ENTIRE DOWNWARD TRANSLATING SOLITONS TO THE
MEAN CURVATURE FLOW IN MINKOWSKI SPACE

JOEL SPRUCK AND LING XIAO

ABSTRACT. In this paper, we study entire translating solutions u(z) to a mean
curvature flow equation in Minkowski space. We show that if ¥ = {(z,u(x))|z €
R™} is a strictly spacelike hypersurface, then ¥ reduces to a strictly convex rank k
soliton in R (after splitting off trivial factors) whose “blowdown” converges to a

multiple A € (0,1) of a positively homogeneous degree one convex function in R".
We also show that there is nonuniqueness as the rotationally symmetric solution
may be perturbed to a solution by an arbitrary smooth order one perturbation.

1. INTRODUCTION

Let R™! be the Minkowski space with Lorentz metric

9= def = day .
i=1

We will say that a hypersurface ¥ = {(z,u(z))|z € Q} C R™! is strictly spacelike if
ue CYQ) and |Du| < ¢y < 1in Q.

Ecker and Huisken [5] studied the mean curvature flow with forcing term in cosmo-
logical spacetimes V and constructed a spacelike hypersurface with prescribed mean
curvature in V. More specifically, they studied the parabolic evolution equation

(1.1) %F =(H —H)v,

where F(p,0) : M™ — V is a compact n-dimensional manifold and H is the forcing
term. Later, M. Aarons [1] proved the following convergence result.

Theorem 1.1. ([1]) Let My be a smooth spacelike hypersurface with bounded cur-
vature. Suppose My never intersects future null infinity It or past null infinity 1.

Then M; converges under the flow

(1.2) % = /1— |Duf? [dz’v (ﬁ) - c] ,
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to a convex downward translating soliton, that is, an entire solution of
1

V1= |Vul?’

(1.3) H=c+a

where —c < a < 0.

It’s easy to see that when a = —c, the only convex translating soliton is the trivial
one. Therefore, in the following, we will focus on the case where —c < a < 0.

After rescaling, we may assume a = —1 and consider H = C' — m, where
- u

C > 1 is a constant. We obtain

Vu 1
1.4 div| —— | =0 - ———
(14) <\/1—|Dul2> /1 —|Dul?
or in nondivergence form

U Uy

1. b —— )= Cy/1— |[Dul? — 1.
(1.5) (&'+1—WDuP>“” C\/1—[Du

Notice that any u =o'+ z + b, [v| = /1 — &5 (a maximal hypersurface) is a solution
of (1.5). The existence of a unique (up to translation) radially symmetric solution of
(1.5) was shown by Ju, Lu and Jian [9].

Aarons [1] in fact conjectured that any solution u of (1.3) is either rotationally
symmetric about some point xy or is a hyperplane. However, this conjecture is not
correct when —c¢ < a < 0. Let o' = (x1,...,7;) and set u(z) = >0 . a;x; +
h(z") where h is strictly convex in z’ and a = (ags1,...,a,) is chosen such that

1 —|al? > 1. Then u satisfies (1.5) if and only if h satisfies

b hih; |Dh|?
1. > (0 e o =C/1—Ja]%y/1— —1
WOP s 20 ) OV

Now let h = Lh(Az), C =AC > 1 with A = /1 — [a[2. Then h satisfies

k ~ o~
hih; ~ ~ =
1.7 8ij + ———2=—)h;j = Cy/1—|Dh|2 —1.
(1.7 23 s = O/ = 1D

Thus A is a rank k solution of (1.5) in R* with C' replaced by C' = \C' > 1.
In fact, we will show a splitting theorem analogous to what Choi-Treibergs [4]

proved for spacelike constant mean curvature hypersurfaces.
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Theorem 1.2. Let u be a strictly spacelike solution of (1.4) and let ¥ = {(z,u(zx))|z €
R™} be the graph of u. Then ¥ is convex with uniformly bounded second fundamental
form. Moreover after an R™ rigid motion, R™' splits as a product R*' x R"™* such
that ¥ also splits as a product XF x R % where ¥ C R*! is a strictly convex graphical
solution in R*!

