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ABSTRACT. We prove that the total positive Gauss-Kronecker curvature of any closed
hypersurface embedded in a complete simply connected manifold of nonpositive cur-
vature M™, n > 2, is bounded below by the volume of the unit sphere in Euclidean
space R". This yields the optimal isoperimetric inequality for bounded regions of
finite perimeter in M, via Kleiner’s variational approach, and thus settles the Cartan-
Hadamard conjecture. The proof employs a comparison formula for total curvature
of level sets in Riemannian manifolds, and estimates for smooth approximation of
the signed distance function. Immediate applications include sharp extensions of the
Faber-Krahn and Sobolev inequalities to manifolds of nonpositive curvature.
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1. INTRODUCTION

The classical isoperimetric inequality [14,23,39,95,119] states that in Euclidean space
R”, of dimension n > 2, spheres form unique enclosures of least perimeter for any given
volume. More formally, for any bounded set 2 C R",

1 n—
(1) per(€) > nwy vol(Q) =,

where per stands for perimeter, vol is the volume, and w,, := 7™/2/(n/2)! is the volume
of the unit ball in R™. Furthermore, equality holds only if €2 is a ball. We extend these
facts to Cartan-Hadamard manifolds M™, i.e., complete simply connected Riemannian

spaces of nonpositive curvature:

Theorem 1.1. The isoperimetric inequality (1) holds for all bounded sets Q of finite
perimeter in Cartan-Hadamard manifolds M™, n > 2. Furthermore, equality holds if

and only if Q) is isometric to a ball in R™.

This result settles a problem which has been widely known as the Cartan-Hadamard
conjecture [8,59, 88,102, 106]. It may be traced back to Weil [145] [20, p. 347] who
established the above theorem for n = 2 in 1926, and Beckenbach-Rado [18] who redis-
covered the same result in 1933. In 1975 Aubin |7] conjectured that the above theorem
holds for n > 3, as did Gromov [83,85], and Burago-Zagaller [33,34] a few years later.
Prior to this work, only the cases n = 3 and 4 of the theorem had been established, by
Kleiner [101] in 1992, and Croke [50]| in 1984 respectively, using different methods. See
[128, Sec. 3.3.2| and [134] for alternative proofs for n = 3, and [102]| for another proof
for n = 4. Other related studies and references may be found in [57,58,87,115,116,135].

Our proof of Theorem 1.1 generalizes Kleiner’s approach, which is based on estimating
the total positive curvature of closed hypersurfaces I' in M. This quantity is defined
as G4(I') = fF+ GKdo, where GK denotes the Gauss-Kronecker curvature of I', and
I'y C I is the region where GK > 0. Kleiner showed that when n = 3,

(2) G+(T) > nwy,

via the Gauss-Bonnet theorem and a convex hull argument. This inequality is easily
seen to hold in R”, since the Gauss map of I covers the unit sphere S”~!, which has

area nw,. The central result of this work is that:

Theorem 1.2. The total curvature inequality (2) holds for all closed embedded C:*
hypersurfaces I' in Cartan-Hadamard manifolds M™, n > 2.

The study of total positive curvature goes back to Alexandrov 2] and Nirenberg [117],
and its relation to isoperimetric problems has been well-known [45,46]. The minimizers
for this quantity, which are called tight hypersurfaces, have been extensively studied since
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Chern-Lashoff [43,44]; see |37] for a survey, and [26,27, 54,55, 138| for other studies in
Cartan-Hadmard manifolds or the hyperbolic space.

Theorem 1.1 follows from Theorem 1.2 via the well-known variational method involv-
ing the isoperimetric profile (Section 11). Our main task then is to prove Theorem 1.2
(Section 10). To this end we may assume, by Kleiner’s convex hull argument (Section
9), that I' is convex, i.e., it bounds a convex set © in M. We may further assume that
the (signed) distance function u of T' is convex, by replacing I" with an outer parallel
hypersurface of 2 in M x R (Section 3). The main plan after that will be to use u to
push T' into 2, without increasing G (I"), until I' collapses to a point. As M is locally
Euclidean to first order, we will then obtain (2) as desired. So we develop a formula
(Section 4) for comparing the curvature of level sets of C!'! functions on M. This result
will show (Section 4.3) that I' may be moved inward through level sets of v with no
increase in G4 (I'), until it reaches the singularities of u, or the cut locus of I" (Section
2). In particular, if the cut locus is a single point (i.e., I" is a geodesic sphere) then we
are done; otherwise, we will use the inf-convolution (Section 7) to approximate u by a
family v" of C*! convex functions with a unique minimum point x¢ (Section 10.1). We
will control the rate at which the curvature of level sets of v" blow up, as v" — u, via the
theory of semiconcave functions and proximal maps (Sections 7 and 10.4), Reilly type
integral formulas (Sections 5 and 10.5), and results on the structure of the cut locus
(Sections 6 and 10.6). Finally, applying the comparison formula to the level sets of v",
as they shrink to xg, will complete the proof.

In short, the main theme of this work is the interplay between the curvature and
distance function of Riemannian submanifolds. Smooth approximation of this function,
with proper control over the first two derivatives, will provide the key to proving Theorem
1.2 and therefore Theorem 1.1, via our comparison formula. In addition to the techniques
mentioned above, convolution in the sense of Greene and Wu (Sections 4 and 8), Federer’s
notion of positive reach (Sections 2 and 8), and Riccati’s equation for curvature of tubes
(Sections 3, 9, 11) will be featured along the way. A number of our intermediate results,
particularly Theorem 4.9 (the comparison formula), Theorem 6.1 (structure of cut locus),
Theorem 8.1 (continuity of total curvature), and Theorem 10.13 (Reilly type formula)
may be of independent interest. In addition, our method might be considered as a type
of degenerate flow which reduces total curvature. There is a more conventional geometric
flow, by harmonic mean curvature, which also shrinks convex hypersurfaces to a point in
Cartan-Hadamard manifolds [146]; however, it is not known how that flow effects total
curvature; see also [4].

The isoperimetric inequality has several well-known applications [13,121,122], due to
its relations with many other important inequalities [39, 141]. For instance Theorem
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1.1 yields the following extension of the classical Sobolev inequality from the Euclidean
space to Cartan-Hadamard manifolds [58,66,119], [113, App.1]. Indeed it was in this
context where the Cartan-Hadamard conjecture was first proposed [7]:

Corollary 1.3. (Sobolev Inequality) Let M™ be a Cartan-Hadamard manifold. Then for
all Lipschitz functions with compact support in M,

3) (/Mf’fldu>n51< [ 1vsian

1
nwyy

Conversely, if (3) holds, then the isoperimetric inequality (1) holds for all bounded sets
Q of finite perimeter in M.

See [59, 105, 106] for a host of other Sobolev type inequalities on Cartan-Hadamard
manifolds which follow from Theorem 1.1, and [48, 93, 147| for related studies. The
isoperimetric inequality also has deep connections to spectral analysis. A fundamental
result in this area is the Faber-Krahn inequality [20, 38, 91| which was established in
1920’s |62, 103, 104] in Euclidean space, as had been conjectured by Rayleigh in 1877
[123]. By Theorem 1.1, this inequality may now be generalized to Cartan-Hadamard

manifolds as well [38]:

Corollary 1.4. (Faber-Krahn Inequality) Let Ny denote the first Dirichlet eigenvalue
of a bounded domain 2 with Lipschitz boundary in a Cartan-Hadamard manifold M™.
Then,

A1) = Mi(B)
where B is a ball in R™ with vol(B) = vol(Q); furthermore, equality holds only if Q is

isometric to B.

We should mention that the Cartan-Hadamard conjecture has a stronger form [7,34,
85], sometimes called the generalized Cartan-Hadamard congecture [102]|, which states
that if the sectional curvatures of M in Theorem 1.1 are bounded above by k& < 0, then
the perimeter of 2 cannot be smaller than that of a ball of the same volume in the
hyperbolic space of constant curvature k. The generalized conjecture has been proven
only for n = 2 by Bol [25], and n = 3 by Kleiner [101]; see also Kloeckner-Kuperberg [102]
for partial results for n = 4, and Johnson-Morgan [115] for a result on small volumes.
The methods developed in this paper to prove Theorem 1.1 likely have some bearing
on the generalized conjecture as well, although we do not directly address that problem
here. The rest of this paper is organized as follows. In Sections 2 and 3 we develop the
basic regularity and convexity properties of distance functions and hypersurfaces which
will be needed throughout the paper. Then in Section 4 we establish the comparison
formula mentioned above. Sections 5 to 9 will be devoted to other intermediate results
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and various estimates needed to apply the comparison formula to the proof of Theorem
1.2, which will be presented in Section 10. Finally, Theorem 1.1 will be proved in Section
11, with the aid of Theorem 1.2.

2. REGULARITY AND SINGULAR POINTS OF THE DISTANCE FUNCTION

Throughout this paper, M denotes a complete connected Riemannian manifold of
dimension n > 2 with metric (-, -) and corresponding distance function d: M x M — R.
For any pairs of sets X, Y C M, we define

d(X,Y) :=inf{d(z,y) |z € X, ye Y}
Furthermore, for any set X C M, we define dx: M — R, by
dx(-) = d(X, -).

The tubular neighborhood of X with radius r is then given by U.(X) := dy/'([0,7)).
Furthermore, for any t > 0, the level set d)_(1 (t) will be called a parallel hypersurface of
X at distance t. A function u: M — R is Lipschitz with constant L, or L-Lipschitz, if
for all pairs of points x, y € M, |u(x) — u(y)| < Ld(z,y). The triangle inequality and
Rademacher’s theorem quickly yield [60, p.185]:

Lemma 2.1 (|60]). For any set X C M, dx 1is 1-Lipschitz. In particular dx is differ-

entiable almost everywhere.

For any point p € M and X C M, we say that p° € X is a footprint of p on X
provided that

d(p,p°) = dx(p),

and the distance minimizing geodesic connecting p and p° is unique. In particular note
that every point of X is its own footprint. The following observation is well-known when
M = R". It follows, for instance, from studying super gradients of semiconcave functions
[36, Prop. 3.3.4 & 4.4.1]. These arguments extend well to Riemannian manifolds [111,
Prop. 2.9], since local charts preserve both semiconcavity and generalized derivatives.
For any function u: M — R, we let Vu denote its gradient.

Lemma 2.2 ([36,111]). Let X C M be a closed set, and p € M\ X. Then

(i) dx is differentiable at p if and only if p has a unique footprint on X.
(i1) If dx is differentiable at p, then Vdx(p) is tangent to the distance minimizing
geodesic connecting p to its footprint on X, and |Vdx(p)| = 1.
(iii) dx is Ct on any open set in M \ X where dx is pointwise differentiable.
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Throughout this paper, I' will denote a closed embedded topological hypersurface in
M. Furthermore we assume that I' bounds a designated domain €, i.e., a connected
open set with compact closure cl(£2) and boundary

0N =T.
The (signed) distance function dr: M —RofT (with respect to ) is then given by
dr(-) = da(-) = danal-).

In other words, c?p(p) = —dr(p) if p € Q, and Jp(p) = dr(p) otherwise. The level
sets c?l? 1(t) will be called outer parallel hypersurfaces of I' if t > 0, and inner parallel
hypersurfaces if t < 0. Let reg(ch) be the union of all open sets in M where each point
has a unique footprint on I'. Then the cut locus of I is defined as

cut(T") := M \ reg(jp).

For instance when T is an ellipse in R?, cut(T") is the line segment in 2 connecting the
focal points of the inward normals (or the cusps of the evolute) of ', see Figure 1. Note

FiGURE 1.

that the singularities of parallel hypersurfaces of I' all lie on cut(I'). Since dr may not
be differentiable at any point of I'; we find it more convenient to work with dr instead.

Part (iii) of Lemma 2.2 may be extended as follows:
Lemma 2.3. If T is C', then dp is C' on M \ cut(I) with |Vdp| = 1.

Proof. By Lemma 2.2, dp is C! on (M \ T)\ cut(I'). Thus it remains to consider the
regularity of dr on I \ cut(I"). To this end let p € I\ cut(I'), and U be a convex open
neighborhood of p in M which is disjoint from cut(I'). Then each point of U has a
unique footprint on I' N U, and thus U is fibrated by geodesic segments orthogonal to
I'nU. For convenience, we may assume that all these segments have the same length.
Now let T. := (dr)~!(e) where € > 0 is so small that T. intersects U. Then each point
of I'. N U has a unique foot print on I' N U. Furthermore, by Lemma 2.2, T. N U is a C*
hypersurface, since c/l\p is C! on U \ T' and has nonvanishing gradient there. So I': N U is
orthogonal to the geodesic segments fibrating U. Since these segments do not intersect
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each other, U is disjoint from cut(I'z). So C/i\ra is C! on U \ I':. by Lemma 2.2. Finally
note that dr = dr_ — € on U, which completes the proof. O

The medial axis of T', medial(T"), is the set of points in M with multiple footprints on
I'. Note that

(4) cut(T') = ¢l (medial(T")).

For instance, when I is an ellipse in R?, medial(T") is the relative interior of the segment
connecting its foci. Let sing(dr) denote the set of singularities of dr or points of M
where dr is not differentiable. Then

medial(I") = sing(c?p), and cut(I") = cl (sing(c/l\p)).

We say that a (geodesic) sphere S C cl(€2) is mazimal if it is not contained in a larger
sphere which also lies in cl(€2). The set of centers of maximal spheres contained in cl(€2)
is called the skeleton of (2.

Lemma 2.4.

medial(I) N Q2 C skeleton(2) C cl (medial(T') N Q).

Proof. The first inclusion is immediate. To see the second inclusion, let = € skeleton(2).
Then there exists a maximal sphere S in cl(Q2) centered at x. By (4), it suffices to
show that = € cut(I'). Suppose that x & cut(I'). Then, by Lemma 2.2, dr is C! in a
neighborhood U of x. Furthermore Vdr does not vanish on U, and its integral curves
are distance minimizing geodesics connecting points of U to their unique footprints on
I'. It follows then that the geodesic connecting x to its footprint in I', may be extended
at x to a longer distance minimizing geodesic. This contradicts the maximality of S and
completes the proof. O

The inclusion relations in Lemma 2.4 are in general strict, even when M = R"
[40]. There is a vast literature on the singularities of the distance function, due to
its applications in a number of fields, including computer vision, and connections to
Hamilton-Jacobi equations; see [6,53,107,111, 112] for more references and background.

Lemma 2.3 may be extended as follows:
Lemma 2.5 ([69,111]). For k > 2, if T is C¥, then dr is C* on M \ cut(T").

This fact has been well-known for M = R™ and k > 2, as it follows from the basic
properties of the normal bundle of M, and applying the inverse function theorem to the
exponential map, e.g. see [69] or [72, Sec. 2.4]. For Riemannian manifolds, the lemma
has been established in [111, Prop. 4.3|, via essentially the same exponential mapping
argument in [69].
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For the purposes of this work, we still need to gather finer information about Lipschitz
regularity of derivatives of dr. To this end we invoke Federer’s notion of reach [64,140]
which may be defined as

reach(I) := d(T', cut(I)).

In particular note that reach(I') = r if and only if there exists a geodesic ball of radius
r rolling freely on each side of I' in M, i.e., through each point p of I' there passes the
boundaries of geodesic balls B, B’ of radius r such that B C cl(?), and B’ ¢ M \ €.
We say that I' is b1, if it is C1! in local charts, i.e., for each point p € M there exists
a neighborhood U of p in M, and a C* diffeomorphism ¢: U — R™ such that ¢(T) is
Cch!in R™. A function u: M — R is called locally C'' on some region X, if it is C'! in
local charts covering X. If X is compact, then we simply say that u is C'! near X.

Lemma 2.6. The following conditions are equivalent:

(i) reach(T") > 0.
(ii) T is CV1.
(i13) dr is CY! near T.

Proof. For M = R", the equivalence (i)« (ii) is due to [73, Thm. 1.2], since I' is a topo-
logical hypersurface by assumption, and the positiveness of reach, or more specifically
existence of local support balls on each side of I', ensures that the tangent cones of I"
are all flat. The general case then may be reduced to the Euclidean one via local charts.
Indeed local charts of M preserve the 1! regularity of T’ by definition. Furthermore,
the positiveness of reach is also preserved, as we demonstrate in the next paragraph.
Let (U, ¢) be a local chart of M around a point p of I'. We may assume that ¢(U)
is a ball B in R"™. Furthermore, since I' is a topological hypersurface, we may assume
that ' divides U into a pair of components by the Jordan Brouwer separation theorem.
Consequently ¢(I' N U) divides B into a pair of components as well, which we call the
sides of ¢(T"). The image under ¢ of the boundary of the balls of some constant radius
which roll freely on each side of I' in M generate closed C? surfaces S;, S’ on each side
of every point x of ¢(I'). Let B’ C B be a smaller ball centered at ¢(p), and X be
the connected component of ¢(I' N U) in B’ which contains ¢(p). Furthermore, let x be
the supremum of the principal curvatures of S, S., for all z € X. Then k < oo, since
X has compact closure in B and the principal curvatures of S,, S’ vary continuously,
owing to the fact that ¢ is C2. It is not difficult then to show that the reach of S,
S’ is uniformly bounded below, which will complete the proof. Alternatively, we may
let (U, ¢) be a normal coordinate chart generated by the exponential map. Then for U
sufficiently small, S, and S, will have positive principal curvatures. So, by Blaschke’s
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rolling theorem [24,30], a ball rolls freely inside S,, S and consequently on each side of
#(I' N U) near ¢(p). Hence ¢(I' N U) has positive reach near ¢(p), as desired.

It remains then to establish the equivalence of (iii) with (i) or (ii). First suppose that
(iii) holds. Let p € I" and U be neighborhood of p in M such that u := dp is 1 on U.
By Lemma 2.2, |[Vu| =1 on U \ I'. Also note that each point of I' is a limit of points
of U \ T, since by assumption I' is a topological hypersurface. Thus, since u is C! on
U, it follows that |Vu| # 0 on U. In particular, ' N U is a regular level set of u on U,
and is C! by the inverse function theorem. Let ¢: U — R™ be a diffeomorphism. Then
#(I'NU) is a regular level set of the locally C*! function uo¢~': R™ — R. In particular
the unit normal vectors of ¢(I'NU) are locally Lipschitz continuous, since they are given
by V(uo ¢~1)/|[V(uo¢™1). So ¢(I' NU) is locally C11. Hence T is locally C1, and
so we have established that (iii)=-(ii). Conversely, suppose that (ii) and therefore (i)
hold. Then any point p € I" has an open neighborhood U in M where each point has
a unique footprint on M. Thus, by Lemma 2.3, u is C! on U and its gradient vector
field is tangent to geodesics orthogonal to I'. So, for ¢ small, each level set u~!(e) N U
has positive reach and is therefore C'! by (ii). Via local charts we may transfer this
configuration to R", to generate a fibration of R by C! hypersurfaces which form the
level sets of u o ¢!, Since V(uo ¢1)/|V(uo ¢~1)| is orthogonal to these level sets,
it follows then that V(u o ¢~ 1) is locally Lipschitz. Thus u o ¢~ is locally C*! which
establishes (iii) and completes the proof. O

The following proposition for M = R" is originally due to Federer |64, Sec. 4.20];
see also [56, p. 365], [36, Sec. 3.6], and [49]. In [111, Rem. 4.4], it is mentioned that
Federer’s result should hold in all Riemannian manifolds. Indeed it follows quickly from

Lemma 2.6:

Proposition 2.7. ch is locally Ct' on M \ cut(T'). In particular if T is C11, then c?r 18
locally CY' on U,.(T) for r := reach(T").

Proof. For each point p € M \ cut(I'), let o, be the (unit speed) geodesic in M which
passes through p and is tangent to Vcip(p). By Lemma 2.2, oy, is a trajectory of the
gradient field Vdr near p. It follows that these geodesics fibrate M \cut(I"). Consequently
the level set {JF = dr (p)} has positive reach near p, since it is orthogonal to the gradient
field. So, by Lemma 2.6, C/i\[‘ is C1'! near p, which completes the proof. O

We will also need the following refinement of Proposition 2.7, which gives an estimate
for the C%! norm of dr near T, depending only on reach(I') and the sectional curvature
K of M: see also Lemma 7.4 below. Here V2 denotes the Hessian.
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Proposition 2.8. Suppose that r := reach(I') > 0, and Ky > —C, for C > 0, on
U,(T'). Then, for d :=r1/2,

|V2dp| < VT coth (VC9)
almost everywhere on Us(T).

