Survey in Geometric Analysis © Higher Education Press
and Relativity

ALM 20, pp. 241-257

and International Press
Beijing-Boston

Convex Hypersurfaces of Constant
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Abstract

We show that for a very general and natural class of curvature functions, the
problem of finding a complete strictly convex hypersurface in HnJrl satisfying
f(k) = o € (0,1) with a prescribed asymptotic boundary I' at infinity has at
least one solution which is a “vertical graph” over the interior (or the exterior) of
I'. There is uniqueness for a certain subclass of these curvature functions which

includes the curvature quotients (I:I:’

I', as o varies between 0 and 1, these hypersurfaces foliate the two components of
the complement of the hyperbolic convex hull of T".

1
)n=1,l=mn—2,or n— 1. For smooth simple
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1 Introduction

In this paper we return to our earlier study [7] of complete locally strictly convex
hypersurfaces of constant curvature in hyperbolic space H" ™" with a prescribed
asymptotic boundary at infinity. Given I' C s H" and a smooth symmetric
function f of n variables, we seek a complete hypersurface ¥ in H™ satisfying

fE[E]) =0 (1.1)
Y =T (1.2)
where k[X] = (k1,...,kn) denotes the positive hyperbolic principal curvatures of

¥ and o € (0,1) is a constant.
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We will use the half-space model,
H"™ = {(z,2041) e R"™ i 2,4 > 0}
equipped with the hyperbolic metric

>ty day
ds* = &=L (1.3)

‘Tn+1

Thus 9. H"™ is naturally identified with R" = R" x {0} ¢ R"™" and (1.2) may
be understood in the Euclidean sense. For convenience we say Y has compact
asymptotic boundary if 9% C d,H" ™ is compact with respect to the Euclidean
metric in R".

The function f is assumed to satisfy the fundamental structure conditions in

K7 :={X €R": each component \; >0} : (1.4)
A
fi()) = agg\) >0 in K,;I, 1<i<n, (1.5)
f is a concave function in K, (1.6)
and
f>0in K}, f=0 on 0K, . (1.7)

In addition, we shall assume that f is normalized

fa,...;n=1 (1.8)
and satisfies the following more technical assumptions
f is homogeneous of degree one (1.9)
and
lim f(A, -, Ap—1,A\n + R) > 1+¢¢ uniformly in Bs, (1) (1.10)

R—+o0

for some fixed £y > 0 and &y > 0, where By, (1) is the ball of radius dy centered at
1=(1,...,1) e R"™.

All these assumptions are satisfied by f = (Hn/Hl)ﬁ, 0 <1 < n, where H,
is the normalized [-th elementary symmetric polynomial (Hy = 1, H; = H and
H,, = K the mean and extrinsic Gauss curvatures, respectively). See [2] for proof
of (1.5) and (1.6). For (1.10) one easily computes that

1
Gim e A1, A+ R) = (7> _

Moreover, if g%, k = 1,... N satisfy (1.5)-(1.10), then so does the “concave sum”
f= Zszl arg® or “concave product” f =TIV (g*)** where ay, > 0, Eszl o =
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Since f is symmetric, by (1.6), (1.8) and (1.9) we have

FO) S Q)+ LM —1) =) fi( = %in in K- (1.11)

and

DL =FN) DI LNA =) = f(1) =1 in K (1.12)

In this paper all hypersurfaces in H"* we consider are assumed to be con-
nected and orientable. If ¥ is a complete hypersurface in H"* with compact
asymptotic boundary at infinity, then the normal vector field of 3 is chosen to
be the one pointing to the unique unbounded region in RT’l \ ¥, and the (both
hyperbolic and Euclidean) principal curvatures of ¥ are calculated with respect to
this normal vector field.

As in our earlier work [11, 10, 5, 7, 6], we will take I' = 992 where Q C R" is a
smooth domain and seek ¥ as the graph of a function u(x) over €, i.e.

