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Annals of Mathematics, 113 (1981), 1-24

The existence of minimal immersions
of 2-spheres

By J. Sacks and K. UHLENBECK

In this paper we develop an existence theory for minimal 2-spheres in
compact Riemannian manifolds. The spheres we obtain are conformally
immersed minimal surfaces except at a finite number of isolated points,
where the structure is that of a branch point. We obtain an existence
theory for harmonic maps of orientable surfaces into Riemannian manifolds
via a complete existence theory for a perturbed variational problem. Con-
vergence of the critical maps of the perturbed problem is sufficient to pro-
duce at least one harmonic map of the sphere into the Riemannian manifold.
A harmonic map from a sphere is in fact a conformal branched minimal
immersion.

We prove the existence of minimizing harmonic maps in two cases. If
N is a compact Riemannian manifold with 7,(N) = 0, then every homotopy
class of maps from a closed orientable surface M to N contains a minimiz-
ing harmonic map (Theorem 5.1). This has also been shown by Lemaire [L4]
and Schoen and Yau [Sch-Y]. If 7, (N) # 0, then there exists a generating
set for m,(N) consisting of conformal branched minimal immersions of
spheres which minimize energy and area in their homotopy classes (Theorem
5.9). Our main result is the proof of the existence of a conformal branched
minimal immersion of a sphere when the universal covering space of N is
not contractible (Theorem 5.8). When 7,(N) = 0 this cannot be minimizing
for the energy in the single homotopy class of maps. An important tool
that is developed is a regularity theorem due to Morrey in the case that
the harmonic map is minimizing [MO1]. In our version, Theorem 3.6, a
harmonic map with finite energy from the punctured disk into N is C* and
harmonic in the entire disk.

The outline of the paper is as follows: The first section contains a dis-
cussion of the properties of harmonic maps from any compact orientable
surface M into a Riemannian manifold N. The second section describes the
properties of the perturbed problem. Section Three contains the main a
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2 J. SACKS AND K. UHLENBECK

priori estimate needed for convergence and for proving our regularity
theorem, Theorem 3.6. Section Four describes the convergence properties
of the perturbed problem, and finally in Section Five there is a collection
of results on harmonic maps and minimal spheres.

The difficulties which will arise in our construction of harmonic maps
are best illustrated by the case M = S*. Here we are trying to parametrize
conformally by the standard sphere geometric objects representing minimal
spheres. There are several difficulties which are obvious. Firstly, the con-
formal parametrization by the standard sphere is not unique. The group of
conformal transformations of S*is the group of linear fractional transfor-
mations, which is not compact, so that the set of eritical maps of the energy
integral on C'(S*, N) must be noncompact. In some way it is necessary to
make a choice of parametrization. This problem is solved by our perturba-
tion technique. The perturbed integral is not quite invariant under con-
formal transformations of the sphere, and prefers a parametrization which
is carried over when the limit of the critical maps of the perturbed integral
is computed.

Furthermore, once we have one minimal sphere we have many. Given
s:S* > N harmonicand f: S* -> S*any meromorphic function, then sof: S*—~N
is harmoniec and will also be found by our techniques. This is a similar prob-
lem to the one arising from the fact that coverings of a closed geodesic
also count as closed geodesics, although there is really only one geometric
object represented. We can assume that it will be harder to count the
number of primitive minimal spheres than it is to count the number of

primitive closed geodesics. The most severe difficulty, however, seems to
be of the following type:

Assume that 7,(N) = 0 and n,(N) has at least two generators v, and 7,,
and try to minimize the energy and area of the image of maps s: S*—~ N in
every connected component of the mapping space C'(S?, N). Conceivably
we may find a sphere with minimal energy and area in each of the connected
components of C'(S?, N) corresponding to v, and v,. A natural candidate for
the minimal area map from S® > N in the component of C'(S* N) cor-
responding to v, + v, is a map with image consisting of the two spheres
already found connected by a one-dimensional bridge. Of course there is a
map of S?into this object, but not a conformal one. Thus we would not
expect to be able to minimize the energy in this particular component. Mini-
mal spheres connected by minimizing geodesies are likely to arise in any
method of trying to establish a Morse theory for minimal spheres, but
these objects cannot be conformally parametrized by spheres.
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One can argue that one shouldn’t expect to find minimal spheres cor-
responding to every element in 7,(V), but only to some of them, and v, + 7,
is the wrong one to choose. However, it is very hard to construct a con-
vergence scheme for producing critical maps which sometimes converge and
sometimes diverge, and which can be shown to converge at least once. The
existence of peculiar representatives of minimal spheres makes it more dif-
ficult to find the nice ones.

A rough description of our technique for finding harmonic maps follows.
We find the critical maps of a perturbed energy integral for « > 1 (£, is the
usual energy integral plus a constant):

EL(s) = S (L + |ds)dse

M

and check the convergence of these maps as a —> 1. E, satisfies Ljusternik-
Schnirelman theory and a Morse theory if a > 1. In what sense do the
critical maps s, of E, approximate harmonic maps? The conformal invari-
ance of the unperturbed energy integral and the approximate conformal
invariance of E, for a near 1 come into play here. For a near 1, the map s,
is near a (possibly trivial) harmonic map s,;: M N except on a finite num-
ber of small disks D, © M whose radii go to zero as a-~>1. Each of these
disks D, should be thought of as expanded conformally to cover almost all
of S? and on each D,, s, is near a harmonic map s;: S* > N. Actually, the
process can repeat, with s, near s, on D,, except on a finite set of small
disks D,; C D,, each of which is conformally almost S? and on D,; where s,
is near a harmonic map s,;: S* -+ N. This process repeats. There is a bound
on the number of harmonic maps produced in this way which is given by
the bound on the energy. There is evidence that in the limit the object con-
necting the image of the different harmonic mapss;: M-> N, s;: S* >N,
8:;2 S?-> N and so forth should be geodesics. The domain for a map into the
limit as @ > 1 should be M connected to a sequence of spheres by curves.
One can see the difficulty of keeping track of the entire set of limits of s,
as a 1.

One can show that this complicated type of convergence actually oc-
curs by looking at radially symmetric critical maps of E, (s) =\ |ds/*d/t on
CY(M, S* for M a disk or S*. Computations along these lines a;'e found in
the master’s thesis of G. Schwarz [8].

The perturbed integral E, (s) = \ |ds/**d/¢ is in many ways easier to
deal with than the perturbed integrai‘l’ E (s) = S (1 + ds|*)*dst because of

M
the invariance of the former integral under expansion from small disks to
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large disks, which makes explicit calculations easier. However, at some
point we need the uniform ellipticity of the Euler-Lagrange equations for
the perturbed integral. Hence our choice of E.(s) = S (1 + [ds]?)~dye.

