n]). (15)

The following identities follow from the crossed simplicial structure and can be derived directly using the
uniqueness of the decomposition A = AC

These equalities are used to check the compatibility of the cyclic action (15) with the simplicial struc-
ture (14). By applying the description of 5 (5) as in (14) to the trivial simplicial set S = {pt} one obtains
the following

Proposition 3.1. The following formula defines an isomorphism of the cyclic set C = j({pt}) with the cyclic
set 1([0]) associated to the object [0] of A by means of the Yoneda functorvy: A —s A of (7)

i:C—=y(0),  (2({pt})), =Auta([n]) 37+ i(y) == fu 0y € Homy([n], [0])
where f, is the unique element of Homa ([n], [0]).
Proof. One sees that for ¢ € Homa ([m], [n]) the following equalities hold
(" (M) = o™ (V) = faomn(@) 0@ () = faoyop=i(y)op
The compatibility with the cyclic structure is easily checked. O
3.2. The geometric realization of a simplicial set

The geometric realization of a simplicial set S is defined as the quotient space

S| = Q;IO(S" xé"))/ ~

for the equivalence relation
(zp,t) ~ (z,pst) forz € S,, t €A™, ¢ € Homa ([m], [n]). (16)
|S| is endowed with the quotient topology and as a set is given by the tensor product
|S| =S ®a A =8®app01 = (Po]) (5)

where p|g 1) is the point of the topos A associated to the interval [0, 1] and (po,1])* is the pullback part of
the corresponding geometric morphism Gets — A as described in (9).

The geometric realization of the underlying simplicial set of the cyclic set C = ji({pt}) is the circle:
|C| = R/Z obtained by gluing together the two endpoints of the interval I = [0, 1]. More generally one has
the following result
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Proposition 3.2. Let I = [b,t] be an interval and let p; be the associated point of the topos A. Then the map
1 :C@apr— I/~ (Ta,w)HL[(Ta,’LU) =w(a) €I, Vae{0,...,n} (17)

is a bijection of sets where C = j({pt}) and ~ is the equivalence relation which identifies the end points b
andt of I.

Proof. One has C' = y([0]). The maps o € Hom,([n], [0]) are parameterized by the cosets a € Z/(n + 1)Z
and are described, for f,, € Homa ([n], [0]), by

T —a
Qq = frnoT?, aa(x):E(n+1> r e

where E(y) denotes the integral part of y € R. Let a« = f1 o 7 be the map in Hom4([1],[0]) distinct from
fi. Then, for n > 1 and j € {0,...,n — 1} one has

Qj41 =Q00)O0---00j_100410 "+ 00,_1. (18)

Notice that o; is the only omitted term in (18) where the o;’s appear following the increasing indexing order.
By implementing the equivalence relation (16), this shows that in C ®a py, and for any w € Hom> (n*, I),
one has

(ejp1,w) ~ (a, (6g 0+ 00j-100j110++00,_1)swW) = (A, WO Sp_10++-5j4108j_1 00 8)
where (wo sp_10---8j4108j_10---059) € Homx(1*,I) = I. Moreover one also sees that
(Sp—10---8j4108j_10---059)(1)=j+1en”, Vje{0,...,n—1}
so that
(jp1,w) ~ (,w(j+1)) Vw € Homs (n*, I).

Thus the elements of C' ® py are equivalent to elements either of the form (o, ) for some u € I, or of the
form (o, w) for some w € Homs (n*, I). In this latter case one has

(ao,w) ~ (fo,to), tg € HOHIZ (0*71)

Then one concludes that C' ®a pr is obtained by gluing the base point * = (fo,to) at the two endpoints of
the interval I ~ {(o,u) | u € I} and that the map ¢; of (17) gives the required bijection. 0O

3.8. The geometric realization of a cyclic set
Next, we re-state Theorem 7.1.4 in §7.1 of [10] in a form that is more suitable to be extended to arbitrary

cyclic structures on points of the topos of simplicial sets: we refer to Section 4.3 and Section 5 for precise
statements. The notations are the same as in the last (sub)section.

Theorem 3.3.

(i) For C = ji({pt}), there exists a unique group law on |C| such that

(v.uw) - (v, 7u) = (v, u), Vv,9" € Auty([n]), ue A" (19)
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(it) The map 11y : |C| = R/Z as in (17) is a group isomorphism.
(i4) Let S be a cyclic set. There exists a unique right action of the group |C| on |S| such that

(z,u) < (v,u) = (27 ' 7)), Vy€Auts([n]), z €S, ue A"