=A@, ans1) 12 €Q, ngr =u(@)}
Then the coordinate vector fields and upper unit normal are given by

(—uie; + ent1)
X;=e;+ujepy1, n=uv =y—m-,
w

where w = /1 + |Vu|?. The first fundamental form g;; is then given by

1 9ij
U U
To compute the second fundamental form h;; we use
1
Ffj e {=0k0int1 — dirOjnt1 + 0ij0knt1} (1.14)
n+
to obtain P
Vx, X;=(—2 +u;j — w)enﬂ _ Yjei T uiey ) (1.15)
Tp41 Tn41 Tn+1
Then 1
hij = (Va, Xj,uv) = — (2 oy — B4 4 210
uw " U U U 1.16)
1 ?j Vn+1 e ( .

The hyperbolic principal curvatures k; of X are the roots of the characteristic
equation

1 1
det(hij — Kjgij) =u " det(hfj - a(l’i - E

)gfj) = 0.

Therefore,
Ky = ukg + v (1.17)
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The relations (1.16) and (1.17) are easily seen to hold for parametric hyper-
surfaces.

One beautiful consequence of (1.16) is the following result of [7].

Theorem 1.1. Let X be a complete locally strictly convex C? hypersurface in H"H!
with compact asymptotic boundary at infinity. Then X is the (vertical) graph of
a function u € C*(Q) N C°Q), u > 0 in Q and u = 0 on Q, for some domain
QCcR":

%= {(z,u(z)) e R : 2 € Q)
such that

{5,‘]' + uju; + UUU} >0 in Q. (1.18)
That is, the function u? + |z|? is strictly convez.

According to Theorem 1.1, our assumption that X is a graph is completely

general and the asymptotic boundary I" must be the boundary of some bounded
domain Q in R".

Problem (1.1)-(1.2) then reduces to the Dirichlet problem for a fully nonlinear
second order equation which we shall write in the form

G(D*u,Du,u) =0, u>0 inQcCR" (1.19)

with the boundary condition
u=0 on 0. (1.20)

We seek solutions of equation (1.19) satisfying (1.18). Following the literature
we call such solutions admissible. By [2] condition (1.5) implies that equation
(1.19) is elliptic for admissible solutions. Our goal is to show that the Dirichlet
problem (1.19)-(1.20) admits smooth admissible solutions for all 0 < ¢ < 1, which
is optimal.

Our main result of the paper may be stated as follows.

Theorem 1.2. Let T' = 90 x {0} ¢ R"™" where Q is a bounded smooth domain in
R™. Suppose o € (0,1) and that f satisfies conditions (1.5)-(1.10) in K,-. Then
there exists a complete locally strictly convexr hypersurface ¥ in H™ satisfying
(1.1)-(1.2) with uniformly bounded principal curvatures

|k[X]] < C on X. (1.21)

Moreover, ¥ is the graph of an admissible solutzon u € COO( )QC () of the
Dirichlet problem (1.19)-(1.20). Furthermore, u*> € C*(Q) N CH1(Q) and

u|D*u| < C in 9,

V1+|Dul?2 = 1 on 09
o

(1.22)
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For Gauss curvature, f(A) = (Hn)%, Theorem 1.2 was proved by Rosenberg
and Spruck [11].

Equation (1.19) is singular where u = 0. It is therefore natural to approximate
the boundary condition (1.20) by

u=¢€¢>0 on 0. (1.23)

When e is sufficiently small, we showed in [7] that the Dirichlet problem (1.19),(1.23)
is solvable for all o € (0,1).

Theorem 1.3. Let Q be a bounded smooth domain in R™ and o € (0,1). Suppose f
satisfies (1.5)-(1.10) in K. Then for any e > 0 sufficiently small, there exists an

admissible solution u¢ € C*°(QY) of the Dirichlet problem (1.19), (1.23). Moreover,
u® satisfies the a priori estimates

1
V14 |Duc2 < = 4 Ce, u°|D*uf| < C on 09, (1.24)
o

and o
u|D*uf| < = in €. (1.25)
€

where C' is independent of €.

Remark 1.4. The global gradient estimate, Lemma 3.4 of [7] is not correct as
stated. This may be corrected using the convexity argument of [11] or using
Corollary 3.3 of section 3 of this paper. Theorem 1.3 above as well as Theorem 1.2
of [7] remain valid. However no apriori uniqueness can be asserted. In Theorem 1.6
we prove a uniqueness result for a special class of curvature functions.