The technique developed in this paper makes esse;[ltial use of a confor-
mal parametrization of a minimal sphere. Therefore the method cannot be
extended to cover high dimensional minimal volume problems. Nor will the
method extend to yield existence theorems for harmonic maps from mani-
folds of dimension larger than 2. A corresponding theory for a conformally
invariant integral is available for domain manifolds of dimension greater
than 2, but the images of the critical maps in this case will not be nearly
as interesting as minimal surfaces. It is, however, possible to approach the
existence question for minimal surfaces which are not spheres, with or
without boundary, using some of the results in this paper: see |S-U| and
and [Sch-Y].

We are greatly indebted to J. Eells for his constant encouragement.
We also thank M. Mahowald, the referee and the editor, J. Milnor, for their
helpful suggestions.

1. Harmonic maps from surfaces

Let M denote a compact orientable surface with a given conformal
structure and N a C* Riemannian manifold without boundary of dimension
greater than or equal to2. Weshall find it technically convenient to assume
that N c R*is a C” isometric imbedding. From the Nash imbedding theorem
we know that such an imbedding can always be constructed for sufficiently
large k. Assume from now on that M has been given a Riemannian metric
compatible with its conformal structure and that this metric induces the
measure dyt on M. Let L!(M, N) be the Sobolev space of maps s: M — N
whose first derivatives lie in L”.

Definition 1.1. A map se LM, R*) N C(M, N) is harmonic if it is a
critical point of the energy integral E(s) = g |ds|*dp. If N R* has second
fundamental form A, then the Euler-Lagrané’e equations have the form

(1) As + A(s)(ds, ds) = 0 .
LEMMA 1.2 [MO1], |U|. If s is harmonic then s € C*(M, N).
LEMMA 1.3 [E-S2|. E is a conformal invariant of M.

LEMMA 1.4 |E-S2]. If s is a conformal immersion, then s is harmonic
if and only if s(M) is a minimally immersed surface.

Let ¢ be the quadratic differential which in a local isothermal para-
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meter z = x + 1y on M is defined by
¢ ={s,I* — |s, " + 2i(s,, 5,)}d2" .
We call s weakly conformal if ¢ = 0.
LEmMMA 1.5 [C-G], [L1]. If s is harmonic then ¢ is holomorphic.

For the definition of branched immersion and the proof of the next
theorem we refer the reader to Gulliver-Osserman-Royden [G-O-R].

THEOREM 1.6. That s is harmonic and weakly conformal implies s is
a branched immersion.

COROLLARY 1.7. If s:S*-—> N is harmonic and dimension N = 3, then
s is a C” conformal branched minimal immersion (see also |C-GJ).

Proof. The result follows from Lemmas 1.2, 1.4 and 1.5 and Theorem
1.6, together with the fact that there are no nontrivial holomorphic quad-
ratic differentials on S*.

The situation for surfaces of genus larger than zero is complicated by
the fact that they have many possible conformal structures. The following
theorem gives a sufficient condition for a harmonic map from such a surface
to also be a minimal immersion.

THEOREM 1.8. If sis a critical map of E both with respect to variation
of s and the conformal structure on M, then s is a conformal branched
minimal tmmersion.

Proof. First we show that s is critical with respect to all variations in
the metric. Let g(¢t) be a variation of the metric ¢ = ¢(0) on M. Every such
variation arises from a composition of

(a) the pull-back of g by a C= family o(¢) of orientation preserving dif-
feomorphisms of M,

(b) a smooth curve in the Teichmiiller space for the genus of M, and

(¢) a family of conformal changes in the metric.

See e.g., |EA-E]. By hypothesis and Lemma 1.3 it is sufficient to show that
s is critical for variations of type (a). To this end let d/«(t) be the measure
on M induced by o*(t)g and let u be the variation of s given by u =
d/dt(sea(t)™")|,-,. Then, identifying any metric on TM with the canonically
induced metric on T*M, we have

%S (o (9)ds, ds)dput)|

N %S.‘,g(d(“"(t)”)’ d(soa(t)“l))dﬂj

t=0
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=dE,u) =0,

since s is harmonic in the metric g.

Now we show that s is weakly conformal by proving that the holo-
morphic quadratic differential ¢ of Lemma 1.5 vanishes identically on any
isothermal chart U. Let z be a local isothermal (with respect to ¢) para-
meter on the coordinate chart U. Let g(t) = (g.;(¢, 2)) be a variation of ¢
supported in U and (g%(t, 2)) = (g;(¢, 2))"'. We can assume that (g,,(t, 2)) =
(0;;) when t = 0 or for z near oU and that ¢,(¢, 2) = ¢..(¢, 2) = 1 for all
(¢, 2): Then

| ateds, dsyput)|
d

- WS (|52 + 8,2 + 20(¢, 2))(5.(2), 5,V — (9°(¢, 2)))dady J ,

=2 (5.0, 5.0) 20", 9 | _dedy =0,

by the first part of the proof. Since 4/0t(¢g"(t, z)) can be chosen arbitrarily,
(s.(2), 8,(2)) = 0 for z on an open subset of U. The same argument applied
to the rotated isothermal coordinates ¢~z yields

(8.(2) + 8,(2), 8.(2) — 5,(2)) = |s.(2)" — |s,(2) = 0
for z on an open subset of U. Since its real and imaginary parts vanish on

an open set, ¢(t) = 0 on all of U. The result follows from Lemmas 1.4 and
1.5 and Theorem 1.6.

2. Properties of the perturbed problem

We approximate the integral E, whose critical points are harmonic
maps, by a slightly different integral. For convenience, choose a measure
on M so that the area of M equals 1. Let

Es) = S (1+ 35", (ds'(), ds'(a)))dye = S (1 + | ds(@)])dye .
For a« =1, E(s) =1 + E(s) has harmonic maps as critical points. For
a > 1, E is well-behaved. The Sobolev space of maps
LM, N) = {s € Li(M, R*): s(x) e N}cC(M, N)

is a C® separable Banach manifold for a > 1. This, and the following
theorem, plus several other basic smoothness theorems can be found in
Palais [P3].

THEOREM 2.1. E, is C* on the Banach manifold Li*(M, N) and satisfies
the Palais-Smale condition (C) in a complete Finsler metric on Li*(M, N)
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provided that N 1s compact.

The Palais-Smale condition (C) is as strong a condition on a functional
as one can expect to get, but we shall use the following results only:

THEOREM 2.2. (Palais |P2]). If fis a C* function on a complete, separ-
able C* Finsler manifold L, which satisfies the Palais-Smale condition (C)
with respect to the Finsler structure, then

(a) ftakes on its minimum in every component of L,

(b) if there are no critical values of f in the interval |a, b|, then there
exists a deformation retraction

o: f‘il(_oﬁ)rb] f‘l(—“"‘”ya’l'
Now we give a regularity theorem for ecritical maps of £,. Although

the theorem is true for & > 1, we give here a simple proof for « — 1 small.
We use the same technique later to get local estimates.