Thus it is natural to ask if Aarons conjecture is correct for u, a strictly convex
solution of (1.4) in R™ ? In other words, is ¥ = {(x,u(z))|z € R"} rotationally

symmetric? The answer is no.

Theorem 1.3. Let [ € 02(52_1), C = /1- (5)?. Then there exists an entire
strictly spacelike hypersurface u satisfying equation (1.4) such that

n—1

ok log |z| + f(Cx) as |z| — oo.

As in the work of Treibergs [12] and Choi-Treibergs [4], the blow-down of a convex

strictly spacelike solution V,, = lim,_ u(rz)

converges uniformly on compact subsets
to the space C'Q of convex homogeneous degree one convex functions whose gradient
has magnitude C' wherever defined. It was shown in [4] that the space Q is in one to
one correspondence with the set of lightlike directions

L,:={zeS" 1V, (x)=1}.

It may be possible that any cone in C'Q arises as the blow-down of a solution to (1.4)
but we have not shown this.

An outline of the paper is as follows. In section 2 we show the strictly space like
assumption implies that the graph ¥ is mean convex. Then in section 3 we show X
is in fact convex and then prove the splitting Theorem 1.2. In section 4 we study the
blow-down V,, and finally in section 5 following [12], we construct counterexamples
for the radial cone in C'Q and prove Theorem 1.3

2. STRICTLY SPACELIKE IMPLIES MEAN CONVEX

Uq Uy

Let a’ = 6;; + “5, where w = (1 — |Du|?)"/?; then equation (1.5) becomes

(2.1) a’u; = Cw — 1
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Then w; = —*£& and
_ UpiUg; Uk Uk UpUp; W
wij = — — + 5
w w w
UpUpi; 1 U Upg U U
(22) = — — | UkiUgj + IR S—
w w w
gy 1 4
= ——— — —a Uk
w w

Lemma 2.1. Suppose ¥ = {(x,u(x))|x € R"} is a strictly spacelike hypersurface,
and u(x) satisfies equation (1.5). Then 3 is mean convex, that is H > 0.

Proof. We differentiate equation (2.1) with respect to xj to obtain

(2.3) (aij)kuij + aijuijk = ka.
Since
(a")rui; = ( ;12] + ;)2] -2 lez )“ij
2 (U U
:_( ik il JSZ llc)uij
w\ w w
2 U;UgU ke
(2.4) = — <_wiuik_ — wi)
w w
2 Uil
2 ..
= ——a"wug;,
w
and ;i = ukij, this gives
(2.5) aijukij — Eaijwiukj = Cwy,.
Multiplying (2.5) by “ and using ““*4 = —w;; — +a™uw;, we obtain
g aJw;w, 1
(2.6) a’w;; — 2 A C’—wk =——a' aklu;ﬂul]
w w
We now observe that since |A]* = —a”aklukiulj we can rewrite (2.6) as
1 1 1
2.7 a? (=) + C—=(=) = |A]*=
(2.7 (D) + (L), = AP

The Omori-Yau maximum principle (see for example [13], [11]) implies that +
achieves its maximum at infinity and moreover, there exists a sequence {Py} such
that =(Py) — sup -, |V(£)|(Py) < 1/N, and (+);;(Py) > —1/Né;;. Therefore,

1 51 1 G 1

2.8 ~H*>— <A2 < =—— at Py.
(2:8) n w 4] NwaN
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Thus H(Py) — 0 at infinity. Since H = C — - we obtain inf H =0 . g

3. MEAN CONVEXITY IMPLIES CONVEXITY AND CONSTANT RANK

In this section, we will use ideas due to Hamilton [7] to prove that under the strictly

spacelike assumption, X is in fact convex. We use the following approximation of
Heidusch[8].