Our main technical difficulty in proving Theorem 1.2 is that the estimate (1.25)
does not allow us to pass to the limit. In [7] we were able to obtain a global estimate
independent of e for the hyperbolic principal curvatures for o2 > %. In this paper
we obtain such estimates for all o € (0, 1) by proving a maximum principle for the
largest hyperbolic principal curvature.

Theorem 1.5. Let Q be a bounded smooth domain in R"™ and o € (0,1). Suppose
[ satisfies (1.5)-(1.10) in K,\. Then for any admissible solution u¢ € C*(Q) of
the Dirichlet problem (1.19), (1.23),

< .
IMAX Fnax (x) <C(1+ max. Fmax (X)) (1.26)

where X¢ = graph u¢ and C' is independent of €.

By Theorem 1.5, the hyperbolic principal curvatures of the admissible solution
u® given in Theorem 1.3 are uniformly bounded above independent of e. Since
f(s[uf]) = o and f = 0 on OK,, the hyperbolic principal curvatures admit a
uniform positive lower bound independent of € and therefore (1.19) is uniformly
elliptic on compact subsets of € for the solution u¢. By the interior estimates of
Evans and Krylov, we obtain uniform C%® estimates for any compact subdomain
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of Q. The proof of Theorem 1.2 is now routine.

Finally we prove a uniqueness result and as an application prove a result about
foliations. This latter result is relevant to the study of foliations of the complement
of the convex core of quasi-fuchsian manifolds (see [8], [11], [13]).

Theorem 1.6. Suppose f satisfies (1.5)-(1.10) in K, and in addition,

SH>Y N Kn{o< f<1}. (1.27)

Then the solutions given in Theorem 1.2 and Theorem 1.3 are unique. In particular
uniqueness holds for f = (%)m withl —1 orl — 2.

Theorem 1.7. a. Let f satisfy the conditions of Theorem 1.6 and assume that T’
is smooth and connected. Then for each o € (0,1) there are exactly two embedded
strictly locally convex hypersurfaces satisfying (1.1), (1.2). Each surface is a graph
of u? € C®(Q*F) N CH(QF) where QF are the components of the complement of
. Moreover the solution hypersurfaces X° = graph u® have uniformly bounded
principal curvatures and foliate each component of H \CH(T), the complement
of the hyperbolic convex hull of T'.

b. Let f = HZL and T' = 02 where Q is a simply connected Jordan domain.
If n > 2, assume in addition that T is reqular for Laplace’s equation. Then the
conclusions of part a. hold with u?(x) € C=(QF) N C°(QF) and the principal

curvatures are uniformly bounded on compact subsets.

Remark 1.8. i. Graham Smith pointed out to us that in the special case n = 3,
f= (%)% is his special Lagrangian curvature with angle # = 7 and interior
curvature bounds follow from the geometric ideas of his paper [14]. Moreover
in Lemma 7.4 of [13] he showed that special Lagrangian curvature with angle
6 > (n — 1) satisfies our uniqueness condition (1.27). Thus by Theorems 1.6
and 1.7, the existence of foliations of constant special Lagrangian curvature can
be proven for § > (n —1)7 for all n. This includes the special case f = K2 when

n=2and f = (%)% for n = 3 mentioned above.

ii. Rosenberg and Spruck [11] proved part b of Theorem 1.7 for f = K? in
case n = 2. Here and also in [11], no claim is made about the higher regularity
of the CH(T"). In other words, the curvature estimates obtained in the proof of
Theorem 1.7 (global for T' smooth and interior for I" Jordan) blow up as ¢ — 0.
We have not yet derived interior curvature estimates for the case f = Hgiz in the
general case.

The organization of the paper is as follows. In section 2 we establish some
basic identities on a hypersurface 3 satisfying (1.1) that will form the basis of the
global gradient estimates derived in section 3 and the maximum principle for Ky ax,
the largest principal curvature of 3, which is carried out in section 4. Finally in
section 5 we prove the uniqueness Theorem 1.6 and the foliation Theorem 1.7.
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2 Formulas on hypersurfaces

In this section we will derive some basic identities on a hypersurface by comparing
the induced hyperbolic and Euclidean metrics.