PROPOSITION 2.3. The critical mapsof E, in Li“(M, N)areC” i1f a > 1.

Proof. The Euler-Lagrange equations for a critical map s: M — NC R*
can be written

d*(1 + |ds)'ds + (1 + |ds|?)* ' A(s)(ds, ds) = 0 .
Here A is the second fundamental form of the imbedding Nc R*. By Sobo-
lev, for dim M = 2, s is of Holder class C'~**(M, N)cC°(M, N). By Morrey
|[MO1], Theorem 1.11.1, ds e L}(M, N). We may now differentiate and re-
write the Euler-Lagrange equations
(d’s, ds)ds

(2) As+(a—1)1+!ds!2

+ A(s)(ds, ds) =0 .
If &« — 1issmall, we have nice inverses for the linear operator A,: Li(M, N)--
Li(M, N) where

d*u, ds)ds

3 A‘,u:Au—l—a—l(——l————.

(3) ' ( ) (1 + [dsh)
It follows that se L{M, N)c C'(M, N). The regularity of the non-linear
equation (2) is now proved by treating the equation as a linear equation in
s with coefficients which are Holder continuous (although they depend for-
mally on s). The smoothness of solutions follows from Theorem 5.63 of
[MO1].

Theorems 2.2 and 2.3 are nearly sufficient to prove the existence of non-
trivial maps of E, for @« > 1. The only difficulty is that N, = {s: M-
N:s(M) = ye N} = N is the set of trivial critical maps of E, for « =1 on
which E, takes its absolute minimum value 1. This submanifold of minima
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will have to be treated in a fashion similar to the submanifold of trivial
minima in the geodesic problem. We shall be using the fact that the homo-
topy type is the same for all mapping spaces, from C°(M, N) to Li"(M, N)
to C*(M, N) (see [P1]).

PrOPOSITION 2.4. Let a >1. In every connected component of
Li"(M, N) the minimum value of E, is taken on at some map s, € C*(M, N),
which also minimizes K, in its connected component in C*°(M, N). There
exists a B independent of a such that min E, < (1 + B*)" in that compo-
nent.

Proof. Since E, satisfies the Palais-Smale condition (C), it takes on its
minimum in every component of L:*(M, N). Proposition 2.3 implies that
the critical maps lie in C*(M, N). In each component we locate a differenti-
able map %, and let B = max,., |du(x)|. Then min E, < E (u) = (1 + B*)"
in that component.

We need now to analyze the structure of the submanifold N,c L**(M, N)
of trivial maps to points in N. Recall that at y € N,C L¥*(M, N), we can in-
terpret T, Li"(M, N) = Li"(M, T,N)and T,N, = {a: da = 0}. Then in a weak
L’ sense we construct a normal bundle to N,,

N = Uyen, O, € TLI*(M, N)|N, ,

o, = {veLf"(M, T,N): S vdpr =0} .

We use the exponential map exp: TN > N to define
e. TLi"(M, N) — L¥**(M, N)

by the formula e(s, v)(x) = exp(s(x), v(x)).

LEMMA 2.5. e > Li*(M, N) is a diffeomorphism from a neighborhood
of the zero section of N to a neighborhood of N, C Li"(M, N).

Proof. de,(a, v)(x) = exp,(a, v(x)) for a € T,N, veMN, c Li"(M, T,N).
We choose 91, so that de., : T,ND, > T, Li"(M, N)is an isomorphism.
The result is a direct application of the implicit function theorem.

THEOREM 2.6. Given o > 1, there exists a 6 > 0 depending on a and a
deformation retraction

o:E;N1L, 1+ 6]— E, (1) = N, .

Proof. Since (1 +A)“—1—Ax"=0 for =0, if seE;'1, 1+ 4],

g lds|*dst < o, and max{ s — | s| < e¢.0"* where ¢, is the norm of the Sobo-
o M

lev imbedding L:*(M, R*) c C°(M, R*). The metric topology of inclusion
Li*(M, N) < L*(M, R*) and the intrinsic topology are the same. We may
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conclude that if ¢ is sufficiently small and s e F,'|1, 1 + 4], then there exist
y €N, ve 9, such that s = e(y, v). Lemma 2.5 also implies that both ||v]|.,
and g |[dv|** may be made arbitrarily small by choosing ¢ sufficiently small.

Filnally, we consider the candidate for a retraction o: E;'[1, 1 + 6] X
[0, 1] - L*|M, N]. Define o(s, t) = ey, tv) for s = e(y, v). Then o(s, 1) =
8, 0(s, 0) = y € N and ¢ is continuous if 6 is sufficiently small.

For simplicity, we denote a(s, t) = u = exp (y, tv) and d/dt o(s, t) =
dexp,,.., -v. Since d exp,, is the identity, we calculate

dv = 1/t du + O(||v|..)-du ,
djdt B (o(s, 1) = ZaS (1 + [du 5 ~(dv, du)dpe

> 2a/t§w(1 + ldu )= du (1 — t]]v]l.)de .

Consequently, if 6 and therefore ||v ||, are sufficiently small, d/dt E.(o(s, t))=0
and o(., 0) is a retraction.

Let z,€ M and g, € N be chosen as base points for M and N. Q(M, N)
will denote the space of base point-preserving maps from M to N. The map
p: C°(M, N) — N defined by p(s) = s(z,) is a fibration with fiber Q(M, N).

THEOREM 2.7. If Q(M, N) is not contractible, then there exists a B > 0
such that for all a > 1, E, has a critical value in the interval (1, (1 + BY)").

Proof. The fibration p: C°(M, N)-— N has a section N-» N,C C°(M, N)
defined by mapping g € N to the constant map s(M) = q. Therefore the ex-
act homotopy sequence splits and

TCUM, N)) = 7 (N) @ w(QAM, N)) .

If C°(M, N) is not connected, apply Proposition 2.4 in a connected compo-
nent not containing N,. Ootherwise choose a non-zero homotopy class v €
T(Q(M, N)). Note that v: S*-»>Q(M, N)c C°(M, N) has its image lying in
C°(M, N) and is not homotopic to any map 7: S* - N,. Let B = max,cst e
|dY(y)(x)|. Then E,(v(y)) < (1 + B»)" for all y € S*.

Suppose that E, has no critical value in the interval (1, (1 + B*»"). Then
by Theorem 2.2 there exists a deformation retraction o: E. 1, (1 + B*)] »
E,;' 1,1 + é] for all 6 > 0. Choose 6 as in Theorem 2.6. Composing o with
the deformation retraction o of Theorem 2.6 produces the deformation re-
traction

ogop: E,'[1, (1 + B)*|— E;'(1) = N, .

