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Solution to the IBVP?

c(x)ρ(x)∂tu = K0∂xxu + Q(x, t), with x ∈ (0,L), t ≥ 0
IC: u(x, 0) = f (x),

BC: u(0, t) = φ(t), u(L, t) = ψ(t)
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Section 5.5: Sturm-Liouville Eigenvalue Problem

(p(x)φ′)′ + q(x)φ = −λσφ
β1φ(a) + β2φ

′(a) = 0;

β3φ(b) + β4φ
′(b) = 0;

Regular SLEP:
p′, q, σ ∈ C[a, b],

p(x) > 0, σ(x) > 0, ∀x ∈ [a, b]

β2
1 + β2

2 > 0, β2
3 + β2

4 > 0,

Theorem ( Sturm-Liouville Theorems)
A regular SLEP has eigenvalues and eigenfunctions {(λn, φn)} s.t.

1-2 {λn}∞n=1 are real and strictly increasing to∞
3 φn is the unique (up to a *factor) solution to λn; φn has n− 1 zeros

4 {φn}∞n=1 is complete. That is, any piecewise smooth f can be
represented by a generalized Fourier series
f (x) ∼

∑∞
n=1 anφn(x) = 1

2 [f (x−) + f (x+)]

5 {φn}∞n=1 are orthogonal: 〈φn, φm〉σ = 0 if n 6= m; 〈φn, φn〉σ > 0

6 Rayleigh quotient λn = − 〈Lφn,φn〉
〈φn,φn〉σ ;

〈f , g〉 :=
∫ b

a f (x)g(x)dx; 〈f , g〉σ :=
∫ b

a f (x)g(x)σ(x)dx. TO PROVE: 5136.
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5. orthogonality: 〈φn, φm〉σ = 0 if n 6= m; 〈φn, φn〉σ > 0
Denote: Lφ = (pφ′)′ + qφ = −λσφ. A linear operator.
Recall: 〈φn, φm〉σ =

∫ b
a σ(x)φn(x)φm(x)dx.

Proof: Let (λn, φn) and (λm, φm) solve the SLEP with λn 6= λm. Then

Lφn = −λnσφn

Lφm = −λmσφm

∫ b

a
Lφn(x)φm(x)dx = −λn〈φn, φm〉σ∫ b

a
Lφm(x)φn(x)dx = −λm〈φn, φm〉σ∫ b

a
[φmLφn − φnLφm]dx = −(λn − λm)〈φn, φm〉σ.

Thus, if LHS =0, then we obtain 〈φn, φm〉σ = 0 bc. λn 6= λm.

Green’s formula:
∫ b

a
[uLv− vLu]dx = p(uv′ − vu′) |ba .

+ regular BC: β1φ(a) + β2φ
′(a) = 0;β3φ(b) + β4φ

′(b) = 0;

β2
1 + β2

2 > 0, β2
3 + β2

4 > 0,
⇒ LHS = 0
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Green’s formula: for any u, v ∈ C2, Lφ := (pφ′)′ + qφ,∫ b

a
[uLv− vLu]dx = p(uv′ − vu′) |ba .

Proof:
Lagrange identity:

uLv− vLu = [p(uv′ − vu′)]′
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Green’s formula: for any u, v ∈ C2, Lφ := (pφ′)′ + qφ,∫ b

a
[uLv− vLu]dx = p(uv′ − vu′) |ba .

Self-adjoint operator: with regular BC:
∫ b

a [uLv− vLu]dx = 0.
Equivalently,

∫ b
a uLvdx =

∫ b
a vLudx for any u, v with BC.

〈L∗u, v〉 = 〈u,Lv〉 = 〈v,Lu〉; L∗ = L

Remark: matrix A ∈ Rd×d. Then, for any u, v ∈ Rd,

〈A∗u, v〉 = 〈u,Av〉 = 〈v,Au〉. A∗ = A> = A
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1. All eigenvalues are real.
Proof: take adjoint to both sides of the equation.
(Either without using orthogonality or with it. )
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3. Uniqueness: for each λn, there is a unique normal eigenfunction.
Proof: by Lagrange identity.
(The role of the regular BC. )
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Section 5.5: Quiz

