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Abstract

We introduce a new class of probabilistic cellular automata that are capable of exhibiting rich
dynamics such as synchronization and ergodicity and can be easily inferred from data. The sys-
tem is a finite-state locally interacting Markov chain on a circular graph. Each site’s subsequent
state is random, with a distribution determined by its neighborhood’s empirical distribution
multiplied by a local transition matrix. We establish sufficient and necessary conditions on the
local transition matrix for synchronization and ergodicity. Also, we introduce novel least squares
estimators for inferring the local transition matrix from various types of data, which may consist
of either multiple trajectories, a long trajectory, or ensemble sequences without trajectory in-
formation. Under suitable identifiability conditions, we show the asymptotic normality of these
estimators and provide non-asymptotic bounds for their accuracy.
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1 Introduction

Interacting systems, including probabilistic cellular automata (PCA) [Too94, LMS90, LN18| and
interacting particles systems (IPS) [Lig85, Dur07, Ald13, Gril8|, have a wide range of applications
in Physics, Computer Science and Electrical Engineering, Economics and Finance, Biology and
Sociology, Epidemiology and Ecology. These applications drive a growing interest in studying the
dynamics of these systems, and inference of model parameters from observational data. As Aldous
[Ald13] pointed out, it is “the most broad-ranging currently active field of applied probability”;
however, “it is easy to invent and simulate models, but hard to give rigorous proofs or to relate
convincingly to real-world data”. In this study, we introduce a new class of PCA that exhibits
rich dynamics, yet can be easily inferred from observational data. We rigorously prove dynamical
properties such as synchronization and ergodicity, and then construct computationally efficient
estimators for which we prove properties such as asymptotic normality and non-asymptotic bounds.

We consider a new class of probabilistic cellular automata (PCA) on a N-node cyclic graph (V, E)
and a finite alphabet A, in which every site updates independently with a distribution determined
by its neighborhood’s empirical distribution multiplied by a local transition matrix.

The probabilistic cellular automaton we consider is a finite-state Markov chain:

X(t) = (X1(t),...,Xn(t) = Xpn(t) e AV, A={1,...,K} =: [K]

on a cyclic graph (V, E) with nodes indexed by V = {1,2,...,N} =: [N] and with edges in E
connecting nodes within distances n,, that is, nodes n and n’ are Connected whenever |n —n'| < n,
(modulo N'). Conditional on X (t), each vertex n makes updates independently depending on its
neighborhood 2

Vi={n—ny,....n,n+1,...,n+n,} (modulo N, e.g., 0is viewed as N),
and the transition probability of X (¢) is in the form

N
P{X(t+1) = (21, .., 2n)| X (O} = [ [PAXa(t +1) = 20 (X () wevs, } - (1.1)

n=1

In particular, the local transition probability P{X, (¢t + 1) = zn|(X,w (t))wev, } of the n-th vertex
depends linearly on its neighborhood’s empirical distribution:

P{X,(t+1) = $n|(Xn’(t))n’eVn} = @n,tT(‘axn)v (1.2)

where T € [0, 115K is a row stochastic matrix (that is, .5 T(j, k) = 1 for each 5) that we call local
transition matriz, and ¢y, ; € RY™XK is the local empirical distribution of the vertex’s neighborhood
V., at time t

Z kelK], (1.3)

Pn,t = (San,t(l)v"-yson,t(K))a with Sont | |
n JEVR

where |V},| is the cardinality of V,,, and ¢ is the Kronecker delta function.

'RW: removed “plus 1".
RW: moved here from below (1.3), rephrased “plus 1" after “modulo N".



REY

Equivalently, the Markov chain X () has a global transition matriz P € <KY " Jetermined

by the local transition matrix T

N N
P(x1:N7y1:N) = H ¢nT H Z 7yYn (14)
n=1 n=1 €Vn

for any configurations x1.n, y1.x € [K]V, where ¢, (k) := IV%L Zjevn 0z, (k) for k € [K] and n € [N].
One can also view the system’s evolution as follows: at each update step, every vertex samples a
state from its neighbors uniformly at random, and then independently jumps according to the local
transition matrix T.
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(a) PCA on a circle (b) From deterministic to stochastic (c) Synchronization

Figure 1: (a) The system of N = 8 agents on a graph with an alphabet A =
{Yellow, Turquoise, and Blue} with K = 3. Each agent’s transition depends linearly on the empir-
ical distribution of its nearest neighbors with n, = 2 agents on each side. (b) The system moves
from deterministic to stochastic dynamics; see Example 2.3. (¢) The system moves from stochastic
to deterministic dynamics, reaching a synchronization; see Example 2.4.

The key feature of our model is the linear dependence of the local transition probability in (1.2)
on the local empirical distribution, represented by a local transition matrix. Such a linear depen-
dence significantly reduces the number of parameters describing the local transition probability,
which has a size K!V»I*1 since it assigns a RY*¥-valued probability to each of the K!V» possible
states of the neighborhood V,,. Without the linear dependence, the transition probability is overly
complicated for analysis and requires a significant amount of data for its estimation. In contrast,
with the linear dependence, our model has only K? parameters instead of K [Vl +1 significantly
reducing the model complexity and the amount of data needed for inference.

The Markov chain can exhibit rich dynamics such as synchronization and ergodicity. Figure
1 illustrates two systems with (N, K,n,) = (8,3,2) and with different local transition matrices.
Figure 1(b) shows a trajectory exhibiting a transition from deterministic to stochastic dynamics,
and Figure 1(c) shows a trajectory exhibiting synchronization.

1.1 Main results

We first study how the local transition matrix determines important features of the global dynamics,
by establishing sufficient and necessary conditions on the local transition matrix for synchronization
and ergodicity. When the local transition matrix T is irreducible, Theorem 2.7 shows that the system
will achieve a synchronization if and only if T is periodic with period K, and Theorem 2.10 shows



that the system is exponentially ergodic if and only if T is aperiodic. In short,

periodic with period K < synchronization

T irreducible : o ) o
aperiodic < exponential ergodicity.

We then study the dependencies between the global transition probability matrix of the Markov
chain and the local transition matrix. Theorem 3.2 shows that there is a 1-1 map between the
global transition matrix P € RX Mx K™ and the local transition matrix; additionally, the invariant
measure of T is the marginal distribution of the invariant measure of P. Theorem 3.5 shows that
P is Lipschitz in T under the total variation norm.

In Section 4, we introduce and study the properties of least squares estimators (LSEs) for
inferring the local transition matrix from various types of data. The data may consist of multiple
trajectories, a long trajectory, or ensemble sequences without trajectory information. Except for the
case of a long trajectory, the system can be non-ergodic. These LSEs use the marginal distributions
of each vertex and are more efficient to compute than the maximal likelihood estimator, which would
involve non-convex optimization. We specify identifiability conditions for these LSEs and a non-
identifiability for inference using stationary distribution in Section 4.4. We show the asymptotic
normality of these estimators in Theorems 4.4 and 4.10 and provide non-asymptotic bounds for
their accuracy in Section 4.5. Numerical tests show that the LSE with trajectory information is
more accurate than the LSE without trajectory information, while both converge at the optimal
rate M~Y/2, with M being the sample size.

1.2 Related work

Probabilistic cellular automata (PCA). PCA are large interacting discrete stochastic dy-
namical systems for the modeling of a wide range of physical and societal phenomena, and we refer
to [Too94, LMS90, LN18| and the reference therein for the applications. Motivated by the applica-
tions, there is consistent interest in studying the ergodicity of the systems; see, e.g., Dawson [Daw75]
for a system with interacting subsystems, Follmer and Horst [FHO1] for the averaged process of an
interacting Markov chain with an infinite set of sites, Bérard [Bér23| for the exponential ergodicity
of a 1D PCA with a local transition kernel on a three-state alphabet, and Casse [Cas23| for the
ergodicity of a PCA with binary alphabet via random walks. The innovation in our model above is
introducing a local transition matrix, which enables efficient estimation, while leaving the system
capable of producing rich dynamics, exhibiting phenomena such as synchronization or ergodicity.

Interacting particle systems (IPSs). IPSs are continuous-time Markov processes on certain
spaces of configurations of finitely or infinitely many interacting particles. The state space can
be either discrete, such as the stochastic Ising model or the voter model [Lig85, Dur07, Ald13,
Gril8|, or continuous in the form of stochastic differential equations [CM08, CDP18, LRW21|. The
interaction rules, either short-range or long-range, are often specified by functions called interaction
kernels/potentials [Lig85, CDP18] or rate functions [Ald13|. Thus, our local transition matrix can
be viewed as a counterpart of these interaction kernels or rate functions.

Inference of the local transition matrix. The inference of the local transition matrix is akin to
the nonparametric estimation of the interaction kernel of interacting particle systems in [LZTM19,
LMT21, DMH22, LWLM24|, where inference leads to a linear inverse problem and is solved by
least squares. However, the estimators in those works maximize the likelihood; here, our LSEs
are different from the maximal likelihood estimator, which would lead to a constrained non-convex
optimization problem, as discussed in Section 4.1.1. Also, while the identifiability conditions are



Table 1: Notations.

ke A=|K]={1,...,K} alphabet set for state values
e[N]={L2,...,N} index of vertices/agents in the graph
e[M], te]| ] index of sample trajectories and index of time
( )e AV state of the Markov chain at time ¢
V., and n, the n-th vertex’s neighborhood V,,, consisting of 2n,, + 1 vertices

ont = (Pni(1),...,ne(K)) | empirical distribution in V;, at time ¢; [0, 1]1*¥-valued
cnt = (cnt(1), ..., cne(K)) | empirical distribution of X, (t): cn(k) := 0x, 1) (k)

T e [0,1]5*K local transition matrix: Zle T, =1,V
P e [0,1]5" <K (global) transition matrix of the Markov chain
[0 0 1es | llop Euclidean, Frobenius and operator norms

specified based on the large sample limit case, in the same spirit as the coercivity condition on
function spaces in [LLM™*21, LL23]|, this study considers parametric inference, so the identifiability
conditions are less restrictive.