But gopov: 8¢ » N, is homotopic to v, a contradiction.
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ProPOSITION 2.8. If M = S* and the universal covering space of N is
not contractible, them there exists a B and a critical map of K, with values
in the range (1, (L + B") for a > 1.

Proof. If the covering space of N is not contractible, 7, ,(N) =
7(Q(S? N)) # 0 for some k = 0. Now apply Theorem 2.7.

3. Estimates and extensions

In this section we discuss local properties. The theorems and definitions
on previous pages should be interpreted locally where necessary. First we
note the difference in the roles of M and N. In the theory of harmonic
maps the curvature of N plays an important role. In this paper the esti-
mates on this curvature are in terms of the second fundamental form A of
the isometric imbedding Nc R*, although with some extra work one could
show that they depend only on the sectional curvature of N. The curva-
ture and topology of M do not play a role in these estimates. To see this,
cover M by small disks of radius R on which the metric differs from the
ordinary Euclidean metric by terms of order . When we expand these disks
conformally to be of unit size the integral becomes FE.(s) = R*'¢
S (R* + |ds|)"dt where D is the unit disk, on which the induced metric
sgill differs from the Euclidean metric by ¢, but the curvature now differs
by terms of order ¢R*. In fact, the smaller the original disk, the nearer
to Euclidean is the metric on the expanded disk. For this reason, a
priori estimates are uniform in «a =1, 0 < R <1 and the Laplacian A
close to the flat Laplacian 0%/0x* + 0*/oy* for critical maps of E,(s) =
R | (R 1dsl)dye

D

The two expressions F . (s) = g (1 + [ds])dp = Rz"*")g (R* + |ds|")dg’
are the same integral in coordinatenpatches with different pa{'rémetrizations.
Because the factor R**~* does not affect the Euler-Lagrange equations, we
often omit it. However, we try to make estimates in terms of the energy
E(s|D) rather than E.(s|D) because this conformal factor is confusing to deal
with. The Euler-Lagrange equations (2) and (3) appear in the following
forms after this conformal dilation:

(4) d*(R* + |ds?)'“ds + (R* + |ds|*)'""A(ds, ds) = 0
or
(5) As + 2(a — 1)(d’s, ds)ds(R* + |ds|?)" + A(ds, ds) =0 .

PROPOSITION 3.1. Let s: D> N be a critical point of E,. Ifa —1>0
18 sufficiently small depending on > > p > 1, for all smaller disks D'C D,
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ldsilpi,y = k(, D', {18504l ds 100 -

Proof. Let @ be a smooth function with support in D which is 1 on D’,
and choose a base point in R* so that gs = 0. Then ||ds||y.,,, can be used as
a norm for {{dsl||,, ,. Multiplying (5) by # and putting terms from com-
muting differentiation with multiplication by ® on the right gives us
|A(Ps) + 2(a — 1)(d¥(ps), ds)ds(R? + |ds®)~'+ A(d(ps), ds)| < k(@)(lds| + |s]) .

Here the size of k(@) depends on two derivatives of @, || All,.. and |[sl,....
For all p we get an estimate of the form

(6)  JlA@s)lo, = 2(a — D@, + [ Allooll|d@s)| 1ds] ||, + EP)Is]l., -

Let ¢(p) be the norm of A~' as a map from L} > (L? N L} ) on the disk ([AG]).
Then from (6) we get

(7) e Mleslh, <2 — Dl|@sl,, + (| Al |d®s)] [ds| |, + E@)ls., .
Now let p = 2. For 2(a — 1) < ¢(2)™" we get
(¢ — 2(a — D)lPsll. = [[AllLll@sllisih, + k@) s,

which provides a bound on |[s|,.,. where D" = {x e D: p(x) = 1}. By
Sobolev, this gives a bound on ||s||,,, for all p. Repeat (7) for any p with
® now having support in D”. If ¢(p)~' > 2(a — 1) we get a bound on ||s/|l,,
in the interior of D”. These estimates are uniform as a - 1.

We were more careful with our estimates in the proof of Proposition
3.1 than we really needed to be. We shall use inequality (7) in the proof of
the main estimate of this paper. One should note that this is the standard
sort of estimate for regularity in perturbation theory. It says that if s is
close enough to a constant map in a disk, we can get uniform estimates
which are not otherwise available.

MAIN ESTIMATE 3.2. There exists € > 0 and «a, > 1 such that 1f s: D >N
18 a smooth critical map of E,, E(s) <eand 1= a < a,, then there is an
estimate uniform in 1 = a < «,,
1dsllp, < Clp, D)idsll,
for D' D any smaller disk.

Proof. Clearly we need only get a bound on ||ds||, ., for any smaller
disk D" < D and apply Proposition 3.1 to this. Again we assume\s = 0 and
use (7) with p = 4/3. We estimate the bad quadratic term || |ds||d(®s)] |l
using Minkowski’s inequality, by ([ds|,.||d(®s)||,.. The inclusion
L*(D, R*) < LY D, R*) is exact for the Sobolev imbedding theorems because
1/2 — 1/(4/3) + 1/4 = 0, and we use ||d(®s)||o, < k' || s]l,,,5. We have now put
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(7) in the form

(8) (0(4/3)_1 - 2(a — 1)) 1 Ps!z1s
=KAol dsllosl|Psles - E(@)]ds s -

Certainly  ||dsllo,s < V'E(s). If in addition (c(4/3)"' — 2(a — 1) —
k'l Alls.lldslis.) > 0, we get an estimate on || @s|l,,, = (k) '[l@s|l,,. Note
that the form on the estimate for E(s) < ¢ is

V'E(s) < 1/2[(e(4/3)" — 2(a — D)kl Ally,..) ']

and ¢ is small only if the second fundamental form is large.

Naturally the above estimate can be made globally on M without the
boundary terms containing k(). If the norms are norms on M, ¢ = 1, and
¢(4/3) is the norm of the inverse of the Laplace operator L**(M) — L{*(M)
(assumingg A~'udp = 0) and k' is the norm of the imbedding L{*(M)
Li(M), equagion (8) has the global form

(c(4/3) " = 2(a — D)Is /by = K[ AlloVEG) [[8]a0 s -

Clearly, if V' E(s) is too small, this has no solutions except s = Ss. We use
this later.

THEOREM 3.3. There exists ¢ >0 and a, > 1 such that if E(s) <e,
1= a <a,and s is a eritical map of E,, then s€ N, and E(s) = 0.