Proof. By Proposition 2.7 and Rademacher’s theorem, c?r is twice differentiable at almost
every point of Us(I"). Let p € Us(T") be such a point. Then the eigenvalues of Vzc/l\p(p),
except for the one in the direction of Vc/l\r (p) which vanishes, are the principal curvatures
of the level set I', := {C/l\r = dp (p)}. Since by assumption a ball of radius r rolls freely
on each side of I', it follows that a ball of radius ¢ rolls freely on each side of I',. Thus
the principal curvatures of I', at p are bounded above by those of spheres of radius §
in U,.(T"), which are in turn bounded above by 1/C coth (v/C§) due to basic Riemannian
comparison theory [100, p. 184]. O

3. HYPERSURFACES WITH CONVEX DISTANCE FUNCTION

A set X C M is (geodesically) convex provided that every pair of its points may be
joined by a unique geodesic in M, and that geodesic is contained in X. Furthermore, X is
strictly convez if 0X contains no geodesic segments. In this work, a convex hypersurface
is the boundary of a compact convex subset of M with nonempty interior. In particular
I' is convex if  is convex. A function u: M — R is convex provided that its composition
with parametrized geodesics in M is convex, i.e., for every geodesic a: [tg, t1] — M,

woa((1—Nto+ A1) < (1= A uoalty) + Auoalty),

for all A € [0,1]. We assume that all parametrized geodesics in this work have unit speed.
We say that u is strictly convex if the above inequality is always strict. Furthermore,
u is called concave if —u is convex. When w is C?, then it is convex if and only if
(uoa)” >0, or equivalently the Hessian of u is positive semidefinite. We may also say
that u is convex on a set X C M provided that u is convex on all geodesic segments of M
contained in X. For basic facts and background on convex sets and functions in general
Riemannian manifolds see [143], for convex analysis in Cartan-Hadamard manifolds see
[22,136], and more generally for Hadamard or CAT(0) spaces (i.e., metric spaces of
nonpositive curvature), see [11,17,29,108|. In particular it is well-known that if M is a
Cartan-Hadamard manifold, then d: M x M — R is convex [29, Prop. 2.2|, which in
turn yields [29, Cor. 2.5]:

Lemma 3.1 ([29]). If M is a Cartan-Hadamard manifold, and X C M is a convez set,
then dx 1is convex.
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So it follows that geodesic spheres are convex in a Cartan-Hadamard manifold as they
are level sets of the distance function from one point. Let X C M be a bounded convex
set with interior points. If M = R"™, then it is well-known that c?a x is convex on X and
therefore on all of M [56, Lemma 10.1, Ch. 7|. More generally c?a x will be convex on
X as long as the curvature of M on X is nonnegative [131, Lem. 3.3]. However, if the
curvature of M is strictly negative on X, then c/l\a x may no longer be convex. This is the
case, for instance, when X is the region bounded in between a pair of non-intersecting
geodesics in the hyperbolic plane. See [84, p. 44] for a general discussion of the relation
between convexity of parallel hypersurfaces and the sign of curvature of M. Therefore
we are led to make the following definition. We say that a hypersurface I' in M is
distance-convex or d-convex provided that Cfi\r is convex on {2.

As far as we know, d-convex hypersurfaces have not been specifically studied before;
however, as we show below, they are generalizations of the well-known h-convex or horo-
convex hypersurfaces [28,51,68,89,97], which are defined as follows. A horosphere, in a
Cartan-Hadamard manifold, is the limit of a family of geodesic spheres whose radii goes
to infinity, and a horoball is the limit of the corresponding family of balls (thus horo-
spheres are generalizations of hyperplanes in R™). The distance function of a horosphere,
which is known as a Busemann function, has been extensively studied. In particular it is
well-known that it is convex and C? [11, Prop. 3.1 & 3.2]. A hypersurface I is called h-
convez provided that through each of its points there passes a horosphere which contains
I', i.e., I' lies in the corresponding horoball. The convexity of the Busemann function

yields:

Lemma 3.2. In a Cartan-Hadamard manifold, every CY'' h-convex hypersurface T is

d-convex.

Proof. For points ¢ € I', let S, be the horosphere which passes through ¢ and contains
I'. For points p € €, let p° be the footprint of p on I', and let S,e be the horosphere
which passes through p° and contains I". Then

dr(p) = —d(p,T) = —d(p,p°) = —d(p, Spe) = ds, . ().

On the other hand, since I" lies inside S, for any point p € Q, we have d(p,I") < d(p, Sy).
Thus

~

dr(p) = —d(p,T) > —d(p, S,) = ds,(p).

So we have shown that

dr = sup dsqa
qel

on 2. Since C/i\sq (being a Busemann function) is convex, it follows then that dr is convex
on 2, which completes the proof. O
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The converse of the above lemma, however, is not true. For instance, for any geodesic
segment in the hyperbolic plane, there exists r > 0, such that the tubular hypersurface
of radius r about that segment (which is d-convex by Lemma 3.1) is not h-convex. So
in summary we may record that, in a Cartan-Hadamard manifold,

{h—convex hypersurfaces} G {d-convex hypersurfaces} G {convex hypersurfaces}.

The main aim of this section is to relate the total curvature of a convex hypersurface
in an n-dimensional Cartan-Hadamard manifold to that of a d-convex hypersurface in
an (n + 1)-dimensional Cartan-Hadamard manifold. First note that if M is a Cartan-
Hadamard manifold, then M x R is also a Cartan-Hadamard manifold, which contains
M as a totally geodesic hypersurface. For any convex hypersurface I' C M, bounding
a convex domain €2, and € > 0, let fa be the parallel hypersurface of €2 in M x R of
distance €. Then 1:6 is a d-convex hypersurface in M x R by Lemma 3.1. Note also that
fe is Cb! by Lemma 2.6, so its total curvature is well-defined. In the next proposition
we will apply some facts concerning evolution of the second fundamental form of parallel
hypersurfaces and tubes, which is governed by Riccati’s equation. A standard reference
here is Gray [78, Chap. 3]; see also [12,100]. We will use some computations from [71]
on Taylor expansion of the second fundamental form. For more extensive computations
see [110].

First let us fix our basic notation and sign conventions with regard to computation of
curvature. Let ' be a CY! closed embedded hypersurface in M, bounding a designated
domain 2 of M as we discussed in Section 2. Then the outward normal v of T" is a unit
normal vector field along I' which points away from Q. Let p be a twice differentiable
point of I', and 7T,I' denote the tangent space of I' at p. Then the shape operator
Sp: TpI' = T,I' of ' at p with respect to v is defined as

(5) Sp(V) :=Vyv,

for V. e T,I'. Note that in a number of sources, including [71, 78] which we refer to
for some computations, the shape operator is defined as —Vyv. Thus our principal
curvatures will have opposite signs compared to those in [71, 78|, which will effect the
appearance of Riccati’s equation below. The eigenvalues and eigenvectors of S, then
define the principal curvatures k;(p) and principal directions E;(p) of I" at p respectively.
So we have

ki(p) = (Sp(Ei(p)), Ei(p)) = (Viv, Ei(p)).

The Gauss-Kronecker curvature of I' at p is given by

n—1
(6) GK(p) := det(Sp) = [ ] #i(p).
i=1
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Finally, total Gauss-Kronecker curvature of I' is defined as

G(T) = /F GKdo.

We will always assume that the shape operator of I' is computed with respect to the
outward normal. Thus when I' is convex, its principal curvatures will be nonnegative.
The main result of this section is as follows. For convenience we assume that I' is C2,
which will be sufficient for our purposes; however, the proof can be extended to the C1!
case with the aid Lemma 9.4 which will be established later.

Proposition 3.3. Let I’ be a C? convex hypersurface in a Cartan-Hadamard manifold
M, bounding a convex domain ), and Iz be the parallel hypersurface of €2 at distance €
in M x R. Then, ase — 0,

g, 9w

(n+ Dwpt1 nwy,

In particular, if G(T2) > (n+ Dwpi1, then G(I) > nw,.

Recall that in R™ the total curvature of any convex hypersurface is equal to the
volume of its Gauss map, or the area of S”~!, which is nw,. So Proposition 3.3 holds
immediately when M = R™, since then G(I'.) = (n + 1)wny1 and G(I') = nw,. The
proof in the general case follows from tube formulas and properties of the gamma and
beta functions as we describe below (see also Note 3.4 which eliminates the use of special

functions).

Proof of Proposition 3.3. For every point g € L. let p be its (unique) footprint on cl(£2) =
QUI. If p € Q, then there exists an open neighborhood U of p in fa which lies on M x{e}
or M x {—e}. So GK¢(q) = 0, since each hypersurface M x {t} C M x R is totally
geodesic. Thus the only contribution to G (fe) comes from points g € I'. whose footprint
p € I'. This portion of I, is the outer half of the tube of radius & around I', which we
denote by tubel ('), see Figure 2, and will describe precisely below. So we have

FIGURE 2.
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G(T'.) = G(tubet ().

Furthermore recall that w, = 7/2/G(n/2 + 1), where G is the gamma function. In
particular, G(1/2) = /m, G(z + 1) = 2G(z), and G(n) = (n — 1)!, which yields

GG /2
(7) Ay 1= (n + 1)wn+l = (21) (2) =B <17 n) = / COSnil(G) d07
NWr, G(§ + %) 2°2 —m/2

where B is the beta function (see |5, Sec. 1.1 for the basic properties of gamma and
beta functions). Thus it suffices to show that, as € — 0,

G(tubef (I')) — an G(I).

To this end let v denote the outward unit normal of I' with respect to Q in M, v+ be a
unit normal vector orthogonal to M in M x R, and define f¢: I' x R - M x R by

5(p, 0) := exp,, (e1p(6)), vp(8) = cos(8)v(p) + sin(0)v"(p),
where exp is the exponential map of M x R. Then we set
tube (') := f°(T x [-7/2,7/2]).

Note that tube (T') € dp'(¢), where dr denotes the distance function of T' in M x R.
Thus, since M is C2, dr is C? [69, Thm. 1] which yields that tubel (') is C2. So the
shape operator of tube (T') is well-defined. By [71, Cor. 2.2], this shape operator, at
the point f¢(p, ), is given by

Spo+0(e)  O(e)
(8) Spo = ;

o) 1/e+0()

where O(e) — 0 as € = 0, and S, ¢y denotes the shape operator of I' at p in the direction
vp(#) (note that the shape operators in this work, as defined by (5), have the opposite
sign compared to those in [71]). The eigenvalues of S, ¢ are k;(p) cos(f) where r;(p) are
the principal curvatures of I at p. Thus it follows that the Gauss-Kronecker curvature
of tubel (') at the point f*(p,#) is given by

(9) GK°(p,0) =det (S;,) = édet (Sp0) +0(1) = éG’K(p) cos" 1 (0) + O(1),

where O(1) converges to a constant as ¢ — 0. Furthermore, we claim that

(10) Jac(f®)pe) =€+ O(e).
Then it follows that, as € — 0,
w/2
G(tubef () = / GK du. — / GK (p) cos"1(0) dudf = o, G(T),
tube (") —7/2 Jpel
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as desired. So it remains to establish (10). To this end we will apply the fact that, due
to Riccati’s equation |78, Thm. 3.11 & Lem. 3.12],

Jac(f) o) = £O(c).

where © is given by

1
(11) = + trace(S, ), ©(0) =1,

(again note that our shape operator has the opposite sign to that in |78]). Next observe
that by (8)

1
trace(S, o) = trace(Sy ) + - + O(e).

So we may rewrite (11) as

= trace(Sp) + O(e) = O(1).
Hence, we obtain
0(c) = B(0)els OW = OE) =1 4 O(e),
which in turn yields
Jac(f)poy =e(1+0(e)) =+ O(e?),
as desired. g

Note 3.4. Let M =R, I' = 8" !, and fg be as in the statement of Proposition 3.3.
Then the map f(p,0) in the proof of Proposition 3.3 simplifies to p + ev;,(6), and we

~ 7/
g = (/ : cos"1(6) d0> g(I).

—7/2

quickly obtain

Since G(T'2) = (n + 1)wns1 and G(T') = nwy, it follows that
1wy, /2
(nt Dy :/ cos" 1 (0) db,
Nnwn, 7ﬂ./2

which establishes (7) without the need to use the gamma and beta functions.

4. A COMPARISON FORMULA FOR TOTAL CURVATURE OF LEVEL SETS

In this section we establish an integral formula for comparing the total curvature of
regular level sets of C1! functions on Riemannian manifolds. Some applications of this
formula, and its connections with quermassintegrals, will also be discussed in Section
4.3.
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4.1. Divergence of the Hessian cofactor. Here we assume that v is a Cb! function
on a Riemannian manifold M, so that it is twice differentiable almost everywhere, and
derive a basic identity for the cofactor operator associated to the Hessian of u. This
operator is a special case of a more general device, the Newton operator, which will be
discussed in Section 5. To start, let V be the covariant derivative on M. The gradient
of u, Vu, is then given by
(Vu(p),V) := Vyu,

for tangent vectors V' € T,M. Next (at a twice differentiable point p) we define the
Hessian operator V2u of u as the self-adjoint linear map on 7, M given by

V2u(V) := Vy(Vu).
The Hessian of u in turn will be the corresponding symmetric bilinear form on 7,M,
Hess, (V, W) := (V2u(V), W) = (Vi (Vu), W)

Let E; denote a smooth orthonormal frame field in a neighborhood U of p, and set

Vi := Vg, Then Vu = u;E; on U, and V?u(V) = uijVjEZ- at p, where
Ui = Vzu = (Vu, Ez>, and Ujj = Hessu(Ei, EJ)

In general w;; = Vju; — (V;E;, Ep)ur. We may assume, however, that (V;E;), =
VipEi =0, 1e., E;is alocal geodesic frame based at p. Then
(12) uij(p) = (Vji)p-
The cofactor of a square matrix (a;;) is the matrix (@;;) where @;; is the (4, j)-signed
minor of (a;;), i.e., (—1)"7 times the determinant of the matrix obtained by removing
the 1" row and j* column of (a;;). We define the self-adjoint operator 7 %: T,M — T,M
by setting
(T:;") = cofactor(us;) = (Uij).

Note that, when V2u is nondegenerate, (V2u)~}(V) = uVJE;, where (u%) := (u;;)~ 1.
In that case,

TH(V) = det(V2u)(V2u) 1 (V) = TV E;,
and (7;;') = det(V?u)(u™). In Section 5 we will show that T% = 7,*, is one of the
Newton operators associated to V2u, which appear in the well-known works of Reilly
[124,125]. We are interested in 7™ since it can be used to compute the curvature of the
level sets of u, as discussed below.

We say that T' := {u = u(p)} is a reqular level set of u near p, if u is C! on a
neighborhood of p and Vu(p) # 0. Then Vu/|Vu| generates a normal vector field on I'
near p. If we let Ey be the principal directions of I" at p, then the corresponding principal
curvatures of I' with respect to Vu/|Vul are given by
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Vu (Vi(Vu), E;)  Hess,(Ey, Ey) Ugr

13 - v I— 5 = e — A

09 we= (e () B = T V[V

Note that the above formula demonstrates the well-known fact that the second funda-
mental form of I' at p is given by the restriction of the Hessian of u to T,I'. Using this

formula, we can show:

Lemma 4.1. Let ' := {u = u(p)} be a level set of u which is reqular near p, and suppose
that I' is twice differentiable at p. Then the Gauss Kronecker curvature of I' at p with
respect to Vu/|Vu| is given by
(T*"(Vu), Vu)
GK=————""-+.
‘vu’n-l—l

Proof. Let E; be an orthonormal frame for T,M such that Ey, £ = 1,...,n — 1 are
principal directions of I" at p. Then the (n — 1) x (n — 1) leading principal submatrix of
(usj) will be diagonal. Thus,

n—1
7;;:1 = Upn = H Uygp-
/=1

Furthermore, since F, is orthogonal to I', and I is a level set of u, Vu is parallel to
+FE,. So u, = (Vu, E,) = +|Vu|. Now, using (13), we have

u WUpy 0. U U n—1
(T(Vw), V) _ Tijtiti _ Tptmtn __ Tn [] & =Gk.
R R T G T S 12

g

Let V' be a vector field on U. Since (V;E;), = 0, the divergence of the vector field
T*(V) at p is given by
(14) divp(T“(V)) = (Vz'(ﬁjuvj))p.
The divergence div(T *) of T is defined as follows. If T is viewed as a bilinear form or
(0,2) tensor, then div(7 ") generates a one-form or (0,1) tensor given by (div(7 "), -),

where
(15) divy(T) := (ViT;")p Ej(p)-
In other words, with respect to our frame E;, div,(7 %) is a vector whose i*" coordinate

is the divergence of the i*"* column of 7% at p.

Lemma 4.2. If u is three times differentiable at p, Vu(p) # 0, and V?u(p) is nonde-
generate, then

(16) div (T“ <|vv:’n>) = <div(T“), |vv5n>.
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Proof. By (14) and (15), it suffices to check that, at the point p,

Vi( T e ) = (VT

) ‘Vu’n v

This follows from (12) via Liebnitz rule, since

w Uj w U Uj U U det(uij) ujukékj det(uij)
50 v e N R o _ — _ —0.
7% () = (e~ s ) = o~ s

uj
[Vul*

g

Lemmas 4.1 and 4.2 will be extended in Section 5 to general Newton operators and

symmetric functions of principal curvatures.

4.2. Derivation of the comparison formula. Here we apply the divergence identity
(16) developed in the last section to obtain the comparison formula via Stokes’ theorem.
Let T be a closed embedded C%! hypersurface in a Riemannian manifold M bounding
a domain €). Recall that the outward normal of I' is the unit normal vector field v
along I" which points away from (), and if p is a twice differentiable point of I'; we will
assume that the Gauss-Kronecker curvature GK (p) of I is computed with respect to v
according to (6). We say that p is a regular point of a function v on M provided that u
is C! on an open neighborhood of p and Vu(p) # 0. Furthermore,  is a reqular value
of u provided that every p € u~!(x) is a regular point of u. Then u~!(z) will be called
a reqular level set of u. In this section we assume that I' is a regular level set of u, and
7 is another regular level set bounding a domain D C €. We assume that u is C>! on
cl(©) \ D and Vu points outward along I' and v with respect to their corresponding
domains. Furthermore we assume that |Vu| # 0 and V?u is nondegenerate at almost
every point p in cl(Q) \ D. Below we will assume that local calculations always take
place at such a point p with respect to a geodesic frame based at p, as defined in Section
4.1, and often omit the explicit reference to p. Throughout the paper du denotes the
n-dimensional Riemannian volume measure on M, and do is the (n — 1)-dimensional

volume or hypersurface area measure.

Lemma 4.3.
Vu
I — = div(T"), —— ) du.
g1 ~6t /Q\D< (7™ ]Vu\”> a

Proof. By Lemma 4.2 and the divergence theorem,

Yu Yu
div(T™), —~ N\ gu = / di <7’< )>d
/Q\D< iv( )\wn> m= o AT () ) A
YVu
= Tu 5 d 3
/< (ww) > 7
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where v is the outward normal to 9(2\ D) = I' U~v. Now Lemma 4.1 completes the
proof since by assumption v = Vu/|Vu| on I' and v = —Vu/|Vu| on 7. O

In the next computation we will need the formula
(17) Vi det(V2u) = T %up = det(V2u)u g,

where u,p; ‘= V;u.,. Further note that by the definition of the Riemann tensor R in
local coordinates:

(18) Upik — Urki = VEVitly — ViV, = Rpreuyg,

where we have used the fact that Riir = Riirmg™ = Rpire, since g™ := (Ep,, Ep) = 6.
Note that in formulas below we use the Einstein summation convention, i.e., we assume
that any term with repeated indices is summed over that index with values ranging from
1 to n, unless indicated otherwise. The next observation relates the divergence of the
Hessian cofactor to a trace or contraction of the Riemann tensor:

Lemma 4.4. For any orthonormal frame E; at a point p € €,
det(V2u) B det(V2u) '

(div(T"), Vu) =

Proof. Differentiating both sides of u"u,;, = 8;, we obtain V;u¥ = —u"u*iu, ;. This
together with (17) and (18) yields that

ViT) = Vi(u" det(Vu))
= —uuFu,, det(V?u) + u det(V2u)u7’ZuT&-
= det(V2u)ukju"Rkirgu@,

where passing from the second line to the third proceeds via reindexing ¢ — k, £ — i, in
the second term of the second line. Thus by (15)

(div(T™),Vu) = V;T,j'u; = det(V2u)uM u™ Ryirougus;.
It remains then to work on the right hand side of the last expression. To this end recall
that v E; = ﬁij/det(V%L) = TY(E;)/ det(V2u). Thus
(19) det(VQU)ukjuirRkiMWUj = det(VQU)R(ukjEkUj, E; u"E,, ugEy)
R(T*“(Vu), E;, T “(E;),Vu)
det(V2u) '

Note that we may move u;-, on the right hand side of the first inequality in the last

expression, next to F;, which will have the effect of moving T * over to the second slot

of R in the last line of the expression. O

Combining Lemmas 4.3 and 4.4 we obtain the basic form of the comparison formula:
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Corollary 4.5. Let E; be any choice of an orthonormal frame at each point p € Q\ D.

Then
R(T“(Vu), T “(E;), E;, Vu)

90 -6 = /Q\D [Vl det(V2u)

Next we will express the integral in Corollary 4.5 with respect to a suitable local

dpt.

frame. To this end we need to gather some basic facts from matrix algebra:

Lemma 4.6. Let A be an nxn symmetric matriz, with diagonal (n—1) x (n—1) leading

principal submatriz, given by
b1 O al

)
O bp-1 Gn—1
al S a

and let A = (a;;) denote the cofactor matriz of A. Then
(1) @in = —a;illp2;be for i < n.
(11) @;j = aza;llys; jbe fori,j <mn , i#j.
(iii) @y = alljz;by — Zk# a2 ysty ibe fori < n.
(iv) det(A) = allgby — Y- af Mpzrby
(v) For fized by, ..., by_1,|a| tending to infinity, and |a;| < C' (independent of a), the
eigenvalues of A satisfy Ao = bo + 0(1) for a < n and N, = a + O(1), where the
o(1) and O(1) are uniform depending only on by, ...,by—1 and C. In particular,

det(A) =a ] i + O(1).

Proof. Parts (i), (ii), and (iii) follow easily by induction, and part (iv) follows from
part (i) by the cofactor expansion of det(A) using the last column. Finally, part (v) is
provided by [35, Lem. 1.2]. O

Let p be a regular point of a function u on M. We say that Fy,...,E, € T,M is a
principal frame of u at p provided that

~ Vu(p)

E - )
" [Vu(p)]
and E1, ..., E,_1 are principal directions of the level set {u = u(p)} at p with respect to

—F,. Then the corresponding principal curvatures and the Gauss-Kronecker curvature
of {u = u(p)} will be denoted by x;(p) and GK (p) respectively. By a principal frame for

u over some domain we mean a choice of principal frame at each point of the domain.