We use the notations in Table 1 throughout the paper. We denote the entries of T € REXK by
T, with j,k € [K], and denote the entries of P € REY*EY by P(z,y) with 2,y € [K]V, where
x =N = (21,...,2N) with z; € [K].

2 Dynamical properties: synchronization and ergodicity

This section studies the dynamical properties of the process X(-) in (1.1)-(1.2) as a Markov chain
with K states, whose transition probability matrix P € RX MxKEY is determined by the neighbor-
hood and the local transition matrix T € RE*X_ In particular, we show the necessary and sufficient
conditions on the local transition matrix for the Markov chain to achieve synchronization or ergod-
icity. We will study the relation between P and T, including their associated invariant measures,
in Section 3.

To study the Markov chain, we recall the following preliminaries about a finite-state Markov

chain, denoted by Z(t), which has states in [n] and transition matrix A € R™*",

e Irreducible matrix. The transition matrix A € R"*" is called drreducible if Vi, j € [n]?, 3t € N,
such that (A");; > 0.

e Period of a matrix. The period d(i) of a state i is the greatest common divisor of all m such
that (A™); > 0, ie., d(i) := ged{m € N : (A™);; > 0}. When A is irreducible, the period
of every state is the same and is called the period of A. The irreducible matrix A is called
aperiodic if its period is one.

e Recurrence and Transience. A state 7 is called recurrent if P {r; < 0|Z(0) =i} = 1, where
7; = min{t € N : Z(t) = i}; in other words, the chain starting from this state returns to it
in finite time with probability one. The state i is called transient if P{r; < 00|Z(0) =i} < 1.
The state is called positive recurrent if E[7;|Z(0) = i] < 0.

In the following, we first present a few examples of the locally interacting Markov chain, showing
that the Markov chain can have various dynamical properties. Then, we study the sufficient and
necessary conditions for the system to synchronize or to be ergodic.



2.1 Examples: stochastic dynamics and synchronization

We introduce four examples: non-interacting agents, the smallest model, a system transitioning
from deterministic to stochastic dynamics, and a system achieving synchronization.

Example 2.1 (Non-interacting agents) When the agents do not interact, i.e., n, = 0, they
move independently according to a Markov chain with T as the probability transition matriz. That
is, the process X (t) = (X1(t), Xa(t), -+, Xn(t)) is a vector of N independent Markov chains with
the same transition matriz T.

Example 2.2 (Smallest model: (N, K) = (2,2)) Consider the model with (N, K,n,) = (2,2,1).

Since the neighborhood is the full network for each site, local empirical distributions are the same

for all sites, i.e., we have ¢1 = ¢o for all states. The following table shows the local empirical
T11 T12>

To1 Tao

distributions and the global transition matrix with a local transition matric T = (

Global transition probability P
| 1= 11 12 21 22
11 (1,0) T4 T11 T2  TiuTi T?,
12| (0.5,05) | 1(T11 + To)? P(12,12) P(12,21) 1(Tio + Tao)
21| (0.5,0.5) | L(Ty; + To1)2 P(21,12) P(21,21) 1(Tyy+ Ton)?
22 (0,1) T% T11Ti2  TiuTi T3,

where P(12,12) = P(12,21) = P(21,12) = P(21,21) = 1(T1; + Ta1)(T12 + Ta2).

Example 2.3 (From deterministic to stochastic dynamics) The system can change from de-
terministic to stochastic dynamics. Let T be such that T; ;11 =1 fori=1,..., K—1 and Tk ; = %
forj=1,... K; that is,

o 1 0 --- 0

o o 1 --- 0
T=]: @ "~ - ], (2.1)

o o o --- 1

1z 1 1 . 1

| K K K K |

The system’s dynamics will move from deterministic to stochastic if it starts with state (1,...,1) €
AN Specifically, note that we have @no = (1,0,---,0) =: e; € RK for each n € [N]. Then, the
value of each site moves to the next value deterministically, i.e., X (t) = (t+1,t+1,--- ,t+1) € AV,

fort < K — 1. Correspondingly, we have ©n; = ei41 € RY™K for each n € [N] and t < K — 1.
When t > K — 1, the move becomes stochastic as the last row of the local transition matrix injects
the randomness. Figure 1(b) shows a typical trajectory of the system when (N, K,n,) = (8,3,2).

Example 2.4 (Synchronization: from stochastic to deterministic dynamics) When T is a
permutation matriz such that it is irreducible with period K, e.g.,

[0 1 0 -+ 0
oo 1 --- 0
T = : , (2.2)
00 0 1
(1 0 0 |




the Markov chain will achieve synchronization (see Theorem 2.7), in which all sites move from one
state to another with the same period as T, as demonstrated in Figure 1(c) for a typical trajectory
of the system when (N, K,n,) = (8,3,2). In particular, the deterministic dynamics of the Markov
chain after synchronization is as follows. Without loss of generality, suppose that it starts from
the state X(0) = (1,...,1) € AN. The local empirical distributions are ¢, = (1,0,---,0) =:
e1 € RYK for each n € [N]. Then, all vertices move uniformly from one state to the next, i.e.,
X(@t)=(t+1,....,t+1) fort < K —1, and then repeats periodically, as shown in the following
tabular.

t=20 t=1 t=K-1 t=K
X(t) (1711"'71) (2727"'72) (K>KaaK> (1717"'71)
Gn,t el €2 ex el

The corresponding local distributions are ot = €141 € RY™K for eachne [N] andt < K — 1.

2.2 Synchronization

We show first that the system with irreducible local transition matrix T will synchronize if and only
if T is periodic with period K.

Definition 2.5 (Synchronization) We say the system achieves a synchronization at time to if
all sites move identically after to, i.e., X1(t) = Xo(t) = -+ = Xn(t) for all t = to.

The following proposition says that if T is irreducible and periodic, then the Markov chain X (-)
eventually will be periodic.

Proposition 2.6 Suppose that T is irreducible and periodic with period 2 < d < K. Then

(i) [K] can be decomposed as a finite disjoint union Cyu --- U Cq_1, such that (setting Cq = Cp),
T >0 only if j € C, and k € Cyry1 for some 7.

(ii) For X(-), the collection of states
A=CPN U v ¥ < [K]Y
is periodic with period d. The collection of states [K]N\A is transient.

Proof. (i) This is a standard result; see e.g. [Nor98, Theorem 1.8.4].

(ii) It follows from (i) that states in A are periodic with period d. It remains to show that states
in [K]V\ A are transient. For this, we will show that starting from X (0) = x1. for any configuration
r1.8 = (71,...,2y) € [K]V\A, there is some tg € N such that P{X(¢y) € A} > 0. Assume without
loss of generality that z; € Cpy. Since T is irreducible, by part (i), there is some ¢; € C; such that
Ty, > 0. Therefore, recalling the neighborhood Vi = {1,2,...,1+n,, N +1—n4,...,N —1, N},
there is a positive probability that X (1) has some configuration in

{(yla--wyN):yl =" =Yl4+n, = YN+1l—n, = "':yN201}7

i.e., the neighbors of node 1 have the same state ¢;. Again since T is irreducible, by part (i),
there is some ¢z € Cy such that T, > 0. So there is a positive probability that X (2) has some
configuration in

{(W1,- -, uN) 91 = = Y14on, = YN+1-20, =+ = YN = C2},



i.e., the neighbors of neighbors of node 1 have the same state cz. Continuing in this manner, we see
that there is a positive probability for X to jump after at most [%1 steps to some state in A, i.e.,

P {X([%]) e A} ~0. m
Using Proposition 2.6, we have the following characterization of when synchronization occurs.

Theorem 2.7 (Synchronization) Suppose that T is irreducible. Then, the system will achieve a
synchronization (with period K ) if and only if the period of T is K.

Proof. (i) We first prove the “if” direction. Suppose the period of T is K. Then the decomposition
of [K] in Proposition 2.6(i) must have the form that each C; is a singleton. So the collection of
states A in Proposition 2.6(ii) is actually just

{(k,....,k) e [K]N : ke [K]}. (2.3)

Also by Proposition 2.6(ii), all states in [K]V\A are transient and will eventually jump to some
state in A. Therefore, the system will achieve a synchronization with period K.