Definition 3.1. The d-approximation to the function min(zy, z5) is given by

T+ Ty — T 2

for any 6 > 0. The d-approximation to the function min(xy, s, -+ ,x,) is defined

recursively by
1 n
Hn = n ZMQ(fEi; Pn—1(T1, - Tim1, Tig1, -+ 5 Tn))
i=1

The following lemma is elementary (see [1]).

Lemma 3.2. For every 6 > 0 and n > 2 we have:

1. py ts smooth, symmetric, monotonically increasing and concave.

2. G <1,
Xr; —
3. min(zq, -+ ,x,) —nd < p, <min(xy, -, ,).
4. For x € R™ we have
n
0
1=
Opn 2 5
and Y0, gmai > —nd® =5 >0 |z + ).
1<i<j<n

Lemma 3.3. Assume ¥ = {(z,u(x))|x € R"} is mean convex, and u satisfies equa-

tion (1.5). Then the principal curvatures of A are nonnegative, i.e. Y is conver.

Proof. Let p be a fixed point in 3 (we may assume p = (0,0)) and let r be the distance
function from p restricted to the geodesic ball B¥(p, a) of radius a centered at p (in
the induced metric on X). Let f(z) = |A]? = )7, hj;. By a well-known calculation
(see equation (2.24) of [3])

2
(3.1) %A (Z K, :) = b+ higHy+ (Z hfj) - (Z hijhjmhmi) H
i3 i,j 2%

i7j7k i?j7k
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(3 2) Hij = VZVJH = Vz (V] <I/, 6n+1>)

' =V, (hjTh, €ns1) = —hijrue — haghje™
In the following, we will denote v by V.

1
éAf = Z h?jk — hijhijk.uk — hijhikh]‘kv + f2 - (Z hwhjmhmz> (C - V)
2,5,k ©,7,m
- 4

2
1
> Cpepooprz oo

Let n(x) = a* — r? and set g = n*f. Then in B*(p,a),
1, _ _ _ _ _
(34) S0 <Ci+ AWM ?g) = Citn *Ag =277 <V, Vg > +9A0n %) .

At the point T where g assumes its maximum, Vg = 0 and Ag < 0. Since R; >

—HT2 > —%2, we have by Lemma 1 of [13] that Ar? < C3(1 + r?). Hence at T,

1 _
(3.5) 39" < '+ gn*Al™*) = Cin* = 2gnAn + 69|Vi|*
< Oy(a® + 2g((a®)Ar? +12r?)) < Cy(a® + a'g)
It follows that ¢(T) < Csa®. Therefore we can let a — oo to conclude |AJ]? < Cs.
Next we will show that the smallest principal curvature Ay, of X is nonnegative.
Let pn(A1, -+, An) = F(y*huyY), assume p,, achieves its minimum at an interior
point zy. Then at this point we have
At = F7hijg, + F™ hyhg
= FY(H;; — Hh; + hijhiy,) + F™ hyha
< FON W (T, eni1) — FIREh™™ — HFYRY, + (i, + )| AP

3.6 nod
(36) < (Vifin, €nt1) —Hi+n52+z Z I\ + A
1<i<j<n
)
+ H <_Hi +n(52 + nz Z ’)\Z + )\]’> + (Mn +7”L(5)|A’2
1<i<j<n
Thus,
)
(3.7) 0 <~ + (i + nO) AR+ 00+ 2 7 |+ Al

1<i<j<n
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Letting 0 — 0 we find,

(38) >\2 S /\min|A|27

which implies that \,;, > 0.
Since we have already proven that |A]? is bounded, we can again apply the Omori-
Yau maximum principle (this time on ) and show that, if u,, achieves its minimum at

infinity then u,, > 0. This completes the proof that mean convexity implies convexity.
OJ