Theorem 4.7 (Comparison Formula, First Version). Let u be a function on a Riemann-
tan manifold M, and ', v be a pair of its reqular level sets bounding domains 2, and D
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respectively, with D C Q. Suppose that Vu points outward along I' and v with respect
to their corresponding domains. Further suppose that u is C>' on cl(Q)\ D, and almost
everywhere on cl(Q) \ D, Vu # 0, and V2e* is nondegenerate. Then,

GK GK upk
GgIr)—-g Y) = — Ryprn—— d,ul"i_ Ryprn——=—dpu,
-6t o\D Ky on " ek [Vl

where all quantities are computed with respect to a principal frame of u, and k <n — 1.

Proof. Let w := ¢(u) := (e —1)/h for h > 0. Then V2w will be nondegenerate almost

everywhere. So we may apply Corollary 4.5 to w to obtain

(20) G(T) = G(v) = /Q ’ R(Tw(dve% ;Ew)”’r;(ﬁ) Vo) 4

Let p be a point of the level set {w = ¢(t)}, and E,, « = 1,...,n — 1 be principal

directions of {w = ¢(t)} at p. Since w is constant on {w = ¢(t)}, wi(p) =0 fori < n
and |wy,| = |Vw|. Consequently, the integrand in the right hand side of (20) at p is given
by

det(Vzw)wkjw"Rkagwj B det (V2w)w* w' Ry,

21
2 Vul Va2

Next note that (w;;) = ¢'(u)(ai;) where, a;; = u;; + huju;j. Again we have u;(p) = 0 for
i < n. Also recall that, by (13), ugr = |Vu|kg. Furthermore note that Vu = —u,,. Thus
it follows that

|Vulky O Uln
(aij) =
0 [Vulkn—1 U(n—1)n
U o Uy Unpn Tt h\Vu|2

Let (@;;) be the cofactor matrix of (a;;). Since (w;;) = ¢'(u)(as;), it follows that the
cofactor matrix of (w;;) is given by det(V2w)w® = ¢/(u)""1a@;;. Then, the right hand
side of (21) becomes:

det(v2w)wknwiTRkirn _ ¢/(u)2n_2aknairRkirn o enGir Riirn
|Vw|n—2 — det(V2w)|Vw|r=2 det(ay;)|Vu|?—2’

(22)
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where in deriving the second equality we have used the facts that |Vw| = ¢'(u)|Vul,
and det(V2w) = ¢/(u)" det(a;;). By Lemma 4.6 (as h — o),

—u G i ‘VU’n 2 for i <n and j = n;
@y = uzn“n],{ " K |Tum=3, fori# 7 and i,j <mn;

(tnn + h\Vu] %) G,ff|vu‘n72 +0(1), fori=j and i,j <mn;

GK|Vu|"!, for i =j=n.

Observe that @;; for ¢ # j or i = j = n are independent of h. On the other hand, again
by Lemma 4.6,

det(ai;) = (unn + h|Vul?)GK|Vu[*! + O(1).

Therefore, the last term in (22) takes the form

ApnCrr Rirrn 1 o GK GK upy 1
det(aij)|Vu|"*2 + O (h) = Rnrn oy + R'rkrn KR |vu| + O n

where k < n — 1. So, by the coarea formula, the right hand side of (20) becomes

K K 1
/ / < rnrni + Rrkrni = +0O <)> dfads
s(to) J fw=s} Ky Krkg |Vul h V|

t GK GK u, d
= / / <_anrn + Rrkrn Sk ) Z dt
to J{u=t} Ko krki |[Vu| ) [Vul

after the change of variable s = ¢(t) and letting h — 0. O

Next we develop a more general version of Theorem 4.7, via integration by parts
and a smoothing procedure, which may be applied to C"! functions, to functions with
singularities, or to a sequence of functions whose derivatives might blow up over some
region. The latter scenario will be the case where the main result of this section, Theorem
4.9 below, will be applied in Section 10.3. First we describe the smoothing procedure.
Let p(z) := d(z,x0), for some zy € €2, and set

w(z) == u(z) + %pz(x).
If w is convex, then w® will be strictly convex in the sense of Greene and Wu [79], and thus
their method of smoothing by convolution will preserve convexity of . This convolution
is a generalization of the standard Euclidean version via the exponential map, and is
defined as follows. Let ¢ : R — R be a nonnegative C* function supported in [—1, 1]
which is constant in a neighborhood of the origin, and satisfies [g. ¢(|z|)dz = 1. Then
for any function f: M — R, we set

(23) rorow =i [ o () ey,
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where dj, is the measure on 7, M ~ R" induced by the Riemannian measure du of M.
We set

uy =70 oy ¢.
The following result is established in [81, Thm. 2 & Lem. 3(3)|, with reference to earlier
work in [79,80]. In particular see [80, p. 280] for how differentiation under the integral

sign in (23) may be carried out via parallel translation.

Proposition 4.8. (Greene-Wu [81]) For any continuous function uw: M — R, e > 0,
and compact set X C M, there exists X > 0 such that us is C> on an open neighborhood
U of X, and u5 — u® uniformly on U, as X — 0. Furthermore, if u is C* on an open
neighborhood of X, then u5 — w® on U with respect to the C* topology. Finally, if u is
convez, then us will be strictly conver with positive definite Hessian everywhere.

Recall that, for any set X C M, Up(X) denotes the tubular neighborhood of radius
0 about X. A cutoff function for Uy(X) is any C*> function n > 0 on M which depends

only on the distance 7( ) := dx/(-), is nondecreasing in terms of 7, and satisfies
0 if 7(z)<6é,

24 = _

(24) () {1 it () > 26.

Since by Lemma 2.1 7 is Lipschitz, n is Lipschitz as well, and thus differentiable almost
everywhere. At every differentiable point of 77 we have

o Yo g\ = T Tamien T T Tl

[Vul* ) [Vul[* [Vul [Vu*=t [Vt [Vt
where k < n — 1. Furthermore, by Lemma 4.6,

Tron Tk Unk Mk Unpe GK Toniin

— = = — d - = —n,GK.

Va1 TV #Hk“‘ Val w0 [Vt~

So we obtain
Vu Unke GK
Y| =—=),Vn )= =—— —n,GK.
(7 () v7) = e

Next recall that [ div(nX)dp = [((X, Vn) +ndiv(X))dy, for any vector field X on M.
Thus

, o Vu B
) [aw (o7 (g ) ) =
Upiee GK . w Vu
/<|Vu| @‘”"GK> dnt [ (T <Vu|")>d“‘

Gy(I') :—/nGKda, and  Gy,(7) :—/nGKda.
r ol

We set
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The following result generalizes the comparison formula in Theorem 4.7. Note in par-
ticular that our new comparison formula may be applied to convex functions, where the
principal curvatures of level sets might vanish. So we will use the following conventions.

GK GK
(26) = Hﬁi, and = H Ki,

Ry . RrRE .

i#r i#£r,k

Now the terms GK/k, and GK/(k,ki) below will always be well-defined.

Theorem 4.9 (Comparison Formula, General Version). Let u, T', v, Q, and D be as in
Theorem 4.7, except that u is CH' on (Q\ D)\ X, for some (possibly empty) closed set
X Cc Q\ D, and u is either convex or else V?u is nondegenerate almost everywhere on

(Q\ D)\ X. Then, for any 6 > 0, and cutoff function n for Uy(X),

Gn(L) = Gy(7) =

GK u, GK GK uy
/ <77kUk - %GK> d/’L +/ n <_anrn + Rrkrni nk > dﬂ?
Q\D Kk |Vul Q\D Kr Ky |Vl

where all quantities are computed with respect to a principal frame of u, and k <n — 1.

Proof. Let uy be as in Proposition 4.8 with X in that theorem set to cl(€2) \ D. Further-
more, let I'j and 75§ be regular level sets of uy close to I' and 7 respectively. Replace
u by uy in (25) and follow virtually the same argument used in Theorem 4.7. Finally,
letting A and then € go to 0 completes the argument. O

4.3. Some special cases and applications. Here we will record some consequences
of the comparison formula developed in Theorem 4.9. Let

(27) O'T($1,...,:L’k) = Z Liy « o Ly
i1< <y
denote the elementary symmetric functions. Furthermore, set k := (k1,...,kp—1), Where

ki are principal curvatures of level sets {u = u(p)} at a regular point p of u which is

twice differentiable. Then the r*" generalized mean curvature of {u = u(p)} is given by

or(K) = 0op(K1y.. .y En_1).

In particular note that o,_1(k) = GK, and o1(k) = (n — 1)H, where H is the (nor-
malized first) mean curvature of {u = u(p)}. The integrals of o,(x), which are called
quermassintegrals, are central in the theory of mixed volumes [132,142]. In the next two

corollaries we adopt the same notation as in Theorem 4.9 and assume that X = (. In

t do
On—2(K)du :/ / On—2(K)——dt.
/Q\D 2(x) to Jqu=t} 2 )\VU|

particular note that
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If M has constant sectional curvature Ko, then R;jre = Ko(dirdj0—6:00;1). Consequently
Theorem 4.9 quickly yields:

Corollary 4.10. If M has constant sectional curvature Kgy, then

G(T) - () = —Kq / On_a()dp.
Q\D
In particular, G(T') > G(v) if u has convex level sets and Ky < 0.

A version of the last observation had been obtained earlier by Borbely [26]. Another
important special case of Theorem 4.9 occurs when |Vu| is constant on level sets of u,
or ug, =0 (for K <n—1), e.g., u may be the distance function of I', in which case recall
that we say « is an inner parallel hypersurface of I'. The following result shows that a
Ch1 d-convex hypersurface I' in a Cartan-Hadamard manifold may be pushed inward by
a short distance without any increase in its total curvature, as had been mentioned in

the introduction.

Corollary 4.11. Suppose that u = c/l\p, and Ky < —a < 0. Then

K
(28) g(F) - g(’)’) = - anrni d,u > a/ 0'n72(l*€) du
Q\D Ry Q\D

In particular, if v is convex, then

(29) g() =G(v)-

Furthermore, if I' = 0B,, where B, denotes a geodesic ball of radius p in M, we have

(30) G(0B,) > nwy, + a/ on—2(K) du,
By

with equality only if Ryprn = —a on B,.

Proof. Inequality (28) follows immediately from Theorem 4.9 (with X = ). If v is
convex, then all of its outer parallel hypersurfaces, which are level sets of w fibrating
Q\ D, are convex as well by Lemma 3.1. Thus o,,—2(x) > 0 which yields (29). To see
(30), let B. denote the geodesic ball of radius € < p with the same center as B,. By
(28),
G(0B,) — G(0B.) > a / On-2(r) dt.
Bp\Be

Now letting € — 0, yields (30). Indeed it is well-known that G(0B:) — nwy, as ¢ — 0
since nwy, is the total curvature of Euclidean spheres (see Lemma 10.19 for an estimate
for the rate of convergence). O
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Note that (29) also follows from the Gauss-Bonnet theorem when n = 2. Indeed the
Gauss-Bonnet theorem quickly shows that, when n = 2, (29) holds for any convex hyper-
surface v nested inside another convex hypersurface I'. As has been observed by Borbely
[26], this monotonicity property of total curvature for nested convex hypersurfaces also
holds in hyperbolic spaces of any dimension. More specifically, it follows from Corollary
4.10, since one can construct a function u with I' and v as level sets such that all other
level sets of u are convex as well in the region between I' and v [26, Lem. 1|. In a
general Cartan-Hadamard manifold, however, the monotonicity of total curvature does
not always hold, as has been demonstrated by Dekster [54]. Finally we record another

observation with regard to curvature of geodesic balls:

Corollary 4.12. Let B, be a geodesic ball of radius p in M, and suppose that Ky <
—a <0. Then

(31) G(0B,) > G(IBY),

where By is a geodesic ball of radius p in the hyperbolic space H"(—a). Furthermore,

equality holds only if Ryprn = —a on B,.

Proof. As in the proof of Corollary 4.11, let B, denote the geodesic ball of radius r < p
with the same center as B,. By basic Riemannian comparison theory [100, p. 184],
principal curvatures of 9B, are bounded below by \/a coth(y/ar). Hence, on 9B,

on-2(k) 2 (n — 1)(Vacoth Var)" 2.
Let A(r,0)df denote the volume (surface area) element of 0B,, and H(r,6) be its (nor-
malized) mean curvature function in geodesic spherical coordinates (generated by the
exponential map based at the center of B,). By [100, (1.5.4)],

%A(r, 0) = (n—1)H(r,0)A(r,0) > (n — 1)y/acoth(y/ar) A(r,0),

which after an integration yields

. n—1
Alr,0) > sinh(y/ar) ‘
Va
Thus from (28) we obtain,

G(0B,) — G(0B.) > / ’ /8  on2()A(r, 0)d0dr

> /: /aBT(n — 1)(v/acoth v/ar)" 2 (W)n_ldedr

p
= nwn/ (n — 1)v/a(cosh var)"~ 2 sinh /ar dr

p
= nwy(cosh var)" |

£
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Letting ¢ — 0, G(0B:) — nw, and we find
G(0B,) > nwy(coshap)" ' = G(0By),
as desired. O

5. NEWTON OPERATORS AND REILLY TYPE INTEGRAL FORMULAS

In [124,125] Reilly developed a number of integral formulas for the invariants of
the Hessian of functions on a Riemannian manifold M, which have found numerous
applications in submanifold geometry. Here we establish some other formulas in this
genre which will be used in the proof of Theorem 1.2. More equations of this type will
be developed in Sections 10.4 and 10.5. We assume that u is a C*! function on a domain
Q) C M, and the computations below take place at a twice differentiable point of wu.
Recall that o, denotes the 7* symmetric elementary function as defined by (27). Let

or(V2u) i= 0 (M (VPu), .o, An(VP0)),

where ); denote the eigenvalues of V2u. Note that o,(V?u) generate the coefficients of

the characteristic polynomial
P()) :=det(A\ " — VZu) = A" — o (V2u)A" L - 4 (=1)"0,(V?u).

Thus o¢(V?u) := 1, and one may also compute that [124, Prop. 1.2(a)], in any given

orthonormal frame FE1,..., E,,

2 L i
(32) or(Vou) = ﬁ‘sjl,,,,,jruhﬁ C Uiy g
where 5;1”;’:1 is the generalized Kronecker delta function, which is equal to 1 (resp.
—1) if 41,...,4y are distinct and (j1,...,Jm) is an even (resp. odd) permutation of
(1,...,4m); otherwise, it is equal to 0.

We will use formulas of Reilly [125] to estimate [, o,(V?u)dp in terms of the quer-
massintegrals [ oy.(k)do of I' = 99 (see Corollary 5.4). To this end we will employ the
notion of Newton operators [124,125] associated to VZu, which may be defined recur-
sively by setting 7," := Id and
(33) T =0, (V2u)Id — %, - VZu

=0 (V2u) Id — 0,1 (V2u)VZu A+ - - 4 (=1)" (V).
Thus 7,“ is the truncation of the matrix polynomial P(V?u) obtained by removing the

terms of order bigger than r. In particular 7,* = P(V?u). So, by the Cayley-Hamilton
theorem, 7,* = 0. Consequently, when V?u is nondegenerate, (33) yields that

(34) T = 0n(V2u) (V) ™! = det(V2u)(VZu) ™t = T,
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where 7" is the Hessian cofactor operator discussed in Section 4.1. See [124, Prop. 1.2]
for other basic identities which relate o and 7. In particular, by [124, Prop. 1.2(c)|,
we have Trace(T," - V2u) = (r + 1)o,4+1(V?u). So, by Euler’s identity for homogenous

polynomials,
3} V2
(35) ()i = Trace(T" - V) = (r-+ oa (V) = 2271V,
ij
Thus it follows from (32) that
00,11(V2u) L iiyois
(36) N

Furthermore, by [125, Prop. 1(11)] (note that the sign of the Riemann tensor R in [125]
is opposite to the one in this paper) we have

' 1 s
(37) (Av(T"); = Gy g~ Wi Rt

Another useful identity [125, p. 462] is
(38) div(T,%(Vu)) = (T,*, V2u) + (div(7,*), Vu),
where (-,-) here indicates the Frobenius inner product (i.e., (A4, B) := A;;B;; for any

pair of matrices of the same dimension). Next note that the divergence of 7.* may be
defined by virtually the same argument used for 7% in Section 4.1 to yield the following
generalization of (15):

(39) (div(T;")), = Vil T

Here we assume, as was the case earlier, that all local computations take place with re-
spect to the principal curvature frame E;. Recall that, 7% = 7, by (34). Furthermore,

T." = 0 as we mentioned earlier. Thus the following observation generalizes Lemma 4.2.

Lemma 5.1.

e (T ey, T (0,9
d1V<7;_1<‘V1ZT>>:<le(7;_1)7 ]V’:\’“>+T< ‘(vu’r)+2 >

Proof. By Leibnitz rule and (39) we have

div <T <|w>> -V <(T”—1)” |w>
YVu

B . w [ Wi ujugug
= (om0 )+ 7 (o~ )

where the computation to obtain the second term on the right is identical to the one

performed earlier in the proof of Lemma 4.2. To develop this term further, note that by
(33)
(T21)ijues = 0r(V2u)dg — (T,%)ej
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which in turn yields

’LLjUg 2 u uiuj
g ) r \Y r )ij .
(7;—1) 4 |VU|2 g ( ) (T )] |vu|2
Hence
wy [ Wi uglgug B ro.(V2u) o 2N puy, Uil
s (g ) = S (77 - g
_ wy, Wity
- T(7;. )ZJ |vu|7»+2’
which completes the proof. O

Recall that 0,,_1(k) = GK. Thus the next observation generalizes Lemma 4.1.

Lemma 5.2. Forr <n—1,

<7;“(Vu), Vu>

Va2 or (k).

Proof. Recall that in the principal curvature frame,

Ui;
[Vl
where the last equality is by (13). Thus (36) yields that

(40) u; =0 for i #n, wu,=|Vul|, and =k; for i #n,

Ui U . 1 i o Uy
(ﬁ“)z’jm = O, Wiy Wi, [Vur+2
— l nzlz,« uiljl e uirjr . ’vu‘Q
R VT |Vul|?
1 i
= UT(H)’

where in transition from the second to the third line in the computation above we have
used the fact that for 52;13: not to vanish, i1,...,%, j1,...,Jr all must be different
from n, which in turn implies that w;,,j,, = fm, for 1 <m < r, by (40). d

Using the identities established above we can now establish:

Proposition 5.3. Let Q be a domain in a Riemannian manifold with CY' boundary T
and u be a CY1 function on cl(Q) with |Vu| # 0 almost everywhere, and u = 0 on T.
Then, for1 <r <n-—1,

/UTH(VQu)duS 1/UT(/§)\VUIT+1CZU+C/ or_1(V2u)dp,
Q r+1 T Q

where C' depends only on the sectional curvature of 2 and the Lipschitz constant of u.
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Proof. By (35) and (38) we have

div(7,%(Vau)) = (r + 1)or1 (V) + (div(T,*), Vu).
Furthermore, (37) and (32) yield that

‘<div(7;“), Vu>’ <

(PRI .. . . L. . 2
5j,j1,..l,jrum1 T ulrfljrflejrlrkuku]‘ < Cop1(Vou).

Recall that the outward normal to I' is given by Vu/|Vu|. Thus by Lemma 5.2 and

Stokes’ theorem

/FUT(K;)|Vu\T+1dJ = /F<7;“(Vu), g;>da

= / div(7,"(Vu))dp
Q

(r+1) / o (V2u)dpt — C / 071 (V2u)dp,
Q Q

as desired. O

Y

Finally we arrive at the main result of this section:

Corollary 5.4. Let Q and u be as in Proposition 5.3. Then

(41) / or1(V2u)dp < C (Z/ o¢(k)do + 1) , r=0,...,n—1,
Q =0T

where C' depends only on sectional curvature of € and the Lipschitz constant of u.

Proof. The desired inequality holds for = 0 since by Stokes’ theorem

/01(V2u)du:/Aud,u:/]Vu\daSsup|Vu\/da,
Q Q T r r

and og(k) = 1. Other cases follow by an induction via Proposition 5.3. g

6. PROJECTION INTO THE CuUT Locus oF CONVEX HYPERSURFACES

Recall that a hypersurface is d-convex if its distance function is convex, as we discussed
in Section 3. Here we will study the cut locus of d-convex hypersurfaces and establish
the following result:

Theorem 6.1. Let I' be a d-convex hypersurface in a Cartan-Hadamard manifold M,
and let Q) be the convex domain bounded by I'. Then for any point x € Q and any of its
footprints x° in cut(I),

dr(z°) > dp(z).
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Throughout this section we will assume that M is a Cartan-Hadamard manifold. In
particular the exponential map exp,,: T,M — R" will be a global diffeomorhpism. The
proof of the above theorem is based on the notion of tangent cones. For any set X C R"”
and p € X, the tangent cone T, X of X at p is the limit of all secant rays which emanate
from p and pass through a sequence of points of X \ {p} converging to p. For a set
X C M and p € X, the tangent cone is defined as

T,X :=T,(exp, (X)) C T,M ~ R".

We say that a tangent cone is proper if it does not fill up the entire tangent space. A set
X C R" is a cone provided that there exists a point p € X such that for every z € X
and A > 0, AM(x —p) € X. Then p will be called an apex of X. The following observation
is proved in [41, Prop. 1.8].

Lemma 6.2 (|41]). For any convex set X C M, and p € 0X, T,X is a proper convexr
cone in T,M, and exp,*(X) C T,X.

It will also be useful to record that for a given a set X C R"™ and p € X, T, X is the
limit of dilations of X based at p [73, Sec. 2]. More precisely, if we identify p with the
origin o of R™, and for A > 1 set AX := {\x | z € X}, then T, X is the outer limit [129]
of the sets AX:

(42) T,X = limsup AX.

A—00
This means that for every z € T,X \ {o} there exists a sequence of numbers \; — oo
such that \; X eventually intersects any open neighborhood of x. Equivalently, we may
record that:

Lemma 6.3 ([73]). Let X C R™ and 0o € X. Then x € ToX \ {o} if there exists a
sequence of points x; € X \ {o} such that x; — o and z;/|z;| = x/|z|.