(ii) Next, we prove the “only if” direction. Suppose the system will achieve synchronization.
Then there exists some kg € [K] such that, starting from (ko, ..., ko) € [K]", the system will jump
only among the collection of states in (2.3). This implies that Ty, s, = 1 for some ki € [K]\{ko}.
This further implies, for each r = 1,..., K —2, Ty, ., = 1 for some k.11 € [K]\{ko, ..., k;}, as
otherwise one has k.11 = k; for some 0 < j < r and it contradicts with the assumption that T is
irreducible. Finally, again by irreducibility of T, we must have Ty, | x, = 1. Therefore, the period
of TisK. m

Remark 2.8 The arguments in the proof of Proposition 2.6 also reveal that, when T is reducible,
it 1s still possible that the system will reach a synchronization. For example:

010
(i) If T has some transient states, such as T = |0 0 1|, then eventually, the system will reach
010

a synchronization and oscillate between (2,...,2),(3,...,3) e [K]V.
01 00
. o 1 000
(ii) If T has more than one communication class, such as'T = 000 1l then eventually the
0010
system will reach a synchronization and oscillate between the configurations (1,...,1),(2,...,2)

[K]N, or between (3,...,3),(4,...,4) e [K]V.

2.3 Ergodicity
We show that the system with irreducible local transition matrix T is ergodic if and only if T is

(irreducible and) aperiodic.

Proposition 2.9 The global transition matriz P is irreducible and aperiodic if and only if the
stochastic matriz T is irreducible and aperiodic.



Proof. (i) We first prove the “if” direction: We will show that P is irreducible and aperiodic when
T is irreducible and aperiodic. It suffices to show that there exists [y such that for all [ = I,
Pl(z,y) > 0 for all z = (j1,...,jn),y = (k1,..., kn) € [K]V.

Since T is irreducible and aperiodic, there exists some [y such that for all [ > Iy and j, k € [K],
(T!);r > 0. Fix such an I. For each n € [n], (T!);,k, > 0 implies that there exists a sequence

i1(Jns k), - it(jns kn) € [K] such that Ty, (5, ) Tis Guk)izGken) " TGy > 0. Let 2l =
(1t(41,k1)s - ie(jn, kn)) for 1 <t < 1. Then,

Meanwhile, noting that the neighborhood of the node n includes itself, we have ¢, (x,) > ﬁ
for any = x1.5y. Thus, (1.4) implies that

N
P(z1.n,y1n) = H 7 TnsYn

\Y

HN T 20 40 for each t, where V! is the

for any states 1.y and y;.5. Thus, P(x(t)7$(t+1)) n=1 |Vt|

neighborhood of the n-th agent at time ¢. Hence,

N
1
l
n

n=1

Thus, P is also irreducible and aperiodic.

(ii) Next, we prove the “only if” direction. Let X (-) be irreducible and aperiodic.

Suppose T is reducible. Then there exists A ¢ [K] with A, A® % ¢ such that for all j € A, k € A°
and | > 1, T\) = 0. Then for all z = (j1,....jx) € ASN,y = (k1,....ky) € (A)®N and | > 1
P!(x,y) = 0, so P is reducible. This leads to a contradiction and hence T must be irreducible.

Suppose T is irreducible but periodic with period d > 2. Then, by Proposition 2.6(ii), X (-) is
not irreducible, which is a contradiction. This completes the proof. =

RW: XXX Will check whether statements need to be revised if dropping the assumption of
irreducible and aperiodic T

Theorem 2.10 Assume that the stochastic matriz T is irreducible and aperiodic. Then, X(-) is
wrreducible, aperiodic, and hence ergodic. In particular, there exists a unique stationary distribution
7, all states are positive recurrent, lim;_,o, P{X (t) = -} = w(-), and there exist C € (0,0), p€ (0,1)
and tg € N such that

IPi(x,-) — 7|ry < Cpt, Vt=ty, ze[K]N. (2.4)

Proof. By Proposition 2.9, we have that X (-) is irreducible and aperiodic. It then remains to prove
(2.4), as the rest of the statements are classic results (see, e.g., Proposition A.1 for completeness).
Since X () is irreducible and aperiodic, there exists some ¢y € N such that

P(z,y) >0, Va,yelK".

Therefore |P!(z,y) — Plo(2/,y)| < max{P¥(x,y),P(2',y)} < Pl(z,y) + Pl(a’,y) for any
z,2',y € [K]V. Hence, py := 1 max, , Dyerryy max{P(z,y), P (2, y)} < 3 1k [Pto(m y) +



Pl (a2’ y)] = 1 and

[Po(z, ) — PO, gy = S [Pl () — PO, y))
ye[K]N
< ) max{P(z,y), PO, p)} < 200, Va2’ € [K]V.
ye[KN

It then follows from Proposition A.2 that
IPHo(z, ) — 7|py <208, VkeN, ze[K]N.
For t > tg, writing t = [%Jto + (t — [%Jto), we have

il 2 15+ 2
HPt(l'a ) - 7THTV < 2,00t0 = %poto < %(p(l)/to)t, Ve [K]N

This gives (2.4) with C' = 2 € (0,0) and p = p/"* € (0,1). m
The following corollary is a particular case of Theorem 2.10, with tg = 1 in its proof.

Corollary 2.11 Suppose T, > 0 for all j, k € [K]. Then all statements in Theorem 2.10 hold. In
fact, there exists p € (0,1) such that

|P!(z,) — wrv <20, V=1, ze[K]V.

Remark 2.12 The above results characterize the long-time behavior of the system when the local
transition matriz T is wrreducible. In particular, Theorem 2.7 shows that the system will achieve a
synchronization if and only if T is periodic with period K, and Theorem 2.10 and Proposition 2.6
show that the system is exponentially ergodic if and only if T is aperiodic.

3 Global and local transition matrices
3.1 Local and global transition matrices and associated invariant measures

We show that there exists a 1-1 map between the global and local transition matrices P and T.
Furthermore, we show that 7 is the marginal of 7, where 7 € RX Y and 7 € RE denote the unique
invariant measures of P and T, respectively. That is, the marginal distribution of the Markov chain’s
invariant measure is the same as the invariant measure of T. However, the marginal distribution
does not determine T, as we show in Example 3.3 that there are two T’s leading to the same 7 and
different m’s; nor does the joint invariant distribution, as we show in Example 3.4 that there are two
T’s leading to the same 7 and .

Proposition 3.1 (Shift-invariance) The transition matriz P is shift invariant. Therefore the
invariant measure T is shift-invariant, namely, for each (z1,...,zy) € [K]Y,

7T(LIJ1,...,.TN) :F(.CCQ,...,.TN,Jfl).

Proof. Recall the neighborhood V,, = {n—n,,...,n,n+1,...,n+n,}. Clearly the graph G = (V, E)
is invariant under shift of the node indices {1,...,n}. As the transition of X(:) in (1.1) and (1.2)
depends on states through the empirical distribution of neighborhood’s states, clearly the transition
matrix P is shift invariant. Since the invariant measure 7 is unique, we also have shift-invariance
of . m

The next theorem shows that there is a 1-1 correspondence between the local and global tran-
sition matrices. In particular, T is determined by K? entries of P.

10



Theorem 3.2 (1-1 map between P and T, 7 as the marginal of w) There is a 1-1 map be-
tween T € REXK gpd P e REYxEY Furthermore, denote by m, the n-th marginal distribution of
7, e, mp(k) = limy oo P(X(t) = k), Vk=1,..., K. Then m, = 7.

Proof. Eq.(1.4) shows that T uniquely determines P. It also implies that
Tjk = P(l‘lzN,yl:N)l/N, with T1:N = (], e ,j), Yi:N = (k‘, e ,k’)

Therefore there is a 1-1 map between T € RE*K and P e REY KN

Next, we prove that the marginal distribution 7, of the invariant measure 7 of P is the same as
the invariant measure 7 of T. By shift-invariance in Proposition 3.1, m, = m,, for all n,m € [N].
Since 7 is the invariant measure of P, we have m = 7P. Applying (1.4), we can write

N n+n
71-(yl:N) = Z wlN H 7 Z ac W Yn*

z1.NE[K]N n'=n—ny

n'=n—n,

{1,..., K} =1 we have

Note that ﬁ St T, ,y, depends on (y1.n) only through y,. Summing over (y2,...,yn) €

1 14n, 14+n,
ﬂ-l(yl) = Z TF(:I:LN)W Z Twn/y1 = Z Z T/ xn T, WYL
(@1.n)e[ KTV Ww=1-n, n'=T—n, z, e[ K]

By symmetry of 7, we have

T (yl) = Z Wl(k)Tkyl’

ke{l,...,K}

namely 7y = 7. m

However, one generally does not have 7w as the product measure of 7. In fact, 7 is not completely
determined by 7. As illustrated in the following example, one can have two different T’s with the
same 7 but different 7’s.

Example 3.3 (Same marginal, different invariant measures, T and P’s) Consider K = 2,
N =2 and V,, = {1, 2} without doubling counting the other vertex.

4 14 14 1/4
(i) If T = [1/2 1(/)2] then P = gﬁg gﬁg gﬁg }ﬁg L #(1) = 2/3,7(2) = 1/3, 7(1,1) =
1 0 0 0

10/21,7(1,2) = (2,1) = 4/21,7(2,2) = 3/21.

9/16 3/16 3/16 1/16
) 3/4 1/4 25/64 15/64 15/64 9/64| ~
(@) If T = [1/2 1/2]’ then P =1 o564 15/64 15/64 964 | D) = 2/3,7(2) = 1/3,
/4  1/4 1/4 1/4
m(1,1) = 14/31,7(1,2) = 7(2,1) = 20/93, 7(2,2) = 11/93.
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An interesting question is whether a 1 — 1 map exists between m and P for the PCA. Clearly
P uniquely determines 7. The other direction is not true for a general Markov chain: there can
be multiple transition matrices with the same invariant measure, as shown in Example 3.3, where
two different T’s leading to the same invariant measure 7. Given the special structure of P being
determined by a local transition matrix T € RE*X | which has only K (K — 1) unknowns, one may
question whether the invariant measure 7 € R¥ ¥ can uniquely determine T and consequently P.
The following example demonstrates that the answer is no.