In our definition of harmonic maps, we assumed that the maps were
continuous and satisfied the Euler-Lagrange equations in a weak sense. It
followed from regularity theorems that the harmonic maps were smooth.
Here we prove a slightly stronger theorem. We assume that s: D — {0}-»N
is harmoniec, and that the energyg |ds*dt < <=. In this case s is a weak
solution of the Euler-Lagrange éc;uation in L{(D, N). We will prove that
in such a case s is smooth. In the case that s is a strict minimum, this is
proved by another method by Morrey [MO1|, Section 4.3. He directly uses
the minimizing properties of E(s). Notice that due to the conformal equi-
valence of D — {0} with R® — D, this theorem can be interpreted as a
theorem on the growth at infinity of harmonic maps. We use the Main
Estimate 3.2 derived in Section 3 for a more general equation. D(x, R)
denotes the disk of radius R and center x,; D(R) the disk of radius R and
center the origin; D = D(1). We choose isothermal coordinates centered at
the origin of the disk. SinceSn[ds [Pdpe < co, lim,., Sl)mldsﬁd;tzo. By a con-

formal expansion to D(2) withS lds|*dpe<e, we can assumeg lds|*dp < e.
D(R) D(2)

We choose ¢ later.
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LEMMA 3.4. There exists € > 0, such that ifg dsdpe < ¢, then there
D(2)
exists a comstant ¢ such that

|ds(@)| o] < e (g dsPdp)” forzeD.
Dieteh

Proof. Choose ¢ from the Main Estimate 3.2 withp = 4and a« = 1. For
x, € D, define §(x) = s(x, + |x,/2). Then

S A5 g = S

We may apply 3.2 to §: D -> N, which is also a harmonic map. By the Sobo-
lev imbedding theorem and 3.2 we have

1ds|ﬂd/e<§ dsfdp <.

Dixg, iz )

max, . oo |d8()] < € {[ds|lpuu.. < GclldF |,
If we transform this into an inequality on s, we get
ids(xo) l (@, | = |d§(0) l = ce(4) || dSHn(zO,:xo:a =cllds Hn(zixola,o.z
which is what we wanted to show.

LEMMA 3.5, Let s: D — {0})-> NCR* be a smooth harmonic map such
that E(s) < <. Then

Szrlso(z)izdﬁ = g S:z\sr(z)lzdﬁ .

Proof. Let @(z) = w(z)dz* be the holomorphic quadratic differential de-
fined preceding Lemma 1.5. From Lemma 3.4 we get |w(2)|<2|ds(z)|* <¢'|z |
Therefore w(z) has a pole of order at most two at z = 0. Since S |w(z)|dpe <

[ds|*dtt < <=, the order of the pole is at most one. A direct cl:)mputation
shgws that

Re w(z)z* = |s4(2)|* — |21%s,(2)|°

in polar coordinates. From Cauchy’s theorem,

0=1Im S w(z)zdz = Re S%

lzt=r Ojzf{=r

(w@2)d0 = | "(|su(r, 07— 1*5,0r, 0))do
This holds for all |z| = » < 1.

THEOREM 3.6. If s: D — {0} — N is harmonic with finite energy, then
s extends to a smooth harmonic map s: D-— N.

Proof. We can assume that S lds|*dp < e (by a conformal expansion),
D(2

where ¢ is at least as small as the ¢ chosen in Lemma 3.4. We approximate
s by a function ¢ which is piecewise linear in log » and depends only on the

radial coordinate. Let ¢(2™) = 1/27rg s(27™, 6)df. Then g(r)is harmonic for
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r between 2" and 2", m = 1. Now for2 " <r» <2 "',
la(r) — s(r, )] = [g2™) — g2 )| + |s(r, 0) — q@ "] .
Since
max{|s(@) — s(y): 2" = >, | 2"

Yl
<2 ""max{/ds/(x): 2" = x =2 "}

< cZ“(S s ) )

IA

we can assume
(9) \«m—swﬁngz%a‘W%.dwwﬁwgfwa

Here we have used the main estimate incorporated into Lemma 3.4. Now
we estimate the L? norm of the difference between ¢ and s.

fammo

(10) g dqg — dsldpe =37 r g” (q(r) — s(r, @))-(s.(r, ) — Q'(T))dﬁ{qw
~ | @ 9a0 - 9dr .

The integral in 6 of the boundary term containing ¢’(») disappears because
q is the average of s at 2™, The terms with s.(», §) cancel with succeeding
and preceding terms, since s.(r, 0) is continuously defined, as are q and s.
One checks by a limiting argument and (9) that as m - <> the limit con-
verges and no boundary term is necessary at2 =" asm > <. ButA(qg — s) =
— A(s)(ds, ds). So we estimate — S“(q — $)A(q — s)d/t by

TAl g = slhlldsife < A2V ¢ lds|i, .
Choose || A (|..2'¢V ¢ <. Then from (9) and (10) we have derived

[, lde—alde=(| s—qea) (| 1s.ra0) +of dsap.

We may replace the left side by 1/2 S |ds|*dp = S Isy*dt. Wenote this
D(1)

can only decrease the left side by Lemma 3.5 and the fact that ¢ does not
depend on 4. Because ¢ is the average value of s,

(s —aran) = (\_serao) = ({ 1siao)” = (51 jasrar)”

for the right-hand side. Finally, we obtain the estimate (1 — 24)
S dsPdpe < S ids|*dg. If we translate this inequality by expansion and
D(1)

contraction into a disk of any radius, we get for » <1,
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(1- 25)8 dsdp < v S

Dt e

lds|*df .

This inequality integrates to yield S dsitdpe < ¥ g |ds|*dp. See for ex-
D(r) n

ample [L-U, Section 9.7]. Apply Lemma 3.4 one last time to get, for

0< iz, <1/2,

dsta)| @ s ¢ 2w (| dsrap)
D

This now implies s € Li*(D, N) for a > 1, and the proof of (2.3) applied to
equation (1) gives regularity.

4. Convergence properties of critical maps of the perturbed problem

In the previous section we obtained existence of critical maps of the
perturbed integrals and some uniform estimates. Our main result of this
section, Theorem 4.7, is that as @ - 1, either these converge to a harmonic
map, or there is a minimal sphere acting as an obstruction. This statement
sounds a bit circular when M = S*, but it works. The technique is based
on the type of estimates used in regularity theorems for elliptic operators;
see for example reference [GI-M].

LEMMA 4.1. Let s, for a >1, be a sequence of critical maps for E,,
with B (s,) < B. Then there exists a subsequence {8} C {a} such that s; — s
weakly in LM, R*) and lim, ., E(s;) = E(s).

Proof. This is just the weak compactness of the unit ball in L}(M, R¥).
Because we have not assumed any minimizing properties for the sequence
s,, we do not know much about se L}(M, R*) except s(x) € N for almost all
xe M. We do not, for example, know that s is continuous. It can certainly
happen that lim, , E(s;) > E(s) and se€ N,. Recall that N, is the set of
trivial maps to a point.