Now that we have proved the convexity of X, we prove the splitting Theorem 1.2
of the introduction.
Proof of Theorem 1.2. Suppose that for some unit vector v and some zy €
R", D2u(zo) = 0. Applying an isometry (boost transformation) of R™! may assume
o =0, U= e,, Du(0) =0, u,,(0) =0 and u;; is nonnegative. Rewrite (1.5) as
Ui,

1 —|Dul|? —

Differentiating (3.9) twice in the x,, direction, we can apply the argument of Korevaar
(a special case of [10]) exactly as in Theorem 3.1 of Choi-Treibergs [4] to conclude
Upn = 0 and X is ruled by lines parallel to the x, axis. Therefore ¥ = ¥ ! x R!

and also R® = R"™! x R!. Since u was arranged to be nonnegative, u = h(z'), 2’ =

(x1,...,2y_1) where
n—1 hih
3.10 8ij + ———=—)h;; = C\/1 — |Dh|> —

Proceeding inductively completes the proof of Theorem 1.2.

4. THE ASYMPTOTIC CONE AT INFINITY.

In this section, we will study the asymptotic behavior of u at infinity.

Proposition 4.1. Let u be a convex space like solution of (1.5). Assume u(0) = 0

and denote u"(x) = "(Z‘r). Define V,(x) = hlim ul(x) then V,(z) exists for all x and
—00

1s a positively homogeneous degree one convex function. Moreover for all x € R™ and

6 > 0 there exists y € R™ so that |y — x| = 0 and |V, (z) — Vo(y)| = \/1— 2= 6. In
particular |DV,(z)| = \/1 — &5 at every point of differentiability of V,(x).




8 JOEL SPRUCK AND LING XIAO

Proof Note that since u is convex, 0 = w(0) > wu(hx) — > | hxu,, (hx) we get

Ly"(z) > 0. Then V,(z), the projective boundary values (blow-down) of u at infinity

in the terminology of Treibergs [12] and Choi-Treibergs [4], is well-defined, strictly
spacelike, convex on R™ and satisfies

Vu(Az) = AV (x), A >0,

Claim: for all x € R™ and 0 > 0 there exists y € R" so that |y — 2| = ¢ and

\Vi(x) = Vi(y)| = /1 — &= 0. Suppose the claim is false. Then there exists 2 € R”
and € > 0 such that

Vily) < Va(a) + (1 — 204 /1 — % 5 Wy € OB(x,5) .

Since u"(x) — V,,(x) uniformly on compact subsets, we may choose hg large so that

for all A > hy,
u"(y) < Vi(z) + (1 —e)y/1— E d Yy € 0B(z,9) .

Now u”(y) satisfies

h
1) Hb—div (D_) MO —— V50 i )

1 — |Dul|? 1—Duh2)
| Du”| | Du”|

We now make use of the radial solutions of the maximal surface equation H = 0

introduced by Bartnik and Simon [2]. Consider the barrier

w(y) = Vo)1= 1 - & /lm F/m
J),

Note that on 0B(z, )

Hence by the maximum principle, u”(y) < w(y) in B(x,d). In particular at y = z,

1[0 h
h g 1— \/1—— \/1——/—
u(z) < Vy(z)+ (1 —¢) o §— N NG dt

Now let h — oo to conclude V,(z) < V,(z) —e4/1 — Z5 8, a contradiction, so the
claim is proven and the proposition is completed. Il
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5. CONSTRUCTION OF COUNTEREXAMPLES.

We will follow Treiberg’s idea (see [12]) to construct counterexamples, more pre-

cisely we will construct solution to equation (1.4) such that u(z) — C|z|— " log ||+

f <%|”> ,as || — oo, where C' = /1 — 2z and f € C’Q(Sg_l).
We extend the function f to R™ \ {0} by defining f(Cz) = f (%T) . Since f € C?,

we have for all z,y € S"!:

(5.1) [f(Cx) = f(Cy) = Df(Cy)(Cx—Cy)| < M|Cx —Cy|* = —2CMy- (Cx — Cy).
Let p1(Cy) = Df(Cy) 4+ 2MCy and py(Cy) = Df(Cy) — 2MCy, so that
(5.2) p(Cy) - (Cx = Cy) < f(Cx) = f(Cy) < ps(Cy) - (Cx = Cy).

