Homework 8 Solutions

9.3.1u" = f(z),0 <z < L, u(0) =u(L) =0.
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after integration by parts and simplification.

0<x <z
To<x <L

9.3.3 a,b Start with the homogeneous problem
Wy = kwee, 0 <z < L, t >0, w(0,t) =w'(L,t) = 0.
Separation of variables leads to the eigenvalue problem
"+ Xp=0,0<z <L, p(0)=0, ¢'(L) =
The solution is ¢, (z) = sin VA2, A, = (5)?(n— )%, n=1,2,....
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The method of eigenfunction expansion seeks a solution of the original problem by

decomposing Q(z,t) = > 7 | ¢, (t)d,(x) where
L
=7 [ Qu.psinTin= S dy

since it still is true that (;5n Yom(x)dr = éémn.
0

Set u(z,t) = Zan )b (x —Z (15)sin\//\_nx7

n=1
Plugging these series into the equation gives and ode for a,(t):
Using the method of Duhamel, we find

t
n(®) = a0 4 [ gu(5)e 0 ds
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= a,(0)e Ft ¢ // “F=D0(y, 5) sin v/ Ay dyds

where we must take

a,(0) = %/0 g(t) sin /A, tdt .
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to satisfy the initial conditon u(z,0) = g(z).

b. Putting all of this together gives the Green’s function G(z,t;xo,ty) for the
time dependent problem. Here we have both space and time parameters (xg, to). Set
Q(x,t) = d(x — x0)d(t — o), @,(0) =0 and find

2
an(t) = Ee’k’\"(t’t(’) sin v/ A\, o -

Then
. 2 &
G(z,t; 2, tg) = 17 Zsin VAo sin\/ A\, t >ty .
n=1

9.3.6a We look for
ar+b 0<z<ux

Gz, @) = { cx+d xg<x<L
Using the boundary conditions G(0,z¢) = G.(L,z) = 0, we must have b = ¢ = 0.
Now we use continuity and the jump condition at xg:
0=G(zd,x0) — G(zg,70) = d — axe, 1 = Go(xd,70) — Go(xy,20) =0—a
to conclude a = —1, d = —x(y. Hence the desired solution is
) O0< e <

Gz, 20) = { -2y To<x<L
9.3.11a G, + G = 0(x — x9), G(0,29) =0, G(L, ) = 0.
If L = nm then 1 is an eigenvalue with eigenfunction sin x and as we have seen in class

the direct method of construction fails as does the method of eigenfunction expansion.

Below we see that sin L appears in the denominator. G must be of the form

G, o) = Asinz 0<z <z
U Bsin(r— L) zp<a< L
Continuity at xy gives Asinxg = Bsin(zg — L) and the jump condition gives 1 =
Bcos(xg — L) — Acos zg which implies (using the standard trig identities)
A=snlocl) g singe Lonee

sinL 7 sin L ?
sin(xp—L) sinx O<ax<zx
— snl 0
G(l’, ZL’()) = sin xobé?nl(lz—L)
—nl Yo <z <L

9.3.14b Lu := (pu') + qu = f(z), v'(0) = o, v/ (L) = 5.

B Asinz 0 <z <
G (7o) _{ Bsin(z — L) xp<z <L



Let G(z,x¢) be the Green’s function satisfyng
LG =p(G,)r + q¢G = 0(x — x0), G(0,20) = Go(L,20) =0 .
Using the Lagrange identity we find

/ GLu dr = p(x)(Gu' — qu)§5 )
0

L
/ GLu dr = p(x)(Gu' — qu)iar :

Adding gives
/G(af, 20) f(x) dz = (p(L)G (L, 20)B—p(0)G (0, xo)ar)+p(20)u(w0) (Ga(zg , 20) = Ga(2g » o)

= u(zo) — (ap(0)G(0, z0) — Bp(L))G (L, wo)) -
Hence u(xo) = (ap(0)G(0,20) — Bp(L)) + [, G(z,20) f(x) dz.

9.3.15a
LG =p(Gy)y + qG = §(z — x0), G(0,20) = G(L,x9) =0 .
We assume we have linearly independent solutions Ly; = 0, 4;(0) =0, y/(0) =1, i =
1,2. We look for G of the form
| Ayi(z) O0<z <z
G, 20) = { Bys(x) wo <z <L

y2(z0) y1(zo)

Then Ay;(z9)—Bya(zo) = 0, Bys(wo)— Ay} (w0) = p(w . Solving A = @)W (y1,52)(@0) p(@o)W (y1,y2)(@0)
where W (y1,y2)(x) is the Wronskian which satisfies p(x)W (y1,y2)(x) = k constant.
Hence,

Tya(zo)yi(z) O0<a <
G(z,x9) = { %zlgxggléxg To < x < 10}
9.3.18 Lu = f(x), u(0) = u(L) = 0.
Let u(z) =307, an(bn( ) where Lo, + Ao, =0, ¢,(0) = ¢,(L) = 0.
Then Lu = —> "7 a,\ ( )gbn( ) = f(z). Hence

n=1
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:/0 f(20)G(z, 20)dzo, G(2,20) = Z/\_fgbniﬁ) (;))dt




