Power Concavity and Boundary
Value Problems

ALAN U. KENNINGTON

1. Introduction. This article presents an improved version of Korevaar’s
convexity maximum principle (1983, [4]), which is used to show that positive
powers of solutions of various categories of boundary value problems are concave.
For instance, it is shown that if Au + f(x) = O for x in a bounded convex domain
Q in R" for some n = 2, f is non-negative, f*® is concave in  for some g =1,
and u = 0 on 9Q), then u* is concave in ) for 0 < a = /(1 + 2B). The upper
bound for o is shown to be sharp.

More generally, it is shown for any o € (0,1] that if u is a solution of
Au + b(x,u) = 0 in Q such that u = 0 on 9, then u® is concave in {) whenever
b(x,u) = 0 for all x and u, t* 'b(x,t) is decreasing with respect to ¢, and
1% D/ep(x,t'/*) is jointly concave with respect to (x,t). Similar results are ob-
tained for the equation Au = €.

2. Definitions and preliminary results. Let ) be a domain in R", n = 2.
For k a non-negative integer or +, C(€2), C(Q), C*(Q2) and C*(Q) will denote
respectively the set of continuous functions on (2, the set of continuous functions
on (), the set of functions in C({) whose derivatives of order less than or equal
to k are continuous, and the set of functions in C(€)) whose derivatives in Q) of
order less than or equal to k have continuous extensions to ).

If Q is a bounded convex domain in R” and u : ) — R is a bounded function,
then the convexity function ¢ for u on Q is defined on Q x Q x [0,1] by:

c(y,z,A) = (1 = Nu(y) + Au(z) — u((1 — Ny + \z) fory,z€ fl, A € 10,17,

Write ¢ = sup{c(y,z,M): (y,z,\) € Q x Q X [0,1]}. Then ¢ is a real number since
¢ is bounded. Also, ¢ = 0 (which follows, for instance, by putting A = 0), and
¢ = 0 if and only if u is concave in ).

In order to present the results of this paper coherently, it is convenient to in-
troduce the concept of a-concavity. When o is a positive real number, a non-
negative function u defined on a convex subset of R” for any n = 1 is said to be
a-concave when its o™ power, u®, is concave. Then a-concavity can be extended
in a natural way to all extended real numbers « in [—o,+] as follows: u is said
to be a-concave for a = +o when u is constant, for 0 < a < 4+ when u® is
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concave, for &« = 0 when log u is concave, for —© < o < 0 when u® is convex,
and for a = —o when the upper level sets of u, {x € Q:u(x) > t}, are convex
for all real constants ¢. (Here, log u, and u* for — < o < 0, are taken to mean
—oo and +o respectively when u = 0, and the usual extended definitions of con-
cavity and convexity are then applied to the extended real valued functions that
result.)

The naturalness of this generalisation of concavity, which is similar to a defi-
nition used by Brascamp and Lieb ([1], p. 373), will be evident from its properties
given below.

The definition of (—1)-concavity can be extended from positive functions to
general real functions as follows: If S is a convex set, then b:S — R will be said
to be harmonic concave when, for all (y,z,\) € § X S X [0,1],

b((1 = Ny + Az) = b()bE)(1 — Nb(z) + Nb(y) ™'
if (1 — Nb(z) + Nb(y) >0
and
b((1 =Ny +A)=0 if b(y) = b(z) = 0.

It is readily seen that a positive function b is harmonic concave if and only if
1/b is convex (that is, b is (—1)-concave). But it is also true that any concave
function, whether it is non-negative or not, is harmonic concave, since if b is
concave and (1 — A)b(z) + Ab(y) > O then

b((1 = Ny + A2) = b(»)b()((1 = N)b(z) + Nb(y))™
= (1 = Mb(y) + Mb(z) — b(y)b(z)(1 = Nb(z) + Ab(y)~"
= M1 = M(b(y) = b2)* (1 = Nb(z) + \b(y)) ™
=0.

The inequality for b(y) = b(z) = 0 is clearly satisfied by any concave function
b. Harmonic concavity is used in preference to (—1)-concavity in Theorem 3.1
to allow the fullest possible generality.

Some basic properties of a-concavity are summarised here. They are given only
brief justification since they are mostly elementary. Property 4 is probably the
most useful for applications, since equation (2.1) provides a simple way of check-
ing whether a function is a-concave.

Property 1. Let ) be a convex set in R” for some n = 1. A function u on ()
is a-concave if and only if for all y and z in ) and A € [0,1],

u((1 = Ny + Az) = g (A ,u(y),u(z)),
where g, (A,s,t) is defined for N € [0,1] and s, # = O by:



POWER CONCAVITY 689

max(s,t) fora = +o
(A = N)s® + A)Ve for0 < a < +o
8a(N,8,0) = 9 s fora =0
sH(1 = N+ AT for —o<a <0
L min(s,?) fora = —»

where 0° is taken to mean 1. This equivalent definition for a-concavity, and the
fact that g,(\,s,t) is monotone increasing with respect to a, are discussed by
Brascamp and Lieb ([1], p. 373). It is straightforward to show that for each
ANe[0,l]and s, t =0,

8-(\,s,0) € C([—,+]) N C*(R)

with respect to the usual two-point compactification topology on [—,+x] (but
not analytic when either s or ¢ is equal to zero, since, for instance, g,(\,0,7) =
A/t for a > 0, and equals zero for a < 0).

