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An inverse problem

Consider the mean-field equation

∂tu = ν∆u +∇ · [u(Kφ ∗ u)], x ∈ Rd , t > 0,

where Kφ(x) = ∇(Φ(|x |)) = φ(|x |) x
|x | .

Question: identify φ from data {u(xm, tl)}M,Lm,l=1?
Goal:

An algorithm→ φ̂

identifiability: function space of learning
convergence rate when ∆x = M−1/d → 0
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Motivation

∂tu = ν∆u +∇ · [u(Kφ ∗ u)]

Interacting particles/agents:

d
dt

X i
t =

1
N

N∑
i′=1

φ(|X j
t − X i

t |)
X j

t − X i
t

|X j
t − X i

t |
+
√

2νdBi
t , i = 1, . . . ,N

X i
t : the i-th particle’s position; Bi

t : Brownian motion

u(x , t) = limN→∞
∑N

i=1 δ(X i
t − x) Propagation of chaos

1st- and 2nd-order models

Application in many disciplines:
Statistical physics, quantum mechanics Biology [Keller-Segal1970, Cucker-Smale2000]

Social science [Motsch-Tadmor2014] Monte Carlo sampling [Del Moral13]

Epidemiology (Agent-based model for COVID19 at Imperial)
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Previous work: finite N

∂tu = ν∆u +∇ · [u(Kφ ∗ u)]

Interacting particles/agents:

d
dt

X i
t =

1
N

N∑
i′=1

φ(|X j
t − X i

t |)
X j

t − X i
t

|X j
t − X i

t |
+
√

2νdBi
t , i = 1, . . . ,N

Maggioni JHU team: [M., L., Tang, Zhong, Miller, Li, Zhang: PNAS19, SPA20, etc]

Data: many trajectories {X (m)
[0,T ]}M

m=1, ν = 0; ν > 0, finite N

Function space of learning: φ ∈ L2(ρT ) with ρT ← |X j
t − X i

t |
Nonparametric estimation (Ac = b)

conditions Xm
0 := Xm(0), Ẋm

0 := Ẋm(0), and �m0 := �m(0)
sampled independently from µX0 , µẊ0 , and µ�

0 respectively.
With Ẍm(tl) approximated by finite di�erence, we construct
estimators similar to those in Eq. (2)

(‚„E , ‚„A) := arg min
ÏE ,ÏAœHv

1
ML

M,Lÿ

m,l=1

||Ẍm(tl) ≠ Fv(Ẋm(tl),�m(tl))

≠ fÏE (Xm(tl)) ≠ fÏA(Xm(tl), Ẋm(tl))||2S ,
[13]

and the interactions acting on the auxiliary variable ›i can be
obtained separately as

‚„› := arg min
„›œH›

1
ML

M,Lÿ

m=1,l=2

||�̇ml ≠ F›(�ml ) ≠ f„› (Xm
l ,�ml )||2S ,

where �̇ml = Ẋm(tl), Xm
l = Xm(tl), �ml = �m(tl), ‚„› =

{„̂›
kkÕ}Kk,kÕ=1, and the state space norm ||·||S is defined similarly

to the first order case. Here we are using a vectorized notation
for ÏE ,ÏA, Hv (a suitable product hypothesis space). In
order to measure performance, for each pair (k, kÕ), we define
a probability measure on R+ ◊ R+

flkk
Õ

T (r, ṙ) = 1
TNkkÕ

⁄ T

t=0
E

ÿ

iœCk,iÕœCkÕ i”=iÕ
”riiÕ (t),ṙiiÕ (t)(r, ṙ)dt ,

and another probability measure on R+ ◊ R+,

flL,kk
Õ

T,r,› (r, ›) = 1
LNkkÕ

Lÿ

l=1

E
ÿ

iœCk,iÕœCkÕ ,i”=iÕ
”riiÕ (tl),›iiÕ (t)(r, ›) ,

where the expectation is with respect to initial conditions
distributed according to µX0 ◊ µẊ0 ◊ µ�

0 , and we let ṙ = ÎṙÎ
(with abuse of notation), ›iiÕ(t) =

--›iÕ(t) ≠ ›i(t)
--, NkkÕ =

NkNkÕ if k ”= kÕ and NkkÕ =
!
Nk
2

"
if k = kÕ (and Nk > 1,

as there is no kernel to learn if Nk = 1). Let flkk
Õ

T,r be the
marginal of flkk

Õ
T with respect to r. We will measure the errors

for „̂EkkÕ(r)r, „̂AkkÕ(r)ṙ and ‚„›
kkÕ(r)› in L2(flkkÕ

T,r), L2(flkkÕ
T ) and

L2(flkkÕ
T,r,›) respectively.

The algorithm to construct the estimator in Eq. (13) gen-
eralizes that for the first order single-type agent systems, and
involves a least squares problem with a structured matrix
with K2 vertical bands indexed by (k, kÕ), accommodating
the estimators for the interaction kernels. Note that such LS
problem takes into account, as it should, the dependencies in
learning the various interaction kernels, all at once.

We note that while of course the second order system may
be written as a first order system in the variables xi and
vi = ẋi; even when F vi © 0 and „Aki,kiÕ © 0, the resulting
equations for (xi, vi) are di�erent from those governing the
first order systems considered above in Eq. (8).

5. Examples

We consider the learning of interaction kernels and the predic-
tion of trajectories for three canonical categories of examples
of self-organized dynamics (see Sec. 3 in the SI for details).
Opinion dynamics. These are first-order ODE systems
with a single type of agent, with bounded, discontinuous,
compactly supported and attraction-only interaction kernels.
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Fig. 4. Opinion dynamics. Top: Comparison between true and estimated interaction
kernel, together with histograms for flLT and flL,M

T
. The mean and standard deviation

of the relative error for the interaction kernel are 1.6 · 10≠1 ± 2.3 · 10≠3 over
10 independent learning runs. The standard deviation lines (in dash lines) on the
estimated kernel are so small to be barely visible. Bottom: Trajectories X(t) and
‚X(t) obtained with „ and „̂ respectively, for an initial condition in the training data

(top) and an initial condition randomly chosen (bottom). The black dashed vertical line
at t = T divides the “training” interval [0, T ] from the “prediction” interval [T, Tf ]
(which in this case, Tf = 2T ). We achieve small errors in all cases, in particular
predicting number and location of clusters for large time.

They model how the opinions of people influence each other and
how consensus is formed based on di�erent kinds of influence
functions (see (13, 14, 37) and references therein).
Predator-Swarm System. We consider a first-order system
with a single predator and a swarm of preys, with the interac-
tion kernels (prey-prey, predator-prey, prey-predator) similar
to Lennard-Jones kernels (with appropriate signs to model
attractions and repulsions). Di�erent chasing patterns arise
depending on the relative interaction strength of predator-prey
vs. prey-predator interactions. We also consider a second or-
der Predator-Swarm system, with the collective interaction
acting on accelerations, leading to even richer dynamics and
chasing patterns (see e.g. (38–40)).
Phototaxis. This is a second order ODE system with a
single type of agents interacting in an environment, modeling
phototactic bacteria moving towards a far away fixed light
source. The response of the bacteria to the light source is
represented in the auxiliary variable ›i as the excitation level
for each bacteria i (see e.g. (41–43)). Another example which
we do not pursue here is the Vicsek model (44), which fits
perfectly in our model upon choosing ›i = ◊i (◊i: moving
direction of agent i).

