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with equality only fo_fr a cirele.

2.1. Hurwitz’s proof of the the isoperimetric inequality. A fairly simple
modern analytic proof of the isoperimetric inequality was _g’iven by A. Hurwirtz
in 1902, It uses the formula for the area A of a domain D in R? in terms a
line integral around its (positively oriented) boundary C:

' 1
A= / zdy = — f ydi.= ~= f xdy —ydz
2 Jo

where the line integrals are defined by the usual limit of Riemann sums. For
our purposes, if C': z = z(t) , y = y{t) a <t < bis a parametrization of a
simple curve C, then

/:z:dy—-/ (Y (¢t /yd:z*‘/' y(t)z'(t)di .

The formulas for A follow from the divergence theorem:
/ divV (3, y)dedy = / 7. fds |
D Wi

where if V' = (V1,V?) | div Viz,y) =V} + V?, fiis the outer unit normal to
C and s is arc length. Choosing V = ( ) . dw V = 2. Noting that in, terms
of the parametrization of C,

ﬁ'-:(y('t)' ) and ds = /2 (t)? + ¢/ (i) dt
Ve ()2 4y ()

the formulas for A follow easily.

Hurwitz's proof alsp uses a famous inequality known as Wirtinger’s inequal-
ity.
Lemma 2.5. Let f(t) be a C' periodic function of period 2w and average
0 "f(t) dt =0. Then
2%

P dt > T d

[ Jo
with equality only if f (f) = g'cost + bsint.

Proof. Expand f(t} in a Fourier series

Re o]
) = Z'(;an cosnt -+ by, sii1 mit)
il
(note that the constant term Zag is zero by the average zero condition). Then
-

Ft)= Z(nbn cosnt — na, sinnt)

n=1
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By Parseval’s formula,

[ rwr a=Yoa ),
0 '

f==l
o270

PO de= Y k(i 48
=1

G

Hence, _
. =, e
| rarsen a= Y w1+,
: -fi=1
which is strictly positive unless a,, = by, = 0 for all n > 1, proving the lemma.

For simplicity assume that the length L of C is 27 {convince yourself that
wa can do this without loss of gener ality). We may also assume by translating

C that 5
f 2() ds =10,
/&

= | _Qﬂ( (=) + (') ds
and A = fg x{s)y'{s) ds. Hence,
2Ar—A) = / (@) -2y + () ds = / 2ﬂ(_(-fr:'".)'zm:rf‘?) ds+ / zttfﬂw-y’f ds..
The first integral is noriegative by the lenfm'l and the second integral is also-

clearly nonnegative. Hence 47A < (27)2 = L? which is the isoperimetric
inequality. The equality sign holds only if

Then

T =acoss+bsins, ¢y =z
which gives
y=asins—beoss+¢ .
Thus 2* 4 (y — ¢)* = a? + % and C is a circle.

3. CALCULUS OF VARIATIONS FORMALISM: NECESSARY CONDITIONS

TTThe simplest and most common problems in the Calculus of Variations are
of the type-where we seek to. mmlmme e.for maxnm?o) a functional

flz, ulz), o/ (z)) d=

‘where f = f(ﬁ: ;,/ﬁrs a given (say C\?ﬁm%ts arguments and the

function 1 (:c))oelongs to a certain admissible class, %;npl_e C* functions

e