The last lemma yields:

Lemma 6.4. Let ' C R" be a closed hypersurface, and o € cut(I') NT'. Suppose that
T, bounds a convex cone containing I'. Then

cut(7T,I") C Toeut(I).

Proof. By (4) cut(T,I') = cl(medial(7,I")). So it suffices to show that medial(7,I") C
Tocut(T), since cut(T,I") is closed by definition. Let 2 € medial(7,I"). Then there exists
a sphere S centered at z which is contained in (the cone bounded by) T,I", and touches
T,T" at multiple points. Suppose that S has radius r. Then, by (42), for each natural
number ¢ we may choose a number \; so large that the sphere S; of radius r — (1/7)
centered at z is contained in A\;I'. Let S} be the largest sphere contained in \;I" centered
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at = which contains S;. Then S, must intersect A\;I" at some point y. Let S/ be the
largest sphere contained in A;I" which passes through y. Then the center ¢; of S/ lies
in skeleton(\;€2), and therefore belongs to cut(\;I'), by Lemma 2.4. Now note that
cut(A\I) = Ajeut(T). So
T = % € Cutf\):r) € cut(D).

Furthermore, note that ¢; — z, since S}’ and S; have a point in common, S/ is a maximal
sphere in \;I', S; is a maximal sphere in T,I', and \;I' — T,I" according to (42). Thus
z; — o, and z;/|x;| = z/|z]. So x € Tycut(I') by Lemma 6.3, which completes the
proof. O

For any set X C R"™ we define cone(X) as the set of all rays which emanate from the

origin o of R™ and pass through a point of X. Furthermore we set
X:=Xxns" .

Lemma 6.5. Let X be the boundary of a proper convexr cone with interior points in R"

and apex at o. Suppose that X is not a hyperplane. Then

—~

cut(X) = cut(X),
where Cut(?() denotes the cut locus ofi as a hypersurface in S"1.

Proof. Let = € cut(X). Then, since X is not a hyperplane, there exists a sphere S
centered at x which is contained inside the cone bounded by X and touches X at

multiple points, or else x is a limit of the centers of such spheres, by (4). Consequently,

cone(S) forms a sphere in S”~!, centered at z, which is contained inside X and touches
X at multiple points, or is the limit of such spheres respectively. Thus x belongs to

cut(X), which yields that cut(X) C cut(X). The reverse inequality may be established

similarly. O
Using the last lemma, we next show:

Lemma 6.6. Let X be as in Lemma 6.5. Suppose that X is not a hyperplane. Then for
every point x € X, there exists a point s € cut(X) such that

(s,x) > 0.

Proof. We may replace = by x/|z|. Then, by Lemma 6.5, it is enough to show that
(s,x) > 0 for some s € cut()A(), or equivalently that dgn-1(s,z) < 7/2, where dgn—1
denotes the distance in S”~!. To this end let s be a footprint of z on cut(?(). Suppose
towards a contradiction that dgn-1(s,z) > 7/2. Consider the great sphere G in S"~!
which passes through s and is orthogonal to the geodesic segment zs; see Figure 3.
Let G* be the hemisphere bounded by G which contains z. Then the interior of G
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— —~

is disjoint from cut(X), since dgn-1(z, G) < dgn-1(x,s) = dgn—1(x,cut(X)). Next note
that the intersection of the convex cone bounded by X with S"~! is a convex set in
S"~1. Thus G divides this convex set into two subregions. Consider the region, say R,
which contains z, or lies in G, and let S be a sphere of largest radius in R. Then S
must touch the boundary of R at least twice. Since S cannot touch G more than once,
it follows that S must touch X , because the boundary of R consists of a part of G and a
part of X. First suppose that S touches X multiple times. Then the center of S belongs

—

to cut(X). But this is impossible, since S C R C GT. We may suppose then that S

—~

touches X only once, say at a point .

G’ G
FIGURE 3.

Now we claim that the diameter of S is > 7/2. Indeed let G’ be the great sphere
which passes through y and is tangent to S. Then G’ supports X , and R is contained
entirely between G and G’. The maximum length of a geodesic segment orthogonal to
both G and G’ is then equal to the diameter of S, since the points where S touches G
and G’ must be antipodal points of S. In particular the length of the diameter of S
must be greater than dgn—1(x, s) as desired.

Finally let S’ be the largest sphere contained in X which passes through y. Then the
center, say z, of S’ belongs to Cut(g) by Lemma 2.4. But the diameter of S’ is < ,
since X is not a hyperplane by assumption. So, since the diameter of S is > 7/2, it
follows that z is contained in the interior of S and therefore in the interior R. Hence we
reach the desired contradiction since, as we had noted earlier, R does not contain points

—

of cut(X) in its interior. O
For z € (, set
Qp:={yeQ|dr(y) >dr(z)}, and Iy = 09Q,.
Lemma 6.7. cut(I';) C cut(T).

Proof. As we discussed in the proof of Lemma 6.4, it suffices to show that medial(I';) C
cut(T') by (4) . Let y € medial(I';). Then there exists a sphere S C cl(£2,) centered at
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y which intersects I'; in multiple points. Let S’ be the sphere centered at y with radius
equal to the radius of S plus d(z,I"). Then S’ C cl(f2) and it intersects I' in multiple
points. So, again by (4), y € cut(T") as desired. O

We say that a geodesic segment a: [0,a] — M is perpendicular to a convex set X
provided that «(0) € 0X and (a/(0),z — a(0)) < 0 for all 2 € T,)X. The following
observation is well-known, see [22, Lem. 3.2].

Lemma 6.8 ([22|). Let X be a convex set in a Cartan-Hadamard manifold M. Then
geodesic segments which are perpendicular to X at distinct points never intersect.

We need to record one more observation, before proving Theorem 6.1. An example of
the phenomenon stated in the following lemma occurs when I' is the inner parallel curve
of a (noncircular) ellipse in R? which passes through the foci of the ellipse, and p is one
of the foci.

Lemma 6.9. Let I be a d-convex hypersurface in a Cartan-Hadamard manifold M, and
p € I'ncut(I'). Suppose that T,I" is a hyperplane. Then Tycut(I') contains a ray which
is orthogonal to T,,T".

Proof. Let a(t), t > 0, be the geodesic ray, with «(0) = p, such that o/(0) is orthogonal
to TpI' and points towards . We have to show that o/(0) € Tpcut(I'). To this end we
divide the argument into two cases as follows.

First suppose that there exists a sphere in cl(2) which touches I" only at p. Then
the center of that sphere coincides with a(tp) for some ¢y > 0. We claim that then
a(t) € cut(T") for all ¢ < ¢y. To see this note that a(¢) has a unique footprint on I', namely
p, forallt < tg. For 0 <t < tg,let T := (C/l\r)_l(—t) be the inner parallel hypersurface of
' at distance ¢t. Suppose, towards a contradiction, that «(t) & cut(T"). Then, by Lemma
2.2, dr is C! near a(t), which in turn yields that I'* is C' in a neighborhood U? of «a(t).
Furthermore, I'* is convex by the d-convexity assumption on I'. So, by Lemma 6.8, the
outward geodesic rays which are perpendicular to U! never intersect, and thus yield a
homeomorphism between U? and a neighborhood U of p in I'. Furthermore, since c?p is
C! near U, each point of U? has a unique footprint on I' by Lemma 2.2. Thus there
exists a sphere centered at each point of U’ which lies in cl(Q2) and passes through a
point of U. Furthermore each point of U is covered by such a sphere. So it follows that
a ball rolls freely on the convex side of U, and therefore U is C!, by the same argument
we gave in the proof of Lemma 2.6. But, again by Lemma 2.6, if U is C"!, then c/l\p is C!
near U, which is not possible since p € U and p € cut(I'). Thus we arrive at the desired
contradiction. So we conclude that a(t) € cut(I') as claimed, for 0 < ¢t < ¢¢, which in
turn yields that o/(0) € Tpcut(I') as desired.
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So we may assume that there exists no sphere in cl(2) which touches I' only at p.
Now for small € > 0 let S; be a sphere of radius ¢ in cl(£2) whose center ¢, is as close to p
as possible, among all spheres of radius € in cl(€2). Then S, must intersect I" in multiple
points, since I is convex and S, cannot intersect I" only at p. Thus ¢. € cut(I"). Let v be
the initial velocity of the geodesic c.p, and 6(¢) be the supremum of the angles between
v and the initial velocities of the geodesics connecting c. to each of its footprints on I.
We claim that () — 0, as ¢ — 0. To see this let (T,.M)! denote the unit sphere in
T..M, centered at c.. Furthermore, let X C (T..M)! denote the convex hull spanned
by the initial velocities of the geodesics connecting c(g) to its footprints. Then v must
lie in X, for otherwise S. may be pulled closer to p. Indeed if v ¢ X, then v is disjoint
from a closed hemisphere of (T.. M)! containing X. Let w be the center of the opposite
hemisphere. Then (v,w) > 0. Thus perturbing c¢(¢) in the direction of w will bring S
closer to p without leaving cl(€2), which is not possible. So v € X as claimed. Now
note that the footprints of c¢. converge to p, since c. converges to p. Furthermore, since
T,I' is a hyperplane, it follows that the angle between every pair of geodesics which
connect c¢. to its footprints vanishes. Thus X collapses to a single point, which can
only be v. Hence 0(¢) — 0 as claimed. Consequently c.p becomes arbitrarily close
to meeting I' orthogonally, or more precisely, the angle between o'(0) and the initial
velocity vector of pe. vanishes as ¢ — 0. Hence, since ¢, € cut(I'), it follows once again

that o/(0) € Tpcut(I') which completes the proof. O
I'zo
Qo \
Trocut(I'yo) /,.a:"
e~ -
Typol' o
FIGURE 4.

Finally we are ready to prove the main result of this section:

Proof of Theorem 6.1. Suppose, towards a contradiction, that d(x,I') > d(z°,T) for
some point x € (2. Then

(43) T € QmO,

see Figure 4. Since z° is a footprint of x on I', cut(I") lies outside a sphere of radius
d(z°,x) centered at x. So if we let v be the initial velocity of the geodesic z°z, then
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(y,v) <0, for all y € Tyocut(I'), where we identify Tpocut(I') with R™ and z° with
the origin of R". By Lemma 6.7, Tyocut(I'yo) C Tyocut(I'). Thus (y,v) < 0, for all
y € Tyocut(I'zo). Furthermore, by Lemma 6.4, cut(TyoI'yzo) C Thocut(I'zo). So

(44) (s,v) <0, forall secut(Tyelye).

Furthermore, since I' is d-convex, T, oI';o bounds a convex cone by Lemma 6.2. Thus,
since Tol'zo contains v, it must be a hyperplane, by Lemma 6.6. Consequently, by
Lemma 6.9, Tyocut(I';zo) contains a ray which is orthogonal to TyeI'yo. By (44), v must
be orthogonal to that ray. So v € T o'y, which in turn yields that € I';o. The latter
is impossible by (43). Hence we arrive at the desired contradiction. O

Having established Theorem 6.1, we now derive the following consequence of it, which
is how Theorem 6.1 will be applied later in this work, in Section 10.4. Set

7(-):==d(-,cut(I)).
Recall that, by Lemma 2.1, 7 is Lipschitz and thus is differentiable almost everywhere.

Corollary 6.10. Let I' be a d-convex hypersurface in a Cartan-Hadamard manifold M,
and set u := dp. Suppose that T is differentiable at a point x € M \ cut(I"). Then

(Vu(z), VF(z)) > 0.

In particular (since T is Lipschitz), the above inequality holds for almost every x €

M\ cut(T).

Proof. Since 7 is differentiable at x, z has a unique footprint 2° on cut(I'), by Lemma
2.2(i). Let a be a geodesic connecting x to 2°. Then, by Lemma 2.2(ii), o/(0) = —V7(z).
Furthermore, by Theorem 6.1, wo a = —gp o « is nonincreasing. Finally, recall that by
Proposition 2.7, u is C! on M \ cut(T'), and therefore u o o is C! as well. Thus

0> (uoa)(0)= <Vu(a(0)),o/(0)> = <Vu(:c), —V?(ac)>,
as desired. 0

7. INF-CONVOLUTIONS AND PROXIMAL MAPS

In this section we discuss how to smooth the distance function c/l\p of a hypersurface I
in a Riemannian manifold M via inf-convolution. We also derive some basic estimates
for the derivatives of the smoothing via the associated proximal maps. For ¢ > 0, the
inf-convolution (or more precisely Moreau envelope or Moreau-Yosida reqularization) of
a function u: M — R is given by

(45) u'(x) = inlf {u(y) +

GO

2t
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It is well-known that @ is the unique viscosity solution of the Hamilton-Jacobi equation
fi+(1/2)|V f|> = 0 for functions f: Rx M — R satisfying the initial condition f(0,z) =
u(x). Furthermore, when M = R™, u' is characterized by the fact that its epigraph is
the Minkowski sum of the epigraphs of u and |-|?/(2t) [132, Thm. 1.6.17]. The following

properties are well-known,

= ~ —t ~
(46) (ut)s =u'ts, and M = M\,

e.g., see [16, Prop. 12.22|. A simple but highly illustrative example of inf-convolution
occurs when it is applied to p(x) := d(zg, z), the distance from a single point zy € M.
Then

» 2(2))(21), it pla) <1,
7 “”““)‘{Z(m—t/z (o) > 1

which is known as the Huber function; see Figure 5 which shows the graph of p! when
M = R and 79 = 0. Note that p’ is C1'! and convex, inf(p?) = inf(p), |Vp!| < 1

2
P

N o

—t g, U x

FIGURE 5.

everywhere, |Vp!| = 1 when p > ¢, and |V?p?| < C/t. Remarkably enough, all these
properties are shared by the inf-convolution of c/l\r when T is d-convex, as we demonstrate
below.

Some of the following observations are well-known or easy to establish in R™ or even
Hilbert spaces [16,36]. In the absence of a linear structure, however, finer methods are
required to examine the inf-convolution on Riemannian manifolds, especially with regard
to its differential properties [9,10,17,21,63]. First let us record that, by [9, Cor. 4.5]:

Lemma 7.1 ([9]). Let u be a convez function on a Cartan-Hadamard manifold. Then
for allt > 0 the following properties hold:

(i) ut is C' and convez.
(ii) t — ut(xz) is nonincreasing, and lim;_,o ut(z) = u(x).
(iii) inf(ut) = inf(u), and minimum points of ut coincide with those of wu.
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See also |17, Ex. 2.8] for part (i) above. Next let us rewrite (45) as
d*(z,y)
2t

Since d?(x,y) is strongly convex and u is convex, F(y) is strongly convex and thus its

ut(z) = inf F(y), F(y) = F(z,y) == u(y) +

infimum is achieved at a unique point
x* = prox}'(x),
which is called the prozimal point [16] or resolvent [17] of @' at z. In other words,
u'(x) = F(aj*)
The next estimate had been observed earlier [10, Prop. 2.1| for 2¢L.
Lemma 7.2. Let u be an L-Lipschitz function on a Riemannian manifold. Then
d(xz,z*) <tL.
Proof. Suppose, towards a contradiction, that d(z*,x) > tL. Then there exists an € > 0
such that
d(z*,x) > (1 +¢)tL.
Choose a point x’ on the geodesic segment between x and z* with
d(z,2") = d(z,z*) — etL.

Since € may be chosen arbitrarily small, we may assume that z’ is arbitrarily close to z*.
Thus by the local L-Lipschitz assumption, u(z’) — u(z*) < Ld(x*,z"). Consequently,

200 2 — d2(z. 2
Fa) - F) = ule!) - u(er) ¢ TET L)

(d(z,z") — d(z,z*))(d(x,z') + d(z, z*))

< Ld(z*,2") +

2t
d " +d *
S Ld(x*,x/) _ d($*7$/) (ll’x ) —2|_t ($7x )
2 *\ * /
— d($*7x/) <L— d(x7x ) d(l’ 7$)>
2t
_ * /
< d@*.a) <L_2(1+5)tL d(x ,x))
2t
d(z*, x') — 2etL 1
= d(az",2) ( &) ~ 2 ) = —-e%L.
2t 2

So F(z') < F(x*) which contradicts the minimality of z*, and completes the proof. [

The following properties of proximal maps will be used in perturbation arguments in
Section 10.4. Part (i) below, which shows that the proximal map is nonezpansive, is
well-known [17], and part (ii) follows from |9, Prop. 3.7|. Recall that d(-) := d(z, -).
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Lemma 7.3 ([9,17]). Let u be a convex function on a Cartan-Hadamard manifold. Then
(1) d(z7,z5) < d(z1,x2),
(i1) If =* is a regular point of u, then
d(x,z*)
t
(iii) Vu(xz*) and Vu'(zx) are tangent to the geodesic connecting x* to x, and

Vu(a")| = V' (z)).

d(x,z*)

Vu(z*) = — Vd,(z%), and Vi'l(z) = Tde* ().

(iv) If u is L-Lipschitz, then so is u'.

Proof. For part (i) see [17, Thm. 2.2.22]. For part (ii) note that by definition F(y) >
F(z*). Furthermore, z* is a regular point of F, since by assumption z* is a regular point
of u. Consequently,

d *
= Vu(z*) + (QJ;Mde(x*),
which yields the first equality in (ii). Next we prove the second inequality in (ii) following

[9, Prop. 3.7]. To this end note that

0= VF(x*) = V,F(z,y)|

y=a*

~ d2 : :
ut(Z) _ ian(Z,y) < F(z,x*) = u(z:*) + (’;x),
Yy
d? *
Yy
So it follows that
. d(z,x*)? a Pz, ")
t,y_ ot ) ) =ut(r) - ——
u'(z) 2 = u(z®) = u'(z) 2t

Hence g(-) := u'(-) — d(-,x*)?/(2t) achieves its maximum at z. Further note that g is

C! since ! is C! by Lemma 7.1. Thus

d(x,z*)
t

which yields the second equality in (ii). Next, to establish (iii), let a: [0, s0] — M be

the geodesic with a(0) = z* and a(sg) = x. Then, by Lemma 2.2,

Vd,(z*) = —d/(0), and  Vdg+(x) = o/ (s0).

0 = Vg(x) = Vu'(z) —

Vdz-(x),

So Vu(z*) and Vu!(x) are tangent to o and
d(z,z*)
t
as desired. Finally, to establish (iv), note that if w is L-Lipschitz, then |Vu| < L almost
everywhere. Thus by part (iii), |[Va!(z)| = |Vu(z*)| < L for almost every x € M. So u'
is L-Lipschitz. (|

[Vu(z)| = = |Vi'(2)]
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Recall that we say a function w: M — R is locally C1'! provided that it is C1! in some
choice of local coordinates around each point. There are other notions of C1! regularity
[10,63] devised in order to control the Lipschitz constant; however, all these definitions
yield the same class of locally C*! functions; see [10]. The C%! regularity of functions
is closely related to the more robust notion of semiconcavity which is defined as follows.
We say that u is C-semiconcave (or is uniformly semiconcave with a constant C') on a
set ) C M provided that there exists a constant C' > 0 such that for every xy € €2, the

function
(48) z — u(x) — Cd*(x,x0)
is concave on 2. Furthermore, we say u is C'-semiconver, if —u is semiconcave.

Lemma 7.4 ([10,36]). If a function u on a Riemannian manifold is both C/2-semiconvex
and C/2-semiconcave on some bounded domain €, then it is locally CY'' on Q. Further-

more |V2u| < C almost everywhere on €.

The above fact is well-known in R", see |36, Cor. 3.3.8| (note that the constant C' in
the book of Cannarsa and Sinestrari [36] corresponds to 2C' in this work due to a factor
of 1/2 in their definition of semiconcavity.) The Riemannian analogue follows from the
Euclidean case via local coordinates to obtain the C1'! regularity (since semiconcavity
is preserved under C? diffeomorphisms), and then differentiating along geodesics to es-
timate the Hessian, see the proof of [36, Cor. 3.3.8|, and using Rademacher’s theorem.
The above lemma has also been established in [10, Thm 1.5]. The next observation, with
a different estimate for C, has been known [10, Prop. 7.1(2)|. Here we provide another

argument via Lemma 7.2.

Proposition 7.5. Suppose that u is a convexr function on a bounded domain € in a
Riemannian manifold. Then for all 0 <t < to, u' is C/(2t)-semiconcave on Q for

(49) C > /Ko 3toL coth («/—Ko 3t0L> ,

where K is the lower bound for the curvature of By,1.(S2), and L is the Lipschitz constant
of w on Q. In particular, ut is locally C*', and

~ C
(50) V2| < -

almost everywhere on Q.

Proof. Since by Lemma 7.1, @ is convex, it is C'/(2t)-semiconvex. Thus as soon as we
show that u? is C/(2t)-semiconcave, ! will be C*! and (50) will hold by Lemma 7.4,
which will finish the proof. To establish the semiconcavity of ! note that, by Lemma
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7.2,
1
~1 . 2
u'(r) = inf u(y) + —d°(x, .
@ = nt (w0 + )
Let C be as in (49) and, according to (48), set
C 1
~t 2 . 2 2
— ~ Z Bz, x0) = inf ——(Cd, —d,).
) =) - Glaan) = inf (uls) = 5 (C8(amn) ~ (o))
We have to show that f is concave on €). To this end it suffices to show that f is locally
concave on {2, since a locally concave function is concave. Indeed suppose that f is
locally concave on Q and let a: [a,b] — € be a geodesic. Then —f o « is locally convex.
Thus, since —f o o is C!, —(f o )’ is nondecreasing, which yields that —f o a is convex
[132, Thm. 1.5.10]. Now, to establish that f is locally concave on €2, set

r.=tgL.