Example 3.4 (Same invariant measure, different T and P’s) Consider (N,K) = (2,2) as
49/144  35/144 35/144 25/144
280/576 119/576 119/576 49/576
280/576 119/576 119/576 49/576
95/36  5/36  5/36  1/36
still have #(1) = 2/3,7(2) = 1/3, w(1,1) = 14/31,7(1,2) = m(2,1) = 20/93,7(2,2) = 11/93. This

example shares the same T and 7w as in Example 3.3 (i) but it has different T and P.

7/12 5/12
5/6 1/6

in BExample 3.3. If T = { ], then P = , and we

3.2 Lipschitz dependence on the local transition matrix

We show the Lipschitz dependence of the global transition matrix and its invariant measure on the
local transition matrix.

Theorem 3.5 (Lipschitz dependence on T) Given T and T2, let Py, Py be the correspond-
ing global transition matrices and w1, mo be the stationary measures. Then

[Py = Psfy < NKN ! min{|TW — T, K|T® — T@ |, 4},

where |Alr = 35 |4i ], and |T

1,1 = supyy), <1 [#T |1 is the 1-operator norm. Also,

1

50 7@y |Fr ~ Pelt < NEY 7 minf [T — T®y, KJTH — T,

lm1 — w2y <

where 7(P1) 1= 1 max, , |P1(z,-) — P1(2,")|7v.

Remark 3.6 The above Lipschitz dependence on T for the invariant measure is local because the

constant W can depend on TW . Numerical tests, as shown in Figure 2, suggest that the
1

bound for P is optimal, but the bound for m may not.

The proof of Theorem 3.5 is based on the following lemma in [Wal20], which bounds the total
variation between two invariant measures by the difference between their transition probability
matrices. We refer to the general study on the perturbation of Markov chains in [Sch68, Sen88,
HVdH84, CMO1].

Lemma 3.7 For two finite irreducible transition matrices P1 and Po with stationary distributions
T and ™,

1
|71 = m2fry < ?(Pl); IP1(z,) = Pa(z,)|rv,

where 7(Pq) := %maxzm IPi(x, ) — Pi(a, )|y

12



Using this lemma and the observation that > [P1(z,) — Pa(z,)|lrv = 3|P1 — P21, we have
the following proof for the Lipschitz estimate.
Proof of Theorem 3.5. For x = (z1,...,zy5) € [K]N and y = (y1,...,yn) € [K]Y, writing

n+n 1 n+ny
Zn = 2n(7,Y) Z z /,yn wn = wn(r,y) = ﬁ 2 Tf(“i)hyn’
" =n—"y "o =n—n,

we have

N N
= H Zn, P2(x7y) = Hwn
n=1 n=1

So, by adding and subtracting terms,

N
‘Pl(:(},y) - PQ(JZ, y)‘ = Z w1 - wn—l(zn - wn>zn+1 ©t 2N

n=1

N
< Z ‘wl s wn—l(zn - wn)zn—l-l s ZN|

N
= Y wiewno1|zn — walzng 2N

Noting that z,,w, depend on y only through y,, and T and T® are stochastic matrices, we have

Z Zn =1, Z wy, = 1.

yn€[K] yn€[K]

Therefore

|P1—Pafy = Z P1(z,y) — Pz, y)] Z Diwr e wa1|zn — Wzt 2N

z,y n=1zy
n=1 x Y1 Yn—1 Yn Yn+1 YN
N n+ny
= Z D7 lzn —wal < Z Z ool 1@
n=1z,Yn n=1 %yn n n'=n—mny
Noting that by symmetry, >, ﬁ S ATy .y, = KN71Y AT, , we can write the last
term as
N
Z KNV -1 = RN T - 1@y = NEVHTO - 1))
Tn,Yn n=1

Alternatively, note that
1 2
Slen — wnl = Y 6n ()T, — TH. | < |TO —
Yn Yn

So, we also obtain

|Py = Pyfy < NKN|TW — T ).

By Lemma 3.7 with the fact 7(P1) < 3, we have the estimate on |m — m2|ry. ®
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Remark 3.8 (Bounds in Frobenius norm.) If entries of P; — Py are of a similar order, then
vaguely speaking one would expect

P —Pyfs ~ CKN|P; — Pyfy <CNKYTW —T@ |, < ON|TD — T@),,

which agrees with Figure 2. But the above method only leads to a suboptimal estimate as follows:

[Py = Pz < N(KCg)V?|TW — T3, (3.1)
where Cg := max{max 1 2ke[K ( ) MaX e[ K] D ke[K (T?)Q} < 1. To see this, one can
adjust the argument in the above pmof and get

2
P1(z,y) — P2z, y)] Z Wi+ Wp—1(Zn — Wn)Zn41 - 2N
N
<N Z |’LU1 T wn—l(zn - wn)zn-‘rl T ZN|2
n=1
N
N S wdglen — unP
n=1
2 1 2 .
Since Y., 22 = S ’IVn\ S s gcl),,yn‘ < Zyn T S . gc)/,yn’ and similarly for wpy,

22 <
ie, 2 #n < Ck, Zynwn Ck, we have

[Py = P23 = Y |Pi(2,y) — Pa(a,y))P < N Z Dywiewn |z —walPzh g - 2K

x,y n=1 €,y
N n+n
N—1 N—-1
< NCK Z Z ‘Z’Vl - ’U}n|2 C Z Z Z :13 /,yn 232)/,3/”‘2'
n=1x,yn n= lxyn n n'=n—ny
Then, we obtain (3.1) by using symmetry to write the last term as
N
N— N— _
NC ! Z KN ' Z |T-737L7yn T§32n)7yn|2 = NCK 1KN ! Z HT(I) - T(2) ||%
Tn,Yn n=1

= N*(KCx)M T — T3,

4 Inference of the local transition matrix

Inference is the first step in the application of the PCA model. In this section, we construct least
squares estimators (LSEs) for inferring the local transition matrix from various types of data. The
data may consist of multiple trajectories, a long trajectory, or ensemble sequences without trajectory
information in Sections 4.1-4.3. For each of these cases, we specify identifiability conditions and
prove that the estimators are asymptotically normal. Additionally, we show T is non-identifiable
from the stationary distribution in Section 4.4. Furthermore, we establish non-asymptotic bounds
for the estimators in Section 4.5. At last, numerical tests in Section 4.6 demonstrate that the LSE
with trajectory information is more accurate than the LSE without trajectory information, while
both converge at the rate M~1/2, agreeing with the theory.
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Figure 2: Mean ratios Hﬁg“i and |‘|‘§’T£‘|\|\Z with p = 1,2, where each (N, K)-pair is computed using

100 random T with entries sampled from uniform [0,1] followed by a row-normalization. Here the
neighborhood has n, = min{3, |N/2|}. Note that ”22”1 = O(KY), agreeing with Theorem 3.5.

Am AP Am —
Also, note that ‘\lAT‘hll =0(1), H = 0(1), and ““AT‘\E = O(K—N/?),

4.1 LSE from multiple trajectories

Consider first the inference of T € RE*X from data consisting of M independent trajectories:
Trajectory Data: {(X™(t),t =1,...,L}M_.

We estimate each column of T through least squares, followed by a normalization. The least squares
estimator minimizes the loss function

R 111 M L N K )
Ty = i%glxlg E(T), with &(T) := VLN 2—11 Z Z Z (ORI e (4.1)
m=1t=1n=1k=1
where ', € RV X denotes the empirical distribution X, (t)™:
Cnt = (cmt(l), o Cpi(K)) e R>E with cnmi(/c) = 5Xg@(t)(k)a (4.2)

and ¢p'; € R K is the empirical distribution of the states of sample X (¢)™ in the neighborhood V,,
of the vertex n, as defined in (1.3). By solving the zero of this loss function’s gradient with respect
to each T.j, we obtain the least squares estimator from a system of K normal equations with a
shared normal matrix Aj; € RE*K:

A LM (13)

) |

Av=grw 5 @) el butk) = g 2 (el ek,
tn,m=1 tn,m=1

Here A;r\/[ denotes the Moore-Penrose pseudo inverse of A jy.

In practice, instead of using pseudo-inverse, we obtain 'i‘M by using least squares with non-
negative constraints and then row-normalize the solution. The non-negative constraints help to
avoid possible negative entries caused by sampling error.
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Identifiability from the large sample limit. To analyze the properties of the estimator, we
first examine the inference problem in the large sample limit. Denote the large sample limit normal
matrix and normal vectors by

1 L N
A = 777 Z Z E[@t—1Pn-1],
t=1n=1
L Lw (4.4)
b (k) = 7 DI Bl aena(R)], 1<k<K

-
Il
—
3
Il
—

Assumption 4.1 (Identifiability condition: multi-trajectory data) The distribution of the
samples satisfies that the matriz Ay in (4.4) is non-singular.

Assumption 4.1 holds in general, as long as the random vectors {¢p +} span RX with a positive
probability, as the next lemma shows.