Proof. We endow |C| with the group law induced on |C| by the bijection ¢[g 1) of (i7) and show that it
fulfills (19). Let u € A" be an element of the standard simplex, given (the notations as in (11)) by

n n
UZZUJU] Eé”, u:(uo,...,un), ’U,JZO’ Zqul

Then the map o~ (u) € Hom> (n*, [0, 1]) associated to u by (11) is given by

o u) = B, Ba:Zw, Ya € n*.
=0

Let v € Auts([n]) and w € A™: one has v = 7 for some a € {0,...,n}, and by (17)

a—1
L[0,1] (Tavu) =Ba = ZW S R/Z.
=0

Thus one gets

a+b—1

L[Ol T T U E Ug+0 = E Uy.
{=a

Using the relation Z?:o u; = 1 one concludes that the two sides of the following formula agree modulo 1:

o, (1, w) + 1o (V5 1ew) = v (175 w), V1.7 € Auta([n]), uwe A"
and this proves (i) and (7).
(#9¢) First notice that the equality |C' x S| = |C| x |S| derives from the left exactness of the functor p}
for any interval I. Moreover we claim that the map
g:|C x S| — 9], g(v,z,u) = (x’yfl,’y*u), Vv € AutA([n]), z €S, ucA"”

is well defined. This can be checked directly by verifying that, for ¢ € Homa ([n], [m])

g((fy,x)go,u) =g(v,z,0:u), V€ AutA([m]), €Sy, uecA".
One has (v, z)p = (¢*(),xp) and using (13) one obtains

9((v,2)e,u) = ((29)e™ (1) @™ (1) = (277 17:(9), 0" (7))

since the equality y¢ = 7. (p)* () implies that pp*(7)~! = 77 17.(¢). Thus one gets

9((v,2)p,u) = (27, 2 (@)@* (7)su) = (277, (v)su) = g(v, z, puu).
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It remains to check that the above map g : |C| x |S| — |S| is a right group action. Let v; € Auts([n]),
x € Sy, and u € A™. One has by construction

(os,u) 4 (’Ylvu) = g(’Ylvxvu) = ($7;1a (’Yl)*u)
((:c,u) N (71»”)) N (72, (71)*11) = 9(72,$”/f1, (71)*U) = ($7f1751, (72)*(”71)*U) = (z,u) < (1172, 1)

Together with (19) this shows that g defines a right group action of the group |C| on |S|. O
4. The cyclic structure associated to an ordered group and a central element

In this section we show how to associate a cyclic structure (¢f. Definition 2.6) to a triple (G, P, z), where
the pair (G, P) is a left-ordered group G (cf. Definition 4.1 below) and z € G is a central positive element.

4.1. Ordered groups

We first recall the definition of a left-ordered group as in [7] I, §1.

Definition 4.1. A left order on a group G is a semigroup P C G (i.e. PP C P) such that PN P~ = {1}
and PUP~! =G.

The associated left order on G is the total order < defined by the relation (a,b € G)
a<b < albeP
By construction the left order < on G determined by P is invariant by left translations.
4.2. The cyclic structure associated to (G, P, z)

Next we show how to associate a cyclic structure to a left ordered group (G, P) with a fixed central
element z € P. In the following we shall use the notations introduced in §2.

Proposition 4.2. Let (G, P,z) be a left ordered group with a fized central element z € P. The following
equality defines a cyclic structure on the point pr € A (of the topos of simplicial sets) associated to the
interval I = [1, 2]

T7(B8); = ﬂflﬁﬂ_l, Vi e {0,...,n}, T(B)n+1 =2, VB € Hom> (n*, [1,2]). (20)

Proof. To an element § € Homsx(n*,[1, 2]) one associates the sequence 7(5) = {m(8);} of elements of
P C G given by

(8); = B Bi41, Vi€ {0,....m}. (21)

With g; = m(53);, one has gog1 - - - gn = 2. The map 7 determines a bijection of §}; .j(n*) = Homx(n*, [1, 2])
with

F(n) := {(gi)o<i<n | 9i € P, gog1 -+~ gn = 2} (22)

The inverse map is given by
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™ ((9:)) = B, Bj:=go--gi-1, Vj€{0,...,n+1}. (23)

Under this change of variables, the covariant action of A is expressed as follows

F(oj): F(n+1) = F(n), F(0;)(9) = (90s--++9j-1,959j+1s - -+ > In+1)
F(6;): F(n—1) = F(n), F(;)(9) = (90,---:9j-1:1,9j, - Gn—1)-

Moreover the action of 7 given by (20) now reads as follows
F(r)(9); = gj+1, Vi€{0,...,n=1},  F(7)(g)n = g0, Vg€ F(n) (24)
Indeed, one has
m(T(8)), = T(ﬂ)j_lT(ﬂ)jH = ﬂfﬁﬁjﬂ =7(B)j41 Vjie{0,...,n—1}.
Forj =n:m(7(8))n = 7(B), 1 7(B)ns1 = 7(B), 12 = 271312 = B1, while it follows from (21) that 7(8)o = 31.
This shows (24). Note that the cyclic permutation (24) preserves the condition gogs - - - g, = 2z in (22) that
defines F'(n) because the element z € G is central.

It follows from (24) that F(7)""! = id. It remains to check the relations (5) and (6) of Proposition 2.5
which define the presentation of the cyclic category. One has

F(r) o F(00)(g) = (92, gn+1,9091) = F(00) (g2, - - Gn+1, 90, 91) = F (o) 0 F(7)*(g).