Property 2. 1f u is a-concave, then u is $-concave for all § = a. This mono-
tonicity property of a-concavity follows from the monotonicity of g, with respect
to a, which in turn follows from Jensen’s inequality.

Property 3. For any (—)-concave function u, define the concavity number
of u by a(u) = sup{B € R:u is B-concave}. Then u is a(u)-concave. This con-
tinuity property of a-concavity follows from the continuity of g, with respect to
a. The results of this paper may be regarded as calculations of the concavity
number for solutions of boundary value problems.

Property 4. For a € (—%,+%), a positive C* function on a convex domain
) is a-concave if and only if

2.1 u(uge(x) + (@ — Dug(x)* =<0

forall x € Q and 0 € S, where § = {¢ € R":|d| = 1} is the set of “directions”
in R”, and u,y(x) and uy,(x) denote the first and second derivatives of u with respect
to x in the direction §—namely, 6,0u/dx; and 6,0,0>u/dx;dx;. (The summation
convention will apply to all roman subscripts unless the context indicates other-
wise.)

To prove (2.1) requires little more than the observations that a C* function v
in a convex domain is convex if and only if vge(x) is non-negative for all x and
0, and that

(U)o = U™ *(unge + (a0 — D) fora # 0
and

(log u)ee = u—z(u“ee - u§)~
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Property 5. 1t follows from Property 4 that if u is a positive C? function on
a convex domain (), and o € (—,+), then u is a-concave if and only if
2.2) a =<1 — sup{u(x)ug(x)us(x) > :x € Q,0 € S and uy(x) # 0}.

In fact, this is also true for @ = +, since the set in (2.2) is empty if and only
if u is constant, in which case the supremum of the set is —, and the right-hand
side equals +. Hence for any (—)-concave positive C* function,

(2.3) a(u) = 1 — sup{u(x)uge(x)us(x) > : x € 0,0 € S and uy(x) # 0}.

This provides an effective means of calculating a(u) when u is given explicitly,
and demonstrates the essential simplicity and naturalness of the definition of a-
concavity.

Property 6. For any a, if fis a pointwise limit of a sequence of non-negative
a-concave functions, then f is a-concave. This follows from Property 1 and the
continuity of g,(\,s,t) with respect to s and ¢.

Property 7. For any o = 1, the set of a-concave functions on a convex set
) is a convex cone. That is, for & = 1, the a-concave functions are closed under
addition and positive scalar multiplication. This follows from a well-known ex-
tension of Minkowski’s inequality which states that if one defines

m 1/p
lll, = <Z v{’) forv € R",
i=1

then
(= Nyo + M, = (1 = Dlfell, + Mwll,

for all p € (0,1], A € [0,1] and v, w € R™. From this, putting m =2, v =
(f(¥),8(y)) and w = (f(2), g(z)), one obtains

(1= NP+ gV + N f () + g2)P)?
= (1 = Nlpll, + Nwll,
=|(1 = Nv + A,

= (1 = NFO) + Mf@)? + (1 = Ng(y) + Ng@)")/?
= (f((1 = Ny + A2)” + g((1 = Ny + A\)")?

whenever f and g are non-negative concave functions. But this inequality means
precisely that (f7 + g”)'”” is concave. Writing p = o' for a € [1,%) and re-
placing f7 and g” with f and g respectively then shows that f + g is a-concave
whenever f and g are a-concave. Property 7 readily follows.

Property 8. If a and p € [0,+x], fis a-concave, and g is B-concave, then
the pointwise product f-g is vy-concave, where y € [0,+%] satisfies y~' =
o' + B!, with the understanding that 0~' = 4+ and (+%)~' = 0. The result is
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obvious when o or § is infinite, and clear when a and (3 are both zero. In the
other cases, a + B € (0,+»), and by defining A = a/(a + B) one sees that it will
be sufficient to show that f' ™ - g" is concave whenever f and g are concave and
NE[0,1]. But f'™-g" is the pointwise limit of ((1 — N)f” + AgP)'? as
p— 0", which is concave for p > 0 by Property 7. Hence f'™ - g" is concave
and Property 8 follows.

Property 9. Let o, B € [0,+%], and f and g be respectively a- and B-concave
functions on bounded convex subsets (), and (), of R" with n = 1. Then the con-
volution f * g defined by

(f * ) = J’ f()glx — ndt

D Nx—€Qy)

is y-concave in Q, + Q, fory™' = n + a”' + B!, interpreted as in Property 8.
This follows from Property 8 and [1] (Corollary 3.5).