Lemma 4.2 Assumption 4.1 holds except when there exists a fived vector v € RV X such that
vgpjlt 1 =0 a.s. for alln andl. In particular, when T is irreducible and aperiodic, Assumption 4.1
holds as long as L > ly := argmin {l : P!(z,y) > 0,Vz,y € [K]V}.
=0

Proof. Recall that the covariance matrix E[Z T Z] of a random vector Z € R ¥ is smgular iff there
exist a vector v € R1¥ such that ZvT = 0 a.s., which is true because 0 = vE[ZT Z]vT = E[|ZvT |?]
iff ZvT = 0 a.s.. Applying this fact to the random vectors ©n,t—1, We obtain that Ay is singular iff
there exists a fixed vector v such that gpm_lvT =0 a.s. for all n and [.

When the T is irreducible and aperiodic, P is also irreducible and aperiodic by Proposition 2.9.
The number [ is well-defined and is finite. Then, no matter what the initial condition is, the states
{X (t)}+<i, Vvisit all possible states with positive probability, so {¢n+}i<i, span RE with a positive
probability. Hence, one can never find a v such that gonﬁtovT =0a.s. foralln. m

The exceptions are extreme. For the system in either Example 2.3 or Example 2.4, the normal
matrix Ao is singular when L < K — 2, and is non-singular once L > K — 1. For the system
in Example 2.3, since ¢,; = €41 € REXL for each n € [N] and 0 < | < K — 2, we can take
v=(0,...,0,1) = ex so that v' ¢, = 0 for all n and | < K — 2. In this case, A, is singular for
any L < K — 2. On the other hand, if L > K, the resulting normal matrix A, becomes full rank.

Lemma 4.3 Under Assumption 4.1, T = A 'by, with Ay and by, in (4.4).

Proof. For each 1 < k < K, recall that ¢, ;—1(k) = ﬁZjeVn Ox;(t—1)(k) in (1.3) and cu (k) =
5Xn(t)(k) in (4.2). Then,

E[sztflcnyt(k»] =E [@thlE[fsxn(t)(k) | X (t - 1)]] =E [(p;zr,tfl()on,t—lT-,k] )

where the second equality follows from E[dx,, ;) (k) | X (t—1)] = P{X,(t) = k| X(t — 1)} = on—1T
by (1.2). Hence,

| LN 1 L X
bolk) = £ 20 20 Elenien(b)) = gy 2 D Elenienet] Top
LN t=1n=1 LN t=1n=1
T =

In other words, by, = ﬁZ{;l Zﬁle [‘Pnt 1Pn,t— 1] A, T. Therefore, T = AL 'by, where

A is invertible by Assumption 4.1. m
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Asymptotic normality. We show next that the LSE is asymptotically normal.

Theorem 4.4 Under Assumption 4.1, for each k € [K], the estimator TM(', k) in (4.3) is asymp-
totically normal; that is,

VM (TM(-, k) — T(., k)) L N(0,AZIS,ATY, (4.5)

where the covariance matriz X, € REXK g,

L N
1
2k = L2N? 2 2 E[(cn,t(k)pnt—1 — Elcnt(k)pnt—1]) (Cn’,t’(k)‘p;zr’,t’—l - E[Cn’,t’(k)(pl’,t/—l])]'

tit'=1n,n'=1
(4.6)
Proof. For 1 < k < K, denote
| LN 1 LN
A?,N = N 2 (@mt—l)T@mt—lv b?,N(Wk) = N Z Cn,t(k)(pnm,t—lv (4.7)
t,n tn

where ¢, (k) is defined in (4.2). Note that {AEN}%:l and {bEN(~,k)}%:1 are independent
identically distributed, and Ay = 307 AT and by (k) = 5 2 bP (k). Thus,

Ay 255 A by the strong law of large numbers, and
d
VM (ba(- k) = boo(+, k) = N(0, )
for each k, where the matrix ¥y in (4.6) is the covariance matrix of b7’ v (-, k):
-
S = E[(OLn (- k) —EDT N R)]) (BTN (k) —EDL N (- E)]) -

Then, by Lemma 4.5, we have A;(V[bM(-,k) — A by (4 k) 4 N(O,AL'Y ALY, Now, the
asymptotic normality of the LSE in (4.5) follows from the definition of Ty (-, k) = A}L\/[bM(-7 k) in
(4.3) and Lemma 4.3. =

The following lemma is a slight extension of Slutsky’s theorem; we will use it repeatedly to study
the asymptotic normality of least squares estimators. Its proof is included for completeness.

Lemma 4.5 Suppose that Ay =25 A and byy — b 4, N(0,B) as M — oo, where A, B are two
symmetric strictly positive definite matrices. Then, A;rv[bM s asymptotically normal, i.e., A;rv[bM —

A1y % N0, A"1BATY).

a.s.

Proof. First, we have A;rw 2%, A~1 since A is invertible and Ap; =2 A. Specifically, the almost
sure convergence of Aps implies that P{limp; o [|[Ayr — A =0} = 1. Then, Weyl’s inequality
[Amin(Anr) — Amin(A)| < |An — A, where A\pin(A) denotes the minimal eigenvalue of A, implies
that P {limar o0 Amin(Anr) = Amin(A) > 0} = 1. Thus, Al 22 41,

Next, combining A;r\/[ 2%, A=Y with /M (bysr — b) 4, N (0, B), we have, by Slutsky’s theorem,
A}L\/[(bM—b) 4, ATIN(0,B) = N(0,A"'BA~1) and A}wa 2%, A='b. Therefore, using that ALbM =
Al (bar — b) + Al b, we obtain A,by — A=1b % N(0,A"1BA1). m
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4.1.1 Comparison with MLE and LSE using stochasticity

We discuss two other estimators, an LSE using stochasticity and the maximal likelihood estimator,
and compare them with the above LSE. We show that the LSE using stochasticity is similar to the
above LSE in theory, but the above LSE is computationally more stable and efficient. The maximal
likelihood estimator (MLE) involves a constrained non-convex optimization, making it less effective

than the LSE.

Least squares estimator using stochasticity. We can also estimate ’i‘, the first K —1 columns
of T, by least squares, since T is a stochastic matrix. We call this estimator LSFE using stochasticity.

In comparison with the LSE above, this estimator has two advantages: (1) it does not need
the extra normalization step, and (2) it has K (K — 1) parameters to be estimated, removing the
redundancy. However, these advantages may be offset by its computational drawbacks when K is
large: it solves a linear system with K (K —1) equations, with a K (K —1) x K (K —1) normal matrix
prone to be ill-conditioned, while the above LSE solves K linear systems with K equations, which
can be done in parallel. Moreover, as shown below, the two estimators share the same identifiability
condition and asymptotic behavior. Thus, the LSE is preferred in practice.

Specifically, the array T e RE-DXK g the first K — 1 column of T. Note that

SOnm,tT = [‘P?f,t’i 1- <Pr?tri‘1—r]

where 1 = (1,1,...,1) e R =1 and the last column follows from that

K K K-1
n,t = K,j n? = - kg n,T = LT Pnt

[en T)(K) Tk i, (1 Tij)ent =1— ¢, T17.

j j=1 k=1
Then, the loss function becomes
| LM )
~ LK-1 ~ K, ~
EM) =)= 3 (et " = el Tws + e =1+ o TP,
t,n,m=1

This loss functlon is quadratlc so its minimizer can be found from the zeros of its gradient. Thus,
we write T in vector form 7 € RE-DE*1 and write the gradient of the loss function as

VTNS('T) = AMT - BM =0¢€ R(K_l)K

where the normal matrix and vectors are, with a notation s3; := (k — 1)K + j and similarly s/
for 1<k,k'<K-1land1<j,j <K,

(1 + k)l 1ot 1

M=
1=

- 1 M
AM(SkjaSk’j’) = — Z

LN m=1t=1n=1 4.8
1 M L N (4.8)
T k“7 K7 A?
bar(skj) = TIN Z 2 Z <1 + cn;n - cmm) @‘;T_l.
m=1t=1n=1
The resulting estimator is



The invertibility of the matrix AM e RE-DEX(K-DK ig the same as the matrix A, € RE*K
n (4.3). We can write

Ay =An®B,
where A ® B is a Kronecker product
20 A -+ A 2 1 1
A®B = ‘?‘ 2:A ‘?‘ . with B = 1 2 1 e RUC-Dx(K-1),
A A . 2A 11

Recall that the Kronecker product A ® B is invertible iff both A and B are invertible, and (A ®
B)™! = A~! @ B~!. Note that B is invertible with eigenvalues AP = K and AP =1 for k =

2,...,K — 1. Hence, Ay is nonsingular iff A j; is nonsingular.

Maximal likelihood estimator. We can also estimate the local transition matrix by maximizing

the likelihood of data:

T= argmin  &,.(T), where &,,1(T) := ——

L N
1
T stochasti B MLN Z Z log(en—1T. xm(n))- (4.10)

HM§

Note that, unlike the LSE, it is necessary to consider the optimization with respect to a stochastic
matrix T, because otherwise, the likelihood has no maximum.
The derivative of the loss function can be computed directly. Using the fact that ¢;",T. x =

Z]K 11 ©nt(7)(1 = Tk ), we have, for each 1 <k < K —1and j € [K],
M L N

a((/‘mle 111 m L A
o (T) = =1~ Z Z 21 T e Oxp () (R)eny + mém(t)(f{)%,t

n,t =~

Clearly, even with the above gradient, the uniqueness of the minimizer for the constrained optimiza-
tion of a nonconvex function is relatively complicated for analysis. Thus, the asymptotic normality
of the MLE is non-trivial since it relies on uniqueness. Also, while optimization algorithms can
easily compute the minimizer, it remains open to provide a performance guarantee.