For j € {1,...,n} one has:

F(r) o F(a;)(g9) = (g1, -1 959541, - - Gnt1, 90) = F(oj-1) o F(7)(9)-
Similarly one has

F(r) o F(do)(9) = F(T)(L, gos- -, gn-1) = (9o, - - - gn-1,1) = F(dn)(g)
and for j € {1,...,n} one has:

F(r) o F(5;)(9) = (91,1 9j-1, 1, gjs -+ gn—1,90) = F(8j-1) © F(7)(g)-
This proves that (20) gives a cyclic structure on the point p; of A. o

The above construction only involves the following subgroup of the group G,
G ={geG|3neN, 27" <g<2"} (25)

For any g € G’ there is a largest k& € Z such that g > 2" and one then has z=*g € [1,2). Thus G’ is

the subgroup of G generated by the interval I = [1,z] and any of its elements is uniquely of the form

g=2"v=0vzF k €Z vell,z). Moreover one has a canonical bijection

G'[" =1,2]/ ~ (26)

where ~ is the equivalence relation which identifies the end points 1 and z of I = [1, 2].
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Example 4.3. We give an example (cf. [1]) of left ordered group (G, P) and central element z such that the
group G’ is noncommutative. We let (z,,),n € N be a dense sequence of real numbers z,, € R and consider
the left order on the group Homeo, (R) of order preserving homeomorphisms of R which is defined by the
semigroup

P .= {¢ € Homeo, (R) | In e N, ¢(x,) > zpn, d(x;) =2; Vj < n}

Let then G be the subgroup of Homeo, (R) which is the centralizer of the translation by 1: z(z) := z+1,Vx €
R. Thus G = {¢ € Homeo(R) | ¢(x + 1) = ¢(z) + 1 Vo € R}. One checks that with the induced order,
the group G is left ordered and is noncommutative, that z is a central element and that G’ = G with G’
defined by (25).

4.8. The action of G'/z% on p*S for a cyclic set S

Let (G, P, z) be a left-ordered group with a fixed central element z € G. We denote by F the extension
to the cyclic category (defined in Proposition 4.2) of the functor §py . : A°® — Gets. For a simplicial set

*

S the pullback functor Pl

] applied to S defines by construction the set

IS|p = S ®a P,z = (pp,2))"(S).

We let G’ be as in (25). We can now state the generalization of Theorem 3.3 in the presence of the cyclic
structure of Proposition 4.2 on the point py; ..

Theorem 4.4.
(i) There exists a unique group law on |C|, (C = j({pt})) which is given by

(7:9) - (V. 7%9) = (v 9), V7.7 € Auta([n]), g € F(n).

(i1) The map v}, ¢ |Cl, = G'/2% is a group isomorphism.
1ii) Let S be a cyclic set. There exists a unique right action of the group |C/|, on |S|, given by
P P

(€,9)2(7,9) = (277" 99), Vv € Auta([n]), z € Sn, g € F(n).
Proof. By Proposition 3.2 applied to the interval I = [1, z] the map
e Clp = C®@app,z — [1,2]/ ~ (7%, w) = 1y (7% w) == w(a) € I, Va€{0,...,n}

is a bijection of sets where C' = ji({pt}) and ~ is the equivalence relation which identifies the end points 1
and z of I = [1,2]. As in the proof of Theorem 3.3, we use ¢[; ,) and (26) to identify |C|, with the quotient
group G’/z%. Thus it is enough, in order to prove (i) and (i) to show that

01,2 (1 94,2 (V5 19) = s (VY 9)s Yy € Auta([n]), g € F(n).
This follows from (17) and (23) which imply

U[1,2] (Taa 9) =B.=60"" " Ga-1, U[1,2] (Tba ng) =Ya """ Yat+b—1-

The proof of (iii) is the same as in Theorem 3.3. O
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Remark 4.5. An example to keep in mind in order to understand Theorem 4.4 is when G = (R, +) is the
additive group of real numbers with P = R, and z = 1. In this case G’ = G and G’/z” is the circle group.
All maps are compatible with the topology.

5. Classification of the cyclic structures

In this section we state and prove the main result of this paper that provides a precise description of
cyclic structures. In Section 5.3 we relate the notion of cyclic structure with the notion of point of the topos
of cyclic sets as in [12].

5.1. The variety of cyclic structures

In the following we show that given a point p = p; of the topos A of simplicial sets, the cyclic structures
on p are classified by the (not necessarily commutative) left-ordered group structures on the ordered set

G=(ZxI))~ (27)

Here Z x I is endowed with the following lexicographic order of the product (I has smallest element b and
largest element t):

n>m= (n,u) > (m,v), (n,u) > (n,v) <= u>v wu,vel (28)

The equivalence relation in (27) identifies (n,t) ~ (n+1,b) for all n € Z. By construction there is a natural
injection of sets

c:Z <= G, c(n) = (n,b) neZ. (29)
The main result of this paper is the following

Theorem 5.1. Let I be an interval and let p; be the associated point of the topos A of simplicial sets. Then
a cyclic structure on pr corresponds to a group law on G = (Z x I)/ ~ such that:

(i) The order relation on G is left invariant.
(ii) The restriction of the group law of G on c¢(Z) x G is commutative and is given by

e(n)(m,u) = (m,u)e(n) = (n+ m,u), Vn,m e Z, uel.

Note that (i¢) implies that the map ¢ : Z < G of (29) is a group homomorphism whose range is contained
in the center of GG. Before to start the proof of Theorem 5.1 we state some simple corollaries and provide
some examples showing the variety of cyclic structures one can define on a point p = p; of A.

Corollary 5.2.