Note added in revision. After this paper had been submitted, it was pointed
out to the author by V. Jeyakumar (University of Melbourne) that the algebraic
properties given here for a-concave functions are closely paralleled by properties
of a-convex functions shown by Lindberg [6], who also proves a very general
form of Lemma A2.

3. A convexity maximum principle and two concavity theorems. Theorem
3.1 is a convexity maximum principle which is an improved version of one proved
by Korevaar ([4], Theorem 1.2). The improvement lies entirely in assumption
(ii), which specifies harmonic concavity rather than concavity. The applications
in this article cannot be obtained from the unimproved convexity maximum prin-
ciple.

Theorem 3.1. Assumptions:
n = 2, and Q is a bounded convex domain in R".
For x € Q, u € C*(Q) satisfies the equation

a;(Du(x))u;(x) + b(x,u(x),Du(x)) = 0

where for all p € R", (a;(p)) is a real symmetric positive semidefinite
matrix.

(i) For all x € Q and p € R", b(x, - ,p) is strictly decreasing.

(ii) For allp € R", b(+,*,p): Q0 X R — R is harmonic concave.

Assertion:
If ¢ > 0, then ¢ is not attained in 0 X X [0,1].

Proof. c is the convexity function defined in Section 2. Suppose its supre-
mum, ¢, is positive, and that ¢(y,z,\) = ¢ at some (y,z,\) € 1 X Q X [0,1]. Then
y#z and A € (0,1). Let D = (D,,D,) denote the gradient on ) X (), where
D, = (3/dy,,...0/dy,) and so forth, and write D> for the corresponding
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Hessian. Then Dc(y,z,\) =0, and D?c(y,z,\) is negative semidefinite. Let
x=(1—N\)y + \z. Then

0=D,c=(1—-NDu(y) — (1 — M)Du(x),

so that Du(y) = Du(x). Similarly, Du(z) = Du(x), and hence (a;) has the same
value, A say, at each of x, y and z. Define the 2rn X 2n matrix B by:

SA  stA
B =
StA PA
for s, t € R. Then B is positive semidefinite because A is, and so by Lemma Al
(see appendix), Tr(BD*c) < 0. That is:
(3.1 as’> + 2Bst + vy <0

where o = Tr(ADﬁc), B = Tr(AD,D,c) and y = Tr(AD%c). For w = x, y and z,
put Q,, = a;u;(w). Then

a=(1-MQ,~-1-N
B=—Ml - MO
Y =\Q, - NQ..

The non-positivity of the quadratic form in (3.1) implies that « <0, y =0 and
B* — ary < 0. That is:

(3.2) 0.=(1-M""Q,
(3.3) 0. =\,
and

0= N(1 — M°Q% — ((1 = MV)’Q, — (1 = MQ,)NQ, — \Q,)

=M1 = M1 = MNQ,0. + N2, 0, — 0,0.).
Since AM(1 — N\) > 0, this can be written as:
(3.4 2.((1 = MO, + N2 = 0,0..
If (1 = MQ, + \Q, = 0, then by (3.2),

0.1 = NQ, + A2, = 0,0, + M1 — N)7'Q3,

which, taken together with (3.4), implies that Q, = 0. Similarly, Q, = 0. It can
be concluded then that either (1 — M)Q, + AQ, <0 or Q, = @, = 0. In the former
case, (3.4) gives
(3.5) 0, = 0,0.((1 — MNQ, + 227,
whereas when Q, = Q, = 0, (3.2) (or (3.3)) gives O, =0. But 9, =
—b(w,u(w),Du(w)) for w = x, y and z. So

0. = —b(x,u(x),Du(x))
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< =b((1 = Ny + Az,(1 = Nu(y) + Au(z),Du(x))
(by (i), as u(x) < (1 — Mu(y) + Au(z))
- {Qsz((l - M@, + 22,7 if (1 =M@, +A02,<0

0 ifQ0,=0,=0
(by (i1)).
This inequality contradicts (3.5). So ¢ cannot be attained in ) X Q X [0,1], and
the theorem is verified. O

Remark 3.1.1. 1t is clear from the proof of Theorem 3.1 that assumptions (i)
and (ii) need only hold for (x,u) in the convex hull of the graph of u. A problem
for which this is an essential observation is dealt with in Theorem 5.3.

Theorem 3.2. Assumptions:
n =2, and Q) is a bounded convex domain in R".
(i) u € C(QY).
(ii) u(z) — u(y) <limsupt™'(u(y + t(z — y)) — u(y)) for all y € 8Q and
t—0%

z € Q such that [y,z] (the straight line segment joining y to z) is not a

subset of d(}.

The restriction of u to §) satisfies all of the assumptions of Theorem 3.1.
Assertion:

u is concave in ().