We claim that f is concave on B, (p), for all p € Q. To see this first note that if z € B,.(p)
then By;r(x) C By(x) C Bay(p). So, for z € B,(p),

. 1
61 fo)= int ()= g (O - o) ).
Since the infimum of a family of concave functions is concave, it suffices to check that
the functions on the right hand side of (51) are concave on Ba,(p) for each y. So we
need to show that

1
g(l‘) = §(Cd2($,.’13‘0) - d2($,y))
is convex on By, (p) for each y. To this end note that the eigenvalues of V2d2 (x)/2 are

bounded below by 1 [98, Thm. 6.6.1]. Furthermore, since 2z € B,(p), and y € Ba,(p),
we have & € Bs,(y). Thus the eigenvalues of V2d2(x)/2 are bounded above by

A= \/—7[(037“ coth( —Ky 3r) ,

by [98, Thm. 6.6.1]. So the eigenvalues of V2g on Ba,(p) are bounded below by C — .
Hence g is convex on By, (p) if C' > A, which is indeed the case by (49). So f is concave
on By, (p) which completes the proof. O

Proposition 7.6. Let I' be a closed hypersurface in o Cartan-Hadamard manifold M
and set u 1= Jp. Then

(i) ut =u—1t/2 on M\ U(cut(I)).

(ii) |Vut| =1 on M\ Ug(cut(T)).

(iii) |Vut| <1 on M if T is d-convex.

Proof. Let x € M \ Uy(cut(I')), and B be the geodesic ball of radius ¢ centered at x.
Then all points of cl(B) are regular points of u. Consider the level set {u = ¢}. For ¢
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small, these level sets will be disjoint from B. Let ¢y be the supremum of all constants ¢
such that {u = ¢} is disjoint from cl(B). Then {u = ¢y} intersects 9B at a point zg. So
co = u(xp). Let a(s) be the geodesic in M with «(0) = zp and o/(0) = Vu(xg). Then
u(a(s)) = u(xo) + s. In particular we have
u(r) = u(zo) +t.
By Lemma 7.2, x* € cl(B) so by assumption, x* is a regular point of u. Thus
d(z,z*)

0=VF(z*) = Vu(z*) + ’Tde(x*),

which implies d(z, z*) = t, since |Vu(z*)| = |Vd,(z*)| = 1. So

Py = ule) + b =)+ L

z*) = u(z 5 = ul@ 5
On the other hand, since z* € 9B, it lies outside the set {u < u(xo)}. So u(z*) > u(xo),
which yields
t t

u(z™) + 5 > u(xo) + 5= F(zo).

So F(z*) > F(x¢), which yields that F'(z*) = F(xg). Thus

i'(a) = F(a*) = F(zo) = ulao) + ¢,

which yields

u'(r) = u(z) — %
So we have established part (i) of the proposition. To see part (ii) note that |Vu| = 1
on M\ Ug(cut(I")). Thus by (i) |[Va!| = |Vu| =1 on M \ Ug(cut(T)). To see part (iii),
let = be a point where |Vu'(x)| # 0, and let a(s) be the geodesic in M with «(0) = z
and o/(0) parallel to Va!(z). Then

f(s):==u'oa(s)
is a convex function. So f’ is nondecreasing. If s; is sufficiently large, then a(s1) €
M \ Ug(cut(T")). Thus, by (ii),
[Va'(z)| = £'(0) < f'(s1) = (Va'(a(s1)), o (s1)) < [Va'(a(s1)] = 1,
which establishes (iii), and completes the proof. O

8. CONTINUITY OF TOTAL CURVATURE FOR C!1'' HYPERSURFACES

In this section we establish the continuity of the total curvature function on the space
of €11 hypersurfaces in a Cartan-Hadamard manifold M. As a consequence we then
show that if the total curvature inequality (2) holds for C? hypersurfaces, it holds for
CYH! hypersurfaces as well (Corollary 8.4). For r > 0, let Reach,.(M) denote the space
of all closed embedded hypersurfaces I' in M with reach(I') > r (as defined in Section
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2). We assume that Reach, (M) is endowed with the topology induced by the Hausdorff
distance on bounded subsets of M, which is given by
d"(X,Y):=inf {6 >0| X CUs(Y) and Y C Us(X)};

see [32, Sec. 7.3.1] for basic properties of d7. Recall that elements of Reach, (M) are
CH! by Lemma 2.6, so their total curvature is well defined. The principal result of this

section is:
Theorem 8.1. The total curvature mapping
Reach, (M) 5T +% G(I) e R
is continuous, for any r > 0.
First we need to record the following observation:

Lemma 8.2. Let I' € Reach, (M), and I'™ € Reach,(M) be a sequence of hypersurfaces
converging to I' with respect to Hausdorff distance. Set u := c/i\p, u = chm, and let
0 :=1/8. Then on U := Uss(T") and for m sufficiently large:

lu™levi@wy, Nullera@wy <G,
where C depends only on r and the lower bound for the sectional curvatures of M on

U,(T'). Moreover a subsequence (still called u™) converges weakly to u in WP (U) for
for p > n, and strongly in CH*(U) for a € (0,1 —n/p). In particular,

[u™ = uller@y — 0,
as m — oQ.

Proof. The Hausdorff convergence of I'™ to I' implies that u™ converges to u uniformly
on U,.(T'), since cl(U,(T")) is compact. In particular for m large, we have that U, ;s(T"") C
UT,/4(F). The uniform C*! estimates for u™, v on U now follow from Proposition 2.8.
Thus by the Rellich-Kondrachov compactness theorem [74, Thm. 7.22|, a subsequence of
u™ converges weakly to u in W*P(U). Furthermore, since for p > n, W?P(U) compactly
embeds into CH*(U), a € (0,1 — n/p) [74, Thm. 7.26], which yields strong convergence
of u™ to w in CH*(U). O

Now we are ready to establish the main result of this section:

Proof of Theorem 8.1. Let I', u, ™, and U be as in Lemma 8.2, and €2, ,,, be the
domains bounded by I' and I'"* respectively. Let n be a smooth nonnegative cutoff
function on M given by n =0 on {u < -2} and n =1 on {u > —J}. By Lemmas 4.2
and 4.3,

o) = [ a7 (V)
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where we have set 7™ := T%". Furthermore, by (38), we have

div(n T™(Vu™)) = ndiv(T™(Vu™)) + (T™(Vu™), Vn)
(52) = p(div(T™), Vu™) +n (T™, V2u™) + (T™(Vu™), V).
Recall that 7™ = T by (34). Thus, by (35) when (u;}) is diagonal,

(T, V20m) = (T™)gufh = now(u™) = nuf} ...ty = 0,

since u]l, = 0 (because u" is the distance function of I'™). So we conclude that

G(Irm) = / 0 (div(T™), Vum™)dp + / (T (Vu™), Viyda,

m A
where, A := {—20 < u < —d}. Thus by (36) and (37),

my __ 015 0tn—1 D . . m.oo . m m, m
g(r ) B (n — 2)‘ 0 n 5j7j1 ----- jnfle]"*Ianlk ull.]l u71n72]n72u.7 uk dll

1 Kyitenyin_
+ (n—1)! /A"V 0051, s Yinga "™ Ui 1 j U G-
Replacing ™ by u and §2,,, by € on the right hand side of the last expression, we also
obtain a similar expression for G(I'). To compare these two expressions note that, for
m sufficiently large, QAQ,, = (Q, \ Q) U (2 \ Q) C U. Furthermore, by Lemma 8.2,

the second derivatives of u and u™ are bounded almost everywhere on U. Thus, since
QAQ,, — 0, as m — oo, it follows that

(53) gIr") —g() =

1 RT
J01seeyin—1 m m m,m T . ;
m (9] néj’jly‘..,jn—lRijn—lin—lk(uiljl T uin—an—2uj uk B ull]l uzn72‘]ni2u']Uk)d'u

1 k?’ 7"'7477.—
+m /AW 6€7;11,~~-7J7jn—11 (W Ui UK = Wirgy e Ui k) 0(1),

where o(1) — 0 as m — oo. It remains to show then that the integrals in the last two
lines of (53) vanish as m — oo. We verify this for the more complicated integral in the
second line of (53) (the argument for the other integral will be similar). Note that the
integral in the second line of (53) is the sum of the following two integrals

o 1815 sin—1 ) m m m amom )
A T /gln5j7j1,...,jn1sznlln1k(ui1j1 e uin,an,Q((u u)]uk (’I,L U)]{;U]))d,u
L 4815 yin—1 o ) m. . .,m i ) )
b= An6j7j17~--’jn1RUn17Jnlk(ui1j1 T U g T Wirgh “Zn—zan—2)“1“kd“-

As m — oo, A vanishes, since by Lemma 8.2, 4™ — u with respect to the C! norm on

U. So it remains to check that B vanishes as well. To see this set

w(s) :==su™ + (1 — s)u, n= 775;':;7;:11313'”_11'”_11@“3'%-
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Then, using the chain rule and (35), we obtain

B = C/ On—a(u™) — 0p_2(V?u)) du

/ (/ Z-on2(w ds> dp = c/ / ™ — )y duds
= C/O /Qnm“’g,v?(um —u)) duds,

for a dimensional constant C'= C(n). Finally, by the analogue of (52) for 7,5, we have

(T3, V2 (u™ — u))
= div(7 7,2 5(V(u™ — ) =7 {div(T,%5), V(u™ — u)) = (T,25(V (™ —w)), Vi),

which by Lemma 8.2 vanishes as m — 0o, after integration over €2, and applying Stokes’
theorem to the first term. Thus B vanishes as desired. O

Recall that, by Proposition 4.8, for every € > 0 there exists A(¢) > 0 such that the
Greene-Wu convolution ﬂf\( 6) is C*°. Set
'l/;e ﬂ Xe) = U Ox (e) ¢
Next, for each convex hypersurface I' with distance function u, let I be the hypersurface
given by {u® = 0}. The next observation also follows from [120, Prop. 6], where it is
shown that the second fundamental form of T is uniformly bounded above (although
[120, Prop. 6] is stated in manifolds with strictly negative curvature, the proof works in

the nonpositively curved case as well).

Lemma 8.3. LetT' be a CH' conver hypersurface in a Riemannian manifold. Then, for

e sufficiently small, reach(fa) > 0 for some 6 > 0, depending on reach(I') and €.

Proof. By Lemma 2.6, r := reach(I') > 0. Furthermore, by Lemma 2.7, u := dr is
CH1 on U,(T'). Thus it follows that |V2u| is uniformly bounded above on U,(T') almost
everywhere, by Rademacher’s theorem. This in turn yields that |V2%#| is also uniformly
bounded above on U, (I") for € sufficiently small, as we will discuss below. Furthermore,
since by Proposition 4.8, 4 converges to u with respect to the C'-norm on U,.(I'), where
|Vu| = 1, we may assume that |Va®| > 1/2 on U,(I'). Then, since for ¢ sufficiently
small, T¢ C U-(T"), it follows by (13) that the principal curvatures of I are uniformly
bounded above. Consequently, for € small, ¢ have uniformly bounded reach by the
Riemannian version of Blaschke’s rolling theorem [94].

It remains only to show that |V2%°| is bounded above on U,.(T'). The argument here
follows the same general approach as in the proof of [80, Lem. 6]. See also [120, p. 630]
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for a more explicit formulation to control V2%#. To start, let p € U,(T') be a point where
V2% exists, and let ¢: (—d,d) — M be a geodesic with ¢(0) = p. By (23),

N 1 vl _

#e0) =5 [ o () o) diy,

)\ UETc(t)M A

Let Pot: TpM — Ty M denote parallel translation along c¢. Then, as in [80, p. 280],
we may rewrite the last expression as

N 1 v _,

T e) = 55 [ o (5) T e Posto) dup
so that the integration takes place over a single tangent plane. Let By (p) denote the
ball of radius A(e) centered at p in T, M, and recall that ¢ vanishes outside B))(p).
This, together with differentiation under the integral, yields that

d? 1 o]\ d? _.
o o) =y [ o(5) ] o

veTp, M

where ¢, : (—=6,0) — M is the curve generated by parallel translation of v along ¢:

cu(t) 1= expgy) © Pot(v).
(In particular, ¢p = ¢). Note that the integrand in (54) exists, because by assumption
V?u® exists at p. Next recall that u® := u + 5p*. Thus since |[V?u| is bounded above
on U,(T'), due to the C! regularity assumption on u, it follows that |V?%¢| is uniformly
bounded above on U, (I") as well for small e. Furthermore, note that ¢,(0) and ¢(0)
depend continuously on v, since the exponential map and parallel translation are C*°
diffeomorphisms. Now since v € By()(p), which has compact closure, it follows that the
integrand in (54) is bounded, and this bound may be chosen uniformly for almost every

p € U.(T'). So, since |V2%#| is continuous, it is bounded on U,.(T') as claimed. O
Lemma 8.3 together with Theorem 8.1 now quickly yields:

Corollary 8.4. Let T’ be a convexr CY' hypersurface in a Cartan-Hadamard manifold
M. There exists a sequence of C>® convex hypersurfaces T in M, converging to T with

respect to C' norm, such that

G(I') — G(I).

Proof. By Lemma 2.6, r := reach(I') > 0. Furthermore, by Lemma 8.3, T := rVi e
Reachg (M), for some C' > 0. So I' and I'* belong to Reachor (M) for ¢’ := min{r, C}.
Furthermore, by Proposition 4.8, I'¥ — I" with respect to C! topology, as i — oo. Thus,
by Theorem 8.1, G(I'Y) — G(I). O

Note 8.5. Corollary 8.4 shows that the total curvature inequality (2) for C*! convex
hypersurfaces follows once it is established for C? convex hypersurfaces. Furthermore,
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since the total curvature function is continuous on the space K2(M) of C? convex hyper-
surfaces with its C2 topology, it suffices to establish the inequality for any dense subclass
of K2(M). In particular, one may assume that I' has strictly positive curvature and
is even analytic. To see that these form a dense subset of K2(M), let u := dr be the
distance function of T' € K?(M) and z¢ be any point in the interior of the convex set
bounded by I'. Then uf(-) := u(-) + ed?(-, o) is a convex C? function with positive
definite Hessian. Thus the level sets I'® := (u€)~1(0) yield a family of positively curved
hypersurfaces in K?(M) which converge to I' with respect to the C? topology as ¢ — 0.
So the space of positively curved hypersurfaces K2 (M) is dense in K?(M). Next note
K?(M) c Emb?(S"~!, M), the space of C? embedded spheres in M. But real analytic
submanifolds are dense in the space of C? embedded submanifolds (e.g., this follows
quickly from [92, Thm. 5.1, p. 65]). In particular, any hypersurface I' € K2 (M), may
be approximated by a family of real analytic hypersurfaces I'; which converge to it with
respect to the C? topology. Since I' has positive curvature, I'; will eventually have pos-
itive curvature as well, and thus belong to Ki(M ). So real analytic hypersurfaces are
dense in K% (M), which in turn is dense in K?(M).

9. REGULARITY AND CURVATURE OF THE CONVEX HULL

For any convex hypersurface I' in a Cartan-Hadamard manifold M and € > 0, the
outer parallel hypersurface I'® := (dr)~!(¢) is C*!, by Lemma 2.6, and therefore its total
curvature G(I'®) is well-defined by Rademacher’s theorem. We set

(55) G(r) = lim G(I°).

Recall that € — G(I'?) is a decreasing function by Corollary 4.11. Thus, as G(I'®) > 0, it
follows that G(T") is well-defined. The convex hull of a set X C M, denoted by conv(X),
is the intersection of all closed convex sets in M which contain X. We set

Xo := 0 conv(X).

Note that if conv(X) has nonempty interior, then X is a convex hypersurface. In this
section we show that the total positive curvature of a closed embedded C*! hypersur-
face I' in a Cartan-Hadamard manifold cannot be smaller than that of I'g (Corollary
9.6), following the same general approach indicated in [101]. First we record a basic
observation, which follows from Lemma 6.2 and a local characterization of convex sets

in Riemannian manifolds [1,99]:

Lemma 9.1. Let X be a compact set in a Cartan-Hadamard manifold M, and p €
Xo\ X. Then there exits a geodesic segment of M on X which connects p to a point of
X.
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Proof. Let cm) := exp, ! (conv(X)). By Lemma 6.2, cm) C Tpconv(X), and
T, conv(X) is a proper convex cone in T, M. Thus there exists a hyperplane H in T, M

which passes through p and with respect to which conv(X) lies on one side. Next note
that H N cm) is star-shaped about p. Indeed if ¢ € H N Cm), then the line
segment pg in H is mapped by exp, to a geodesic segment in M which has to lie in
conv(X), since conv(X) is convex. Consequently pq lies in cm) as desired. Now

suppose, towards a contradiction, that there exists no geodesic segment in Xy which

connects p to a point of X. Then, since H N conv(X) is star-shaped about p, it follows
that H is disjoint from X = exp,, L(X). So there exists a sphere S in T, M which passes
through p and contains X in the interior of the ball that it bounds. Let S = expp(g).
Then X lies in the interior of the compact region bounded by S in M. Furthermore
S has positive curvature on the closure of a neighborhood U of p, since S has positive
curvature at p. Let S. denote the inner parallel hypersurface of S at distance e, and U’
be the image of U in S.. Then p will not be contained in S¢, but we may choose € > 0 so
small that S; still contains X, U’ has positive curvature, and S; intersects conv(X) only
at U'. Let Y be the intersection of the compact region bounded by S. with conv(X).
Then interior of Y is a locally convex set in M, as defined in [1]. Consequently Y is a
convex set by a result of Karcher [99], see [1, Prop. 1]. So we have constructed a closed
convex set in M which contains X but not p, which yields the desired contradiction,

because p € conv(X). O

Lemma 9.1 shows that the curvature of X\ X vanishes at every twice differentiable
point. To further investigate the regularity of the convex hull, we may invoke the theory
of semi-concave functions as follows. The last sentence in the next lemma is due to a the-
orem of Alexandrov [3], which states that semi-convex functions are twice differentiable
almost everywhere [36, Prop. 2.3.1]. Many different proofs of this result are available,
e.g. [15,61,70,86]; see [132, p. 31] for a survey.

Lemma 9.2. Let T' be a convex hypersurface in a Riemannian manifold M. Then
for each point p of T there exists a local coordinate chart (U,¢) of M around p such
that (U NT') forms the graph of a semi-convex function f: V — R for some open set

V c R" L. In particular T is twice differentiable almost everywhere.

Proof. Let U be a small normal neighborhood of p in M, and set ¢ := exp,, L. By Lemma
6.2, we may identify T, M with R™ such that ¢(I'NU) forms the graph of some function
f:Vc R = R with f > 0. We claim that f is semiconvex. Indeed, since T is
convex, through each point ¢ € I' N U there passes a sphere S; of radius r, for some
fixed r > 0, which lies outside the domain 2 bounded by I'. The images of small open
neighborhoods of ¢ in S, under f yield C? functions g,: V; — R which support the graph
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of f from below in a neighborhood V; of z, := f~(q) € V. Note that the Hessian of 9q
at x4 depends continuously on ¢g. So it follows that the second symmetric derivatives of
f are uniformly bounded below, i.e.,

fl@+h)+ fl@—=h) = 2f(z) = C|A[*,
for all z in V, where C' := sup, |V2g4(x4)|. Thus f is semiconvex [36, Prop. 1.1.3]. O

Lemmas 9.1 and 9.2 now indicate that the curvature of X \ X vanishes almost ev-
erywhere; however, in the absence of C1'! regularity for Xy, this information is of little
use, see [133] for a survey of curvature properties of convex hypersurfaces with low reg-
ularity. To further explore the regularity of X, we use the last two lemmas to obtain
the following observation. We say that a set X C M is differentiable at a point p € X,
if the tangent cone 7, X is a hyperplane in T,,M.

Lemma 9.3. Let X be a compact set in a Riemannian manifold M. Suppose that
conv(X) has nonempty interior, and X is differentiable at all point of X N Xy. Then
XO 18 Cl.

Proof. A function f defined on an open subset of R" is differentiable at a point z if
and only if the tangent cone to the graph of f at f(z) is a hyperplane (see the proof
of [73, Lem. 3.1]). Furthermore, it is well-known that a semiconvex function is C! if it
is differentiable at each point [36, Prop. 3.3.4]. Thus since, by Lemma 9.2, any convex
hypersurface in M may be represented locally as the graph of a semiconvex function,
it suffices to show that X is differentiable at each point. More specifically, we need to
show that the tangent cone 7}, Xy is a hyperplane for each point p € X \ X. Suppose,
towards a contradiction, that 7,X( is not a hyperplane for some point p € Xp \ X.
Then since, by Lemma 6.2, T, Xq is a convex hypersurface in T),M, there passes a pair
of different support hyperplanes H, H' of T,Xo through p in T,M. Let H, H' be the
images of these hyperplanes under exp,. Then H, H " are complete hypersurfaces in M
which support Xy at p. Furthermore, H, H' pass through a point ¢ of X by Lemma
9.1. Note that H and H' are transversal along the line passing through p and exp~!(q).
Thus, since exp,, is a diffeomorphism, it follows that H and H " are transversal along the
geodesic which passes through p and ¢ in M. Thus T, X cannot be a hyperplane, which
contradicts the differentiability assumption on X N Xj. O

If T'is C!, then its outward unit normal vector field v is well defined. Then for every
point p € I' we set

p° == exp, (cv(p)),
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and let I'* denote the outer parallel hypersurface of I' at distance €. In the next lemma we
use a 2-jet approximation result from viscosity theory [67] together with basic comparison
theory for Riemannian submanifolds [144].

Lemma 9.4. Let T be a C' convex hypersurface in a Cartan-Hadamard manifold, and
p be a twice differentiable point of I'. Then p® is a twice differentiable point of I'® for all
e > 0. Furthermore, GKpe(p®) depends continuously on e.

Proof. Since p is a twice differentiable point of I', we may construct via normal coordi-
nates and [67, Lem. 4.1, p. 211|, a pair of C? hypersurfaces S+ in M which pass through
p, lie on either side of I', and have the same shape operator as I' at p,

(56) Ss. (p) = Sr(p) = Ss_(p).