1 The eigenvalues for the SLEP must be non-negative.

2 The Green’s formula
∫ b

a [uLv− vLu]dx = p(uv′ − vu′) |ba can be applied to
the BC φ(−a) = φ(a), φ′(−a) = φ′(a) when the interval is (−a, a).
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Section 5.6 Rayleigh quotient

Lφ = (p(x)φ′)′ + q(x)φ = −λσφ
β1φ(a) + β2φ

′(a) = 0;

β3φ(b) + β4φ
′(b) = 0;

Regular SLEP:
p′, q, σ ∈ C[a, b],

p(x) > 0, σ(x) > 0, ∀x ∈ [a, b]

β2
1 + β2

2 > 0, β2
3 + β2

4 > 0,
A regular SLEP has eigenvalues and eigenfunctions {(λn, φn)} s.t.

6 Rayleigh quotient λn = − 〈Lφn,φn〉
〈φn,φn〉σ .

〈f , g〉 :=
∫ b

a f (x)g(x)dx; 〈f , g〉σ :=
∫ b

a f (x)g(x)σ(x)dx.

Remark: Note that 〈Lφn, φn〉 = pφnφ
′
n|ba +

∫ b
a [qφ

2
n − p(φ′n)

2]dx

I Nonnegative eigenvalues if pφnφ
′
n|ba ≤ 0, q ≤ 0

I We use only p. NO need of its derivative
I We use only φn, φ

′
n. No need of φ′′

→ weak/distribution solution in Sobolev spaces
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Minimax principle
λ1 = min

u∈H0
−〈Lu, u〉
〈u, u〉σ

H0 = {u ∈ C1 : u satisfies BC, 〈u, u〉σ > 0}
I φ1 is a minimizer
I We can estimate λ1 by trial functions u (Example next)
I Similarly, for larger eigenvalues, recursively,

λn = min
u∈Hn−1

−〈Lu, u〉
〈u, u〉σ

= max
Sn⊂H0

min
u∈S⊥n

−〈Lu, u〉
〈u, u〉σ

with Hn−1 = span{φ1, · · · , φn−1}⊥ and Sn ⊂ H0 with dim=n .

Proof: {φn} complete and orthogonal. Let u =
∑∞

i=1 aiφi.
Use TBTD. 〈Lu, u〉 = ....

RQ[u] = −〈Lu, u〉
〈u, u〉σ

= ...
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Estimate bounds for λ1 by the Minimax principle:

λ1 = min
u∈H0
−〈Lu, u〉
〈u, u〉σ

H0 = {u ∈ C1 : u satisfies BC, 〈u, u〉σ > 0};
〈Lu, u〉 = pu′u|ba +

∫ b
a [qu2 − p(u′)2]dx.

Example: φ′′ = −λφ, φ(0) = φ(1) = 0. Can we choose trial
function to get a close estimate of λ1 = π2?

I satisfies BC
I close to φ1 (unknown). It has no zero in [0, 1]

1. u(x) = x1[0,0.5] + (1− x)1[0.5,1].
−〈Lu, u〉 = 1, 〈u, u〉σ = 1/12. ⇒ λ1 ≤ 12.

2. u(x) = x(1− x). · · · · · · · · · ⇒ λ1 ≤ 10.192 Chapter 5. Sturm-Liouville Eigenvalue Problems

x=0 x=1 x=0 x=1 x=0 x=1
x x < 0.5{1-x x>0.5

(a)

UT=x-x2

(b)

uT = sin lrx

(c)

Figure 5.6.1 Trial functions: continuous, satisfy the boundary conditions, and are of one
sign.

the trial function is to the actual eigenfunction, the more accurate is the bound
of the lowest eigenvalue. Thus, we also choose trial functions with no zeros in the
interior, since we already know theoretically that the lowest eigenfunction does not
have a zero. We will compute the Rayleigh quotient for the three trial functions
sketched in Fig. 5.6.1. For

I x, z<2
1lUT 1-x, x> Z,

(5.6.7) becomes

fo /2 dx + f 2 dxI
< T01/2 x2 dx + L1 /2(1 x)2 dx 24 24

- 12,

a fair upper bound for the exact answer ire (7r2 9.8696... ). For UT = x - x2,
(5.6.7) becomes

< fo (1 - 2x)2 dx _ fo (1 - 4x + 4x2) dx = 1-2+431 - L (x - x2)2 dx f (x2 - 2x3 + x4) dx 3 2 + b
= 10,

a more accurate bound. Since UT = sin irx is the actual lowest eigenfunction, the
Rayleigh quotient for this trial function will exactly equal the lowest eigenvalue.
Other applications of the Rayleigh quotient will be shown in later sections.