As in the previous section, we assume M has been covered by disks,
with the disks of half the radius covering M, and the metric on these disks
uniformly close to the flat metric. These disks can be as small as we want,
say of radius R = 2™, and we make the additional assumption that each
point of M is contained in at most h disks, where 4 is uniform as 2= — 0.
If we expand these small disks to unit size, the integral appears on the unit

disks D in the form E (s) = S (R* + |ds|*)"dst where R is the radius of the

D

disk. Define E, = E, — R S dpe.
D

LEMMA 4.2. Let s.: D(R) > N be a sequence of critical maps of E, for
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a sequence a — 1, which is weakly convergent in LI*(D(R), R*). Then there
exists ¢ >0 such that if E(s,) <e then s,—sin C(D(R/2), N) and
s: D(R/2) —> N is a smooth harmonic map.

Proof. From the conformal invariance we can assume D(R) = D.
Choose ¢ from the Main Estimate 3.2 with p = 4and D’ = D(1/2). We have
a uniform estimate |[ds.|/)i. ... < C(4, D(1/2))e, since a ~1. From the
compact Sobolev imbedding L3(D(1/2), R*)cC'(D(1), R*), it follows that the
set of limit points of s, in C'(D(1/2), R*) is compact, and from the weak con-
vergence s, -~ s in Li"(D, R¥), s, >sin C'(D(1/2), R*). Since convergence is
in C', the form of the Euler-Lagrange equations (4) shows s is harmonic.

PROPOSITION 4.3. Let UC M be an open set and s, U-—~>NCR*be a
sequence of critical maps of E, for a »>1, s, —>s weakly in L}U, R,
E(s,)<B. Let U, ={xeU: D, 2 """)C U}. Then there exists a sub-
sequence {a(l)}C {a} and a finite number of points {x, ., ---, ..}, wherel
depends on B and N but not on m, such that

Sy — s i C* (U, — Ui, D(x,, 2°""), N) .

Proof. Cover U, by disks D(x,, 2 ™) < U such that each point x € U is
covered at most & times and the disks of half the radius cover U,. Then

Eig |dsnl‘ld/e < Bh and for each a there are at most Bh/¢ disks on

which S o |ds,|*dst > €, where ¢ is the constant from Lemma 4.2. We
claim amgabseduence {a(l)} c {a} can be selected to converge to s in
CYD(x,, 2 ™"), N) except on | < hBJe + 1 disks. Suppose we have shown
Ser > 8 in CY(D(x,, 2 ™", N) for i = 1,2, ..., k disks and there are more
than Bh/e disks on which the convergence fails. Then there must be at
least one disk D(y, 2 ™) in the remaining disks, and a subsequence

{a(k + 1)} c {a(k)} such that for « = a(k + 1),

Digg,2”m il

S lds. | dpe < e .
Diy,2—m

Then §.(x) = s, (x + y) is a ecritical map of E, on C'(D2™), N)and
E(E.(2) <e. From Lemma 4.2,§, >sin C(D(2 ™), N), which is the same
thing as s, »sin CY(D(y, 2 "), N). We repeat this procedure until there
are | < hB/e + 1 disks remaining.

THEOREM 4.4. Let UC M be an open set and s,: U N be a c¢ritical
map of E,and E(s,) < B, a->1 and s, s weakly in Li(U, R*). Then there
exists a subsequence {B} C {a} and a finite number of points {x, ---, x},
where | does not depend on U such that s; >s in C(U — {x,, ---, )}, N).
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Moreover, s: U— N is a smooth harmonic map.

Proof. We use the preceding proposition to construct a series of sub-
sequences {a(m)} C {a(m — 1)} C {a} with a(m)—1 and s,m — s in C(U,, —
U< D(%,,n, 2°™), N) for each integer m. Here !l < Bh/e + 1. Choose a dia-
gonal subsequence g of the sequences {a(m)}. Then s; > s in

C(UnUn — Uizt D@, m, 2°™), N) = C(U — Na(Uiz1 D@, 27™), N)
=C(U - {x,, ---, 3}, N).
We have constructed s C(U — {a,, ---, x;}, N). Because s is a weak limit
in L} U, R*), we have E(s) £ lim, ., E(s,) < B, and we can apply Theorem 3.6
to get s: U — N smooth and harmoniec.

We have no assurance that s is not trivial when U = M, or that the
convergence can be extended over the points {x,, . .-, «,} in the theorem.
However in some cases we can directly argue that the convergence s, s
in the C' topology.

LEMMA 4.5. Suppose that the hypotheses of Theorem 4.4 are true and
there exists 0 >0 such that max,.,.,»|ds.®)| < B < . Then s,—sin
C(D(x,, 6), N).

Proof. In a small enough disk D(x,, R) C D(x, 0), S lds.|Pdp <
nR*B* < ¢. Choose 7R’B* < ¢. Then we may apply Lemma Dél(fiz’lci)to get s,—s
in C(D(x,, R/2)).

THEOREM 4.6. Let s, be a sequence of critical maps of K, for a — 1,
E(s,) < Band s,—s in C'(M — {x,, ---, x}, N) but not in C(M — {,, ---,
x}, N). Then there exists a harmonic map§: S*-> N which is not a map to
a point such that

§(SB) c nm—'oo (na—wl UﬁSa sﬂ(D(xly 2—m>)) .
Moreover E(s) + EE) <lim, ., E(s,).

Proof. Let b, = max,.p., .- |ds,(x)| and x,€ D(x,, 2°") be a point a
which the maximum b, is taken on. By choosing a subsequence, by Lemm:
4.5 we may assume lim, , b, = . Moreover, lim,., x, = x,, because s, —
inC(M—{x, ---, 2}, N). Define3 (x)=s(x,+b;'z). Then3, DO, 2°"b,)—1
is a critical map of E, and |d3,(x)| <1 for x € D(0, 2-"b,). We have chose
|d3,(0)| = 1. Note that the disks on which the maps §, are defined have rad
going to > as @« — 1 and b,-> <o, and the metric on these disks converge
to the Euclidean metric. Using Theorem 4.4 and Lemma 4.5, for any R < «
we can find 3, — § in C'(D(R), N), where §: D(R) — N is smooth and harmoni

Since |d5(0)|] = 1, § cannot be a map to a point. By a diagonal argumen
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for a subsequence §; ->§ in C'(R* N),
E®) + E(s|M — D(x,, 2°™))
< lim; , {E(5;| D(0, 2°™b,)) + E(s;| M — D(x,, 2°™))}
< lim; ., E(s;) .

By letting m <, we have E(3) + E(s) < lim; ., E(s;). ButR* = S* — {p}con-
formally, and E(3) < <=, so from Theorem 3.6, § extends to amap3s: S* > N.

THEOREM 4.7. Let s, be a sequence of critical maps of K, for a-->1,and
S, — s weakly in L} (M, R*). Then either s,— s in C'(M, N), or there exists
a non-trivial harmonic map §: S*— N with §(S)C M. .. m More-
over E(s) + E3) < lim, ., E(s,).