Since Sy are C2, their distance functions are C? in an open neighborhood of p, by Lemma
2.5. So the outer parallel hypersurfaces S5, which are obtained by moving points of S4
by a small distance ¢ along geodesics tangent to their outward normals, are C?; where
by outward normals we mean the normals which point to the same side of Sy as the
outward normal v of I' points at p. Furthermore, by Riccati’s equation |78, Cor. 3.3],
Ss: (p°) are determined by the initial conditions Sg. (p). Thus (56) implies that

Sge (p°) = Ss= ().
This yields that p® is a twice differentiable point of I'® for € sufficiently small, since S5
support I'* on either side of p°. To estimate ¢ independently of p, note that, since I'
is convex, the principal curvatures of Sy at p are all nonnegative, with respect to v(p).
Thus, by replacing St by smaller neighborhoods of p in Si, we may assume that all

principal curvatures of S, in the outward direction, are uniformly bounded below by
—¢ for some § > 0 independent of p, i.e.,

SSj: (Q) > =01

for all ¢ € S+. Consequently, since Sg, are solutions to Riccati’s equation, it follows
from standard ODE theory that the principal curvatures of S5 remain bounded for
0 < e < g, where € > 0 depends only on §, which controls the initial conditions of
the equation, and the curvature of M, which controls the coeflicients of the equation. If
0 = 0, which occurs when GK1(p) > 0, we may set € = oo by Lemmas 6.8 and 2.5. Since
6 can be chosen arbitrarily small, by shrinking S+ to p, it can be shown that we may
always set € = co. Alternatively, this also follows from an explicit geometric estimate for
the focal distance of Riemannian submanifolds. Indeed principal curvatures of S blow
up precisely at a focal point of S4, i.e., when outward geodesics orthogonal to S+ reach
cut(S+). Thus finiteness of principal curvatures of S5, for 0 < e < g, implies that each
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point of S% has a unique footprint on Si+. So ST will be C? for 0 < & < &, by Lemma
2.5. Since § may be chosen arbitrarily small, # may be arbitrarily large by [144, Cor.
42(a)]. So, as discussed above, p® will be a twice differentiable point of I for £ > 0.
In particular GKp=(p®) will be well-defined for e > 0, and since the shape operator is
a solution to Riccati’s equation, it follows that ¢ — GKp<(p®) is continuous for € > 0,

which completes the proof. O

The next observation is contained essentially in Kleiner’s work, see [101, p. 42 (+++)].
Here we employ the above lemmas to give a more detailed treatment as follows:

Proposition 9.5 ([101]). Let X be a compact set in a Cartan-Hadamard manifold M.
Suppose that conv(X) has nonempty interior, and there exists an open neighborhood U
of Xo in M such that X NU is a C"' hypersurface. Then

Q(X ﬂXo) = g(Xo)

Proof. By Lemma 9.3, Xq is C!. In particular its outward unit normal vector field v
is well defined, and its outer parallel hypersurfaces X§ are generated by points p° :=
exp,(ev) where p € Xo. For any set A C X, we define A° as the collection of all point
p° with p € A. Then we have

G(X5) = G((Xo \ X)7) + G((Xo N X)%).
Note that as e — 0, G(X§) — G(Xo) by definition (55). So to complete the proof it
suffices to show that

G((Xo\ X)?) =0, and  G((XoNX)?) = G(XoNX).

First we check that G((Xo\ X)?) — 0. To this end note that if p is a twice differentiable
point of Xy \ X, which is almost every point by Lemma 9.2, then by Lemma 9.4, p®
is a twice differentiable point of I'® for all 0 < ¢ < . Furthermore, by Lemma 9.1,
GK (p) := GKr(p) = 0. So Lemma 9.4 yields that
(57) GK(p°) —» 0
for almost every p € X\ X, where GK (p°) := GKr<(p°®). Now, following Kleiner [101, p.
42], we set p := p®, and for all € € [0, 2] let

r*: X5 = X5

be the projection p — p®. In particular note that p® = r(p). Set J(p®) := Jacp(r®).
Then, for all € € [0, ], we have

(59 G((X0\ X)) = [ GKG)IG)d

(XoNX)E
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By Lemma 9.4, for almost all p € (X(\ X)® we may assume that pf is a twice differentiable
point of X§ for all ¢ € [0,2], and GK(p) is continuous on € € [0,&]. Next note that, for
all £ € [0,2] and twice differentiable points p,

(59) J(p°) <1,

since in a Hadamard space projection into convex sets is nonexpansive |29, Cor. 2.5].

Now by (57) and (59) we have
GK(p7)J(p°) = 0,

for almost all p € (X \ X)°. Next note that, at every twice differentiable point p, the
second fundamental form of X§ is bounded above, since X§ is supported from below by
balls of radius  at each point. As discussed in [101, p. 42-43], it follows that there
exists a constant C' such that for all € € [0,2] and twice differentiable points p®,

(60) GK(p®)J(p°) < C.

Hence, by the dominated convergence theorem, the right hand side of (58) vanishes as
€ — 0, as desired. For the convenience of the reader, we provide an alternative self-
contained proof of (60) as follows. To see this note that if p® is a twice differentiable
point, then the Riccati equation holds on the interval [¢,2] by Lemma 9.4. So on this
interval, by [78, Thm. 3.11], we have

J'(e) = (n— 1)H(e)J (e),

where J(e) := J(p°), and H(e) := Hxs(p®) > 0 is the mean curvature of X§ at p°
(recall that, as we pointed out in Section 3, the sign of our mean curvature is opposite
to that in [78]). Furthermore, by Riccati’s equation for principal curvatures of parallel
hypersurfaces [78, Cor. 3.5], and Lemma 9.4, we have

n—1
GK'(e) = —GK(e) ((n —1)H(e) + Ric(e) Z “'t@) > —(n—1)H(e)GK(e),
i=1 "

GK (g) := GK(p®) and Ric(e) denotes the Ricci curvature of M at p® with respect to a

normal to Xg. So we have
(GK(E)J(E))/ >—(n—1)H(e)GK(e)J(e) + GK(e)(n—1)H(e)J(e) = 0.
Note that J(g) = 1, since r¢ is the identity map. Hence, for ¢ <z,
GK(e)J(e) < GK(2)J() = GK(2).

But GK () is uniformly bounded above, since as we had mentioned earlier, a ball of
radius € rolls freely inside X§. So we obtain (60), which completes the argument for
G((Xo\X)?) — 0. It remains to show then that G((XoNX)?) — G(XoNX). To see this
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note that GK (p°®)J(p°) - GK(p)J(p) by Lemma 9.4. Then the dominated convergence
theorem, as we argued above, completes the proof. O

Finally we arrive at the main result of this section:

Corollary 9.6. Let I' be a closed C*' hypersurface embedded in a Cartan-Hadamard
manifold. Then

G+ (I') = G(Io)-

Proof. Note that G, (T') > G, (I' NT). Furthermore, since I' is supported by 'y from
above, GKr(p) > GKr,(p) > 0 for all twice differentiable points p € I' N I'g. Hence
G+(I'nTy) = G(I'NTy). Finally, G(I'NTy) = G(I'g) by Proposition 9.5, which completes
the proof. O

Note 9.7. Proposition 9.5 would follow immediately from Lemma 9.1, if we could es-
tablish a refinement of Lemma 9.3 which would ensure that Xg is C''!, whenever X is
CH! near Xy. Here we show that this refinement holds for closed CM! hypersurfaces
I' bounding a domain €2 in nonnegatively curved complete manifolds. Indeed, when I'
is C1, there exists € > 0 such that the inner parallel hypersurface I' ¢, obtained by
moving a distance ¢ along inward normals is embedded, by Lemma 2.6. Let D C €2 be
the domain bounded by I'"¢. We claim that

(61) (conv(D))® = conv(D?),

where (-)¢ denotes the outer parallel hypersurface. This shows that a ball (of radius
g) rolls freely inside conv(D?). Thus (D?)g is C*! by Lemma 2.6 which completes the
proof, since D* = Q. So (D?)g = g = I'g. To prove (61) note that, since D C conv(D),
we have D C (conv(D))?, which in turn yields

conv(D?) C conv((conv(D))%) = (conv(D))*.

To establish the reverse inclusion, suppose that p ¢ conv(D?). Then there exists a
convex set Y which contains D¢ but not p. Consequently the inner parallel hypersurface
Y ¢ contains D and is disjoint from B¢(p), the ball of radius ¢ centered at p. But Y ¢ is
convex, since the signed distance function is convex inside convex sets in nonnegatively
curved manifolds [131, Lem. 3.3 p. 211]. So conv(D) is disjoint from B¢(p), which in
turn yields that p & (conv(D))¢. So we have established that

(conv(D))® C conv(D?)

as desired.
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10. PROOF OF THE TOTAL CURVATURE INEQUALITY

Here we combine the results of previous sections to obtain Theorem 1.2. First note
that, by Corollary 9.6 and definition (55), it suffices to establish the total curvature
inequality (2) for C%! convex hypersurfaces I'. To this end, by Corollary 8.4, we may
further assume that I' is C*°. Then, by Proposition 3.3, we may replace I' by a Cl!
d-convex hypersurface in M x R, which we will still call M. More specifically, according
to Proposition 3.3, we may assume that ' is an outer parallel hypersurface of a compact
convex set X C M without interior points. When a hypersurface I' of M satisfies this
property we say that it is parallel-conver or p-conver, and call X the core of 2. Note that
any p-convex hypersurface I' in M is automatically d-convex, due to Lemma 3.1, and if X
is the core of €2, then cut(I') = X. Thus the cut locus of a p-convex hypersurface has nice
structure. Indeed any compact convex subset of M is an embedded submanifold with
smooth totally geodesic relative interior by a result of Cheeger and Gromoll [41, Thm.

1.6]. To prove Theorem 1.2 it now suffices to show:

Proposition 10.1. Let ' be a Cb! p-convex hypersurface in a Cartan-Hadamard man-
ifold M. Then I satisfies the total curvature inequality (2).

The outline for proving Proposition 10.1 is as follows. First, in Section 10.1, we will
approximate the distance function of I by a family v" of C''! convex functions with a
single minimum point xg in the core of {2, and also estimate the derivatives of v". Next
in Section 10.2 we show that the total curvature of the zero level set of v" converges to
that of I'. Then in Section 10.3 we apply the comparison formula to the level sets of
v" to obtain a formula for the total curvature of I' in terms of a number of integrals.
Finally, in Sections 10.4, 10.5, and 10.6 we will estimate each of these integrals, with the
aid of results in previous sections, to complete the proof. We should point out that the
p-convexity assumption on I' is invoked only to obtain the estimates in Section 10.4. In
all other sections it will be enough to assume that I' is d-convex.

10.1. Smoothing the distance function. As outlined above, to prove Proposition
10.1, we start by approximating the distance function

u = dp,

by a family v" of C1! convex functions which converges to u as r — 0. In particular
I, := {v" = 0} converges to I'. The derivatives of v" will satisfy the uniform bounds
described in Proposition 10.3, Corollary 10.4, and Lemma 10.8 below. Furthermore, v"
will have a single minimum point zg, where o may be chosen to be any point on the
core of €, or the minimum set of u. We will call zg the center of 2. We will construct
v" so that it will be radial near xg, i.e., it will depend only on the distance from xy on
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a neighborhood of zg, while away from x, it will coincide with the inf-convolution of a
perturbation of u; see Figure 6. To start, we fix 0 < d < 2/3, and for 0 < r < 1 set

)/Brzms/z

B,

Zo

FIGURE 6.

t=t(r) = r't9/2,

Note that t/r — 0 as r — 0. Next choose a point zp € cut(I') or a minimum point of u,

and set
p(x) = d(xo, x).
Recall that p is convex by Lemma 3.1. Now set
U(x) = Yp(x) = r'p(a).

We perturb u to another convex function which has a unique minimum point at the

center x( by setting
W= Wy := u+3r1+5p = u + 3.
Next let m := u(xg) and set

h = h, := max {”fu\;t(r), Py +m} ,

where recall that ft denotes the inf-convolution of f. Note that @, ® is convex by Lemma

7.1, and thus h, is convex as well. Let
B, := B, ().

Lemma 10.2.

(1) hy = Y +m in B, ayss/2.
(ii) hy = w! in M \ B,.
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Proof. Note that w(z) — m = w(z) — u(zo) < (14 3r'*9)p(x). Thus by (46) and (47),
when p(z) <t,

IN

(14 3r149)p) ()
= (1+ 3T1+6)ﬁ(1+3r1+5)t(x)
14 3rlto (2)
= 2(1+3rit0)”
p*(x)
2t

w'(z) —m

So it follows that, when p(z) < P2130/2

~1

(@) —m < 229 o0y < 1wy < i),

t -2
which yields (i). To obtain (ii) note that w is L-Lipschitz for L = 1+3r!*%. Furthermore
by definition,

N

w'(z) —m = inf {u(y) +3r9p(y) — m +

Y 2t
and by Lemma 7.2, the infimum is achieved for z* := prox;" " (x) = prox}’(z) with
d(xz,z*) < tL. Since by Lemma 2.1, p is 1-Lipschitz, |p(z) — p(z*)| < d(z,z*) < tL. So

p(x*) > p(x) — tL. Hence, when p(z) > r,
@' () —m > 3r' 0 p(a*) > 3rH0 (p(x) — tL) > 2r' T p(x) > Y(w),
which completes the proof. O

Now we set

(62) v=0"= h~rt(r).

Proposition 10.3. Asr — 0, v" — w uniformly on any given compact subset of M.
(r)

Furthermore, v" is convez, C&', has a unique minimum point at xq, coincides with ¥,

on B ay3s5/2, coincides with @;Zt(r) outside B, and satisfies the following inequalities

|Vo'| < 14+3r1%° on M,

|Vo'| > it on M\ B, ayss)2,
[Vo"| = rl-&-L(S/Q on B 243572

Proof. Convergence of v" to u, its convexity, and that it has a unique minimum point
at zq all follow from Lemma 7.1. The C%! regularity of v" is due to Proposition 7.5.
Lemma 10.2 together with (46) yields that v" = w?! outside B,. Furthermore, via (46)
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and (47), Lemma 10.2 yields that

2 2 2
T Tt e Nt st 145 P _p_ P
v m = = (7' p) =rp =r oplt+t T ot 9pltd/2’

when p < r19t = p2+39/2 I particular v" is radial on B, 21352 and satisfies

F2+35/2

T _ | __ 14 _ I )
(Vo",Vp) = |V'| = At0/2 T giteiz

when p = r2+39/2_ Now note that |[Vu"| > (Vu", Vp), and since v is convex, (Vv", Vp)
is nondecreasing. Hence it follows that |Vo"| > rlt0 i p > r21t39/2 a5 claimed. Next
note that, since by Lemma 2.1, u and p are 1-Lipschitz, then

(63) IVw,| = |Vu+ 3r'T0Vp| < |Vu| + 31| Vp| < 1+ 3017,

almost everywhere. So w, is L-Lipschitz, for L := 1 + 3r'*9_ Therefore w," will also be
L-Lipschitz by Lemma 7.3(iv). Consequently h, will be L-Lipschitz, since 1, is r*9-
Lipschitz. So, again by Lemma 7.3(iv), v" = h! is L-Lipschitz. Thus |Vo"| = |Vh!| < L,
as desired. O

Recall that, by Proposition 7.5, |V2v"| < C/t almost everywhere on €. So

a.e. on B,.

2, r

Throughout this section C will denote a constant independent of r whose value may

change from line to line. Proposition 10.3 together with (64) yields:

Corollary 10.4.
|V207 | C
<

(65> |V7}T| >~ 7‘2+36/2 a.e. on BT‘ \ BT2+36/27
V2T C
(66) ||V'Ur|| S ; a.e. on B’r‘2+35/2'
Recall that by (13) the principal curvatures of the level sets of v" are given by
KT — Ui V2|
C Ve T e

Thus Corollary 10.4 estimates how fast these curvatures blow up near xzg as r — 0, or
v" — w. A few more important estimates for derivatives of v" will be established in

Lemma 10.8 below.

10.2. Convergence of total curvature. Recall that I'; := {v" = 0} denotes the zero
level set of v". Here we show that the total curvature of I', converges to that of I'. By
Proposition 10.3, T, is a Cb! convex hypersurfaces which converges to I' as r — 0. We
need to check that:
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Lemma 10.5. Asr — 0,

g(Iy) = G(I).

Proof. By Theorem 8.1, it suffices to check that reach(T’,) is bounded away from 0 for r
small. To this end, as we discussed in the proof of Lemma 8.3, it is enough to check that
|V20"| is uniformly bounded above on an open neighborhood U of I'. By Proposition
2.7, uis Ch! on U, assuming U is sufficiently small. So |V?u| is bounded above almost
everywhere on U. It suffices then to show that, as r — 0, |[V2(v" — u)| — 0 uniformly
almost everywhere on U. Note that

V(0" = w)| < |V2(0" = wp)| + [V2(w, — ).

Furthermore, |V?(w, — u)| — 0 uniformly almost everywhere on U, since V(w, — u) =
V4, which vanishes on U, as r — 0, with respect to the C? topology. So it remains
only to show that

V2" —w,)| =0

uniformly almost everywhere on U. To establish this claim, note that v" = @;Qt(’")

on U by Proposition 10.3, assuming r is small. Next let P, ,: T,M — T, M denote
parallel translation along the (unique) geodesic connecting points p and g of M. We will
show that, if U is sufficiently small, then for almost every point p € U and unit vector
E eT,M,
V2" (p)E = Py , V2w, (p*)E* + O(r),

where p* := proxy, (p), E* := dp*(E), and |O(r)| — 0 as r — 0. Establishing the above
equation will complete the proof. To this end first note that, choosing U sufficiently
small, we can make sure that p* is arbitrarily close to I' for every p € U. Thus, for
almost every point p € U, we may assume that p* is a twice differentiable point of w.
Now, for such a choice of p, let as = a(s) be a geodesic with a(0) = p and o/(0) = E.
Then

Pa, pVv(as) — Vu(p)
. :
Let o := (a,)* and note that afy = p*. Then, by Lemma 7.3,

Vo (as) = Par,a, VW (a:).

V20 (p)E = lim
s—0

Thus if we set
A(s,t) = Ppeyp (Pa;,p*Vw(a:) — Vw(p*)),
B(s,t) = (Pas,ppaz,as — Pp ,ppai,p*)vw (O‘:)7

then we have
Pa,pVo(as) — Vo(p) = A(s,t) + B(s, t).
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Furthermore note that

Pos pr Var(a) — Vo (p*
lim A0 _p <1im 1o Vla3) = Vu(p')
s—0 S s—0 S

) = Pp*,pv2w(P*)E*'
Thus

B(s,t
V20(p)E = Ppe ,V2w(p*) E* + (z )
So to complete the proof it now suffices to show that

(67) 1B(s,)| < Cst.

To see this let 2z := Py, pPar o, VW (af;) = Pa, pVv (045). Then Vw (o{‘;) = Pas,at Ppas (2).
So it follows that

|B(s,t)| = |z — Pp*,ppa:,p* as,af Pp,as(z)| = |z = Pe(2)],

+ O(s).

where P, indicates parallel translation around the closed curve ¢ composed of geodesic
segments pas, asak, afp*, and p*p. Thus |B(s,t)| measures the holonomy of z around
¢, which depends continuously on z and c¢. But z and ¢, in turn, depend continuously

on s and t. Hence we obtain the desired estimate (67). Indeed,
B(s,t) =C-R(E,Vu(p))z-st+ O(st),

since the velocity at p of the segment pas of ¢ is o/(0) = E by assumption, and the
velocity at p of the segment pp* is Vw  (p) = Vu(p) by Lemma 7.3. O

10.3. Applying the comparison formula. Here we apply the comparison formula of
Theorem 4.9 to the level sets of v". We start by setting

cut,(I') == cut(I') \ B, /2;
see Figure 7. Furthermore, let
0 =0(r) := Ct(r) = Cr'+9/2,

Note that for our purposes in this section, C' may be chosen to be any positive constant

Up (cutT (F))

B, 21352

FIGURE 7.

> 1 (due to Proposition 7.6(ii)). Furthermore, 8/r — 0 as r — 0, which is an essential
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feature of our argument. Let n = 1" be a cutoff function for Ug(cut,(I')), as defined
by (24). Next let v be a level set of v" in B, 21352, D be the domain bounded by
v, and set Q, := {v” < 0}. Note that if r is sufficiently small, then D C Q,, and
Up(cut,(I')) C ©,\ D. Now applying Theorem 4.9 to v" over 2, \ D, with X = cut,(T'),
yields

G(r) = G(v) = [(Q-\ D) + 11(Q, \ D) + 1I(Q, \ D),

GK vy > / GK vpi
I(-):= Sk GK ) du,  TI(-) = Ropon—— 25 qy,
() /(.) (m: o Vo] [ () (.)77 thtn e T W

GK

Here GK = GK" and k; = k; denote the Gauss-Kronecker curvature and principal
curvatures of the level sets of v" respectively (recall also our curvature notation (26),
and that we assume k£ < n — 1 in the summations above). Further note that since ~ lies
in B 24352 where v is radial, v is a geodesic sphere. As is well-known, when the radius
of a geodesic sphere goes to zero, its total curvature converges to nw, (see Lemma 10.19

for an estimate for the rate of convergence). Thus, letting v shrink to xp, we obtain
Gg(Iy) = nwy + 1(Q,) + 11(Q,) 4+ TI(2,.).
Letting » — 0 in the above expression, and using Lemma 10.5, we find that
G(T) =nwy, + ll_rf(l) () + }1_1)1(1) I(Q,) + }1_1)1(1) II1(£2;.).