In our experiments we report the measure flL,MT estimated
from the training data, our estimator, and similarly in the case
of noisy observations; we measure performance in terms of

Maggioni et al.
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Table S14

[0, T ] [T, Tf ]
meanIC: Training ICs 3.5 · 10≠1 ± 1.2 · 10≠1 7.9 · 10≠1 ± 2.1 · 10≠1

stdIC: Training ICs 6.5 · 10≠1 ± 2.7 · 10≠1 1.2 ± 3.7 · 10≠1

meanIC: Random ICs 3.5 · 10≠1 ± 1.2 · 10≠1 8.0 · 10≠1 ± 2.3 · 10≠1

stdIC: Random ICs 5.8 · 10≠1 ± 1.6 · 10≠1 1.2 ± 3.1 · 10≠1

meanIC: Larger N 2.0 · 10≠1 ± 3.0 · 10≠2 4.6 · 10≠1 ± 1.2 · 10≠1

stdIC: Larger N 1.1 · 10≠1 ± 1.4 · 10≠2 2.5 · 10≠1 ± 5.6 · 10≠2

(PS2nd) Trajectory Errors

Fig. S11. (PS2nd) Interaction kernels learned with Unif.([≠‡, ‡]) multiplicative noise, for ‡ = 0.1 in the observed positions and velocities, with parameters as in Table S12.
The estimated kernels are minimally affected, mostly in regions with small flLT near 0.
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Fig. S12. (PS2) Relative error, in log10 scale, of „̂E
k,kÕ (with (k, kÕ) increasing lexicographically from top-left to bottom-right) as a function of L and M . The error decreases

both in L and M , in fact roughly in the product ML (we impute the lack of monotonicity of some of the entries in the plots to the variance in the results). The fourth plot is an
identically 0 absolute error, because both „E2,2 and its estimator are identically 0, since there is only one predator. Note M ∫ 1 seems to be needed for accurate inference of
the interaction kernels, regardless of how large L is: the trajectories explored for small M do not explore enough configuration to enable estimation, suggesting that the limit
M æ +Œ considered in this work is of fundamental importance, at least for non-ergodic systems.
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Previous work: finite N

∂tu = ν∆u +∇ · [u(Kφ ∗ u)]

Interacting particles/agents:

d
dt

X i
t =

1
N

N∑
i′=1

φ(|X j
t − X i

t |)
X j

t − X i
t

|X j
t − X i

t |
+
√

2νdBi
t , i = 1, . . . ,N

Maggioni JHU team: [M., L., Tang, Zhong, Miller, Li, Zhang: PNAS19, SPA20, etc]

Identifiability: a coercivity condition for L2(ρT )

Optimal convergence rate:

Eµ0 [‖φ̂T ,M,Hn∗
− φtrue‖L2(ρT )] ≤ C ((log M)/M)

s
2s+1 .

2.5 3 3.5 4
log

10
(M)
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lo
g
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0
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e
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rr
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Slope=-0.34
Optimal decay

12 13 14 15 16 17 18 19 20 21

log
2
(M)

-10

-9

-8

-7

-6

-5

lo
g

2
(e

rr
o

r)

Learning rate

 errors
 slope -0.36
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Table S12

d N1 N2 M L T

2 9 1 150 300 10
n1,1 n1,2 = n2,1 n2,2 deg(ÂEkkÕ ) Preys µX0 Pred. µX0
1620 540 180 [1, 1; 1, 0] Unif. on [0.1, 1]2 Unif. on [0, 0.08]2

(PS2nd) System Parameters

Note that the two dynamics, predator-prey 1st order and predator-prey 2nd order, use a similar set of interaction kernels,
however, the resulting dynamics are significantly di�erent from each other, as demonstrated in both the distribution of pairwise
distance data and in the trajectories.

In the middle column of Fig. 5 in the main text, we show the comparison of the learned interaction kernels versus the true
interaction kernels (with flL,kk

Õ
T,r and flL,M,kkÕ

T,r shown in the background), and the comparison of true and learned trajectories
over two di�erent sets of initial conditions. Similar observations to those for the 1st order system apply here. Errors of the
estimators in the L2(flL,kk

Õ
T ) norms are reported in Table S13. The test on trajectories (bottom middle portion (4 sub-figures)

of Fig. 5 in the main text) shows visually the accuracy of the predicted trajectories, quantified by the numerical report in
Table S14. We also compare in Fig. S10 the true and learned trajectories over a corresponding system with Nnew agents. We
consider the e�ect of adding noise to observations, with results visualized in Figure S11. Figures S9 and S12 show the behavior
of the error of the estimator (for systems (PS1st) and (PS2nd) respectively) as both L and M are increased.