3. Applications and results

In this section we state and prove the final results using the conver-
gence schemes developed in Section 4. In what follows, ¢ is a uniform con-
stant depending on the second fundamental form of the imbedding N c R*
and is assumed to be the minimum of the constants appearing in the Main
Estimate 3.2, Theorem 3.3 and Lemma 4.2. Theorems 5.1, 5.2 and 5.5
yield existence of minimizing harmonic maps. Theorems 5.1 and 5.2
have been obtained independently by Lemaire [L4] and Schoen and Yau
[Sch-Y] by other methods. Note that some hypothesis like 7, (N) =0
is necessary in Theorem 5.1 in view of the examples of Eells and Wood in
|E-W .

THEOREM 5.1. If N is compact and 7w,(N) = 0, then there exists a mini-
mizing harmonic map in every homotopy class of maps in C°(M, N).

Proof. Let s,. M- >N be a minimizing map for £, in a fixed homotopy
class with E (s,) << (1 + BY)" as in Proposition 2.4. By Theorem 4.4, with
M = U, we can choose a subsequence S->1 such that s;->s in CY(M —
{x,, ---, x}, N) with s: M > N harmonic. We claims; >sin C'(M, N).

Center a small ball about «, in M of radius p, where p is small enough
so x; € D(o) for j # i. We will choose p later. Define a modified function
§5: D(0) > N which agrees with s; on the boundary of D(p) and with s in
the center. Let » be a smooth function which is 1 on» =1 and 0 on »=1/2.
Let exp be the exponential map on N.

(11) §s(@) = exp,, (n(|2|/p) exp,” ) © s5(@)) .

Then s; »sin C'(supp 7( @ /0)) N D(p), N)and we have §, —sin C'(D(p), N).
Recall that for s e L**(M, N), E (s) = S (1 + Ids?)*dse — 1, which implies

M
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(12) lim; ., Es(8;) = E(s|D(p)) .

By assumption, 7,(N) = 0 and s, and §, are homotopic. Since s;is a
minimizing function for E; in its homotopy class, Ex(s;/D(0)) < E5(85:/D(0)).
Apply (12) and

lim, ., Ey(s; D(p)) < E(s| D(0)) < 0’7 |51 .
If we initially choose p so 0’7 i|s]}} . < &/2, we can apply Lemma 4.2 to get
ss > s in CY(D(p), N), since Ej(s;/D(0)) < ¢ for g sufficiently close to 1. We
may conclude s; - >s in C'(M, N). Since s; minimizes £;, s must minimize E
in the same homotopy class.

A free homotopy class of (unbased) maps from M to N induces a map
between 7, (M) and 7,(N). The following theorem has exactly the same
proof as Theorem 5.1 which we do not repeat. When we replace s; by §; in
D(p), we do not change the map on the fundamental group.

THEOREM 5.2. FEvery conjugacy class of homomorphisms from m (M)
into w,(N) 18 induced by a minimizing harmonic map from M into N.

If 7,(N) = 0, then Theorem 5.2 implies Theorem 5.1, since in this case
conjugacy classes of homomorphisms from 7,(M) into 7,(N) are canonically
identified with the components of C°(M, N).

In the next lemma we use the construction (11) in the proof of
Theorem 5.1 to relate the minimal values of E in the free homotopy classes
of C°(S?, N) to the structure of 7,(N) acted on by 7,(N). Eachvyem,(N) de-
termines a free homotopy class of maps from S* into N and two elements v
and v’ in 7,(N) determine the same free homotopy class if and only if they
belong to the same orbit 7,(N)y = 7,(N)Y" under the usual action of 7, (V)
on 7,(N); i.e., the set 7,C°(S* N) of free homotopy classes of maps is in
natural one-to-one correspondence with the set of orbits 7 (N)v < m,(N).
We denote by I'ex,C%S? N) the free homotopy class corresponding to
7.(N)y. For I'er,C°(S* N), v will denote any element of 7,(N) such that
7.(N)v corresponds to I', and we shall write vy €I'. Note that for a € 7,(N)
and v, 7.€7(N) we have a(v, + 7,) = av, + av,. Moreover, given I';, =
T (N)y, for 1 =1, 2,3, with v, + 7, = 7,, then, since av, + av, = av, we
have 7, (N)v, € 7,(N)v, + 7, (N)v,. This last relation is the substitution for
addition in free homotopy classes. Define

#I' = min{E(s): se ' N L7 (S N)}
= lim, {min E(s): seT' N L(S*, N)} .
Note that #I" = 0 if and only if I" is trivial and that £I" > ¢ otherwise.

LEMMA 5.3. Let s,: S* > N, a— 1, be a sequence of non-trivial critical
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maps of E, with s, »s in C'(S* — {p}, N). Then s: S* =N is not a map to
a point.

Proof. Let (¢, 0) be spherical angles on S* with S' = {(¢, 0): 0 < ¢ < 7/2}
and S- = {(g, ): 7/2 =9 = w}. Let p be at the north pole ¢ = 0. Relabel
s, = v. We compute the variation of E, at v in the direction w, which is
obtained by differentiating the family voo,. Here ¢,: S* > S%is a family of
conformal transformations which depend only on the polar angle 3. The
formula for this variation is u(g, 0) = vs(¢, 6)sin¢. Since v is critical for

k.,

0 = dE, (u) = 2 g (1 + [doP)"(dv-du)dye .

We evaluate (dv-du)dst as
[(vs- (vs8in g)s) + sin*9(v, - (v,sin ¢),)]sin $dbdg

_ B‘dv;::,sin‘-v + Idv|'sin ¢ cos ¢]d¢9d¢ .

y4

Putting this expression into the integral gives
0= SS[((I + [dv ) — 1)ssin’ + 2a(l + |dv[*)*'[dv|* sin ¢ cos ¢|dod0
-~ 2§ T+ [dol)y + 1+ al + [do)'|dvJeos gdy:

where the last equality is obtained from integration by parts. To estimate
the integral, use Taylor’s theorem, for real » > 0 in the expression

I+ al + AN — (1 + )"
(1 + a)es

=1+ N7+ al + NN — (L4 N

— (a — 1)8 (@ — 21 + )" + 2)(1 — Bdtr: .

0

The extremal values of the integral are /2 and 1 at » = 0 and A = < re-
spectively. It follows that the integrand we obtained over S*

all + ldoP)dol* +1— (1 + [do])* ~ (1 — a)(l + [dv]?) *dor .

Divide the integral up into integration over S* and S-.

(13) a/2g +(1 + |dv ) dv |* cos gdpt = g (1 + [dv ) *dv[(—cos g)dye .