It remains then to estimate the above limits. To this end we estimate each of the
corresponding integrals on €2, \ B, and on B, by a number of different methods. First

in Section 10.4 we will show that:
68) 1°(Q) := lim (2, \ B;) >0,  and 1°(Q) := lim T1(2, \ B;) = 0.
r— r—
Note also that, since v" is convex, the principal curvatures of its level sets are nonnega-

tive. Thus
I1%(Q) := Um II(Q,) > alim [ 5 op_2(k")du >0,

r—0 r—=0 Jo

where —a is the supremum of the sectional curvatures of €2. Next in Sections 10.6 and
10.5 we will show that

(69) lim I(B,) =0, and lim II(B,) = 0,

r—0 r—0
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respectively. Hence we obtain
G(I) = nw,+1°Q) +11°(Q)
(70) > nw, + I°(Q)

> nwp+alim | nop_o(k")dpu,
r—=0 Jq
which completes the proof of Proposition 10.1 and consequently that of Theorem 1.2.
Note that the last inequality in (70) is sharp since it holds for geodesic spheres in
hyperbolic space (see Corollaries 4.11 and 4.12). Thus it remains to establish (68) and

(69) to complete the proof of Proposition 10.1.

10.4. Estimates away from the center. Here we use the estimates for the inf-
convolution and associated proximal maps developed in Section 7, together with the
Reilly type formulas in Section 5, to establish the claims made in (68). To this end it
suffices to show that:

Proposition 10.6. There exists a constant C' > 0 such that for r sufficiently small:
() 1, \ B,) > —Cril2,
(ii) [T1(Q, \ B,)| < Crd/2,
To establish the above proposition recall that cut,(I') := cut,(I') \ By, 0 := Ct =
Crit9/2 and set
U, = B, UUy (CutT(F)),
see Figure 8. Note that, since the cutoff function n vanishes on Uy(cut,(T')),

(71) I\ By) =1 \U,), and  II(Q\ By) = II(Q \ Uy),

by the definitions of I and II above. Hence it suffices to develop the estimates that we

FIGURE 8.

need outside U,. To this end let us first record the following simple observation:

Lemma 10.7. For r sufficiently small,

U, = B, U Up(cut(I)).
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Proof. 1t is obvious that U, C B, UUg(cut(I")). To obtain the reverse inclusion it suffices
to check that if © € U,, then x & Ug(cut(I')) or d(z,cut(I')) > 6. To this end let 2° be a
footprint of z on cut(I"). If 2° € cut,(T"), then d(z, cut(I")) = d(x,cut,(I")) > 6 and we
are done. Suppose then that z° € B, /5. Then d(x,cut(T")) > r/2. Since 0/r — 0, we
may choose r sufficiently small so that /2 > 6, which completes the proof. O

Using the last lemma together with results of Section 7 we next show:

Lemma 10.8. Let 0 = Cot = Cor't9/2 where Cy > 6. Then, for r sufficiently small,
the following inequalities hold on €, \ U,

(i) [Vu"| > 1,

(ii) |V (v — )| < 3r1F9,
(iii) |Vi|Vo"[2| < Cro/2,
where Vi, refers to differentiation along the principal directions of the level sets of v".
Proof. Let x € Q, \ U,. By Lemma 10.7, we may assume that r is so small that
d(z,cut(T")) > 6 = Cyt. Set

x* := proxyy (z).

Recall that, by (63), w, is L-Lipschitz for L := 1 4 379, Thus d(z,2*) < 2tL by
Proposition 7.2. So if r < 1/6,

d(z*, cut(T)) > d(z,cut(T)) — d(z,z*) > (6 — 2L)t > (4 — 6r1 o)t > 3t.

Hence x* will be a regular point of u and so of w. Let a(s), 0 < s < sp := d(x,z"), be

a geodesic with a(0) = z* and a(sp) = z. Recall that, by Proposition 10.3,
v=w

outside B,. Thus, since z* is a regular point of w, it follows from Lemma 7.3 that,
outside B,

* 50 * 50
s s
Vo(z) = 2—2de* (x) = 2—2 o' (s0).

Furthermore, since u is nondecreasing in radial directions from xg, (Vu, Vb)) > 0. So
V()P = V(@) ? = [Vu(@)? + 6(Vu(z*), Vi (¥)) + 9|V (a)* > 1,
since |Vu(x*)| = 1, which establishes (i). Next let f(s) := (Vu(a(s)),a/(s)) and note

that, since u is convex,
'(s) = (Vu(a'(s)),d/(s)) > 0.
Hence

(Vu(z), Vo(z)) = %f(so) > %f(()) — (Vu(a*), Vw(z®)).
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So it follows that

Vo(z) — Vu(z)? = |Vw(z)|* = 2(Vo(z), Vu(z)) + |Vu(z*)|?
< |[Vw(a)]? = 2(Vw(z®), Vu(z*)) + [Vu(z*)|?
= |[Vw(z*) = Vu(z*)|?

and we obtain (ii). Finally, to obtain (iii) note that we may write
Vo(e)]® = g(z*),
where
g(-) = [Vw()? = [Vul) + 349V p() |2 = 1+ 6r 9 (Vu(), V() + 9r2+2,

Let Ej be a principal direction at x for the level set {v = v(x)}, and choose a geodesic
x = x(s) starting at  in the direction Ej. Then, by the chain rule,

VTP = | o)l

R
6T1+6‘<V2u(az*)da:*(Ek), Vp(l“*)> + <Vu($*), VQP(x*)dx*(Ek»‘

< O ([92u(@h)|[Vp(at)| + [Vule®)|[F2o(a")] ) |do (B
(72) < o (|V2ulat) + V("))
(73) < ot <1+i>

< ol

for r sufficiently small, where dg denotes the differential map of g, and dx* is the
differential of the proximal map x +— x*. The inequality (72) above uses the facts
that |Vp(z*)| = |Vu(z*)| = 1, since p and u are both distance functions, and that
|dx*(E}))| < 1, since proximal maps are nonexpansive by Lemma 7.3(i). To obtain (73)

we have used the fact that o
V2p(z*)| < ,
VEola) < s

which holds since the nonzero eigenvalues of V2p(z*) are principal curvatures of the

geodesic sphere which passes through z* and is centered at xg. Since d(x, z¢) = p(x) > r
and d(x,z*) < 2tL < 8t, the radius of this sphere is given by

p(x™) = d(z*,z9) > d(x,z9) —d(z™, ) > 1 — 8t > g,
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for 7 sufficiently small. So |V2p(z*)| < C/r as indicated in (73). Furthermore, (73)
also uses the fact that u and u? have parallel level sets by Proposition 7.6(i). More
specifically, for k < n, tun, = upr = 0 at * and the principal curvatures of the level sets
of u, namely uy, = ki at z* are related to those of u! at

y 1= proxt (")

by Riccati’s equation for principal curvatures of parallel hypersurfaces [78, Cor. 3.5].
This yields that

k(") = Ri(y) + O(1),
since by Lemma 7.3(iii) the geodesic connecting x* and y is orthogonal to the level sets
of u. Furthermore, Proposition 7.6(i) also ensures that u' is linear along this geodesic
which yields that @}, = @}, =0 at y. So it follows, via Proposition 7.5, that
C
7
as indicated in (73), which completes the proof. O

V2u(a")| = V2 (y)| + O(t) <

Using the estimates from the last lemma, we now derive a Reilly type formula relating
the generalized mean curvatures of the level sets of v to the symmetric functions of V2.

Lemma 10.9. On Q. \ U, and for2 <m <n —1,
om(K) < om (V) + Crlom,_o(k).

Proof. Recall that, by (13), in a principal curvature frame for level sets of v we have

k1|Vol O Vin
Vi =
O HTL—1|V’U‘ V(n—1)n
Uni T V(n—1)n Unn

Using Lemma 4.6(iv) we obtain
n
D oi(Vo)t = det(I" +tV7)
=0

= (14 tonn) [T+ trrlVol) =D (torn)® TJ (1 + tre| Vo)
k<n k<n L#£k

n—1

= (14 ton) > o (6] Vo)tF = (togn)® TTQ + treel Vo).

§=0 k<n (4K
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Note that vy, > 0 since v is convex. So differentiating both sides of the last expression
m times with respect to t, evaluating the resulting expression at ¢ = 0, and discarding

the terms containing vy, yields

1 dm
om(V20) = o (K| V]) — — pr (ton)? T T (1 + treel Vo))
k<n 0#£k t=0
1 d? o dm2
= om (5[VV]) = — 5 (tokn)” T+ trel Vo))
k<n (#£k t=0
= om (K| Vo]) — ,Zz k”dtm S| T+ trel o))
k<n L#£k t=0
(74) > opm (k|VY]) — Crlo,_o (k|Vv])
(75) > om(k) = Crlom,_o(k),

by Lemma 10.8 and Proposition 10.3. More specifically, since |Vv| = —uv,, by parts (i)

and (iii) of Lemma 10.8 we have

Vi|Vol?
2| V|

which yields (74). Furthermore Lemma 10.8(i) and Proposition 10.3 provide lower and

(76) ot = V190 = | < [VuVol| < Cr2,
upper bounds for |Vv| which yield (75) and complete the proof. O

Applying the last lemma recursively yields the following uniform bound for the total

generalized mean curvatures of level sets of v:

Lemma 10.10. For2<m<n-—1,

/ om(k)dp < C.
Qr\ur

Proof. From Lemma 10.9 and Corollary 5.4 it follows that,
(77) / om(k)dp < C+ CT‘S/ Om—2(K)dp.

Qr\Ur Qr\Ur
Note that the constant C' here is indeed independent of r, since according to Corollary
5.4 it is controlled by the Lipschitz constant of v" which is well bounded (i.e., close to
1). So, recalling that g := 1 as we had pointed out in Section 5, we obtain

/ oo(k)dp < C.
Qr\ur

Next note that by Lemma 10.8(i) and since v is convex,

= ZI{Z < Z (HZ‘VU’) + Upn = AU,
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on Q, \ U,. Thus by Stokes theorem, Proposition 10.3, and since I, are convex hyper-
surfaces with diameter bounded above,

/ o1(k)dp < / Avdp < / Avdp = / |Voldo < 20" YT,) < C,
Qr\ur Qr\ur Q. T,

where H denotes the Hausdorff measure. So (77) yields that

/ o3(k)dp < C.
Qr\ur

Hence, by induction, fQT\Z/{T om(k) < C,for2<m<n-—1. d

We need only one more observation before we can prove Proposition 10.6. Set
7(-) :==d(-, cut,(I)).

Recall that by the p-convexity assumption, I has constant distance from cut(I"). So if
we set € := reach(I') = d(I", cut(I")), then we have

(78) d(-,cut(T)) = u(-) +e.
Lemma 10.11. For r sufficiently small,

Vr=Vu
on Usg(cut,(T')) \ U,

Proof. If © € Ugp(cut,(T")), then d(z,cut,(I')) < 260. On the other hand, if x & U,, then
x ¢ By, and so d(z, B,2) > r/2. Since 6/r — 0 as r — 0, we may choose 7 so small
that r/2 > 20. Then any footprint of z on cut,(I') lies outside B, ;. Thus, recalling
that cut,(I') := cut(I') \ B, /o, we obtain 7(-) = d(:, cut(I')) on Usg(cut,(T')) \ B;, which
yields the desired equality by (78). O

Now we are ready to establish the main result of this section:

Proof of Proposition 10.6. To establish (i) first let us recall that by (71) and definition

of I we have

K v,
) UN\B) =10 U = [ TR [ G
oy, Kk [Vl O\Uy
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We estimate each of the above integrals as follows. By Corollary 6.10 and parts (i), (ii)

of Lemma 10.8,

(77w = (7w (O )

N V(v —u)(x)
s C”“* WM@I>
V(- w) ()|
= T V)
> —Crlto,

Furthermore, recalling the definition of 1 (24), we see that n = ¢ o 7 where ¢ is a

nondecreasing function with support on [6,26]. Thus

, 1 1 1
(80) Vs SG =G G
So we have
. Vu() /146 5/2
—nn = —(Vn, B, :<Z>’<V'r,>>—0<b7“ > —Cro/2,
V1, B Vo(z)

Thus we obtain the desired estimate for the second integral in (79),

(81) - / mmGK dp > —Cr/2.
Q\Us

Next, to estimate the first integral in (79), note that by Lemma 10.11, we may choose r

so small that

Mk = <V777 Ek> = ¢/<V?7 Ek> = QJ)/<V’U,, Ek> = QZ)/Uk

on Uyg(cut,(I")) \ U,. Furthermore, note that 7 vanishes outside Usg(cut,(I')). Thus,

since v = 0,

GK vy GK vy
o 1dn = M—— 7o TOH
oy, Kk |Vl Uso(cut, MNU Kk [V

/ ,GK (up — vg)Unk
Upg(cutr (N Bk |Vl

dyt.
Now using (80) together with Lemma 10.8(i), (76), and Lemma 10.10 we obtain
/ nkG—KUL’“du < / ¢/GK | (ur —Uk)vnk’du

o, ke [Vl o\, Kk [Vl

C 14 62
ST /Q g )

< Cr,
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which together with (81) completes the proof of (i). Finally, to obtain (ii) we again use
Lemma 10.8(i), (76), and Lemma 10.10 to obtain

GK ‘Unk‘
o\, Kekk [V

CT(S/Q/Q “ On—3(Kk)dp

< Cr6/2,

€\ B,)| = (@ \U)| < C

IN

which completes the proof. O

Note 10.12. In the proof of Proposition 10.6 we finally made use of Theorem 6.1 via
Corollary 6.10. Recall however that, by the p-convexity assumption, I' is an outer parallel
hypersurface of a convex set X without interior points. In this case cut(I') = X, and X
is precisely the minimum set of Jp. Thus it follows that Theorem 6.1, and consequently
Corollary 6.10, hold automatically. In short Theorem 6.1 is not strictly necessary for
proving the total curvature inequality in Theorem 1.2; however, we have kept the results
of Section 6 intact since they are concerned with fundamental properties of cut locus
which may be of independent interest. In particular they might be useful for studying the
generalized form of the Cartan-Hadamard conjecture, where the p-convexity assumption
might not be warranted.

10.5. Estimates near the center: Part one. Here we again use Reilly type formulas
of Section 5 to show that II(B,) vanishes, as claimed in (69). Set

Ay := B, \ B,2y3s/2.
Note that, since v = v" is radial on B, 213s/2, Unr = 0 on B,ay3s/2, for k < n. Thus
II(B,) =1I(A,).

Now for any Cb! function f: A, — R we set

[V f]
Kr(f) := ess sup :
" A V]
So K,(f) is an essential upper bound for principal curvatures of level sets of f by (13).
In particular recall that vy, /|Vv| = k. Furthermore since v is convex, (v;;) is positive
semidefinite at every twice differentiable point. So |vg,| < \/UkkUnn. Consequently

(52) ol < VHIE < B e on 4
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Recalling that |#"| < 1 and using the Cauchy-Schwartz inequality, we now obtain

([ |

Ar g2k

GK Vkn
Kty | Vol

Ckin

<o) | [ XS

Ar g2k
GK [GK
(83) o ;/ \/7\/;
2

< CK,(v) \// ffd
2875

< CK( Z/ dZ/

04k

~cx | sl / sl
<cx, ) [ sl / (sl

As we already have an estimate for K,(v) by (65), it remains only to estimate the

integrals in the last line of (83).

Theorem 10.13.
/ oo(k)dp < Ot
for1<f<n-—1.
The above theorem together with (83) and (65) immediately yields
(84) II(BT)2 < Cr*(2+35/2)r27,3 — C«r3735/27
as desired.
Note 10.14. Theorem 10.13 together with (65) quickly yields the weaker estimate

11(B,)| < CK,(v) / On_s(k)dp < Cri=39/2,

T

which is sufficient for our purposes here.

So it remains to prove Theorem 10.13. Recall that o¢ := 1, as we pointed out in
Section 5. Furthermore, for £ < 0, we set oy := 0. In particular note that the terms
involving oj_3 below vanish for k < 3.
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Lemma 10.15. Let z be a CY! convex function on B, with |VZ|# 0 on A, and k > 2.
Then at every twice differentiable point of z on A,

‘<div<7;zl>,,§§|k>] < C(oh(®) + Ky (B)ons ()

where K = (K1,...,Rkn—1) Tefers to the principal curvatures of level sets of z.

Proof. In the principal curvature frame, (37) and (40) yield that at every twice differen-
tiable point of 7,

= Vz 1 itein 1 Ziniy 2 Z0%;
: z _ 1°U—1 ~1J1 ik—2Jk—2 J
‘<d1v(77€_1), = (k: Oi i Rz]k—ﬂ'k—ﬂ

IVZ[F — )1 k= |vg|k
1 11l —1 giljl e 'gik—ij—z ’vz‘Z
(85) = ‘M5nj1~--jk1 NEL Rijy_yig_in
101l 2 Eiljl e 'Eik—ij72
<C 5nj1"‘jk72 ‘vg|k—2 ’

where in the last line above we assume that the summation takes place outside of the
absolute value sign (by the triangle inequality). Next recall that if ¢ = n in the last line
of (85), then for (5”“ 3]; > not to vanish, i1,...,ik—2, ji,...,jr—2 all must be different
from n, as we had mentloned in the proof of Lemma 5.2. Thus by (40),

5ni1'~~ik—2 Zirg1 " Rig_ojr—2

(86) nj1-jr—2 ‘Vg’k—Q

<SRRG LRy, = (k= 2)loy—a(R).

If on the other hand ¢ # n, then for 5”1 Z;k 21 not to vanish, exactly one of the terms

i1,...1k_9, Say i, must be equal to n. In that case we have

|szn|

diyip_o g1 " Pig_ojr_2 E R =
|v~| tm—1"Vim+41 * Vg2

nj1-jr—2 |Vg|k72

Furthermore, since z is convex, by (82) we have

|Zim| < VR (G < K, +/Cr(5)'

|VZ] 2
So it follows that for i # n,

iy gy Zi1j1 " Pk ojk
(87) 5n;1"';k_22 1]1|Vg|k11223k : SC(Uk 2(K) + K (2)ok-3(K ))

Thus (85), (86), and (87) yield the desired inequality at every twice differentiable point
of A,. O

Lemma 10.15, together with Lemmas 5.1 and 5.2, now quickly yields:
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Lemma 10.16. Let Z be a Cb' convex function on B, with a single minimum point at
zo. Suppose that Z is radial on B,2+ss2 and satisfies (66), i.e., |V22|/|VZ] < C/p almost
everywhere on B aysssa. Then for k > 2,

) & [ oulF)du

< [ aw (75 (roze) Jam+c ([ @+ ) [ s ).

Lemma 10.16 together with (65) and Stokes’ theorem yields:

Lemma 10.17. For2</¢{<n-—1,

(89) /T ou(k)dp < C (Tnz + /T or—2(k)dp + m%/z /Br 0@3(’i)dﬂ) :

Proof. We will glue a radial function ¢ to v near 9B, to obtain a convex function z on
B, which agrees with v on almost all of B,., but vanishes on dB,. Then we will apply
Lemma 10.16 to z, together with Stokes’ theorem, to obtain (89). To construct z recall
that ¢ is the center of B,, p(z) := d(z¢,z), and m := ming, v = v(xg) < 0. For z € B,
and A € (1/2,1), let

oa(x) :=m+ (1|m>\)r max{p(z) — Ar,0},
and set
(90) s=s(A):= (1=2)

2|m| ro.

Recall that v = v" = h! with t = r119/2 and define v = 0" := hi=%. Note that v shares
all the principal properties of v. In particular ¥ has a single minimum point at xg with
(xg) = m. Now in B),, we have ¢, = m < v. Furthermore on 0B,, ¢ = m+ |m| =0,
which yields that ¢ > v near 0B,. So if we set

z = zy := max{v, Py},

then z will be convex in B,., radial near 0B, and coincide with 7" on B),. Consequently,
the inf-convolution Z* will be C1'!, convex in B, and radial near dB,. Moreover, by the

semigroup property of inf-convolution (46),

—~—38

(91) z° = (ET)S = (ht=5) =ht =", on Bj,.

We claim that, for A close to 1,

(92) K (%) € 52573
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To see this, first note that by (92) and (65),

V229 V20" | . C
—— = ess sup <Kp(v") < —5.
|VZs| ByAB, 24352 |Vor| r r2+38/2

(93) ess sup
Bxr\B 24352

So (92) holds on By, \ B,2135/2. To establish (92) on B, \ By, note that in this region

we have
m m m
(1|_L)T(p—)\r): T “

Furthermore, by(46), (90), and (47),

o =m+

P

<r(1’ni|x)p> - r(1|ni|x)ﬁ’%s - m@mﬁg - mwx) (" - 2) '

Thus it follows that, on B, \ By,

=15+ r(lnix) (r=13)-

In particular |VZ5| = |V5§] = |m|/(r(1 — X)) on B, \ Bj,. Furthermore, recall that by
Proposition 7.5, |[V22%| < C/s. Thus, applying the mean value theorem along radial
geodesics connecting 0B), to 0B, yields that

- - |m| C |m| C
VzZ* > (VzZ®,Vp) > ——— = _ =
VE| 2 (V. V) = s

in B, \ By, for X sufficiently close to 1. Therefore,

V223 2r(l—=X) _C C
94 <C < S <
(94) eBSrS\?SLiE) VZs| — |m|s  — r < r2+36/27

Im|
TV Y

for s small compared to ¢, or A sufficiently close to 1. Now (93) and (94) yield that (92)
holds as claimed. So, applying Lemma 10.16 to z* gives

~s n—~0 ~s 1 ~s
(95) /Tfff(ﬂ Jdp < © (T +/T0e—2(f€ Jai+ 55 . oe—3(K*)dp |,

where £° refers to principal curvatures of level sets of 2. Note that by (91), 2° = 27 = o"
in B),. Furthermore, [ B\B, o¢(K®)dp vanishes as A — 1 since due to (13), the principal
curvatures of z® are essentially bounded on B, \ By, by (94). Thus letting A — 1 in
(95), or s — 0, we obtain (89). O

Now we will inductively apply Lemma 10.17 to establish Theorem 10.13. First note
that by Stokes’ theorem

/ al(n)d,u:/ div Viv du < H"fl(aBr) < Ccrml
. B, VT
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where recall that H denotes the Hausdorff measure. So Theorem 10.13 holds for ¢ = 1.
Next suppose that there exists a constant C' such that

(96) / ou(k)dp < Chrnt,

for £ < k —1. Then by Lemma 10.17, and since r < 1, and 0 < 2/3 by assumption, we
have

/ O-k("ﬁ)d/l <C (Tn—k + Ck—Zrn-l-Q—k + C?“_(2+%6)Ck_3rn+3_k>

= Crh (1 + R 22 4 C’k*2r1*%5>
S Ck,r_nfk’
for C' > 3. So (96) holds for ¢ < k, which completes the proof of Theorem 10.13.