4.2 LSE for a single long trajectory for ergodic systems
Suppose that the system is ergodic, and we estimate the local transition matrix from data consisting
of a long trajectory:

A long trajectory Data: {X(t),t=1,...,L}.

Under the ergodicity assumption, the estimation is the same as the previous case with M = 1, and
we define the estimator by

TL('7k) = ATLbL(7k)7 1<k< K,
L,N LN
1 1 T (4.11)
A ni-1, br(, o, .
L= LNtnzzlSOnt 1Pnt—1 (k) = LNMZ:1 Ont-1) Cni(k).

Here ATL denotes the Moore-Penrose pseudoinverse of Aj,.

19



Similar to the previous section, the large sample limit helps us specify the identifiability condi-
tion. Denote the large sample limit normal matrix and normal vectors by

N
1
Ap = 2 Elepipna] = lim —— Z Pt Prt
n=1
O i (4.12)
Nz:l (Pnlcn1 )]:Lh_rgoﬂtnzll(pnt nt(k) 1<k<K7

where the expectation is with respect to the stationary measure of the Markov chain.

Theorem 4.6 Assume that Ao in (4.12) is non-singular. Then, for each k € [K], the estimator
Tr(-, k) in (4.11) is asymptotically normal:

VL (TL(-, k) — T(-, k;)) L N0, AZISAZY), (4.13)

as L — o, where the covariance matriz Xy, is, with @, (k) := limy 4 %Zle[cn,t(k)ﬂﬂn,t—l];

Y= hm W Z Z (Cnt (k)pn,i—1 —W) (cn/,t/(k)gpz/,t/fl - (I)n(k)T> . (4.14)

t,t'=1n,n'=1
Proof. We omit the proof since it is nearly identical to the case of multiple trajectories except for
applying the law of large numbers and the central limit theorem for an ergodic trajectory. m
4.3 LSE from ensemble data without trajectory

Another interesting setting is when the observations are M, ; samples of X (¢) for each time ¢, but
these samples may come from different trajectories. We call this setting as ensemble data without
trajectory information and denote the data by
. m — = 1
Ensemble Data: {X,"'(t),m =1,. nt}n Li—0s M 1<n<rzn\/}?<t<L{Mn’t}‘
We assume that M = minj<,<n1<t<n{Mn;} is large, and study error bounds with respect to M.

We estimate T by least squares matching the empirical marginal densities of each site. Recall
that the marginal density of site n at time ¢ is, for 1 < k < K,

Pnt(k) = P{Xn(t) = k}

= E[P{Xa(t) = KX (t = 1)}] = Elpns1T.s] = E[pne—1] T (4.15)
Thus, our estimator is based on empirical approximations of pny(k) and Elipn,—1]:
Mt
pn,t,M 1<k< K,
R 1 Mn,H i . (4.16)
Pnt—1,M * = Mo TnZ:l ni—1 ER ,

for 1 <t < L. Note that they are determined by the empirical distributions at each time, and
there is no need for sample trajectories. The sample sizes {M,,+} do not have to be the same at
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different times, as long as their minimum M is large enough to make these empirical approximations
reasonably accurate.

Our least squares estimator, called ensemble LSE, minimizes the discrepancy between the em-
pirical approximations py, t+1,3 and @y, -1 3 in (4.16):

K N L
TS, = arg min Z Z Z |1 Pnt 01 (k) — @n,t_leTA,HQ. (4.17)
TeRFXK 324 no1t=1
The ensemble LSE is solved by
TS5/, k) = (AS) G, (-, ), 1<k<K,
| LN
AS = D, PhimPrirn € RFHK,
LN o2 (4.18)
;LY
bS, (-, k) = I Pri i mPngar(k) eRFT 1<k < K.
t,n=1

Similar to the multi-trajectory LSE in Section 4.1, in practice, we obtain the ensemble LSE by least
squares with non-negative constraints, followed by row-normalization.

This LSE can be viewed as a generalized moment estimator since the entries in the normal
matrix and normal vector are approximations of moments. We will show that the estimator is
asymptotically normal under a new identifiability condition.

Identifiability in the large sample limit. Denote the large sample limit normal matrix and
normal vectors by

L N
1
A = LN Z Z E[Spn,tfl]TE[SOn,tfl]’
t=1n=1 (4 19)
1 L N .
b (k) = 7 30 D Bligne ] pek), 1<k <K
t=1n=1

Assumption 4.7 (Identifiability condition: ensemble data) The distribution of the samples
satisfies that the matriz AS, in (4.19) is nonsingular.

Lemma 4.8 Under Assumption 4.7, T = (A%)"'bS,.

Proof. It follows directly from (4.15) and the defintion of A% and A¢ in (4.19). m

This assumption puts constraints on both the distribution of the process and the local empirical
distributions {¢, } that depend on the neighborhood size of interaction. Three factors can contribute
to the identifiability: a non-symmetric initial distribution between sites, a neighborhood that can
lead to varying local empirical distributions, and a process that varies in time. For example, A¢
can be full rank if {E[p,0]})_; has rank K, which relies on a diverse initial distribution and local
empirical distribution. Example 4.9 below shows an extreme case that {¢,} are the same for all
sites, and we rely on the distribution at different times to attain a full-rank norm matrix.
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Example 4.9 (Full-network neighborhood) The local empirical distributions are the same for
all sites if the neighborhood is the whole network for each agent. For example, the model in Example
2.2 has p1 = o for all states x. Thus, for full-network neighborhood, we have E[py ] = El@, 4]
for any n # n'. Then, we have AS, = %ZtL:l E[p11-1] "Elp14-1] and it is full rank only if
{E[@l,l_l]}le has rank K. As discussed later, the normal matriz has rank 1 when the process
18 stationary.

Asymptotic normality. We show next that the ensemble LSE is asymptotically normal.

Theorem 4.10 Under Assumption 4.7, for each k € [ K], the estimator ’i‘jew(, k) in (4.18) is asymp-
totically normal; that is,

VI (T5,(, k) = T, k) ) — N (0, (A5) 7 SE(AS) ™,

where the covariance matriz X, is,

1 n,t—1
%= tavz 2 Prt(R)Elpns] "Elpna]) e RFE. (4.20)
n,t=0

Proof. The proof is based on the asymptotic properties of the empirical approximations of pj, ¢ rr (k)
and @p ¢—1 v defined in (4.16).
First, by the strong Law of Large Numbers,

Prg—1,m —> Elon 1]

as M — oo, for each n,l. Also, by Central Limit Theorem,

Bt (k) = pog(k) S N (0, o (K)), (4.21)

for each n,l, where the variance oy, (k) follows from (recall that p, ¢ pr(k) = ﬁ Zi\n/[if dxm) (k)

Un,t(k) = E[ﬁn,t,M(k)ﬁn,t,M(k = Z 5Xm ()(k')]

mm/ 1

= E[5X:{l(t)(k)]E[‘Sng’(t)(k)] = pn,t<k)2'

Next, we study the asymptotical properties of the normal matrix and vector in (4.18). Since
Ont—1,M RN E[pn,t—1] for each n,l, the normal matrice must also converge a.s., i.e.,

| L X
Afy = A5, 7]\,;; [ent-1] " Elni1],
where A is defined in (4.19). Meanwhile, by Slutsky’s theorem and (4.21), we have
oo 1|t ar (k) = pag (k)] 5 N (0, pos(k)E E
Gr i1, Pn.t.31 (k) = Pt (K)] = N(0, .t (k) Elpn 1] Eleon,t-1])
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for each n € [N],0 <t < L — 1. Then, since <¢T—;t*1,M - E[@l—,t—l]) Pnt(k) =25 0, we have

R ~ d
@l,t—LMpn,t,M(k’) - E[(pz,t—l]pn,t(k) S N0, i (k) E[en,i—1] " Elpni—1])-

Consequently,

L N
e e 1 N ~ d e
bi, (-, k) — bg, m Z Z %TL,tA,MPn,t,M(k) - E[@Z,tq]pn,t(k) - N(O, %),
t=1n=1

with X¢ defined in (4.20).

Then, by Lemma 4.5 and the invertibility of A% in Assumption 4.7, we have (A$,)Tb$, (-, k) —
(AS)1bS (-, k) 4, N(0, (AS)"!12¢(AS) ™). This, together with Lemma 4.8, proves the asymptotic
normality of the ensemble LSE T, (-, k). m

4.4 Non-identifiability from stationary distribution

Inference from the stationary distribution is challenging since the information is limited. It is well
known that a stationary distribution of a Markov chain does not determine its transition matrix, i.e.,
P is not determined by 7. Similarly, the local transition matrix in our model is under-determined
by the stationary distribution. Example 3.4 shows that when (N, K) = (2,2), there are two T’s
leading to the same invariant measure. Theorem 4.11 shows that, in general, the ensemble-LSE
is under-determined by the marginal invariant distribution, even though T has only K(K — 1)
unknowns and the invariant measure 7 has KV entries.