(i) Let I be an interval and let p; be the associated point of A. If p; admits a cyclic structure then the
ordered set (27) is homogeneous.
(i1) There exist points ofA that cannot support any cyclic structure.
(#i1) The points ofA associated to finite intervals have a unique cyclic structure.
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Proof. (i) follows from (i) of Theorem 5.1 since left translations by G respect the order and act transitively.

(73) Let I be an interval with a unique non-isolated point w € (b,t) for the order topology (i.e. the
topology with a basis given by open subintervals); all the other points are isolated i.e. open. Then the
ordered set (27) is not homogeneous thus (7) implies that the point p; cannot have any cyclic structure.

(#i7) A point p; with I a finite interval corresponds to the interval n*, for some n > 0. The associated
ordered set (27) is isomorphic to Z with the usual order, and the inclusion ¢ : Z < Z of (29) is defined
by multiplication by n 4 1. Then, the existence of a group law fulfilling the conditions of Theorem 5.1
is immediate. Conversely, let e = (0,0) be the neutral element of the group G and let f = (0,1) be the
subsequent element after e for the order relation (28). We write the group law of G multiplicatively. The
sequence {f™} is increasing: in fact f > e, thus by applying the left invariance property (i) of Theorem 5.1
one gets f"T1 > fm. Moreover the open intervals (f", f**1) are empty since

ff<e<ffl—ece<fmz<f

It follows that f"*! = (1,0) = ¢(1) with f generating the group G with positive part provided by the f™’s
for n > 0. This proves the required uniqueness. O

Corollary 5.3.

(1) Let I be an interval and let I' = Aut(I) be the group of order automorphisms of I. Then I' acts on the
set of cyclic structures on the associated point p; of A.
(i) Let I =1[0,1] C R, then the associated point pyg 1) of A admits a continuum of cyclic structures.

Proof. (i) The two properties fulfilled by a cyclic structure on p; as in Theorem 5.1 remain true if one
conjugates a group law (g,¢’) — gg’ by an order automorphism 1), i.e. if one replaces the group law by the
following modified one

(9:9") = (W 9w (d)).

(#4) The group Aut([0,1]) of order automorphisms of the interval [0,1] acts freely on the set of cyclic
structures on pyg 1) which are obtained from the usual ordered group structure on R. 0O

5.2. Proof of Theorem 5.1

Let p be a point of A and let § = p* oy : A — Gets be the associated (filtering) functor. Let
T : A —> Gets be an extension of F to the cyclic category that defines a cyclic structure on p. Let I be the
interval associated to § so that § = 7 (¢f. (10)). The action of Aut,([n]) arising from the extension § is
denoted as follows

§(7)(u) = yeu € F(n) = Hom< (n*,I), Vv € Auta([n]), u € Hom< (n*,1).
More generally we shall use the notation
5(0)(u) = ¢.u € F(m) = Home (m*, 1), V¢ € Homy([n],[m]), u € Hom< (n*,I).

The pullback functor p} associates to any simplicial set .S the set (c¢f. (1))

(pr)*(S) = [Slp = S @a pr1-



A. Connes, C. Consani / Journal of Pure and Applied Algebra 219 (2015) 1211-1235 1227

By Proposition 3.2 and for C' = 5 ({pt}) = 9([0]), one has a bijection ¢; : |C|, — I/ ~ , where ~ is the
equivalence relation which identifies the end points b and ¢ of I. The next statement defines a group law
on |C,.

Lemma 5.4. There exists a unique group law on |C|, such that

(v,u) - ('y/,'y*u) = (V'y',u), Yy, € AutA([n]), u € Hom< (n*,I). (30)

Proof. Let S be any cyclic set. There is an equality of geometric realizations |C x S|, = |C|, x |S|, that
derives, from the left exactness of the functor p7. Moreover we claim that the map

gp : |C x S|, — |S]p, 9p(v,z,u) = (zyv7 ), Yy € Auty([n]), z € S,, u € Hom< (n*, 1)
is well defined. This can be checked directly by verifying that, for ¢ € Homa ([n], [m])
(v, ), u) = gp(v, 2, puu), Vv € Auta([m]), = € Sy, u € Home (n*, 1).

One has (v, z)p = (¢p* (), zp), and using (13) one obtains

9o (v, 2)9,u) = ((20)e* (M1 0" (Nsw) = (277 (), ¢ (7)4u)
since the equality y¢ = 7. (p)p* () implies po* (7)™t = v 19, (p). Thus one gets

9 (7, 2) . 0) = (277, 9 (9)0" (Mwtr) = (2771, (v0)s1r) = gp (7, 7, Pt

Applying this result to S = C one derives the map

hy : |Cl, X |Clp = |Clp, by ((vsu), (Vs u)) = (Y ' ), V9,9 € Auta([n]), u € Hom< (n*, I).
(31)

This implies
hp (7.7 '), (Vv ) = (v ' 0), V.9 € Auta([n]), v € Hom< (n*,1).
Moreover by following the above construction one also shows that there exists a map
j:IClp = 1Clp,  j(v,v) = ('), ¥y € Auty([n]), v € Home (n*,1).
Thus the map k : |C|, X |Cl, — |Clp, k@, y) = hy(j(x), y) fulfills the rule
B((10), (72720)) = (V700); ¥, € Auta([n]), v € Home (n*, 1),

We set 2.y = k(x,y) and show that this defines a group law on |C|,. For j € {0,1,2}, let v; € Auta([n]),
and u € Hom< (n*, I). We use the above map g, with § = C and set

(Y0, ) < (71, w) := hyp ((v1, ), (70, )) = (077 s (72)w00).