Let ¥ be a hypersurface in H"*'. We shall use g and V to denote the induced
hyperbolic metric and Levi-Civita connection on X, respectively. As ¥ is also a
submanifold of R"H, we shall usually distinguish a geometric quantity with re-
spect to the Euclidean metric by adding a ‘tilde’ over the corresponding hyperbolic
quantity. For instance, g denotes the induced metric on ¥ from RnH, and V is
its Levi-Civita connection.

Let x be the position vector of ¥ in R™™ and set

u=x-e

where e is the unit vector in the positive x,; direction in Rnﬂ, and ‘-’ denotes
the Euclidean inner product in R™™. We refer u as the height function of X.

Throughout the paper we assume X is orientable and let n be a (global) unit
normal vector field to ¥ with respect to the hyperbolic metric. This also determines
a unit normal v to 3 with respect to the Euclidean metric by the relation

n
V= —.
u
We denote "1 =e-v.
Let (z1,...,2,) be local coordinates and
0
T = , 1=1,...,n.
! aZZ

The hyperbolic and Euclidean metrics of ¥ are given by
9i5 = (1i,75), Gij =7 - T = u?gij,
while the second fundamental forms are

hij = (Dy,7j,n) = —(D;,n,7j),
hij = e ) (~ i) 2.1)
hij =v-Dp1j=—T1;- Dyv,

where D and D denote the Levi-Civita connection of H" " and Rn+1, respectively.
The following relations are well known (see (1.16), (1.17)):

1~ Vn+1 ~
hij = Ehij Tz Y (2.2)
and
ki =uk; +v" T i=1,---,n (2.3)
where K1, , Kk, and Ry, , Ry, are the hyperbolic and Euclidean principal cur-

vatures, respectively. The Christoffel symbols are related by the formula

~ 1 B B
Pfj = F?j — E(uiékj + ujéik — gklulgij). (2.4)
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It follows that for v € C%(X)

. 1 ~ R
Vijv =vij — I‘fjvk =V,v+ E(uivj + wjv; — §Pugvidig) (2.5)
where (and in sequel)
v 0%v "
Vi = —, Vy; = —, €lC.
8Zi J 821‘2]'
In particular,
. Qs 1
Viju = Viju+ nit Egklukulgij (2.6)
and ) 1 1
_ = ~kl ~
Vij, =~z Vit 50 urtuis. (2.7)
Moreover,
v 1 1= 1
Vij— =vVi— + ~Vv — —g* Gij- 2.8
iy TV T Vul T g g kg (2.8)
In R™*
§Muw = [Vl =1 (12 (2.9)
Viju = izijy’Hl .
Therefore, by (2.3) and (2.7),
1 Vn—i—l
sz* = - hm + (1 (Vn+1)2)§”
u 2 ¥ (2.10)

We note that (2.8) and (2.10) still hold for general local frames 71,...,7,. In
particular, if 71,...,7, are orthonormal in the hyperbolic metric, then g;; = d;;
and gij = ’U,Q(Sij.

We now consider equation (1.1) on X. Let A be the vector space of n x n
matrices and

AT ={A={ay} € A: NA) € KT},

where AM(A) = (A1,...,A,) denotes the eigenvalues of A. Let F' be the function
defined by

F(A) = f(AA), A€ AT (2.11)
and denote oF .
Fi(A) = 8Tij(A)’ Fz‘j,m(A) = m(A), (2.12)

Since F(A) depends only on the eigenvalues of A, if A is symmetric then so is the
matrix {F%(A)}. Moreover, -
Fi(4) = fid

when A is diagonal, and

Fi(A)ai =Y fiMA) = F(A), (2.13)



Hypersurfaces of constant curvature 9

F(A)aaze =Y fi(MA)A. (2.14)
Equation (1.1) can therefore be rewritten in a local frame 71, ..., 7, in the form
F(AX]) =0 (2.15)

where A[Y] = {g**hy;}. Let FY = FU(A[5)]), FUH = FUR(A[Y)).

