Homework assignment, week 5: numerical SDEs
1. Consider the SDE with smooth bounded a, b:

Derive the strong order 1.5 Ito-Taylor scheme (see note or Kloeden-+Platen Chapter 10).
(Hint: you will need to use the multiple integrals and to pay attention to their relations:
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Optional: write a code to test the order of convergence for your IT1.5 scheme. )
Solution to Problem 1. Let

Lf(x) = a(x)f'(z) + %bz(w)f”(w), L'f(z) = b(x)f'(z).

Then, the Ito formula can be written as
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Applying to a(X;) and b(X;) in the integral form of the SDE gives
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where ag = a(Xy), by = b(Xp), and we denote the multiple integrals by Iy, I1, Ioo, I10, lo1, and
I;; as follows:
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The first two terms in (2) are of order h and h'/2, respectively. The next four terms are of
order h?, h'®, h'® and h, respectively. Hence, to get the strong order-1.5 scheme, we need to
expand the integrand in the last term further, i.e., apply the Ito formula to L'b(X,) in the last
term of (2):
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0
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where the higher order terms include the order h? term (L°L'b)qlo11, with Io;; defined as
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Then, the It6-Taylor expansion truncated at strong order 1.5 is
Xt+h = Xt + G/IO + b[l + (LOCL)[OO + (Lla)llo + (Lob)I()l + (le)lll + (Llle)Iln + R,

where all coefficients are evaluated at X; (by replacing the integrals to be from ¢ to ¢t 4+ h instead
of from 0 to h), and the remainder R contains only terms of higher strong order.

To get the numerical scheme, we replace the multiple integrals by their approximations. Using
the relations between the multiple integrals
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we obtain, with AW,, :== I, = W, ., — W, and
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the order-1.5 scheme
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where a,, = a(Y,), b, = b(Y,,), and similarly for the other terms.
Expanding the differential operators gives
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L’ = ad + §b2a”, L'a = bd,
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L% = ab' + 5()21)”, L'b =,

L'L'b = b((V')* + bb").



Hence, the scalar [t6—Taylor method of strong order 1.5 is
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+ ébn((b;)Q +b,0)) ((AW,)? — 3hAW,,).

In particular, to draw samples of J,,, we note that J,, = z:“ fj dW, dss is Gaussian with mean
zero and variance E[J?] = h?/3, but it is correlated with AW,, with correlation E[AW,,J,]| =
h?/2. Hence, we can sample J,, and AW, by

AW, = Vhé&,, J, h !
n — nsdn = ——Cn T —=Mn

where &, and 7, are independent standard normal random variables. m

),

2. Consider the Ornstein-Uhlenbeck equation with A < 0:
dX; = A\Xydt + odWy,
(a) Find the range of the time step size § such that the Euler-Maruyama scheme
Yip1 = Yy + \Y,0 + 0Vo€,; Yy = 0; where &, ~ N(0,1)

is stable in the sense that E[Y,?] < oo for all n and compute lim,, ., E [Y;2].
(b) Find the range of the time step size 0 so that the implicit Euler scheme

Yis1 = Y, + AYi16 + 0V, Yy = 0; where &, ~ N(0,1)

is stable in the sense that E[Y?] < oo for all n and compute lim,,_,, E[Y,?].

n

Solution to Problem 2. (a) The Euler-Maruyama scheme is
Yoi1 = (1 + XY, + 0Vb&,.
Let v, := E[Y;2]. Since &, is independent of Y,,, with E [¢,] = 0 and E [¢] = 1,
Vps1 = (14 M0)%0, + 026.

Therefore,
n—1

vn = 070 ) (14 A6)*.
k=0

Thus, v,, remains bounded as n — oo iff

(1+X0)? <1 <= |1+ )| <1



Since A < 0, this is equivalent to
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In this case,
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(b) The implicit Euler scheme can be written as

Y, + J\/an

Y. =
n+1 1_)\5

Hence, the same calculation gives
Uy + 026

Un-i—l = (1 - )\(5)2
Since A < 0, we have 1 — A\d > 1 for every > 0, so
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m<1 for all § > 0.
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Thus the scheme is stable for every o > 0. Taking limits in the recursion gives v, =
SO
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