One also has
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(o, w) < (v, 0)) < (72, (y1)sw) = (Yo7, (1)) < (72, (91)40)
= (7om "2 5 (72)« (71)51) = (Y0, ) < (M2, 1)

With the above notations one derives

(x<y)<z=2x<(y.2), VYa,y,z€|C|p.
The elements (1, u) all represent the same element 1 € |C|, and one has

laz=j(z), Vze|C,.
The associativity of the product x.y then follows from the following equalities
1a((zy).2) =l<dz<y<z=1<(z.(y.2)).

Finally, any x € |C|, has an inverse j(z), using the fact that x<z =1. O

In the next step we construct a 2-cocycle ¢ on the group |C/|, with values in the additive group Z. First
we introduce the natural triangulation of |C|, x |C|,.

Lemma 5.5.

(i) The simplicial structure of C x C is given by degenerate simplices except for the two 2-dimensional
simplices Ty = (72,73) and Ty = (74,72), the three 1-dimensional simplices L1 = (1,71), Ly = (11, 1)
and L3 = (11,71) and the zero dimensional simplex (1,1).

(#3) The face maps &; (j =0,1,2) are given by the following table

T160 = Lu, To60 = Lo
T161 = La, T561 = Ls
Tidy = LQ, T509 = L.

Proof. (i) There are a priori nine 2-dimensional simplices in C' x C associated to the pairs (7¢,735), for
a,b € {0,1,2}. To show that with the exception of T} = (72,75) and T = (74, 72) the other seven are
degenerate we compute the degeneracy maps o; (i = 0, 1) from the lower dimensional simplices

(171)00 = (111)7 (laTl)UO = (17T22)7 (7-131)0'0 = (T2271)a (7’1,7'1)0'0 = (T227T22)
(171)01 = (171)7 (17T1)01 = (177—2)7 (Tlvl)gl = (7—271)7 (TlaTl)Ul = (T277-2)~
(#4) One obtains the table of degeneracies by direct computation. O
Fig. 1 shows this natural triangulation on |C|, x |C|,.
Remark 5.6. One can compare the natural triangulation of |C|, x |C|, with the triangulation of 7(C') used
in [10] Lemma 7.1.10, using the following fact. Let S be a cyclic set, then the following map gives an

isomorphism of underlying simplicial sets

Pg: ji(S) = C x S, ds(x,v) = (y,27y), Vv € AutA([nD, x € Sy.
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Fig. 1. The natural triangulation on |C|, X |C|,.

To prove this statement it is enough to check that ¥ is compatible with the simplicial structure. One has

Os(z, 7)o = (¢"(7),279) = (6" (1), 27:(0)¢" (7)) = Vs (27:(8), 6" (7)) = Vs ((x,7)9)-

Next result uses the above natural triangulation on |C|, x |C|, to provide an explicit description of the
group law on |C, and to construct a 2-cocycle ¢ on the group |C|,.

Lemma 5.7.
(t) The group law on |C|, = I/ ~ is given as follows

o — (ro(1, 7y (2),y,2))(1) ifm(z) <y N
Y {(722(1,y,71(:c),z))(2) Fr@ >y "©YEl (32)

where T, 1s the cyclic action on §r(n) = Homs (n*, I).
(ii) The following equality defines a 2-cocycle ¢ € Z*(|C|,, Z) normalized by the condition c¢(1,z) = c(z,1) =
0, Vz € |C|,, where 1 € |C|, is the class of b~ t and the neutral element of the group law (32)

oz, y) = {(1) g:g; 2 z o,y I\ {bt}. (33)

Proof. (i) On the simplex T} = (72, 72) the isomorphism ¢; x ¢; of (17) is given by
(12,75, u) = ((12,w), (13, 1)) "5 (w(1),u(2)), Vu€ Homs(2*,1).
Similarly, on the simplex Ty = (75, 72) one has
(12, 72,u) = (72, u), (T2,u)) 5 (w(2),u(1)), VYu € Homs (2%, 1).
By applying in both cases the map h,, : [C|, x |C|, — |C], as in (31) we get on T}
(rar 72,1u) = ((ras ), (2,1)) 23 (72, 72(w)) 5 7o(u)(1), Vu € Homs (2°,1)
and on T
(73,72,0) = ((73,), (72, 0)) 1% (73,73 (w)) ¥ 73(u)(2), Vu € Homs (2°,1).