Proof. Suppose u is not concave. Then ¢ > 0. By (i), ¢ is continuous on the
compact set Q x Q x[0,1], and so ¢ must be attained at some (y,z,\) €
Q X Q X [0,1]. Theorem 3.1 implies that (y,z,\) & Q X Q % [0,1]. But
c(y,z,A) = 0 when A = 0 or 1. So the remaining possibility is that (y,z,\) is
in 3Q x Q % (0,1) (or & X 9Q X (0,1)).

Suppose y € 0, z € ) and A € (0,1). If [y,z] is a subset of 3 then
c(y,z,\) = 0. Otherwise, by (ii), there exists ¢ € (0,\) such that

u((1 — oy + tz) > (1 — Huly) + tu(z).

Writey' = (1 — )y +tzand p = (A — t)/(1 — 1), so that (1 — p)y' + pz =
(1 = Ny + Az. Then

c(y'z,p) = (1 — wu(y’) + pu(z) — u((1 — p)y’ + pz)
> (1= wd = Hu(y) + (A — Wit + pu@ — u((@ — wy + pz)
= (1 = Nu(y) + Mu(@) — u((1 = Ny + \2)
= c(y,z,\).

So ¢ does not attain its maximum at this choice of (y,z,\). The conclusion is the
same if (y,z) € 1 X dQ). Thus ¢ = 0, and u is concave in (). O

Theorem 3.2 specifies some conditions under which concavity may be proved
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for a function u. Theorem 3.3 gives the corresponding conditions for proving a-
concavity for a € (0,1]. When Theorem 3.1 is applied to the case o = O, the
results obtained are identical to those obtained by Korevaar ([5], Theorem 2.5)
for the unimproved convexity maximum principle. When a & [0,1], no appli-
cations seem to be possible.

Theorem 3.3 can be derived for o € [1/3,1/2) by way of a concavity maxi-
mum principle for u* directly (that is, with u* in place of u in the convexity
function in Theorem 3.1), but the calculations are more difficult and the method
does not seem to extend below a = 1/3.

Theorem 3.3. Assumptions:
n = 2, and ) is a bounded convex domain in R".
u € C(Q) N C*(QY), ulso =0, and ulg > 0.
0<a=1.
For x € O, u satisfies

Au(x) + b(x,u(x),Du(x)) = 0,

where b: () X (0,9) X R" — (0,) satisfies (i) and (ii):
(i) for all x € Q and p € R", t* ' b(x,t,t'~*p) is a strictly decreasing function
of t.
(i) for all p € R", s%* Y *b(x,s'/*,s"~/*p) is a jointly concave function of
(x,5) € Q X (0,0).
(iii) For all y € Q) and z € (1, lim sup t_'/"‘u(y + t(z — y)) > u(2).

t—0%
Assertion:
u® is a concave function in ().

Proof. It will be shown that, under the assumptions of Theorem 3.3, the func-
tion v = u® satisfies the requirements of Theorem 3.2. A routine calculation shows
that v satisfies

Av + B(x,v,Dv) = 0,
where
B(x,s,p) = a”'(1 — a)s ! pf* + as® Vb(x,s"*, 0 s p).

Thus the requirements of Theorem 3.1 are met if B (in place of b) satisfies (i)
and (ii) of that theorem. These can be proved from the corresponding assumptions
of Theorem 3.3 as follows:

(i) For any x and p, o '(1 — a)s™'|p|* is non-increasing with respect to s.
Writing ¢ for s'/%, the second term of B becomes ar* ™' b(x,t,a”'t'"*p), which is
assumed strictly decreasing with respect to ¢. Hence B(x, - ,p) is strictly decreasing
for all x and p.

(ii) The function B(-,,p) must be shown to be harmonic concave for all p.
Since B is positive, this is equivalent to showing that ™' is convex. Now
Bx,s,p)”! = as’y(x,s,p)”", where

Nx,s, p) = (1 — a)s| p|* + a2 Ve p(x,s'/* 0~ s p).
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v is positive and, by assumption (ii) on b, jointly concave with respect to (x,s)
for all p. It then follows by Lemma A2 (see appendix) that B~' is convex, as
required.

It remains to verify condition (ii) of Theorem 3.2, but this follows immediately
from (iii) of Theorem 3.3 upon noting that v|;o =0, and t 'v = ¢ "*w)*. 0O

In the remainder of this paper, b will be assumed to.be independent of p.