Proof. It is usual to prove the minimization property of the Rayleigh quo-
tient using a more advanced branch of applied mathematics known as the calculus
of variations. We do not have the space here to develop that material properly.
Instead, we will give a proof based on eigenfunction expansions. We again calculate
the Rayleigh quotient (5.6.3) for any function u that is continuous and satisfies the
homogeneous boundary conditions. In this derivation, the equivalent form of the

1
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Section 5.7 Variation of non-uniform string

PDE: ρ(x)∂ttu = T0∂xxu, with x ∈ (0,L), t ≥ 0
IC: u(x, 0) = f (x), ∂tu(x, 0) = g(x)

BC: u(0, t) = 0, u(L, t) = 0

Separation of variables (or Eigenfunction expansion):

u(x, t) =
∞∑

n=0

[an cos(
√
λnt) + bn sin(

√
(λnt))]φn(x).

(Recall: when ρ ≡ ρ0, we have λ2
n = nπT0

ρ0L and φn(x) = sin nπx
L )

Question: range of λ1 for a non-uniform string?

Assume: 0 < ρmin ≤ ρ(x) ≤ ρmax.
The SLEP: T0φ

′′ = −λρ(x)φ with BC: φ(0) = 0 = φ(L).

? ≤ λ1 = min
φ∈H0
−〈T0φ

′′, φ〉
〈φ, φ〉ρ

≤ ?
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Section 5.8: BC of the 3rd kind

Consider either heat equation or wave equation

∂tu = κ∂xxu ∂ttu = c2∂xxu
IC u(x, 0) = 0; u(x, 0) = f (x), ∂tu(x, 0) = g(x)
BC u(0, t) = 0; ∂xu(L, t) = −hu(L, t).
h > 0 cooling a restoring force
h = 0 insulated zero speed
h < 0 heating a destabilizing force

Physical:
To solve them, use separation of variables

I 1 separate variable

I 2 solve the eigenvalue problem
Q1: Sturm-Liouville theorem?

I 3 solve time ODEs with λn and ICs
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Solve the eigenvalue problem: (estimate λn, find φn)

φ′′(x) = −λφ; φ(0) = 0;φ′(L) + hφ(L) = 0.

1. λ > 0:
φ(x) = c1 cos(

√
λx) + c2 sin(

√
λx).

Apply BC to estimate c1, c2 and find possible λ.
2. λ = 0 (exe)

φ(x) = c1 + c2x.

3. λ < 0 (exe)
φ(x) = c1e−

√
−λx + c2e−

√
−λx.
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Case 1, λ > 0: Estimate λn from − 1
hL z = tan z with z =

√
λL:

h o Hai heo htt tantoxtan

Iiii i tF
2JAL

fiF ETTatTYzjxgl.ch
Id in thethreecases

49 1 if Khl
Zajicek C2,34 if he 1

Z da EyeJamuna KnuteHEY Ann THE if heat

do 918k C thx 090 4 901 68
0 491414914 5 that all 1hL onlyg he

If ht 1 then 91 is an eigenfman up 11 0

No qcxi ceFM aeFX awshCF.si too smhFIT

o pco Ceo 901 6smhIFM

0 49141414 4 ashen TITLE
th smhCFN tanh smh

FAL ashes
tankful TT

tank FL eye
similarly find it by diagram

a

FAL
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Summary:
summary of cases

eigenfunction for 40
4149 0

9140 94449140 dates

1 70 11 0 A co

h o son No No 44M
heo Sai No No

ha NO No AnkhHEY

1
n'III e x no

linen ET
NK t No smh t Ankh E

Stepsesswe the time DE's with Ana theIc's

Forthe heat conduction wehave

ttGh AnkGn Gmt GmDeAnkt

Then thesolution will be ucx.ts q qoge tnktp.mx
d

depends on I
Theenetial condition otelx.oigwesusthelG.noEn

I The smallest eigenvalue (λ1) depends on h.

Exe: complete the other cases.
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