Lemma 2.1. Let X be a smooth hypersurface in H" ™' satisfying equation (1.1).
Then in a local orthonormal frame,

” 1 oyl 1
FJVIL']'; - - u + a E fi- (216)
and " "
. " o v
Fivy,, -2 _ E K2 2.17
V J U U U f h:z ( )

Proof. The first identity follows immediately from (2.10), (2.13) and assumption
(1.9). To prove (2.17) we recall the identities in R"**

(V") = —hi g u, (2.18)
@Z‘jl/""'_l = —gkl(l/n—"_lﬁililkj + ul@kﬁij). ’

By (2.2), (2.13), (2.14), and §** = §;1,/u® we see that
o 1 s =
ngklhilhkj = ?F ]hikhkj
= F”(hzkhkj — 2I/n+1hij + (Vn+1)25ij) (219)
= fir? — 2" lg 4 ()2 Zﬁ
As a hypersurface in R it follows from (2.3) that X satisfies
fluky + v uk, + 0 =0,

or equivalently,
F({g"™ (uhx; + "' Giy)}) = 0. (2.20)

Differentiating equation (2.20) and using gix = u?dir, §°F = dir/u?, we obtain
F(uVhij + uphij + (") u?6;) = 0. (2.21)
That is,
FiIV R+ (0" ey Fé = —%’“F%ij
= —up F9(hjj —v"t16;;) (2.22)

= —uk<a—yn+12fi>.
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Finally, combining (2.8), (2.16), (2.18), (2.19), (2.22), and the first identity in
(2.9), we derive

I/n+1 |vu|2 Vn+1

Fiiv,; =" - 4 S F Ry — Fiohhy;
. . n+l |V | _ 71+1
nngz S
v (fng S (Vn+1)2 Zfl)
n+1
— > fir}
This proves (2.17). O

3 The asymptotic angle maximum principle and
gradient estimates

In this section we show that the upward unit normal of a solution tends to a fixed
asymptotic angle on approach to the boundary. This implies a global gradient
bound on solutions.

Theorem 3.1. Let ¥ be a smooth strictly locally convex hypersurface in H™
satisfying equation (1.1). Suppose ¥ is globally a graph:

Y= {(z,u(z)) : x € Q}

where  is a domain in R™ = OH" . Then

. _ yntl a— |
vaijL > o(1— G)M >0 (3.1)
u u
and so,
_ . n+1 _ ,n+1
o-r < sup gv on X. (3.2)
u o u

Moreover, if u = ¢ > 0 on 0N, then there exists g > 0 depending only on 082,
such that for all € < €,

U—Vn+1< 1-02 e(1+40)

w - o r?

on X (3.3)

where 1y is the maximal radius of exterior tangent spheres to 0S).

+1

Proof. Set n = % By (2.16) and (2.17) we have

FIVyn =2 (3= 1)+ 5 (3 fird = o?).

n+1
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On the other hand,

0, o (Cmifi)? o7
2Rz i X i

Hence,

n+1

Pz (1) (- 57 2 2R (S0 20

So (3.2) follows from the maximum principle, while (3.3) follows from (3.2) and
the approximate asymptotic angle condition,

1—02 (140
S VIZF | ellto)

- 71 r%

on 0%

which is proved in Lemma 3.2 of [7]. O

Proposition 3.2. Let ¥ be a smooth strictly locally convex graph
Y= {(z,u(z)) : x € Q}

in H" satisfying u > €in Q, u=¢c on 0. Then

maxg U 1
W S max { W ,I%?,)X ot } (34)

Proof. Let h = %7 = uw and suppose that h assumes its maximum at an interior
point xg. Then at xg,

Uk Uk

Oih = w;w +u =(5ki+ukui+uuki)u—k:0 Vi<i<n.
w

Since 3 is strictly locally convex, this implies that Vu = 0 at xg so the proposition
follows immediately. O

Combining Theorem 3.1 and Proposition 3.2 gives

Corollary 3.3. Let Q be a bounded smooth domain in R" and o € (0,1). Sup-
pose f satisfies (1.5)-(1.10) in K,f. Then for any € > 0 sufficiently small, any

admissible solution u¢ € C*° () of the Dirichlet problem (1.19),(1.23) satisfies the
apriori estimate

[Vu| < C in Q (3.5)

where C is independent of €.
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4 Curvature estimates

In this section we prove a maximum principal for the largest principal curvature
of locally strictly convex graphs satisfying f(k) = o.