Remark 3.3.1. For a C? function b:R" X R — R, let b, and b, denote the
first and second partial derivatives of b(x,t) with respect to ¢, and for 6 € § =
{d € R™:|d| = 1} write by and by, to denote the quantities

0;0b/0x, and 6,0,0°b/ox,0x;

respectively—that is, the first and second partial derivatives of b(x,t) with respect
to x in the direction 6. Similar notations will apply to B(x,s,p). (The summation
convention will not apply to the subscripts s, ¢ and 9.)
If b is C', condition (i) of Theorem 3.3 will hold if (1 — a)b — tb, is always
positive. If b is C?, condition (ii) is equivalent to the simultaneous non-positivity
of the quantities B,;, Boo and BZ — B, Bes, Or in terms of b:
Ma - 201 - 3a)b + (Sa — Dth, + t’b, = 0. (That is,
sG Ve p(x,5*), or equivalently s*2¥/*p(x,s~'/*), is concave with re-
spect to s. See Remark 4.2.2.)

(2) bgy = O for all directions 6.

(3) (1 — 3a)by + thyy)’ = bgy((1 — 20)(1 — 3a)b + (S — 1)1b, + t°b,,) for
all directions 6 and all ¢ > 0.

Remark 3.3.2. For o = 1, Theorem 3.1 is stronger than Theorem 3.3. For
example, b(x,u) = e “ satisfies the requirements of the former but not the latter.

Remark 3.3.3. In the statement of Theorem 3.3, Au may be replaced by
a;(u*"'Du)u;, where (a;) is a matrix depending only on u®~'Du.

4. Applications to particular boundary value problems. The general con-
cavity theorems of the previous section are applied in this section to particular
boundary value problems. Theorem 4.1 deals with the case that b(x,u) = f(x) is
independent of u. It was proved for n = 2 and constant f by Makar-Limanov
(1971, [7]). Theorem 4.2 gives conditions which imply a-concavity when b(x,u)
is independent of the variable x € R". It should be remembered that an a-con-
cavity result for any o € [—o%,+0o0] implies (—o)-concavity and therefore guar-
antees the convexity of the upper level sets.

Theorem 4.1. Assumptions:
n = 2, and Q is a bounded convex domain in R".
u € C(Y) N CH), ulsg = 0.
g =1.
For x € Q, u satisfies Au(x) + f(x) = 0, for some non-negative B-concave
function Q) — R.
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Assertions:

(i) u is a-concave in Q with o = B/(1 + 2B).

(ii) If f is a positive constant in (), then \/Z is concave. (That is, if f is (+%)-
concave, then u is (1/2)-concave.)

Remark 4.1.1. The boundary value problem in Theorem 4.1 has a unique
solution for all f, since f is concave and therefore bounded and locally Lipschitz
continuous in ). ([2], Theorem 4.3.)

Remark 4.1.2. Any non-negative function f on {} which is B-concave for some
B = 1 is either identically zero in ) or else positive at all points of ). Thus it
may be assumed without loss of generality that f and u are both positive in ).

Proof of Theorem 4.1. Assertion (ii) follows readily from (i), since if fis a
positive constant then f is B-concave for all § = 1, and so by part (i), u is a-
concave for all a < 1/2. Then by Property 3 of a-concavity, u is (1/2)-concave.

In applying Theorem 3.3 to prove assertion (i), it must be shown that b defined
by b(x,t) = f(x) satisfies assumptions (i), (ii) and (iii) of that theorem.

*'b(x,t) = t*7'f(x) is decreasing with respect to ¢ because @ < 1 and
f(x) > 0, and so (i) is satisfied. (ii) is satisfied if s®*""/*f(x) is jointly concave
in (x,s). But s®* "% is (a/(3a — 1))-concave for o = 1/3 (meaning (+)-con-
cave for a = 1/3) and fis B-concave. So by Property 8, the product is y-concave,
with y = (Ba — 1)/a + B~")™! = 1. That is, the product is concave, as required.

For (iii) it must be shown that

lim sup £ *u(y + t(z — y)) > u(z) forall y € 9Q and z € ().
—0+

The left-hand side is infinite for sets () having an interior sphere property, since
by the Hopf boundary point lemma, the interior normal derivative of u is positive
everywhere on 9{). A general convex () can be approximated by a sequence of
convex domains (); included in () having the interior sphere property. If u; is
defined on (), by

Au; + fx)=0 in (),
and
u=0 on 9();,
then each u; is a-concave for a = B/(1 + 2B), and hence u = lug u; is a-concave.
a

Theorem 4.2. Assumptions:
n = 2, and Q is a bounded convex domain in R".
Q) satisfies an interior sphere condition.
u € C() N CH), ulsa = 0, ulq > 0.
0<a<l.
For x € O, u satisfies

Au(x) + h(u(x)) = 0,
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where h:(0,0) — (0,%) is a function such that (i) and (ii) hold for all
t>0:

(i) t*'h(t) is strictly decreasing with respect to t

(ii) 1OV pt®), or equivalently t7*/*h(t™'/*), is concave with respect to
t, (or (1 = 20)(1 — 3a)h + (50 — Dth, + t*h, =< O for twice differentiable
h).

Assertions:
u is a-concave in ().
In particular, if h(t) = kt" for some constant k > 0 and vy € (0,1), then u
is (1/2)(1 = vy))-concave.