Thus using the definition k(x,y) = h,(j(z),y) as in the proof of Lemma 5.4 one obtains (32).
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(73) We first define a function p(x,y) on |C|, x |C|, with values in {0,1} in terms of the triangulation of
Lemma 5.5,

p=1 onTi\ (L1ULy), p =0 elsewhere.
Thus p(x,y) = 0 if z or y is the base point 1 € |C|,, and for z,y € I\ {b,t} one has

0, ifz>y

4
1, ifx<y (34)

ol = {

Thus comparing with (33) we get c(z,y) = p(j(z),y) for all z,y € |C|,.
The cocycle equation for a function of two variables f(a,b) on a group G is equivalent to

3
(—1)jf(w0,...,7j)j,...,w3):O, VwiEG,
7=0

where f is the left invariant function of three variables
f(wo,wl,wQ) = f(walwl,wflwg), Yw; € G.

For the function ¢ of (33) on the group |C|, we use (30) in the form (v, )~ .(7/,u) = (y 19/, v«u), and get
the equality

&((v0,u), (71 w), (v2,u)) = e((%5 15 (0)we), (71 P25 (1)) )

Then we use the equality ¢(x,y) = p(j(z),y) and obtain

&((y0, w), (v1,1), (v2,w)) = p((v0r1 ", (7)), (77 M2, (1) w1t)) (35)

It remains to show that this function of three variables é(wg, w1, we) fulfills

3
> (1) e(w, ..., by, . .., ws) =0, (36)

7=0
Let w be the function of three variables on |C|, ~ I \ {t} given by

fx=yory=z

ifx <zandy € [z, 2]
if z<zandy¢ [z 2]
otherwise.

w(z,y,2) ==

_ o O O

By construction w depends only upon the order structure on I and not on the cyclic structure. To verify
that it fulfills (36) it is enough to check it in the special case of I = [0, 1] since this interval is universal
for finite order configurations in arbitrary intervals. In this case one finds that w is the coboundary of the
following function of two variables

’ - fy-—x ifx <y
(z,9) = l1—(x—y) fz>y

in other words in this special case one has
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W(.’L‘, Y, Z) = f(y, Z) - E(x’ Z) + E(x, y)

Next we turn back to the general case and show that w(wq, w1, w2) = é(wo, w1, ws). More precisely we prove
the equality on each of the simplices of the canonical triangulation of |C|, x |C|, x |C|, = |C x C x C|,.
We start with the simplices of lowest dimension and parametrize their elements in the form (o, v1,7v2, u),
where for simplices of dimension n € N one has 7v; € Aut,([n]) and v € Hom> (n*, I). Since we proceed by
considering first the lower dimensional simplices, we can assume that u is non-degenerate. Then it follows
immediately that v,u is also non-degenerate Vy € Aut,([n]) since an equality such as y.u = ¢.v, for
v € Hom>((n —1)*,I) and ¢ € Homa ([n — 1], [n]), implies u = ¢, (w) for some w € Homx ((n — 1)*,I) and
¢ € Homa ([n—1], [n]). To compute &(wo, w1, ws) for w; = (vj,u), we use (35) and we can then assume that
(71)«u is non-degenerate. Both w(wg, w1, ws) and é(wp, w1, we) take a constant value on the non-degenerate
elements of each simplex and we can then compare these values and check that they are the same. Both w
and ¢ take the value 0 on the O-dimensional simplex. We label the simplices of dimension n by the three
indices a; € {0,...,n} corresponding to v; = 7% and we only consider the non-degenerate simplices. Next
tables list, for higher dimensional simplices, the values of the three indices a; € {0,...,n}, the value of
w(wo, w1, ws) and of the two indices b; such that 'yo'yfl = 7bo, Vg'yfl = 7% and finally the corresponding
value of p((yovy 'y (71)sw), (77 *¥2, (71)su)). One has 7 non-degenerate simplices of dimension 1 obtained
using permutations as the following simplices (wq(0) = Wo(1) = We(2)), (Wo(0) = 0, Wo(1) = We(2)), (Wo(0) =
w,(1) = 0). The corresponding table is

(1,0,0) =0  (1,0)—0
0,1,00 =1 (1,1) =1
0,0,1) =0 (0,1) =0
(1,1,0)—0, (0,1)—=0
(1,0, )—=1 (1, 1)—=>1
0,1,1) =0 (1,0) =0
(1,1,1) =0  (0,0) =0

One has 12 non-degenerate simplices of dimension 2 obtained using permutations as the following simplices
(Wo(0) = Wo(1) < We(2))s (Wo(0) = 0, We(1) < We(2)). The corresponding table is

0,1,2) >0 (2,1) =0
0,2, 1) =1 (1,2) =1
(1,0,2)—1 (1,2)—>1
(1,1,2) >0  (0,1) >0
(1,2,00 =0 (2,1) =0
(1,2, 1) =1 (2,2) =1
(1,2,2) =07 (2,0)=0
(2,0,1)=0 (2,1)—=0
(2,1,00—-1 (1,2)—1
(2,1,1)=0 (1,0)—=0
(2,1,2) =1  (1,1) =1
(2,2,1) =0 (0,2) =0

One has 6 non-degenerate simplices of dimension 3, corresponding to permutations o by the ordering
We(0) < We(1) < Wy(2)- The corresponding table is
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(1,2,3) =0 (3,1) =0
(1,3,2) =1 (2,3)—>1
(2,1,3) 1 (1,2)—1
(2,3,1) >0 (3,2) =0
3,1,2) >0 (2,1) =0
(3,2,1)=>1 (1,3 —>1

This suffices to check the equality w(wg,w,ws) = &(wg, wy,ws). In fact the above verifications correspond
to the special cases of the (unique) cyclic structures on the intervals n*, for n € {0,1,2,3}. O

Using the 2-cocycle ¢ defined in Lemma 5.7 one obtains a group extension of the form
0->Z—-G—|C|, = 1.
The elements of G are pairs (n,z), with n € Z and « € |C|, = I/ ~. The group law on G is given by
(n,z).(m,y) = (n+m+c(z,y),z.y).
The proof of Theorem 5.1 follows immediately from next statement.