Let ¥ be a smooth hypersurface in H™ satisfying f(k) = o. For a fixed
point xg € ¥ we choose a local orthonormal frame 74, ..., 7, around Xq such that
hij(x0) = Kkid;j. The calculations below are done at xq. For convenience we shall
write v;; = Vv, hijk = thijy hijkl = vlkhij = Vlvkhij, etc.

Since H""' has constant sectional curvature —1, by the Codazzi and Gauss
equations we have h;;, = hs; and

hiijj = hjjii + (haihjj = 1) (hii = hjj) (4.1)
= hyjii + (Rirej — 1) (ki — K5).

Consequently for each fixed j,
Fiihjj“- = Fiihiijj + (]_ + Iﬁl?) Z fiﬂi — Ky Z fz — Ky Z Ii?fi (42)

Theorem 4.1. Let ¥ be a smooth strictly locally convex graph in H™H satisfying
f(k) =0 and
V"> 26 >0 0n 2. (4.3)

For x € ¥ let fmax(X) be the largest principal curvature of ¥ at x. Then

Kmax 4dn Rmax
mp e Smex{ Zpomae e o] (44)
Proof. Let
Kmax (T)
My = max ————=. 4.5
07 %és ot g (45)
Assume M, > 0 is attained at an interior point xo € X. Let 7,...,7, be a
local orthonormal frame around xo such that h;;(x¢) = k;0;j, where k1,..., K,

are the principal curvatures of ¥ at xo. We may assume k1 = Kmax(Xo). Thus, at
Xo, ﬁ has a local maximum. Therefore,

hi1 Vit
hll - m - O7 (46)

hiii V™t
hin vl —a =0 (47)

Using (4.2), we find after differentiating the equation F'(h;;) = o twice that

Lemma 4.2. At X,

Fihyii = —F9 hijihea + 0(L+K3) — k1 3 fi — k1 Y _ K2 fi. (4.8)
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By Lemma 2.1 we immediately derive

Lemma 4.3. Let ¥ be a smooth hypersurface in H" ! satisfying f(k) = o. Then
in a local orthonormal frame,

13 n 2 ij n n "
FUVm = SRV o (1402 -t (3 i Y ) (4
Using Lemma 4.2 and Lemma 4.3 we find from (4.7)

1_|_ (Vn+1)2 )
— K
n+1 —a 1

,,n+1 (Z fi+ Z /€2f1) - FU . vjyn-i-l.

Next we use an inequality due to Andrews [1] and Gerhardt [3] which states

0> — Fij’rshijlhrsl + 0’(1 + Iﬁ% —
(4.10)

—FHR R by, > Z fi= fJ hfﬂ > Z ,J; h hfn (4.11)
2757 i>2

Recall that (see (2.18))

Then at xg, we obtain from (4.6)

R1 Uy

B n+1 .
hllz = 7yn+l o (l/ I{Z). (4.12)
Inserting this into (4.11) we derive
2 - 2
_pidkly K1 fi—fiui, i
F M pijihi > 2( -7 —) §_>2: e ), (4.13)

Note that we may write
S AR = (= )Y St S (e - v 200 (414)
Combining (4.11), (4.13) and (4.14) gives

WPy,

n+1 _

akri by 1) 1
+m( — )Y S Y = v fi 200 )
P n+1
l/n+1 ZfZUQ v )
Z Ji—fi U 7Vn+1)2
V”+1 K1 — K u2 !

