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Section 7.2: Separation of time variable d-D

We have solved 1D equations. Will everything work for 2D& 3D?
1D:x € [0, L]
HE Ou = Onu

Outt —7
\Q/E 8[[?/1 = a)cxu 2D: VZM = (axx + avy)”
C &IC 3D: V2u = (Ou + 0y + O )u
utx) = h()6() - OHD: Vi = 3l O

¢"(x) = —-X¢p; BC

I (r) or () = —Auh,  1C Second order PDEs

HE Owu=V-u
= (Anv_d)n)7£lc:l P WE attu — vzu
u(t, x) _.Zn_:l n (1)@ (x) BC: [A()u+ B(1)Vu-n
Sturm-Liouville: IC:  u(x,0), dulx,0)
(p9') + g6 = —Ao¢ B
Method of eigenfunction expansion

Hanzo
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Separate time variable

Consider (WE) (HE): Similar
affu = cz(axxu + 8”,14)
u(xayu 0) = a(X,y), a,u(x,y, O) = B(x7 y)’

BC: [A(1)u+B(t)Vu- n]’89 =0;

Seek u(x,y, 1) = h(t)p(x, y):
from the equation, we have

R ()¢ = c*(Oud + Oyyd)h
W' Outd + Oyt How do we solve

i Y D + Dyyp = —Ag?
Recall Laplace equ. in Chp 2.
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7.3 Vibrating Rectangular Membrane

BC:x € [0,L];y € [0, H],

u(0,y,1) =0 =u(L,y,1);
u(x,0,¢) =0 = u(x,H,1);

Simulation video: 5:50
Eigenvalue problem

8)“(,25 + ayy¢ = —A¢;
#(0,y) =0 = ¢(L,y);
#(x,0) = 0= ¢(x,H); /

7.3 Vibrating Rectangular Membrane

Separation of variables (again)

P(x,y) =f(x)g(y)

f// _ g//


https://www.youtube.com/watch?v=5kcophHPl_8

Back to the equation,

8&” = Cz(axxu + 8yyu)
|C: M()C,y, 0) - a(x,y);@,u(x,y, 0) = /B(Xay)a
BC: ...

SoV: u(x, 1) = hym(t) pnm(x,)
To determine A, ,,():

R'(t) = =Ny uc?h,
IC h(0), ' (0) =?

B (1) = @y m cOS(Cr/Anmt) + b SIn(Cr/Anmt)
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Back to the equation,

8&” = Cz(axxu + 8yyu)
|C: M()C,y, 0) - a(x,y);@,u(x,y, 0) = /B(Xay)a
BC: ...

SoV: u(x, 1) = hym(t) pnm(x,)
To determine A, ,,():

R'(t) = =Ny uc?h,
IC h(0), ' (0) =?

B (1) = @y m cOS(Cy/ A mt) + by m sin(c/An,mt) General solution

(MEE): u(x,1) = Z:jnzl Por, (8) B (%, Y)
Orthogonal? Complete?

7.3 Vibrating Rectangular Membrane
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7.4 The eigenvalue problem

1D Sturm-Liouville Theorem

()" +a(x)p = —Xo¢p
Big(a) + B2¢’(a) =
Bsp(b) + B¢’ (b) =
regular SLEP {(\,, ¢n)} s.t.
1-2 {\; T oco}i2, strictly

3 ¢n is unique to \,;
¢n has n — 1 zeros

4 {dn}i2, is complete.
5 {¢n}:2, are orthogonal
6 Rayleigh quotient A, = —%;

7.4 The eigenvalue problem

2D& 3D Helmholtz Eq.

Vi = Ao
ag+ bV -n |oa=0

V- (pV9) +qd = —Aoo

1-2 {\ / 0o};2, may repeat

3 A\ = Myt multiple eigen-fun
4 {¢a}52, is complete.

5 {¢n}:2, are orthogonal
(Gram-schmidt orthogonalization)

AL, Pn) -

6 Rayleigh quotient A, = — 7=
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7.5: Green’s formula

Orthogonality of eigenfunctions:

Lo = Vi = -\ inQ Divergence theorem
ap+bVep-n=20 on 0f2
/ VAdx = ¢A~ndS
Green’s formula / @

/ (uLv — vLu)dx = 515 (uVv —vVu) - ndS
Q oN

Self-adjoint operator

L=L" (uLv) = (L*u,v)

Jo(uLy — vLu)dx = 0

L is self-adjoint on the function spaces
> C={w:we C*HQ),wlon =0}
> C; = {W twe C2(Q),Vw-n|ag = 0}

7.5: Green’s formula

Proof of the Green’s formula:

1



Green’s formula: application
Orthogonality of eigenfunctions L self-adjoint

Let {\i, ¢:} and {);, ¢;} be two eigen-pairs, \; # A;. Then (¢;, ¢;) = 0.
Proof:

Question: How about ¢; and ¢; for A; = A;? Gram-Schmidt

7.5: Green’s formula 12
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7.6: Rayleigh Quotient and Laplace’s Equation

Let L be self-adjoint. If Lp = —\¢, then A = —

Application 1. L = V2. Suppose:

Vi =—-\o in Q
¢=0 on 09,

show that A > 0.
(= all eigenvalues > 0)

If insulated BC: Vu(z,-) -n = 0?