Lemma 5.8.

(i) The subset P = {(n,z) |n >0} C G is a semigroup that satisfies the following properties: PN P~ =
{1}, PUP ' =G.

(i) The map Z x I 5 (n,u) — (n,x) € G, with x = (class of u) € |C|,, defines an order isomorphism on
the (ordered) set G = (Z x I)/ ~, with the left invariant order on G associated to P C G.

Proof. (i) By construction of the 2-cocycle ¢ one has c¢(z,y) > 0 for all z,y € |C|, thus the subset P is
a semigroup. For z € |C|,, z # 1, c(z~!,z) = 1, thus the inverse of (n,x) € P is (—n — 1,27 !). Then if
n >0, (—n—1,271) ¢ P. This shows that PN P~ = {1}. One sees easily that PU P~! = G, since for any
n € Z one has either n >0or —n—1 > 0.

(74) The left invariant order on G associated to P C G is defined as follows

(n,2) < (m,y) <= (n,2)"(m.y) € P.

Assuming x # 1, one has (n,2)™! = (—n — 1,271), hence (n,z)"1(m,y) = (=1 +m —n+c(z~ 1, y), 2" 1y),
so that (for x # 1) the above order can be described as

(n,z) < (m,y) < —1—|—m—n—|—c(m71,y) > 0.

This corresponds to the lexicographic order since m > n implies —1 +m —n +c(z~1,y) > 0 and if m =n
one derives using (34)

Finally, for 2 = 1 one has (n,1)~! = (=n, 1) and (n,1)"!(m,y) = (m — n,y) so that
(n,1) < (m,y) <= m—-n=>0

which again corresponds to the lexicographic order. O



A. Connes, C. Consani / Journal of Pure and Applied Algebra 219 (2015) 1211-1235 1233

5.3. Relation with the points of the topos of cyclic sets

In [12] it was shown that the topos of cyclic sets is the classifying topos of abstract circles. By definition
an abstract circle C' is given by the following structure

C = (P, 578076170717*7U>

where P and S are sets, d; : S — P are mapsas wellas P>z -0, € Sand P>z =1, € 5,x: 5= S
is an involution, and U is a partially defined map from a subset of S x S to S. The model to keep in mind
for such a structure is the one provided by a subset P C S* of the oriented unit circle with S the set of all
positively oriented segments with end points in P. The axioms fulfilled by abstract circles are the following:

1. Non-triviality. P # () and for any x,y € P there exists at least one a € S such that dpa = z, d1a = y.
For any = € P the segments 0, and 1, are distinct.
2. Equational. a** = a, dy(a*) = 01(a), 0p(0;) = © = 91(0,), 0%

* =1, if Opa = 01a = x then a = 0, or

a=1,.
3. Concatenation.
(i) aUb exists only if d1a = 9pb and in that case d1(a Ub) = 01b and dp(a U b) = dpa.
(ii) aUb=c < c*Ua = b*.
(iii) If aUb and (aUb) U c exist then so do bUcand aU (bUc) and (aUb)Uc=aU (bUc).
(iv) aUb=0, = a =0,.
(v) If Opa = x then 0, Ua = a.
(vi) If O1a = Opb then at least one of a Ub and b* U a* exist.

We introduce a closely related notion

Definition 5.9. An archimedean set is a pair (X, 8) where X is a non-empty totally ordered set and 6 € AutX
is an order automorphism, with 6(z) > z, Vo € X and fulfilling the following archimedean property

Ve,y € X, In e N:y <™ (z). (37)
To any archimedean set (X, ) we associate an abstract circle C = X/ as follows

e P = X/ ~ is the orbit space for the action of Z on X given by powers of 6.
« S is the orbit space for the action of Z on the set of pairs (z,y) € X?, with x < y < 0(x).
o Oo(z,y) ==, Or(z,y) =y.
x, z) provided that © <y < z < 6(x).

Note that these definitions of (P, S, 0y, 01,0, 1, *,U) make sense because they are compatible with the
equivalence relation. It is easy to see that one obtains in this way an abstract circle. In particular, the
archimedean property (37) is used in order to prove the Non-triviality property 1 of an abstract circle.

The next lemma provides the converse association.