We start with a few basic facts when the process is stationary. By the shift-invariance in
Proposition 3.1, the marginal distributions of all vertices are the same, and so are the expectation
of the local empirical distributions, i.e.,

Pnt = P1,0, E[‘Pn,t] = EW[SOLO]a Vi=0,ne [N] (4-22)

Thus, the large sample limit of the loss function in (4.17) is

N L
Z Z \Pn,t,oo (Pn,t—l,ooT~,k |2

(4.23)

D= 1 MN

Ip10(k) — Elp1,0] T xl* = 1,0 — E[¢1,0]T|5-

b
Il

1

Theorem 4.11 (Non-identifiability from the stationary distributions) Given only the in-
variant measure, the local transition matriz T is under-determined, i.e., the loss function in (4.23)
has multiple minimizers, either when K > 2 or when K = 2 with p1o = E[p1].

Proof. Note that when given only the stationary measure, the local empirical distributions {¢y,}
can only be used via their expectations. Then, by (4.22), one can only estimate T from: (1) the
discrepancy between the distributions p; o and E[¢;¢]T; and (2) the fact that pi o = p1,0Ttrue by
Theorem 3.2. Thus, the identifiability of T is equivalent to the uniqueness of the minimizer to the
loss function

Erocat(T) = |p1,0 — P1oT|3 + Ip1,0 — E[1,0] T3 (4.24)
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Since Ejpeqr(T) is quadratic in T, it suffices to study the invertibility of its Hessian

HeSS(Slocal) = pI0p170 + E[QOL()]TE[CPL()]. (4.25)

Here, the Hessian is with respect to T.; and they are the same for all k& € [K|. The Hessian
matrix has rank 2 when pi o # E[¢i10]; and it has rank 1 when p1 o = E[p1,]. Thus, there are
multiple minimizers to &eqi(T), i.e., T is under-determined, either when K > 2 or when K = 2
with P10 = E[QOL()]. ]

The above non-identifiability is rooted in the limited information in use: only the marginal
distributions are used. Loss functions other than the quadratic loss function in (4.24), such as those
based on the Kullback-Leibler divergence, total variation, or Wasserstein distances between p; o and
E[p1,0]T, will also have the same issue.

4.5 Non-asymptotic bounds for the LSEs

We establish non-asymptotic bounds for the multi-trajectory LSE ’i‘M in (4.3) and the ensem-
ble LSE T4, in (4.18). Roughly speaking, for small € ad §, both estimators are e-close to the
true local transition matrix with a probability of at least 1 — & when the sample size is of order

M = O(% In %), but the constant for T?w is much larger due to the absence of trajectory
information.

Theorem 4.12 Let T be the true local transition matriz. For any €,6 € (0,1), let o = {Amin(Ax)
and s = %)\min(Aoo) min {1, m} The following non-asymptotic bounds hold.

(a) Under Assumption 4.1, the multi-trajectory LSE Ty in (4.3) satisfies

P{|Ty —T|p>e} <0 (4.26)

. . . 2 2
if the sample size satisfies M > M, 5 := max {W In %, 6?;%5 In %}.

(b) Under Assumption 4.8 and assume M, ; = M, the ensemble LSE 'i“}f\/[ in (4.18) satisfies
P{| TS, — T|r > ¢} <6 (4.27)

: . e ._ 384K2+16aK 1, 12NLK 288K2+8Ks 1. 6NLK
if M satisfies M > M 5 := max 302 In =552 357 In 2= }

The proof is based on the concentration bounds for the normal matrices and vectors in the next
lemma. These bounds highlight that the trajectory-based normal matrice and vector approach their
large sample limits faster than those without using trajectory information.

Lemma 4.13 (Concentration for normal matrices and vectors) For any s > 0, the follow-

ing concentration bounds hold for the normal matriz A s and vector by in for the multi-trajectory
LSE in (4.3), and A§; and b, for the ensemble LSE (4.18).

(a) Under Assumption 4.1, we have

Ms?/2
P{|Ax — Arfop > s} < 2K exp (—1 n s//3> ,

M s?
P{lb. —b 2K? 7 o 75 |-
{Ibse = bas|F > s} < exp( 16K2+83K/3>
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(b) Under Assumption 4.8, we have

. . Ms?/2
]P){HAOO — MHOP > 8} < QNLKEXP <_288W4-8K3> 5

M s?
P{|bS, — b ANLK exp ( — :
{l Mlr>st < exp ( 128K2 + 16Ks/3>

Proof. These bounds follow from applying Bernstein’s inequalities.

Part (a). First, Note that Ay, — Ay = ﬁzle (ATIZN —E[A’END, where {ALN}m 1
defined in (4.7), is a sequence of symmetric identically distributed random matrices with mean zero
and

2
op

o} = [E[(AT x — E[AT V) 1o = |E[(AT )% — E[AT 4]
<E[A7 N, + [EIAZ N, < 2EHAZ%NHOP-

Meanwhile, since A", is symmetric,

LN
1
-
”A%,N”op sup u AJ' yu = sup 7N Z @nt 1) ‘P:Zt—lu
n:

weRK XL luf =1 ’ ueRK ul=

= sup Z oy _qul® <
weRK uf= 1LNm 1

where the inequality follows from |g0’£t71u|2 < |u] since each entry of ¢j, ; is in [0,1]. Conse-
quently, a% < 2. Applying the matrix Bernstein’s inequality (see Theorem A.4), we obtain the

bound for P {| A — Anzllop > s}
Next, recall that by the definition of by, in (4.7), we have

[boy — bas](k, k) MZ My & = (E[bT v (k, k)] — b (K, K))

with b7 v (k, k') = o LN m (k)gp " ;. Using the fact that ¢;';(k) € {0,1} and Lpnt 1 €[0,1],

t,n nt

we have || < 2 and E[[§" )] < 4. Thus Bernstein’s 1nequahty (see Theorem A.3) implies

P {[[bo — barl(k, k)| > 12} < 2exp (-%) - e (‘wmﬂfim@) |

Meanwhile, note that |be,—bps|% = Zk i1 [boo—bar](k, k')|? > s* holds true if |boy, —bar](k, k)| >
+ for all k, k. Hence,

S
P{[bs —bar|r > s} <PS | J{I[bo — bar](k (k, k)| > 5=
k, k'
, s 9 Ms?
< - .
o { bar(k K| > K} 2K eXp( 16K2+85K/3)>
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RKXK

Part (b) The normal matrix A§, = LN Ztn 1 apm 1 Mgom 1M € and vector bg, =

T Zt e 1‘Pn t—1.0Pnt,m (k) in (4.18) require additional treatments since they involve products of
the averages in samples To remove these products, we use their upper bounds, which leads to a
multiplicative factor N L in the upper bounds for the probabilities.

First, we show that

K
Buirt =Pusst — ElBnantl, [nonilgin < min(2, 3 1Fnon (0]}
k=1
K (4.28)
ﬁn,t,M ::ﬁn,t,M - E[@n,t,M]a Hﬁn,t,M“RlXK < min{2, Z |ﬁn,t,M(k)|}
k=1

1/2
Note that |allgixx = (Zf_l a%) Zi{ 1 lax|. Thus, we only need to prove that |@, . a| < 2

and |Pn¢,ar|| < 2. Recall that @, 0 = 57 Z —1Pny and Dnem(k) = M Z 6Xm(t)(k) in (4.16).
Since ¢, is a probability distribution, its entries are non-negative, so |g0n,t(k:) E[pn (k)] <

ont(k) + E[py'(k)]. As a result,

K K
[Bnenel < X5 1Bnear (k)] =

k=1 k=1 m=1
K 1 M

< D= 7 |l (k) — E[em ] (k)] < 2,
k=1 M m=1

where the last equality uses the facts that |[¢" (k) — B[] (k)| < o (k)+E[ep](k) and SE oni(k) =
1. Similarly, the bound holds for [Py ¢ |-
Next, we show the concentration bound for ||[AS, — A% |. Note that

M—A L2¢nt1M<Pnt1M
t,n=1
| LN
= NL (Brt—1, @101 + Pt B[ Br—1,0] + E[Brp—1,m] Brg—1,01) -
t,n=1
Then, using the fact that for any u,v € RV>E|luTv|,, = SUPeR1 %K |¢=1 cu've” < |ul|v], we have
L,N
¢ 1
[ A%l < NI Z | P10 Prt—1,0 ]| + ||90nt 1 ME[@nt—1,0m]] + [E[n,e— 1] g1,
t,n=1
;LN
<+ O (IBna—1.mal? + 2Bns-1,00 BB e—1.1]11)
NL t,n=1
LN K
NL Z |1Pnt—1,0] < NLt;IkZIWnt 1,m (k)]
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where the last two inequalities follow from (4.28). Applying the Bernstein’s inequality as above, we
obtain

6 LN K
P{IIA?W—AioIIop>S}<P{ D D B |>S}

tnlkl

LN M82
< 2 2P {Bnen(®)] > g | < 2NLK exp <_288K+8K)> -

Lastly, we consider ||b$, — b% | r|. Using the fact that |uv||% = |Ju[?|v|?, we have

LN
b, b, | < NlLtZIsom ot + 18T 1 s El -1+ [EBre1.a] Pt
1 Ly
< NI tnzz:l(’@n,tLM’ﬁn,tLMl + | Bnt— 1 | EDni—1.:] ] + |E[Brt—1.0 ]| Pre—1.01])
5 7LN 5 LN K
NLth:1 |@ne—1,0 ] + [Prg—1,m]) < NLth:u;l Pn,t—1,m (k)| + |DPn,t—1,01 (K)]),

where the last two inequalities follow from (4.28). Applying Bernstein’s inequality, we obtain

LN K

P{llbiw—biol\op>8}<ﬁ”{ D0 D (1 Bna1,m (B)] + [Pt 1M(k)|)>5}

tnlk:l

Z Z {|‘Pnt 1,m (k)| > 4K}+P{|ﬁn,t—1,M( )| > 42}

t,n=1 k

Ms?