7.6: Rayleigh Quotient and Laplace’s Equation



7.6: Rayleigh Quotient and Laplace’s Equation

Let L be self-adjoint. If Lo = —\¢, then A = —

Application 2. Heat equation:

a,u = Vzu |n Q
u(t,-) =0o0n oQ,
u(0,x) = f(x)

1. show that lim,_, o, u(#,x) = 0, Vx.

Hint: solution & A > 0

2. If insulated BC: Vu(z,-) -n = 07?

7.6: Rayleigh Quotient and Laplace’s Equation

/ uV udx = —/ \Vu|2dx—|—¢ uVu-ndS
Q Q

15
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7.7: Vibrating Circular Membrane

Consider Q = disk with radius a
Ot = Vuin Q
u(a,0,t) =0,0 € [—m, 7
u(r,0,0) = a(r,0), 0u(r,0,t) = 5(r,0)

Simulation video

Outline:
1. Separation of variables W' (1) = A(V2p)h
u(r,0,t) = ¢(r,0)h(r) W Vng
==X
2. Solve the eigenvalue problem ch b
V2¢ = —-\p &BC

» complete and orthogonal
3. Eigenfunction expansion

u(r,0,1) Zh Yo (r, 0)

7.7: Vibrating Circular Membrane
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https://www.youtube.com/watch?v=eYddVmBFj1k

7.7: Vibrating Circular Membrane

2. Solve the eigenvalue problem

Vip=-\p, re€(0,a),0¢€ (—m,)
¢(a,0) =0, 0¢€(—m,m)

Seek ¢(r,0) = f(r)g(0):
» Eigenvalue Problem A:

g//(o) = —HE8, e (77(-,71-)
g(=m) = g(m),8'(—m) = g'(m)
» Eigenvalue Problem B:

r(f') + (A = p)f =0, re(0,a)
f(a) = 0, £(0) bounded

7.7: Vibrating Circular Membrane
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7.7: Vibrating Circular Membrane

2. Solve the eigenvalue problem Eigenvalue Problem A:
Vip=-\p, re€(0,a),0¢€ (—m,)
¢((1, 0) =0, 0¢€ (77T,7T) Mm = mZ’m > 0;
gm(0) = sinmf, or cosmd.
Seek di(r,6) — (1)) )
» Eigenvalue Problem A: Eigenvalue Problem B: SLEP?
g//(o)zflu‘ga 06(77(””) (Yf/)/—m—z‘f:—)\?f I"G(O CZ)
g(=m) =g(m),8'(—m) = ¢'(m) r

» Eigenvalue Problem B:
Still valid: singular SLEP.

r(rf’) + (A = p)f =0, re(0,a) Can\=0?
f(a) =0, £(0) bounded More about A, ,, and ¢, ,?

7.7: Vibrating Circular Membrane 18



Bessel functions

Eigenvalue Problem B:

r(f) + O\ = p)f =0, re(0,a)
f(a) = 0, £(0) bounded

r2fl/ + ’f/ + ()\r2 _ mZ)f =0
A change of variables (with A > 0)

2=VAr, h(z) = f(z/\/r) =
W+ 4+ (2 —mP)h=0

€ (0,1): Bessel's DE of order m
First-kind (I'(s) = [ e~'#'~'dr):

0

o o0 (—1)* 2\ m+2k
In(@) = T(k+ 1)C(k+ 14 m) G

k=0

7.7: Vibrating Circular Membrane
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Bessel functions

Eigenvalue Problem B:

h// Jrz—lh/ + (1 o m2272)/’l =0
r(f) + (M = p)f =0, re(0,a)
f(a) =0, £(0) bounded
» singular pointz =0
rzf// + rf’ + ()\rz _ mZ)f =0
A change of variables (with A > 0) Near z = 0:

2= VAr, h(z) = f(z/\/r) = > m#£0: 2 << m?
. L h bounded — 22h << m*h
CH 2l + (27 =m)h =0 i, k" can be large: keep them
€ (0,1): Bessel's DE of order m 2H ol — mPh 0

First-kind (T(s) = [ e™'r~'d1): .
Solution h(z) = 2" or z7™

5\ — S (71>,\ : m—+2k
In(@) =2 D(k+ 1)k + 1 +m)(2> > m=0:h(z) ~1o0rinz

k=0

7.7: Vibrating Circular Membrane 19



Bessel functions

First kind of order m (bounded)
1 =0
M@N{’ "

I _m
il m>0

2nd kind of order m (singular)

2
=lInz, m=0
(o)~ {_<> >0

Eigenvalue Problem B:

flr)= cl.lm(ﬁr) + czYm(\Ar)

» f(0) bounded — ¢, = 0.
> f(a) = 0 — determine \, ,, = (z,n/a)?: zeros of J,,(vV/Ar).
Eigenfunctions: J,,(1/ . nr); complete and orthogonal o(r) = r

7.7: Vibrating Circular Membrane



back to the Vibrating Circular Membrane

Consider Q) = disk with radius a

Oy = Vuin Q
u(a,6,t) =0,0 € [—¢, ¢
u(r,0,0) = a(r,0), u(r,0,t) = p(r,0)
1. Separation of variables u(r, ,t) = ¢(r, 0)h(z)
2. Solve the eigenvalue problem: V2¢ = —\¢ + BC
» complete and orthogonal
3. Eigenfunction expansion

u(r,0,1) = Zh"’" )um (7, 0)

n,m=1
onm =3/ %r) (i) (infevaes)

7.7: Vibrating Circular Membrane 21