Lemma 5.10. Let C be an abstract circle then there exists an archimedean set (X, 0) such that C is isomorphic
to X/6.
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Proof. It follows from [12] that given a point z € P the subset L, C S of a € S such that dpa = x is an
interval (with smallest element 0, and largest element 1,) for the following order:

a<b < dc, aUc=h. (38)

Let then X, be the quotient of Z x L, by the equivalence relation which identifies (n 4+ 1,0;) ~ (n,1,).
One endows X, with the total order induced from the lexicographic ordering of Z x L,. By construction,
the order automorphism 6, defined by 0, (n,u) = (n+ 1, u) fulfills the archimedean property (37). The map
p: X, — P, p(n,a) = 01(a) is a bijection of the orbit space X,/ ~ (for the action of Z on X, by powers
of §) with P. Let s be the map which associates to a pair (a, 3) € X2 with a < 8 < 6(«), the element
s(a, B) € S determined as follows. If a = (n,a), § = (n,b)), one lets s(«, ) = ¢ where ¢ € S is determined
by (38). If « = (n,a), 8 = (n+1,b)) then s(a, f) = a* Ub. Then s determines a bijection of the orbit space
for the diagonal action of Z on the set of pairs (o, 8) € X2 with a < 8 < (a) onto S. It is straightforward
to verify that the pair (p, s) provides an isomorphism X, /6, = C of abstract circles. O

Let y € P be another base point, then there is a natural isomorphism X, — X, that is described as
follows. Let v € S be the unique element such that dyv = x, d1v = y. Let b € L,, then one has d1v = 9pb.
One sets ¢((n,b)) = (n,v Ub) if v Ub exists, and ¥((n,b)) = (n + 1, (b* Uv*)*) otherwise. This defines an
isomorphism v, : X 5 X, of archimedean sets. However it is not true that Yoy © Yyg = Vg, in fact for
x # y one has Yy 0 Yy, = 0.

The above development suggests to introduce the following category.

Definition 5.11. The category 2tc has as objects the archimedean sets (X, 6); the morphisms f : (X,0) —
(X', 0") of 2Arc are equivalence classes of maps

frX =X, flx)=>fly)Vezy;  f(0(z) =0(f(z), VeeX

modulo the relation which identifies two such maps f and g if there exists an integer m € Z such that
g(x) = 0" (f(x)), vz € X.

The full subcategory of 20rc whose objects are the archimedean sets (Z, 0), where Z is endowed with its
usual order, is canonically isomorphic to the cyclic category A (see Definition 2.3), since the archimedean
automorphism 6 is necessarily given by a translation x — 6(z) = x+n+1, for some n > 0. In turn, the cyclic
category A is isomorphic to its opposite A°P: this equivalence is established by the contravariant functor
t: A — A°P which associates to f € Homy([n], [m]) the transposed map f* € Hom([m], [n]) verifying

f(@) >y <= z> f'(y), Va,y€eL.

The square of t is equivalent to the identity by means of the natural transformation defined by the translation
of 1. Thus to the inclusion A C A corresponds an inclusion of the opposite categories A°P C A°P ~ A which
is described as follows: to ¢ € Homx (n*,m*) one associates the unique element ¢ € Hom([n], [m]) which
satisfies p(x) = ¢(x), Vz € {0,...,n+1} C Z. In particular, one has: f € A C Aifand only if f* € AP C A.

Proposition 5.12.

(i) The functor Q which associates to an object (X,0) of the category Avc the abstract circle X/0 is
an equivalence of categories.

(ii) The inclusion A C A induces at the level of the points of the corresponding topoi the functor which
associates to an interval I the archimedean set (Z x I)/ ~.
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Proof. (i) Lemma 5.10 shows that any abstract circle is isomorphic to an object in the image of 9, thus it
is enough (using the definition of equivalence of categories as in [11], p. 13) to show that Q is fully faithful.
Let (X, 6) and (X', 0") be two archimedean sets and h : X/6 — X’/6’ a morphism of the associated abstract
circles. Let € X and choose 2’ € X’ so that the image h(Z) of the class 2 € P = X/0 of € X is the
class ' € P/ = X’/¢'. The map h determines an order preserving map from the interval Lz (cf. the proof
of Lemma 5.10) to the interval L7,. This map lifts to a map f : X — X' such that Q(f) = h and whose
class in Homg (X, X’) is uniquely determined. This shows that the functor £ is fully faithful.

(#4) The correspondence between points of the topos of cyclic sets and abstract circles [12] translates,
implementing (7), into the following description of points of the topos of cyclic sets. To an object X of 2lrc
one associates the restriction to 4 C Ave of the contravariant functor Homg(+, X) from Avc to sets. Using
the contravariant functor t one thus obtains a covariant functor A — Gets, which is also filtering. Note
that all filtering functors A — Gets are of this form. In order to understand the effect of the inclusion
A C A at the level of the points of the corresponding topoi, it is enough to consider the special case of the
points associated to the objects of the (small) categories, since the other points are obtained as filtering
limits of these special points. Given an object [n] of A the associated point of the topos A is given by
the filtering (covariant) functor Homa ([n],-) : A — Gets. This is the composite of Homs (-, n*) with the
canonical contravariant functor A —s A°P. Similarly, the associated point of the topos A is given by the
filtering (covariant) functor Homx([n],-) : A — Gets and thus it corresponds to the archimedean set
(Z,0) where 0 is the translation by n + 1. In this dual description, the inclusion A C A corresponds to
the inclusion A°? C A°P ~ A, where the latter is the restriction to finite intervals of the functor which
associates to an interval I the archimedean set (Z x I)/ ~ with lexicographic order and automorphism 6,
O(n,a):=(n+1,a),¥ne€Z,acl. O
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