
HW 4: Ito integral
Fei Lu

Exe 5(ii)–(iii). Verify that the given processes solve the given corresponding stochastic dif-
ferential equations: (Bt denotes 1-dimensional Brownian motion)

(ii) Xt “
Bt

1`t
with B0 “ 0 solves dXt “ ´

Xt

1`t
dt` 1

1`t
dBt with X0 “ 0.

(iii) Xt “ sinBt with B0 “ a P p´π
2
, π
2
q solves dXt “ ´1

2
Xtdt `

a

1´X2
t dBt for t ă τ :“

infts ą 0 : Bs R r´
π
2
, π
2
su.

Solution. For (ii), note that X0 “ 0. By Itô product rule, we have

dXt “
1

1` t
dBt `Btd

ˆ

1

1` t

˙

` dxBt,
1

1` t
y

“
1

1` t
dBt ´

Bt

p1` tq2
dt

“
1

1` t
dBt ´

Xt

1` t
dt.

[One can also use Itô’s formula to the function fpxq “ x
1`t

to verify (ii).]
For (iii), when t ă τ , we haveBt P p´

π
2
, π
2
q, hence cospBtq ą 0 and

a

1´X2
t “

a

1´ sin2pBtq “

cospBtq. Applying Itô’s formula to gpxq “ sinx, we obtain for t ă τ ,

dXt “ dpsinBtq “ g1pBtq dBt `
1

2
g2pBtq dt

“ cospBtq dBt ´
1

2
sinpBtq dt “

a

1´X2
t dBt ´

1

2
Xt dt.

Exe 5.7. The mean-reverting Ornstein-Uhlenbeck process is the solution Xt of the SDE

dXt “ pm´Xtqdt` σdBt, X0 “ x0, (1)

where m P R, σ ą 0, and Bt P R.

(a) Solve this equation.

(b) Find E rXts and VarpXtq “ E rpXt ´ E rXtsq
2s.

Solution. (a) Using the integrating factor et, we have

dpetXtq “ etdXt `Xtde
t
` dxet, Xty

“ etpm´Xtqdt` e
tσdBt ` e

tXtdt

“ metdt` etσdBt.

Integrating both sides, we have

etXt “ X0 `m

ż t

0

esds` σ

ż t

0

esdBs “ X0 `mpe
t
´ 1q ` σ

ż t

0

esdBs.
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Thus, we have

Xt “ e´tX0 `mp1´ e
´t
q ` σe´t

ż t

0

esdBs. (2)

(b) By (2), we have

E rXts “ e´tE rX0s `mp1´ e
´t
q ` σe´tE

„
ż t

0

esdBs



“ e´tE rX0s `mp1´ e
´t
q .

Using the fact that the stochastic integral has mean zero and is independent of the initial con-
dition, we have that the variance is the sum of the variance of the two independent terms:

VarpXtq “ e´2tVarpX0q ` E
„

`

σe´t
ż t

0

esdBs

˘2



“ e´2tVarpX0q `
σ2

2
p1´ e´2tq ,

where we used the Itô isometry: σ2e´2tE
„

´

şt

0
esdBs

¯2


“ σ2e´2t
şt

0
e2sds “ σ2

2
p1´ e´2tq.

Exe 5.16(c). The technique used in Exercise 5.6 can be applied to more general nonlinear
stochastic differential equations of the form

dXt “ fpt,Xtq dt` cptqXt dBt, X0 “ x, (5.3.11)

where f : Rˆ RÑ R and c : RÑ R are given continuous (deterministic) functions. Proceed as
follows:

(a) Define the “integrating factor”

Ft “ Ftpωq “ exp

ˆ

´

ż t

0

cpsq dBs `
1

2

ż t

0

c2psq ds

˙

. (5.3.12)

Show that (5.3.11) can be written

dpFtXtq “ Ft ¨ fpt,Xtq dt. (5.3.13)

(b) Now define
Ytpωq “ FtpωqXtpωq, (5.3.14)

so that
Xt “ F´1t Yt. (5.3.15)

Deduce that equation (5.3.13) gets the form

dYtpωq

dt
“ Ftpωq f

`

t, F´1t pωqYtpωq
˘

, Y0 “ x. (5.3.16)

Note that this is just a deterministic differential equation in the function t ÞÑ Ytpωq, for
each ω P Ω. We can therefore solve (5.3.16) with ω as a parameter to find Ytpωq and then
obtain Xtpωq from (5.3.15).
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(c) Apply this method to solve the stochastic differential equation

dXt “
1

Xt

dt` αXt dBt, X0 “ x ą 0, (5.3.17)

where α is constant.

(d) Apply the method to study the solutions of the stochastic differential equation

dXt “ Xγ
t dt` αXt dBt, X0 “ x ą 0, (5.3.18)

where α and γ are constants. For what values of γ do we get explosion?

Solution for (a). By Itô’s formula, we have

dFt “ Ft

ˆ

´cptqdBt `
1

2
c2ptqdt

˙

`
1

2
Ftc

2
ptqdt

“ ´FtcptqdBt ` Ftc
2
ptqdt.

Then, by Itô’s product rule, we have

dpFtXtq “ FtdXt `XtdFt ` dxFt, Xty

“ Ftrfpt,Xtqdt` cptqXtdBts `Xtr´FtcptqdBt ` Ftc
2
ptqdts ´ FtXtc

2
ptqdt

“ Ftfpt,Xtqdt.

Solution for (c). Here fpt, xq “ 1{x and cptq “ α. Hence

Ft “ exp
´

´αBt `
1

2
α2t

¯

.

By part (b), with Yt “ FtXt, we get the pathwise ODE

dYt
dt

“ Ft f
`

t, F´1t Yt
˘

“
Ft

F´1t Yt
“
F 2
t

Yt
, Y0 “ x. (3)

Therefore,
d

dt
pY 2

t q “ 2Yt
dYt
dt

“ 2F 2
t .

Integrating from 0 to t gives

Y 2
t “ x2 ` 2

ż t

0

F 2
s ds “ x2 ` 2

ż t

0

expp´2αBs ` α
2sq ds.

Since Y0 “ x ą 0 and the right hand side of (3) is strictly positive, so Yt is always positive:

Yt “

ˆ

x2 ` 2

ż t

0

expp´2αBs ` α
2sq ds

˙1{2

.

Using Xt “ F´1t Yt, we obtain

Xt “ exp
´

αBt ´
1

2
α2t

¯

ˆ

x2 ` 2

ż t

0

expp´2αBs ` α
2sq ds

˙1{2

.

This solution stays strictly positive for all t ě 0.
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