10.6. Estimates near the center: Part two. In this section we show that I(B,)
vanishes, as claimed in (69). Set

cut(T") := exp (cut(T)),

and let rS™~! denote the sphere of radius 7 centered at z¢ in T, M ~ R™. Also let
B™ denote the unit ball in T},, M centered at zg. Recall that H stands for Hausdorff

measure.

Lemma 10.18.
H 2 (7“8”_1 N Cut(F)) < Cr"2,

Proof. Recall that, due to the p-convexity assumption on I', cut(I") is convex. In particu-
lar the relative interior of cut(T") is a totally geodesic proper submanifold of M [41, Thm.
1.6]. Thus it follows that (m lies in a hyperplane of T,M. So rS"~1 N (;RI\‘) lies in
a great sphere of rS™ !, which yields the desired inequality. O

Note that the proof of the above lemma marks only the second instance where we
invoke the p-convexity assumption on I' (the first instance was in Section 10.4); however,
the above lemma holds for cut loci of more general hypersurfaces, as we describe in Note
10.22 below.

Lemma 10.19.
0 < G(OB,) — nw, < Cr?.

Proof. By Corollary 4.11, G(0B,) > nwy,. Since 0B, is a geodesic sphere, a power series
expansion of its second fundamental form in normal coordinates, see [42, Thm. 3.1],
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shows that

(97) 0<GK < (1+Cr?),

rnfl

where GK denotes the Gauss-Kronecker curvature of 0B,. Furthermore another power
series expansion |77, Thm. 3.1] shows that

‘VOI(BBT) — nwnrnfl‘ < Crmtl,

Using these inequalities we obtain

1
0<G(OB;) —nw, < - (1+ Cr?)vol(9B,) — nwy,
< T+ Cr?) - nwer™ N1 4 Cr?) = nw,
< nwn(1+Cr2— 1)
< or
as desired. Il

Recall that G, (0B,) := faB,« 1" GK do. Using the last lemma, we next show:

Lemma 10.20.
|Gy (0B,) — nwy | < Cg = Cro2,

Proof. By the triangle inequality and Lemma 10.19,

/ GKdo — nw,,
0B,

Cr? + / GKdo.
OBrNUszg(cut(I))

So it remains to estimate the integral in the last line of (98). To this end we may assume
by (97) that r is so small that the Gauss-Kronecker curvature of OB, is less than 2/7" 1.
Then

|Gy (0B,y) — nwy| < +

/ (1-n")GKdo
0B,

(98)

IN

2
/<93rﬂU29(Cut(F)) 7= rn—1 ( 20 (Cu ( )))

Next, to estimate H"~ (0B, N Usg(cut(T'))), note that exp, ! (9B,) = rS"~!. Thus,

1 (9B, 1 Uyg (cut(T)))

IN

o1 (rS”*l N Usg (c/ut_\(r)))

1
_ n—1lgm—1 n—1~ =
= 2"y <s N —Usg (cut(F))> :



TOTAL CURVATURE AND THE ISOPERIMETRIC INEQUALITY 75

—

where Uy (chtTF)) denotes the tubular neighborhood of radius 26 about cut(I") in T, M.

Furthermore, for r small

T <s"1 N %Uw (m(r))) = H! (snl N Uz (C‘“T(F)»

4707_[7172 (Snl N CUt(F)> .

IN

r r

Finally note that, by Lemma 10.18,

r 1 ™
Hn_2 (Sn_l A Cutr( )) — 3 Hn—Q (Tsn—l ) cut(F)) < C.

The last four displayed expressions yield that, for small r,

2 46 4
2l 20 =160~ = 16070/,
T

rn—1 r

/ GKdo <
OBrNUszg(cut(T))

which together with (98) completes the argument. O

We are now ready to establish the main result of this section:
Proposition 10.21. [I(B,)| < Cr%/2.

Proof. Let z° be as in the proof of Lemma 10.17. Applying Theorem 4.9 to z° in B,

gives
Gy (OB,) — nwy =1 (B,) +11'(B,) + 11T (B,),
where
— s ——.S

=S$ z5 77T GK S ~s GK (Es)k
I'(B,) = nk k=7 ' GK | dp, IIB::/ " Ropon ~—— ~—d

( T) /BT<’VZS’ Kz n I ( 1“) T77 fkﬂnﬁzﬂz |VZS| H,
and

——3

~s GK
II1 (BT,) = —/ T]T'Rgn[n?dﬂ.
Br 0

Here GK* and K, denote the Gauss-Kronecker curvature and principal curvatures of the
level sets of Z° respectively. Virtually the same proof used in establishing (84) shows
that

\ﬁS(BrN < Cr3/2-38/4 < oy9/2,

Furthermore, by Theorem 10.13 and since |n"| < 1,

s GK’
I (B,)| g/ G%s du :/ On_2(R®)dp < Cr? < Crd/2,

r R
These estimates together with Lemma 10.20 yield

(B < 6, (0B,) — nua| + [IT°(B,) <o,

+ | (B,)
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By (91), Z° =v" on B, for any ' < r, assuming s is sufficiently small. Thus
II(B,)| < Crd/2,
Finally, since I(B,) depends continuously on r, we obtain
[(B,)| = lim |[(B,/)| < Cr*/?,
o

as desired. O

Note 10.22. With an eye towards possible applications to the generalized form of
the Cartan-Hadamard conjecture, here we describe how Lemma 10.18 may be estab-
lished for a broader class of convex hypersurfaces. Indeed it is enough to assume that
H" ! (cut(T)) < oo, and cut(T) is Cl-rectifiable near xp. These assumptions mean that
there are a finite number of C' embeddings ¢;: A; — M which cover a neighborhood
of zyp in cut(l'), where A; are simplices of dimension at most n — 1. These condi-
tions hold, for instance, when I' is analytic. Indeed in this case cut(I') is subanalytic
[31,40], which ensures that cut(T") admits a C* triangulation [52,118]. To prove Lemma
10.18 in this setting we proceed as follows. Note that H" 2 (rS”_1 N cht_\(F)) Jr2 =

H"2 (8" ncut(T)/r) . Thus it suffices to show that

lim H" 2 (S”1 N cut(F)) < 00

r—0 T

To this end we employ the basic property of tangent cones that, as discussed in Section
6, within any bounded subset of T, M, cut(T") /r — T, cut(I"), with respect to Hausdorff
distance (as r — 0) . We will show that

(99) 2 (S”*l N Txocut(l“)) < o0,

and

(100) lim H" 2 (s"—l N m(r)) < Hn2 (s"—l N Txocut(F)) :
r—0 T

which will complete the proof. Set A; := ¢;(4;). Note that T, cut(') = U;T,,A; and,
assuming 7 is sufficiently small, S"~! ncut(T)/r = U; (8" N A;/r) . Thus to establish
(99) and (100) it suffices to check that

(101) H' 2 (S N Ty A) < oo,

and

(102) lim H" 2 (sH N A”) <SH'(S"TI N T A),

r—0 r
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respectively. To establish (101) note that Ty, A; = dyy i (Td)‘—l(xo)Ai) , where d is the

differential map. Furthermore, T¢f )Ai is a convex cone of dimension at most n — 1

1(5130

since dim(A;) < n—1. Therefore T,,A; will be a convex cone of dimension at most n— 1
as well. Hence S™~1 N TxOZZ- will be a convex set of dimension at most n — 2 in S*~1.
In particular it lies in a proper great subsphere of S*~1. So H" 2 (S"‘1 ﬂTxOZZ-) <
vol(S™~2) which yields (101) as desired.

It remains to establish (102). To this end we utilize the natural stratifications near
xo that S"™"'NA;/r and S"1 N T,,A; inherit from A;. Let F;; denote the facets of A;
which are adjacent to gf);l(xo). Note that, since it is C! and injective, ¢; has full rank in
the interior of each Fj;. Thus Fj; will have the same dimension as sz = ¢i(Fj;), and
so A; inherits a stratification by C' manifolds near zg which mirrors that of A; near

@;1($0). On the other hand,

T i = | o Fij.
j

Thus we obtain a stratification of Tmozz- as well, by Tzofij. Note that the dimension of
Tzofij may be lower than that of Fij, because the rank of d,,¢; may be lower than n—1;
however, for every C! curve c: [0,&) — F;; with ¢(0) = g, ¢/r converges, with respect
to the Cl-norm, to the ray of T}, F;; generated by the left derivative ¢’ (0). It follows
then that, for r sufficiently small, fij/r will be transversal to S"~!. So S" 1N A, /r will
be stratified by C! manifolds S”~! N F;;/r. To establish (102) it now suffices to check
that

(103) lim H" ™2 <s"—1 N ?) <H'"(S" N Ty Fij).

To establish (103) note that we may assume F;; has the maximal dimension n — 1,
for otherwise both sides of (103) would vanish by transversality. So F;; has a well
defined field of tangent hyperplanes (of dimension n — 1) in its interior, which may be
extended continuously to the boundary of Fij, since ¢; is C' up to the boundary of F;;
by assumption. In particular Fl-j has a well-defined tangent hyperplane H at zy. Note
that Txofij C H, and let Ej denote the projection of Fij into H. Since Fij and Ej are
tangent at xo, then, as r — 0, B" N F;;/r and B" N E-j/r become arbitrarily C!-close.
Thus it follows, due to transversality of F;;/r and ﬁij/r with S"~1, that S"~1 N F;;/r
and S"71 N Ej /7 become arbitrarily C'-close. So

limH" 2 (S"1n 5 =limH"2|S"!In &
r—0 r r—0 r ‘
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Consequently, to establish (103) it suffices to check that

Fyj _

(104) lim H 2 (s"—l N 3) <H" (S N Ty Fiy).
r— r

To see this note that S"~1 N Ej /7 lies in the n — 2 dimensional sphere H N S"~! which

we may identify with S»~2. Thus

(105) an72 <Snl N ;J) — Hn72 (SnZ N0 ;J) -7 (SnQ N0 ;J) 7

where £ denotes the Lebesgue measure on S*~2. Furthermore B™ ﬁﬁij/r — B" ﬂTxOFij
with respect to Hausdorff distance, since Fj;/r is simply the projection of F;;/r into H,
and B" N F;;/r — B" N Ty F;j. Thus

7, _
S" 2N 8721 TQCOFij
T
with respect to Hausdorff distance. But Lebesgue measure is upper semi-continuous
with respect to Hausdorff distance. Thus, by (105),
lim 7"~ (snl a J) = lim L (s“ N J)

r—0 r r—0 T
< L(S"*NTyFij)
= Hn72(5n72 N Txofij)
= /Hn_Q(Sn_l N TxOFij)-

which establishes (104) and completes the proof.

11. PROOF OF THE ISOPERIMETRIC INEQUALITY

In this section we will use the total curvature inequality, established in Theorem
1.2, to obtain the isoperimetric inequality and prove Theorem 1.1, via the well-known
isoperimetric profile argument [128,130] along the same general lines indicated by Kleiner
[101]. The isoperimetric profile [19,20] of any open subset U of a Riemannian manifold
M is the function Zy;: [0, vol(U)) — R given by

Ty (v) == inf {per(Q) | © C U, vol(Q) = v, diam(Q) < oo},
where diam is the diameter, vol denotes the Lebesgue measure, and per stands for perime-
ter; see [39,75] for the general definition of perimeter (when 9 is piecewise C, for

instance, per(2) is just the (n — 1)-dimensional Hausdorff measure of 9€2). Proving the

isoperimetric inequality in Theorem 1.1 is equivalent to showing that

IM 2 IR”7
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for any Cartan-Hadamard manifold M. To this end it suffices to show that Zg > ZIgrn
for a family of (open) geodesic balls B C M whose radii grows arbitrarily large and
eventually covers any bounded set 2 C M. So we fix a geodesic ball B in M and
consider its isoperimetric regions, i.e., sets £ C B which have the least perimeter for
a given volume, or satisfy per(Q2) = Zp(vol(2)). The existence of these regions are

well-known, and they have the following regularity properties:

Lemma 11.1 ([76,139]). For any v € (0,vol(B)) there exists an isoperimetric region
Q C B with vol(Q) = v. Let ' := 9Q, H be the normalized mean curvature of T'
(wherever it is defined), and Ty := 0 conv(I"). Then

(i) TN B is C* except for a closed set sing(I') of Hausdorff dimension at most n — 8.
Furthermore, H = Hy = Hy(v) a constant on I' N B \ sing(I").
(ii) T is Cb' within an open neighborhood U of OB in M. Furthermore, H < Hy almost
everywhere on U NT.
(iii) d(sing(T"),Tg) > &g > 0.

In particular T is CY' within an open neighborhood of Tg in M.

Proof. Part (i) follows from Gonzalez, Massari, and Tamanini |76], and (ii) follows from
Stredulinsky and Ziemer [139, Thm 3.6, who studied the identical variational problem
in R". Indeed the C"! regularity near OB is based on the classical obstacle problem
for graphs which extends in a straightforward way to Riemannian manifolds; see also
Morgan [114]. To see (iii) note that by (i), sing(I") is closed, and by (ii), sing(T") lies in
B. So it suffices to check that points p € I' " I'g N B are not singular. This is the case
since T),I' C T}, conv(I") which is a convex subset of T),M. Therefore T),I" is contained in
a half-space of T, M generated by any support hyperplane of T, conv(I') at p. This forces
T,I' to be a hyperplane [137, Cor. 37.6]. Consequently I' will be C* in a neighborhood
of p |65, Thm. 5.4.6], [114, Prop. 3.5]|. O

Now let 2 C B be an isoperimetric region with volume v, as provided by Lemma 11.1.
By Proposition 9.5, G(I'g) = G(I' N I'y). Furthermore recall that, by Theorem 1.2 and
definition (55), G(I'g) > nwy. Thus we have

(106) nwn < G(T) = G(CATy) = | GKdo,
I'nlo

where GK denotes the Gauss-Kronecker curvature of I'. Note that GK > 0 on I' N g,
since at these points I' is locally convex. So the arithmetic versus geometric means
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inequality yields that GK < H" ! on I'NT. Thus, by (106),

nwy, < GKdo
I'nly
< / H" Ydo
I'nly
(107) = / H" Vdo + / Hy Ydo
rnoB I'NToNB

< / Hy do + HP Ydo
I'noB I'nB
= H} 'per(Q).

Hence it follows that

_1

(108) Ho(vol(%)) > (pj;‘(’g))”‘l — Ho(per(9),

where Hy(a) is the mean curvature of a ball of perimeter a in R™. It is well-known

that Zp is continuous and increasing [127], and thus is differentiable almost everywhere.
Furthermore, Zi;(v) = (n — 1)Hp(v) at all differentiable points v € (0, vol(B)) [96, Lem.
5|. Then it follows from (108), e.g., see [47, p. 189], that Zj; > Zg, almost everywhere
on [0,vol(B)). Hence

(109) Ip(v) > Irn(v),

for all v € [0, vol(B)) as desired. So we have established the isoperimetric inequality (2)
for Cartan-Hadamard manifolds. It remains then to show that equality holds in (2) only
for Euclidean balls. To this end we first record that:

Lemma 11.2. Suppose that equality in (1) holds for a bounded set @ C M. Then T is
strictly convex, C*°, and has constant mean curvature Hy. Furthermore, the principal

curvatures of I' are all equal to Hy .

Proof. If equality holds in (1), then we have equality in (109) for some ball B C M large
enough to contain €2, and v = vol(2). This in turn forces equality to hold successively
in (108), and (107). Now equality between the third and fourth lines in (107) yields that

(110) H' YT NdB) =0,

(111) '=Ty.
Then equality between the second and third lines in (107) yields that

(112) H"'=GK = H} !,
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on (I'N B) \ sing(I"). By (111), I is convex. Thus as in the proof of part (iii) of Lemma
11.1, for every point p € ' B, T,I" is a hyperplane. So I'N B is C*°. On the other hand
by part (ii) of Lemma 11.1, near B, T is locally a C*! graph and thus every point of
I' has a Holder continuous unit normal. Furthermore, I' has H"~! almost everywhere
constant mean curvature Ho, by (110). It follows that I" is C*> in a neighborhood of 0B;
see [109, Thm. 27.4] for details of this well-known argument. Finally (112) implies that
all principal curvatures are equal to Hy at all points of T'. O

We also need the following basic fact:

Lemma 11.3. Let I'; be a sequence of C? convex hypersurfaces in M which converge to a
convex hypersurface I' with respect to the Hausdorff distance. Suppose that the principal
curvatures of I'; are bounded above by a uniform constant. Then T is C1!.

Proof. Let p a point of M, and set T.= exp;l(F), fz = exp;l(l“i). Then lql will still
be C?, and their principal curvatures are uniformly bounded above. It follows then from
Blaschke’s rolling theorem [94] that a ball of radius € rolls freely inside T';. Thus a ball
of radius € rolls freely inside f, or reach(f) > 0. Hence T is 1! by Lemma 2.6, which
in turn yields that so is I'. O

Now suppose that equality holds in (1) for some region €2 in a Cartan-Hadamard
manifold M. Then equality holds successively in (108), (107), and (106). So we have
G(To) = nwy,. But we know from Lemma 11.2 that I is convex, or I'o =T'. So

(113) G(I') = nwn,.

Let A1 := reach(T"), as defined in Section 2. Furthermore note that, by Lemma 11.2, T’
is C°°. Thus A; > 0 by Lemma 2.6. Set u := dp. Then I'y 1= u~t(=\) will be a C®
hypersurface for A € [0, A1) by Lemma 2.5. For any point p of T', let p) be the point
obtained by moving p the distance of A along the inward geodesic orthogonal to I' at p,
and set Rpnen (M) := Rpnen(pa). We claim that

(114) Renen(A) = 0.

To see this note that for A sufficiently small I'y is positively curved by continuity. Let
A be the supremum of x < A; such that Ty is positively curved on [0,z). By Theorem
1.2, G(T'y) > nwy,. Thus, by (113) and Corollary 4.11,

K
0> nw, — lim G(T'y) =G(T") — limg(FA):—/ RmmG—duZO,
A= A=A Q\Dx kor

where Dy is the limit of the regions bounded by I'y as A — A S0 Reprn(A) = 0 for
A < X Now, if we set rg(A\) := kg(py), then Riccati’s equation for principal curvatures
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of parallel hypersurfaces |78, Cor. 3.5|, gives
(115) Kp(N) = K{(A) + Renen(A) = K7 (N),

for A < A. Solving this equation yields #¢(\) = k¢(0)/(1 — Arg(0)). Since, by Lemma
11.2, k¢(0) = Hy, it follows that I'y has constant principal curvatures equal to
Hy

(116) Hy = Ty

for A < X\. Now suppose that A < A\;. Then I's will be a C? hypersurface, and therefore,
by continuity, it will have constant principal curvature Hy := lim, 5 H). Since I'y is
a closed hypersurface, Hy > 0. So I'y has positive curvature, which is not possible if
A < A1. Thus we conclude that A\ = \;, which establishes (114) as claimed. So (115)
and consequently (116) now hold for all A € [0, Aq).

Next note that, since by Lemma 2.5 v is C2 on Q \ cut(I'), then for all p € T and
A < dist(p, cut(T")) we have,

Hy = ug(py),
by (13). Now we claim that, for all points p of I', py, € cut(I'). Suppose not. Then
A1 < dist(p, cut(T")) for some p € T'. So it follows, by Lemma 2.5, that u is C? near py,.
Consequently,
Hy, = ug(pr,) < oo.
Furthermore note that by (116), Hy < H),, for all A € (0, A\1). So principal curvatures of
I') are uniformly bounded above for A < A\;. Consequently Lemma 11.3 yields that Iy,
is C', and therefore is disjoint from cut(I'), which is not possible by definition of A\;. So
we have shown that I'y, C cut(I'), as claimed. Moreover, we have Iy, C dcut(I'), since
'y is disjoint from cut(I") for A < A;. On the other hand, cut(I') C Q,, for A € [0, A1),
where Qy, C  is the region bounded by I'y. Thus it follows that cut(I') C Q,,. So
Ocut(I') € 92y, = I'y,. We conclude then that dcut(I') = I'y,. But cut(I') is nowhere
dense [126, Thm. 1]. So
cut(I') = dcut(l) =Ty, .
Thus every point of cut(I') is at the constant distance A; from I', or u = —A; on cut(T'),
and so \; = —my, the minimum value of v on €. But since I is strictly convex, u has a
unique minimum point zg. Thus cut(I') = {z¢}.

So I' = 0By, or Q = B,,, a geodesic ball of radius A; centered at zo. Furthermore,
the condition Ryy,p, = 0 now means that all “radial curvatures" of M with respect to
xo are zero on B),, i.e., along each geodesic segment which connects z¢ to 0B),, the
sectional curvatures of M with respect to the planes tangent to that geodesic vanish.
Finally, it is well-known (e.g. see [90, Lem. 5.6 or [82, Thm. C]) that vanishing of radial
curvatures yields that By, is flat. Indeed if the radial curvatures vanish, then J” = 0 for
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any Jacobi field J along radial geodesics of By, , since the Jacobi equation depends only
on sectional curvatures with respect to planes tangent to the geodesic. Consequently,

J(8) = > t(1;) (0)Ey(t)

for a parallel frame F; along the geodesic. So if we set E,\l = exp;o1 (By,), it follows

that exp,, : EM — B, is an isometry.
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