Proof. The boundary condition,
u(z) < limsup ¢t V*u(y + t(z — y)) forally € 0 and z € ),
t—0%

is satisfied, since by the Hopf boundary point lemma, the right-hand side is in-
finite when 0 < o < 1. Hence by Theorem 3.3, u is a-concave.

It remains to show that the function A(z) = kt” has the required properties. Let
o= (1/2)(1 = v). Theny = 1 — 2a and:

*'h(t) = ke, which is decreasing,
and
f20 apm ey = which is a concave function. O

Remark 4.2.1. The case y = 0 is the torsion problem (Theorem 4.1 with f
constant), whereas the case y = 1 corresponds to the fundamental solution of
Au + \u = 0, for both of which the formula a = (1/2)(1 — v) gives the correct
concavity number. Brascamp and Lieb ([1], Theorem 6.1) showed that the fun-
damental solution of Au + Au = 0 (as a special case of a much more general
equation) on a bounded convex domain in R” for n = 2 is 0-concave.

Remark 4.2.2. The equivalence of the two conditions in assumption (ii) fol-
lows from the fact that any positive function g(¢) is concave for ¢ > 0 if and only
if tg(t™") is concave for r > 0.

Remark 4.2.3. The comment should be made here that if 4 is bounded then
condition (ii) of Theorem 4.2 cannot be satisfied for a > 1/2. So the theorem
cannot give results for such a. In fact, no a-concavity results are possible for
some sets for & > 1/2 when Au is bounded and u = 0 on the boundary, since
then u is bounded by a multiple of the torsion function (the solution for b constant)
which therefore constrains the behaviour of u near d{). In particular, near a bound-
ary point where the set is locally congruent to a cone of narrow enough aperture,
u is bounded by a multiple of d(x)?, where d(x) denotes the distance from x to
the boundary. (This can be verified by a simple barrier argument.) Hence (by
Lemma 6.1) u is at best (1/2)-concave for such sets.

Remark 4.2.4. When Theorem 3.3 is applied to an equation of the form
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Au + u"f(x) = 0 with zero Dirichlet data on the boundary of a bounded convex
domain satisfying an interior sphere condition, the result obtained is that u is a-
concave with a = (1 — ¥)B/(1 + 2B) when f is B-concave, B = 1, and vy €
(0,1). This result holds also for y = 0 or 1.

5. Liouville’s problem. In this section, Theorem 3.1 is applied to Liouville’s
problem: A¢ = ¢® in a domain €, with ¢(x) = +% as x — 9€). The existence
and uniqueness of a solution to this problem are known for bounded convex ()
[9]. In R?, & is the velocity potential for the path of a point vortex in an otherwise
irrotational perfect fluid enclosed in the domain . (See [9] for background.)
Lemma 5.1 and Theorem 5.2 show that the velocity potential is convex. Hence
the point vortex moves along the boundary of a convex set, and there is a unique
interior point at which a free vortex can remain stationary.

Lemma 5.1. Assumptions:
n = 2, and ) is a bounded convex domain in R".
0Q) is C* and Q is uniformly convex (in the sense that for some € > 0, the
principal curvatures of ) are everywhere greater than ¢).
u € C*(Q), ul;qo = 0, ulg > 0, and u,|,q > 0. (u, denotes interior normal
derivative of u.)
For x € Q, & = —2log(u) satisfies

Ad(x) = exp(d(x)).

Assertion:
& is convex.

Proof. Letv = —d&. Then v satisfies:
Av + exp(—=v) =0 in ().

After putting b(x,t) = exp(—t), and noting that b is strictly decreasing and O-
concave, Theorem 3.1 may be applied to the equation Av + b(x,v) = 0 to show
that the convexity function for v does not attain its maximum in ) X € X [0,1].
A result of Korevaar ([5], Lemmas 2.1 and 2.4) implies that the convexity func-
tion for v is non-positive in a neighbourhood of 4(Q2 X ) X [0,1] under the
conditions of Lemma 5.1. Hence v is concave in ), and so ¢ is convex in ().

O

Theorem 5.2. Assumptions:
Q is a bounded convex domain in R*.
b € C*(Q).
&x) = +o as d(x,00) — 0.
For x € O, ¢ satisfies

Ad(x) = exp(d(x)).

Assertion:
b is convex.
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Proof. An expression is given in [9] (p. 324) for ¢ in terms of any conformal
mapping f from ) to the open unit disc in R® with centre at 0, and its complex
derivative '

b = —2logu),  where u(z) = klf'(|"' (1 = |f(DI*) and k = 1/V/8.

But f has a well-known representation in terms of the Green’s function G for ()
with pole at f~'(0). If g = 2wG, then f = exp(—g — ih) for some harmonic
function 4 in Q) conjugate to g. Thus u = 2k|Vg|™' sinh(g). When its discontinuity
at the pole of g is removed, the function u is analytic in ). Some straightforward
calculations show that the resulting expression for ¢ is indeed the solution of
Liouville’s problem.