Fig. S10. (PS2nd) TrajectoriesX(t) and ‚X(t) obtained with „ and „̂ respectively, for two randomly chosen initial conditions and evolved for Nnew agents (with the same
setup as in the case of N agents). Trajectory errors are shown in Table S14.

Table S13

Rel. Err. for „̂E1,1 1.5 · 10≠1 ± 5.0 · 10≠2

Rel. Err. for „̂E1,2 1.3 · 10≠1 ± 1.1 · 10≠2

Rel. Err. for „̂E2,1 7.1 · 10≠1 ± 3.8 · 10≠1

Abs. Err. for „̂E2,2 0
(PS2nd) Estimator Errors

Fei Lu, Ming Zhong, Sui Tang, Mauro Maggioni
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What if N →∞?

Data: many trajectories {X (m)
[0,T ]}Mm=1;

Data: density u(x , t) = limN→∞
∑N

i=1 δ(X i
t − x)

{u(xm, tl)}M,Lm,l=1

∂tu = ν∆u +∇ · [u(Kφ ∗ u)]

How to estimate φ from data?

Minimize E0(ψ) =

∫ T

0

∫
Rd

∣∣∇.(u(Kψ ∗ u))− g
∣∣2dx dt?

(with g = ∂tu − ν∆u )
Derivatives not available from data.
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A probabilistic error functional

E(ψ) :=
1
T

∫ T

0

∫
Rd

[∣∣Kψ ∗ u
∣∣2u − 2νu(∇ · Kψ ∗ u) + 2∂tu(Ψ ∗ u)

]
dx dt

= 〈〈ψ,ψ〉〉GT
− 2 〈〈ψ, φ〉〉GT

Expectation of the negative log-likelihood of the process{
dX t =− Kφ ∗ u(X t , t)dt +

√
2νdBt ,

L(X t ) = u(·, t),
Derivative-in-space free!

GT is a reproducing kernel for a RKHS

〈〈φ, ψ〉〉GT
:=

1

T

∫ T

0

∫
Rd
〈(Kφ ∗ u), (Kψ ∗ u)〉u(x, t)dx dt =

∫
R+

∫
R+

φ(r)ψ(s) GT (r, s) dr ds

ψ =
∑n

i=1 ciφi ⇒ E(ψ) = c>Ac − 2b>c with Aij = 〈〈φi , φj〉〉GT

⇒ Estimator: φ̂n =
n∑

i=1

ĉiφi , ĉ = A−1b
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Discrete data

From data {u(xm, tl )}M,L
m,l=1: Hn = span{φi}n

i=1,

φ̂n,M,L =
n∑

i=1

ĉ i
n,M,Lφi , with ĉn,M,L = A−1

n,M,Lbn,M,L.

Inverse problem: well-posed/ identifiable, A−1?

Choice of Hn: {φi} and n ?

Convergence rate when ∆x = M−1/d → 0?
→ hypothesis testing and model selection
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Invertibility of A and function space

Recall that H = span{φi}ni=1,

Aij =
〈〈
φi , φj

〉〉
GT
,

with integral kernel GT → RKHS HGT
.

if {φi} orthonormal in HGT
: A = In

if {φi} orthonormal in L2(ρT ): minimal eigenvalue of A =

cH,T = inf
ψ∈H,‖ψ‖L2(ρT )

=1
〈〈ψ,ψ〉〉GT

> 0 (Coercivity condition)

I measure ρT ← |X t − X
′
t | (“pairwise distance”)

12 / 24
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Error bounds

H = L2(ρT ) or RKHS HGT
.