1>2

0> J(l + KJ% —
(4.15)

+
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Note that (assuming 1 > %) all the terms of (4.15) are positive except possibly
the ones in the sum involving (k; — v 1) and only if r; < v+
Therefore define

J={i:r;—v" <0, fi <07 1},
L={i:r —v" <0, f; >0 f1},

where 6 € (0,1) is to be chosen later. Since Y u?/u® = |[Vu|> =1 — (1"t1)2 < 1
and k1 f1 < o, we have

2
. o n+l _ﬂ>7ﬁ >7n70 416
Z(m vV fis 2 g2 By (4.16)
ieJ
Finally,
fi— fuf n+1,2
V"*l—azm—nﬂﬂ v
2(1 - 0)r, et s 2
> g 2 v s
i€l
2 2
_ U n+1 20k Jnt1y2 ¢ Ui
B _2“1;fi$(“i —v) - m;(m— Pl (417)
+272f 2 Ii _(a+Vn+1)"€ _|_ayn+1)
it 2
i€l
u; 20 6o
Z 2 Zfi*lz(”i =) = =k ) (ki =" fi - =k
ier Y a 2L a

In deriving the last inequality in ( .17) we have used that k; f; < o for each i and

that v"*1 > 2a. We now fix 0 = “— From (4.16) and (4. 17) we see that the right
hand side of (4.15) is strictly posmve provided that k1 > 2 , completing the proof
of Theorem 4.1. O

5 Uniqueness and foliations

In this section we identify a class of curvature functions for which there is unique-
ness. This implies that for these curvature functions and smooth asymptotic
boundaries I which are Jordan, there is a foliation of each component of H™H \
CH(T) (the complement of the hyperbolic convex hull of T') by solutions f(k) = o
as o varies between 0 and 1.

Theorem 5.1. Let f(k) satisfy (1.5)-(1.10) in the positive cone K, and in addi-
tion satisfy

S fi>> Nfiin KFn{0<f<1}. (5.1)
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Let ¥;,1 = 1,2 be strictly locally convex hypersurfaces (oriented up) in H™
satisfying f(k) = o; € (0,1), 01 < 09, with the same boundary in the horosphere
Tpt1 = € or with the same asymptotic boundary I' = 0Q. Then Xy lies below
Yy, that is, if ¥; are represented as graphs Tp+1 = ui(x) over @ C R™, then
U2 S (51 i €.

Proof. We build on an idea of Schlenker [12]. Suppose for contradiction that Yo
contains points in the unbounded region of ]Ri+1 \ X7 and let P be a point of
Yy farthest from ¥; (necessarily P is not a boundary point) where the maximal
distance, say t* is achieved. Then the local parallel hypersurfaces ¥ to X5 ob-
tained by moving a distance ¢ (on the concave side of g near P) are conver and
contact ¥; at a point @ in Y1 when t = t*. Moreover Zg locally lies below 31 by
the maximality of the distance t*. We claim that the distance function d(z, X5) is
smooth in a neighborhood of ). To show this we need only show (see [9]) that P
is the unique closest point to Q on Xo. If P/ was a second point of ¥y at distance
t* from @, then the local parallel hypersurfaces X% to X5 obtained by moving a
distance t (on the concave side of ¥y near P’) are also convex and when ¢ = t*,
contact ¥y at @ and also locally lies below 31 by the previous argument. This is
clearly impossible since 3; has a unique tangent plane at Q.

The principal curvatures of ¥4 at points along the normal geodesic emanating
from any point of X1 (say near P) are given by the ode (see [4]):

Ki(t) =1 — k3.

3

In particular, if x;(0) < 1, then x;(0) < k;(t) < 1 while if x;(0) > 1, then
1 < ki(t) < ki(0). Of course if £;(0) =1, then x,;(t) = 1. Moreover by (5.1),

%m(t)) =S -3 KBfi>0mEn{o< <1}, (5.2)

It follows that the X} satisfy f(k) > o2 and so are strict subsolutions of the
equation f(k) = o1. On the other hand at ¢ = tx we have X} lies below ¥; but
touches Y1 at Q violating the maximum principle. O

Corollary 5.2. Let f(r) satisfy (1.5)-(1.10) in the positive cone K,© and in ad-
dition satisfy (5.1). Let X, i = 1,2 be strictly locally convex graphs (oriented up)
in H"  over Q ¢ R™ satisfying f(k) = o € (0,1) with the same boundary in
the horosphere x,+1 = € or with the same asymptotic boundary I' = 0Q2. Then
> = 2.