Now let ¢(x) denote the rotationally symmetric solution to (1.4) (see [9]). We know
that ¥ (z) — Clz| — it log|z| + o(1) as |z| — co. Let 2z (x; Cy) = f(Cy) — p(Cy) -
Cy+1(z +pi1(Cy)) and 22(z; Cy) = f(Cy) — p2(Cy) - Cy + (2 + p2(Cy)). Then by
equation (5.2) we have

(5.3) f(Cx) > z(rz; Cy) — Cr + nC—Ql logr as r — oo, T,y € S" 1,
and
(5.4) f(Cx) < zo(ra; Cy) — Cr + nC’_21 logr as r — oo, z,y € S"L.
Therefore,
- lim 2 (ra; Cy) — Cr + n(;l logr < f(Cr)
. STILI{.IOZQ(TZE;C(:Q) —Cr+ n_leogr
for x € S™1.
Let ¢1(z) = yesggl z1(z; Cy) and qo(x) = yei?f—l zo(x; Cy). Then, ¢1(z) < g2(x) and

¢:(z) (i=1,2) tends to f(Cz)+ Cr — ntlogr as r — 0.

Lemma 5.1. There exists a smooth solution u to the Dirichlet problem
aijuij—Cw—i—l =0 G

(5.6)
u=0 on 0G

where G is a conver C* domain in R™.
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Proof. Let d = diam(G) be the diameter of G. For any y € 0G, we can choose
coordinates such that y = (y1,0,---,0) and G C {z | |z1] < y1}, where 0 < y; < d/2.
Let u(z) = Cz1 — Cyi, w=0. Then v < @ in G and u satisfies

(5.7) a“u; — Cw, +1=0
By the maximum principle, any solution u to the Dirichlet problem (5.6) satisfies
(5.8) u<u<uon G.
so |Du(z)| < C on OG. Combined with equation (2.7) we conclude that
(5.9) |Du(z)| < C on G.
Now it is standard (see [6]) to prove that a smooth solution u € C?%(G) exists. [
Finally, we will find a sanwiched solution u such that
g1 < u <.

Let ¢ be a strictly spacelike hypersurface ¢; < ¢ < ¢o so that ¢(0) = ¢;(0) and
G = ¢~ (=00, m)) is a convex domain with C?“ boundary. By lemma 5.1 we know
there is an analytic solution wu,, to the Dirichlet problem

aijuij —Cw+1=0onG,,
(5.10)

u=m on 0G,,.

Therefore, we find a sequence of finite solutions wu,, with ¢; < u,, < ¢ defined on
convex domains G,, which exhaust R"™.

Next, let K be a compact subset of R™. Then, by equation (5.9) there are constants
r1 < 79 so that for sufficiently large m we have

dist,,(0,2) < ry, for all z € K,

dist, (0, ) < rq, for all x € OG,,,

where dist,, (0, z) is the intrinsic distance between the points (0, u,,,(0)) and (z, u,,(x))
on X, = {(z,un(x)|zr € Gpn)}-

At last, following the proof of Lemma 3.3, we find u,, has uniform C?® bounds
on compact subsets. Hence, a subsequence can be extracted that converges to a

global solution of equation (1.4). Moreover, lim w,, = u satisfies u(z) — Clx| —
m;—»00

2t log @] + f(Cz). Thus we have proved
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Theorem 5.2. Let f € C’Q(ngl). Then there exists an entire strictly spacelike hy-
persurface u satisfying equation (1.4) such that

3 1 _
u(z) — Clx| — n log |z| + f(Cz) as |x| — oo.

CQ
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