N ST

Recall v =s,, a—1,and s, —s in C'(S*— {p}, N). If s is trivial, by
Theorem 3.3, s, cannot approach s in C'(S* N). From Theorem 4.6 we see
that there exist expansions §, of s, near p which converge to35:S* > N.
Then
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LEG) = lim, , BsD,) = lim, S |ds. | cos pdyt
S+

< lim, ., (-S (L (ds, ) ds, cos g ) dpe= —S idscos gdyt .

Here we use (13) in the last inequality. If ds = 0, § is trivial, which is
impossible.

LEMMA 5.4. Let I'en,C%S?*, M). Then either I' contains a minimizing
harmonic map s or for all 6 > 0 there exist non-trivial free homotopy classes
I =m(N)y,and I, = 7,(N)v, such that I’ = z,(N)vycz(N)v, + 7.(N)v. and
$0, + 0, < #I + 6.

Proof. By Proposition 2.3 and Theorem 4.4 we can find a sequence
a->1and maps s,€l’ which are minimizing for E, in I' 0 LS’ N) and
which converge weakly to s in Li(S?, R*). Infacts, >sinCY(S*— {z, - -,
a,}, N). We can assume that lim,, ., lim, ., E.(s.D(x, 2" ™)) Z ¢, for if not
we can apply Lemma 4.2 to remove the singularity z, of the convergence
of s, to s. If we can remove all the z, in this fashion, s, >sin C'(S’, N)
and se I is a harmonic map which minimizes £ in I"'. Assuming we cannot
do this, pick a small disk D(p) around x, and use construction (11) to define
§. D(p)->N. Let
s(w) xeS — D(o)

§.0)  weD(),

(S.of@) xS — Dip)

[s.(2) xe D(o) .

Here f: S* — D(p) — D(p) is the conformal reflection leaving the boundary
of D(p) fixed. Let I', and I', be the free homotopy classes of , and v, re-

spectively. Then 7,(N)y C 7w, (N)v, + 7, (N)Y.. From (12) and the conform-
ality of f

U () =

V() =

lim, ., E(u,) = lim,., E(s./S* — D(p)) + E(s/D(p))
and
lim,., E,(v,) = lim, ., E.(s,/S* — D(p)) + E(s| D(0)) .
If p*m ||s]]i.. = 0/6, we can choose « close enough to 1 so that
Eu,) = a( «/S* = D(0)) + /3
E(v,) = Efs./ D(0)) + 6/3
and
0, + 20, B (u,) + E(v) < E(s.) +2/30 <2 +0 .
We assume 6 < ¢/2. It is automatically true that £ (v,) = E (v..D(0)) = ¢,
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sofl < E(u)<#I' +6 —e<%I. ThenT, # landT, = 0. We now need
only show K (u,) > 6 to get I', = 0. If we have chosen « close enough to 1,

E(u,) > E(s,1S* — D(0)) = E(s|S* — D(p)) — /6 > E(s) — 5/3 .

If s is not trivial, we are finished as F(s) > ¢ from Theorem 3.3. If s is
trivial, it was shown in the preceding lemma that there must be at least a
second point z, = x, where the convergence s, s fails. Then Lemma 4.2
gives us that lim, ., E,(s,| D(x,, 0)) > ¢ and E,(«,) > E,(s.| D(x., 0)) for small
p. In either case, E,(u,) > d and T, # 0.

THEOREM 5.5. There exists a set of free homotopy classes A, Cw,C°(S? N)
such that elements {x € A} form a generating set for w,(N) acted on by 7 (N),
and each A, contains a minimizing harmonic map s;: S*— N.

Proof. Let A, be the homotopy classes containing minimizing harmonie
maps. Let PCx,(N) be the subgroup generated by elements {x» € A,;}. Sup-
pose the inclusion is proper. Pick a class I' with elements v eI', v ¢ P such
that if IV < £T — ¢/2, then the elements {v' eI} C P.

By assumption I" does not contain a minimizing harmonic map, so there
exist I, and I', with 7,(N)y Cw(N)v, + 7 (N)v, and #T', + £T", < #T + ¢/2.
But I', and I, are not trivial so £T"; = ¢ for 7 = 1, 2. All this implies £I'; <
#I" — ¢/2. By assumption the sets 7,(N)v; are both in P, so

T(N)yy cm(N)v, + ©(N)7.C P.

In the next two theorems we look into the situation where the har-
monic maps are not necessarily minimizing but may be saddle points. Our
first result treats the case where there are no obstructions to our conver-
gence technique.

THEOREM 5.6. Let ¢, = min E(s) for s: S*-~> N, s harmonic and not a
map to a point and ¢, = « if this set of harmonic maps is empty. Then
E|E-'[0, ¢,) satisfies a Morse theory for M=+ S* and for M =S
E|E'0, 2¢,) satisfies a Morse theory.

Proof. We apply the technique of Morse theory by perturbations E,
from E. The set {s,: s, is critical for E,, E.(s,) =6 < ¢} is compact, since
by Theorem 4.6, s, »s in C'(M, N) unless there is a minimal harmonic map
3: S?— N with image lying in the Hausdorff limit set of s, (M). In this case
lim, ., E(s,) = E®3) + E(s)=¢,. If M = S*, by Lemma 5.3, E(3) = ¢, There-
fore the results of |[U] are valid.

THEOREM 5.7. If the universal covering space of N is not contractible,
then there exists a non-trivial harmonic map s: S>> N.
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Proof. We apply Theorem 2.8 to get a critical map s, of E, with
¢ < E(s,) < B. Then from Theorem 4.4, there is a subsequence, which we
ales denote by s,, such that s, —s in C(S* — {z,, ---, 2}, N), where a > 1
and s is harmonie. If s is not a map to a point, we are finished. If sisa
point, since E,(s,) > ¢, s, must fail to converge to s at some points. From
Theorem 4.7 there exists a harmonic map § with §(S*) N, Us<n 5.(57). Re-
call the result of Corollary 1.7: the image of a harmonic map from S*to N
is a conformal branched minimal immersion. This, together with the pre-
ceding theorem, yields the main theorem on the existence of minimal
spheres stated in the introduction. Note that the hypothesis on the uni-
versal covering space of N cannot be dropped, for if N has non-positive
curvature then every harmonic map s: S* - N is constant.

THEOREM 5.8. If the universal covering space of N is not contractible,
then there exists a mom-trivial C= conformal branched minimal immersion

s:S*-> N.

Combination of Corollary 1.7 and Theorem 5.5 yields the final result on
minimal spheres.

THEOREM 5.9. Thereexists a set of free homotopy classes A, € m,C°(S*, N)
such that elements {\ € A,} generate n,(N) acted on by 7,(N) and each A, con-
tains a conformal branched immersion of a sphere having least area among
maps of S* into N which lie in A,.
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