Suppose now that () is uniformly convex and that 9Q is C*>* with 0 < & < 1.
It follows from the Hopf boundary point lemma that |Vg| is bounded below on
8Q, and from Kellogg’s theorem ([2], Theorem 6.19) that g is C** in a neigh-
bourhood of 8. So u € C**(Q) and all of the requirements of Lemma 5.1 are
met. Hence ¢ is convex in (.

The result follows immediately for general bounded convex sets in R* by ap-
proximating () externally with uniformly convex sets with C** boundaries. Com-
parison principles for Liouville’s problem ([9], appendix A) guarantee that the
approximate solutions converge uniformly on compact subsets of () to the exact
solution. O

The uniqueness of the stationary point of a vortex in a bounded convex domain
in R*>—that is, the point where A = 0—follows from the convexity and ana-
lyticity of ¢.

The question of whether some sort of convexity result can be obtained for the
equation Ad = e® when ¢ is a prescribed (finite) constant on 9} is neatly an-
swered by the following theorem, discovered by Grant Keady [3] and generously
communicated to the author for inclusion in this article. It is a problem for which
an estimate of the gradient of the solution is required before Theorem 3.1 can be
applied. (See remark 3.1.1).

Theorem 5.3. Assumptions:
n =2, and Q) is a bounded convex domain in R".
k is a real constant, and & € C(Q) N C*(Q) satisfies

Ad(x) = exp(d(x)) for x € Q,
and

bx) =k for x € Q.

Assertion:
k — & is (1/2)-concave in Q.

Proof. k — ¢ is positive in Q) (by the maximum principle for A in (2). Let
u* =k — ¢ in Q, with u = 0. Then

Au + b(x,u,Du) = 0 in Q,
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with
-1 2 1 2
b(x,u,p) =u'\|pl* + Eexp(k -u)).

Also, ul;o = 0 and u|q > 0. Thus Theorem 3.1 can be applied if b satisfies (i)
and (ii) of that theorem. Clearly b(x,,p) is decreasing for all (x,p) € Q X R”",
so that (i) is satisfied. But b(-,-,p) is not harmonic concave for all p. Indeed,
because b is positive, twice differentiable and independent of x, b is harmonic
concave with respect to u in a subinterval of (0,%) for a fixed value of p if and
only if 2b2 — bb,, = 0 in that subinterval. (This follows from Property 4.) A
short calculation gives:

1
2% — bb,, = u”? explk — u2)<5 (3 + 2u®) exp(k — u*) + (3 — 2u%)| p|2>.

This is not non-negative for all (u,p) € (0,0) X R". However, p = Vu can
be bounded in terms of u by a maximum principle ([8], equation (2.12)), which
states for the present problem (under the assumption that 9 is C>* with
0 <e<1)that

k=
Vo)l =<2 f exp(k — t)dt,

k=d(x)
where ¢,, = inf{d(x):x € Q}. Then

1
2u*|pl* = 5 Vo < e® = exp(k — u?).

For each p € R”", this confines u to a subinterval of (0,%) (because
u%exp(k — u?) is a monotonic function of u). For u in this interval, 2b — bb,,
is then readily seen to be non-negative. So assumption (ii) of Theorem 3.1 is
satisfied, and its conclusion follows. Since the Hopf boundary point lemma for
u? on Q guarantees that the normal derivative of u is infinite on d{), Theorem
3.2 gives the conclusion that u is concave. That is, & — ¢ is (1/2)-concave.

To eliminate the need for a C** boundary, approximation of () externally may
again be used as in the proof of Theorem 5.2. O

Remark 5.3.1. 'The concavity number 1/2 here is sharp. (See remark 4.2.3.)

6. A sharpness result. This section gives a proof (Theorem 6.2) that the
number o = B/(1 + 2B) in Theorem 4.1 is sharp, as is the number o = 1/2
when f is constant. This shows that at least some of the concavity numbers cal-
culated in this paper are not mere artifacts of the method of proof. Lemma 6.1
is useful for showing that certain functions are not a-concave.

Lemma 6.1. Assumptions:
n =2, and Q is a convex domain in R".
u € C(Q), ulg = 0, and ulg > 0.
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a>0,y € andz € .
lim inf £ /*u(y + t(z — y)) = 0.

t—0*
Assertion:
u is not a-concave in §).

Proof. Suppose u is a-concave. Then for ¢+ € (0,1), the concavity of u® im-
plies that

u(y+tiz=y) =1 - ou*(y) + w2 = ' (2),
so that 1~/ “u(y + t(z — y)) = u(z) > 0, which contradicts assumption. O

Now let n = 2 and x € R", and write x, = x-¢, and x’ = x — x,e,, where
e, = (0,...0,1) is the n™ unit vector in the standard basis for R”. Define an infinite
open cone K for a € (0,1) by K = {x € R": |x'| < ax,}.