Example 5.3. Forl =n—1orn—2,let f = (%)ﬁ in the cone K, c R".
Then (see Lemma 2.14 of [15])

5= (5 - o) = L (5 - B,

where Hlfl;i = Hl,1

z;=0. Hence,

f H,_ H,_
Yt ) 63
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Similarly,
0p [ XA H -y
ZAifZ_n—l("Hl o, )
Using
SSAZH Iy Hitq
=T —nH — _
i (-7
we find "
2, _ Hipt
S Xfi=1f q (5.4)

Combining (5.3) and (5.4) gives

DY B (e T ) B G

By the Newton-Maclaurin inequalities,

H,_ S H_
Hn o Hl

with equality if and only all the \; are equal. Hence,

H,_ H
Zfi_z)‘?fiZf( Hnl_ Il;lrl) (5.6)

Therefore if [ =n — 1, we find

S E-Y Niz1-feomKfn{0<f<1} (5.7)

while if [ = n — 2 we similarly find

Zfi_ZAgfizHgflf(l_ﬁ)21—f2>01nK;m{0<f<1}. (5.8)

We now complete the proof of Theorem 1.7.

Proof. a. For I" smooth and f(x) satisfying the conditions of Theorem 5.1, we
have by Theorem 1.2 and Theorem 5.1 a smooth “monotone decreasing” family
of smooth solutions 37 = graph «?(z), x € Q of (1.1), (1.2). That is, if o1 < o3,
then u?* > 4?2 in Q. Note also that if Q C Bs(0) then

u? < v (x) = — o0 +1/ o —|z|?in Q
T V1-—o2 1—o0? ’

where v7(z) corresponds to the equidistant sphere solution of f(x) = o, which is
a graph over Bs(0). Aso — 1, v(z) — 0 uniformly and so the same holds for u”(x).

We claim that as ¢ — 0, 3 tends to the component S of CH(T') that is a
graph over 2. To see this note that %7 lies below S but also eventually lies above
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any smooth strictly locally convex hypersurface S’ by Theorem 5.1.

This completes the proof of Theorem 1.7 part a. In order to prove part b, it
suffices by a standard approximation argument, to show that the graph solutions of
f(k) = o have uniformly bounded principal curvatures on compact subdomains of
), independent of the smoothness of I'. We carry this out for the special curvature

quotient f = Hlﬁl in Lemma 5.4 below, thus completing the proof of part b. [

Lemma 5.4. Let ¥ = {graph u(x) : x € Q} be the unique strictly locally convex
solution of H{{’ll(/{) = o € (0,1). For any compact subdomain Q' CC Q, let

¥ = {graph u(z) : x € Q'}. Then,

max Kmax < 07
xex’

where C depends only on o and the (Euclidean) distance from ' to 9.

Proof. Fix a small constant 6 € (0, 1) and set ¢ = (u—0) 4. Recall from Lemma 2.1,
2

Lu = =Fuu, mHl 5.9

u=—FYuiu + ouv UZ f (5.9)

We modify the argument of section 4 by setting

My = max ¢ fmax () - (5.10)

xXED
Then My > 0 is attained at an interior point xg € ¥. Let 7,...,7, be a local
orthonormal frame around x¢ such that h;;(x¢) = k;d;;, where k1,...,k, are

the principal curvatures of ¥ at xg. We may assume k1 = Kmax(Xo). Thus, at
Xo, log ¢ + log h11 has a local maximum and so,

b hiis

bi | ~0. 5.11
6 F I (>
Gii | P
T <0. 5.12
¢ h11 (5.12)
As in section 4 we obtain from (5.12) and (5.9) that at xo,
OZ—%Zfi—FU(l—l—K%)—IilZfi—Iﬁlzlﬁ?fi. (513)

From the calculations of Example 5.3,

1<> fi<n, Y wifi =02 (5.14)

Hence from (5.13) and (5.14) we obtain ¢x; < C. Choosing 8 so small that u > 26
on ) completes the proof. O
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