Theorem (Lang-Lu20)

Let H = span{φi}n
i=1 and φ̂n the projection of φ on H ⊂ H. Assume

regularity conditions. Then

‖φ̂n,M,L − φ̂n‖H ≤ 2cH,T−1 (Cb√n + CAn ‖φ‖H
)

(∆x + ∆t),

If if H = L2(ρT ): assume coercivity condition on H with cH,T > 0,
if H = RKHS, set cH,T = 1
∆x + ∆t comes from numerical integrator (Riemann sum)

Dominating order: n∆x (if ∆t = 0)
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Optimal dimension and rate of convergence

Total error: trade-off

‖φ̂n,M,∞ − φ‖H ≤ ‖φ̂n,M,∞ − φ̂n‖H︸ ︷︷ ︸
inference error

+ ‖φ̂n − φ‖H︸ ︷︷ ︸
approximation error

Colloquium, Virginia Tech

Approximation Theory
Suppose � is s- Hölder.

{Hn}n ⇢ L1[0, R]

dim(Hn)  c0n

inf
'2Hn

k'� �k1  c1n
�s

Question
Given Xtraj,M , how to pick up Hn⇤ ?

Sui Tang — Learning dynamics in high dimensional dynamical systems 22/34

Theorem (Lang-Lu20)

Assume ‖φ̂n,M,∞ − φ̂n‖H / n(∆x)α and ‖φ̂n − φ‖H / n−s. Then, with
optimal dimension n ≈ (∆x)−α/(s+1):

‖φ̂n,M,∞ − φ‖H / (∆x)αs/(s+1)

14 / 24
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3 Numerical examples

I Granular media: smooth kernel φ(r) = 3r2

I Opinion dynamics: piecewise linear φ

I Repulsion-attraction: singular φ
4 Ongoing work and open problems
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Smooth kernel
Non-smooth kernel
Singular kernel

Numerical example 1: granular media

∂tu = ν∆u +∇ · [u(Kφ ∗ u)], x ∈ Rd , t > 0,

where Kφ(x) = ∇(Φ(|x |)) = φ(|x |) x
|x | . φ(r) = 3r2
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The solution u(x , t) Estimators of φ Wasserstein W2(u, û)
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Numerical example 1: granular media

The solution u(x, t) Estimators of φ
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Numerical Example 2: opinion dynamics

∂tu = ν∆u +∇ · [u(Kφ ∗ u)], x ∈ Rd , t > 0,

where Kφ(x) = ∇(Φ(|x |)) = φ(|x |) x
|x | . φ(r) piecewise linear
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Numerical Example 2: opinion dynamics

The solution u(x, t) Estimators of φ
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Numerical example 3: repulsion-attraction

∂tu = ν∆u +∇ · [u(Kφ ∗ u)], x ∈ Rd , t > 0,

where Kφ(x) = ∇(Φ(|x |)) = φ(|x |) x
|x | . φ(r) = r − r−1.5 singular
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Numerical example 3: repulsion-attraction

The solution u(x, t) Estimators of φ
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Convergence rate of L2(ρT ) error Convergence rate of EM,L
low rate: theory does not apply low rate: theory does not apply

21 / 24



An inverse problem
Nonparametric Learning

Numerical examples

Smooth kernel
Non-smooth kernel
Singular kernel

Summary and open problems

Problem: Estimate φ of Mean-field equation

∂tu = ν∆u +∇ · [u(Kφ ∗ u)]

from discrete data {u(xm, tl )}M,L
m,l=1.

Solution: Algorithm

A probabilistic error functional

Estimator by least squares

Theory guidance

Choice of hypothesis space basis functions & dimension

Function space of learning: RKHS v.s. L2(ρT )

Optimal learning rate

22 / 24



An inverse problem
Nonparametric Learning

Numerical examples

Smooth kernel
Non-smooth kernel
Singular kernel

Open problem and future directions

Learning/computation:
I 2nd-order systems
I High-dimensional state space (Monte Carlo)
I non-radial interaction kernel
I partial observation of large systems

Coercivity condition on L2(ρT )
I GT → strictly positive integral operator?

Singular kernels?

Real data applications:
learning cell-dynamics
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