Theorem 6.2. Assumptions:
O is a bounded convex domain in R" and a subset of K.
B=1,0€ 0Qd and e, € .

6.1) u € C(Q) N C*(Q) satisfies
Aux) + f(x) =0 for x € Q,
and
ux) =0 for x € 91,

where f(x) = kyx! — kyxi x| forx € Q, q = B,
ki =2n—1) —a*(q+ 1)(g + 2), and k, = q(1 — q).

6.2 & =<@n-1/Q+qg).

Assertions:
(i) f is non-negative and B-concave.
(ii) u is not a-concave when o > B/(1 + 2B).

(iii) For q = 0, f is (+%)-concave (that is, constant), and u is not a-concave
for o > 1/2.

Remark 6.2.1. Problem (6.1) has a unique solution, as f is a bounded locally
Lipschitz function in ().

Proof. (i) For x € K, |x'|* = a’x2, and so by (6.2)
f®)Zxi2n— 1)~ d(@+ 1)(g+2) — q(l - g)a’)
=2(n- DA - gP'xi/2+ ¢)
= 0.

If g =1then f* = f = 2(n — 1 — 3a%)x,, which is a non-negative concave
function, as required for B = 1. Suppose that g € (0,1). Then f? is concave if
and only if (k;'f)? is concave. So without loss of generality &, and k, may be
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replaced by k = k;k; ' and 1 respectively. k, is non-negative for ¢ < 1, and so k
is also non-negative. It follows from Property 4 (section 2) that f is 3-concave in
Q if and only if

affe + 1 =@ f;=0  inQ,

for all directions 0, since  — 1 = g~'(1 — ¢) and ¢ > 0. This quantity may be
calculated as follows:

fG) = x32(kxl — |x'P).
fox) = x873 (kqx20, — (g — 2)|x'|*8, — 2x,x’ - 0).
foo(¥) = x27*(kq(q — Dx202 — 4(q — 2)x,0,x" -0 — (g — 2)(g — 3)0%|x'|* — 2x2]0"[*).

Hence
1
Exﬁ'z"(qﬁ‘ee + (1 = @) f3) = (kgxi + (g — 2)|x'[")(2x,0,x" -6 — 6;]x'[*)

+ 221 = @)(x" - 0) + gqlx'’|o"[* — kgx7[0']).
But x' -0 =< |x'||8"], x, = 0, and 6, < |6,|, and so by virtue of (6.2),
(kgx, + (g — 2x'P)
= (hxp = 2= (1 = @Ix')/(1 — g)
Zx2n-1)—d @+ 1g+2) - Q2-9U0-ga)/1-q)
Z2n-Dx2-(g+D@+2)+ Q2= —g)/2+¢N/1-q)
=0.
Hence

1
EXS—zq(‘Iere + (1= @f3) = —(kgxi + (g — DIx')(0,]x'] = 167|x,)?,

which is non-positive, so that f is indeed -concave.

(ii) Define a function b:K — R by b(x) = xi(a’x2 — |x'|*). Then b(x) = O for
all x € K, and direct calculation shows that for x € K, Ab(x) + f(x) = 0. Since
Q is a subset of K, b(x) = O for all x € 6). But Ab = Au in Q. So the comparison
principle for A on € implies that u(x) < b(x) for all x € Q. For ¢t € (0,1], let
x = te,. Then x € Q and so u(x) < b(x) = a*?"2. Hence

lim sup ™ *u(x) = 0
t—0+
if —a™' + g+ 2> 0;thatis, if « > (g + 2)"' = B/(1 + 2B). Then Lemma
6.1 with y = 0 and z = e, shows that u is not a-concave for such «.

(iii) Putting g = O in the expressions for f and b makes f a non-negative con-
stant, 2(n — 1 — a*), while b(x) = a’x} — |x'|*, so that u* is not concave when
a > 1/2, using the same kind of argument as in the proof of part (ii). O
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Appendix

Lemma Al. If M and N are real symmetric positive semidefinite matrices,
then Tr(MN) = 0.

Proof. There exists a real orthogonal matrix P such that D = P7'NP is
diagonal. Then

Tr(MN) = Tr(P~'MNP)
= Tr(P 'MPD)
=0,
because the diagonal elements of P~'MP are all non-negative. O

Lemma A2. Ifn =1, K is a convex subset of R", and g is a positive concave
function on K, then the function on K with value x1g(x)™" is convex.

Proof. LetyandzbeinKand O <\ = 1. Putx = (1 — Ny + Az. Then
(1 = Nyig) ™" + \zig@) ™' — xig) ™
= (1 = Myig(y ™" + Aziga) ™ — xi((1 — Mg(y) + \g@) ™!

= M1 — N(y1g(2) — 2:8())’8(») 'g@ 7' (1 — Ng(y) + Ag@) ™"
= 0.

The function is therefore convex. O
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