This completes the proof. m
Proof of Theorem 4.12. The proof is based on the Bernstein concentration inequalities for the
normal matrices and the normal vectors. For Part (a), note that

I T — THF = HAT bur — Ax'bo|r < Al bar — Al bo|p + HA be, — AL b |p
where in the last inequality we have used the fact that H(A;r\/[—Agol)bOO”F = ”AZM(AOO_AM)A;Olboo I <
HA lopll(Aw — Apr)T| . Hence, we have

1 1
1Ty —T| < Setge=6 on E1 n Ey n Es,

where we denote by E1, Ey, E3 the following events:
= {|Al/lop <C},  with C = 2|A |4

€
By = {|(Apy — An)| < — 1,

By = {(bar ~ bo)l < 5}
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Thus, {HTM —T| > €} € Ef U ES U ES. Then, if we can prove the following bounds
P{E{} < g, P{E5} < g, P{E5} < g (4.29)
for M > M, 5, we can conclude (4.26) by noting that
]P’{||’i‘M —T| >e} <P{E]f U E5 U E5} < P{ET} + P{ES} + P{ES} < 4.
In the following, we prove the three bounds in (4.29) by Bernstein’s inequalities. Note that
[ALlop = Amin(Aa0) ™ [Acolop = Amin(Aco).

ThllS, Ef = {)\mzn<AM)71 > 2)\min<Aoo)71} = {)\mzn(AM) < %Amm(Aoo)} o {‘)\mzn(Aoo) -
Amin(Anr)| > %Amm(AO@)} Meanwhile, by Weyt’s inequality, |Amin(Aw) — Amin(Ar)| < A —
A rlop. Hence,

1
]P){Ef} < IP) {”AOO - AM”Op > 2)\mzn(AoO)} )
which can be bounded by matrix Bernstein’s inequality. Similarly,

€ _ €
2C|T|F  4|T|F

P{ES) = P {nAw Al > Ammmoo)} |

Thus, with s = %)\min(Aoo) min {1, ﬁ}, Lemma 4.13 implies,

52
max {P{ES}, P{ES)) < P{|Aw — Anrlop > s} < 2K exp (- M /2> .

1+s/3

Similarly, with a = 5& = {Amin(Ayw), Lemma 4.13 implies,

Ma?
P{ES} = P{|by — b 2K* - :
{E5} =P{[bs — bur > a} < eXp( 16K2+8Ka/3>

Hence, to obtain (4.29), we set M to satisfy both 2K exp ( M82/2> < g and 2K? exp ( M7042> <

T 1+s/3 T 16K2+8Ka/3
%, which lead to the lower bound for M.
Part (b). The proof is the same as the above for Part (a). m

4.6 Numerical examples

Numerical tests show that the estimators converge as sample size increases at the rate M~1/2
agreeing with the theory. They also show that the sampling error may lead to estimators missing
the periodic property of the local transition matrix and hence the synchronization; thus, additional
techniques, such as an application of a threshold or a sparse condition, are needed to preserve the
additional properties of the local transition matrix.

Figure 3(a) examines the convergence in sample size for the multi-trajectory LSE in Section
4.1 and the ensemble LSE in Section 4.3. That is, these estimators are obtained by first solving
the normal equations by least squares with non-negative constraints and then row-normalizing the
resulting solutions. Here we consider a system with (N, K,n,) = (8,3,3). The figure shows the box
plots of the relative errors of the estimators in 100 independent simulations with increasing sample
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Figure 3: (a): Box plot of relative errors of the LSE estimators in 100 simulations for a system
with (V, K,n,) = (8,3,3). The estimators converge at the same rate, but the multi-trajectory LSE
is much more accurate than the ensemble LSE. (b): A prediction of synchronization for Example
2.4 with T estimated from M = 10 trajectories with length L = 100. The sampling error in
LSE-ensemble leads to a system without synchronizations.

0.4719 0.0315 0.4966
size. Here we consider a randomly generated matrix T = |0.1385 0.6118 0.2497 |, and use it
0.2895 0.4999 0.2107
to generate 5 x 10° sample trajectories with L = 100. Then, we randomly draw M samples out of
them for 100 times.

The results show that the estimators converge as sample size increases at the rate M~
agreeing with Theorems 4.4 and 4.10. Additionally, the multi-trajectory LSE is more accurate than
the ensemble LSE; since both estimators use the same dataset each time, the better accuracy comes
from the additional trajectory information.

Figure 3(b) tests the effects of the sampling error in predicting the synchronization. Here the
true and estimated local transition matrices are:

1/2
7

01 0f _ 0.0000 1.0000 0.0000| 0.0079 0.9921 0.0000
T=1]0 0 1|,Ty = {0.0000 0.0000 1.0000 |,TS, = |0.0182 0.0000 0.9818 |,
1 00 0.9962 0.0038 0.0000 0.9926 0.0074 0.0000

The estimators are estimated using M = 10? sample trajectories with L = 10. Due to the sam-
pling error, both estimated local transition matrices are not periodic; thus, their systems will not
synchronize. Figure 3(b) shows that the more accurate multi-trajectory LSE leads to numerical
synchronization, while the ensemble LSE cannot maintain the synchronized motion due to the large
estimation error. In practice, when the system is known to synchronize, we can apply thresholding
or specification techniques to preserve the additional properties of the local transition matrix and
achieve synchronization.

5 Future work

Many venues are to be explored beyond the scope of the present work.
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The first venue is to study the new PCAs on general finite graphs. The graph can be more
complex than the cyclic graph in this study, for example, a graph with a non-binary weight matrix
for edges, or a high-dimensional lattice. The dynamical properties, such as synchronization and
ergodicity, and the inference of the local transition matrix, can be studied similarly. Additionally,
it is of great interest to jointly infer the local transition matrix and the weight matrix of the graph,
as studied in [LWLM24| for interacting particle systems on graphs.

Another venue is to study the new PCAs on infinite graphs. Concerning the dynamical proper-
ties, one can study the ergodicity and the critical phenomena by extending the results in [To094,
LMS90, Cas23, Bér23, FHO1]. Concerning the inference of the local transition matrix, one may
consider the asymptotic and non-asymptotic properties of the estimator when the data is a single
trajectory with N — oo, for which [DMH23| has established similar results for interacting particle
systems and [BZ24] considered this problem for graphon particle systems; see, e.g., [BCW23|. An
interesting parameter to estimate in a similar context would be the size n, of each neighborhood.

A Preliminaries on Markov chain and concentration inequalities
A.1 Properties of Markov chains

Suppose X () is a finite-state Markov chain with transition matrix P. We recall the following
general results about Markov chains.

Proposition A.1 e There is a stationary distribution . (because I — P, where P denotes the
transition matriz, is not of full rank)

o All states are positive recurrent; see [Durl9, Theorem 1.30)].

o Suppose X (t) is aperiodic. Then lim;_,, P{X(t) = -} = 7; see |Durl9, Theorem 1.19|.

o limy .o %Zf&:ﬂp{X(t) = -} =m; see [Durl9, Theorem 1.23|.

o Suppose §|f|dr < oo. Then limy_,o 1 30_; f(X(t)) = § f dr; see [Durl9, Theorem 1.22].

Regarding exponential convergence to the stationary distribution, we have the following result
taken from [Kull5, Theorem 1.3].

Proposition A.2 Suppose there is some p < 1 such that

|P(z,-) — P, )|rv < 2p, Va,z'eAV. (A1)
Then |Pi(z,-) — P2, )|rv <20, Vt=1, x,2" € AN. In addition,

|Pi(x,-) — 7llry <29, Vt=1, z,2 € AV,

A.2 Concentration inequalities

Theorem A.3 (Bernstein’s Inequality) (see e.g., [Verl8, Theorem 2.8.4|) Let Xi,..., Xy be
independent zero-mean random variables. Suppose that | X;| < ¢ almost surely, for all i. Then for

all positive t, P <|Zf\i1 Xi| = t) < 2exp (—%) An particular, when {X;} are iid., we
7 3 3
1 M ) Mt2/2
have P <|M Dy Xi| = t) < 2exp (_7Var(X1)+%ct)'
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Theorem A.4 (Matrix Bernstein’s inequality) ( [Verl8, Theorem 5.4.1] or [Trol5, Theorem

6.1.1]) Let {X;}M, = R™" be independent mean zero symmetric random matrices such that | X|op <
¢ almost surely for all i. Then, for every t = 0, we have P(|| Zf‘il Xilop = t) < 2nexp (—%) ,

where o2 = || Zf\il E[X?]|lop- Additionally, when {X;} are identically distributed, we have

B Mt2/2 )
IELXEop + ct/3)

M
1
IP)(Hi 2 XiHop = t) < 2nexp
Mi=1
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