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Solution to the IBVP?

c(x)p(x)Ou = KoOpu + Q(x,1), withxe€ (0,L),1>0
IC: u(x,0) =f(x),
BC: M(O, Z) = ¢([)a M(L7 t) = 7/)([)
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Review: Eigenvalue problems in PDE

Recall that for Heat Equation and Wave Equation,

HE 8,14 :_8xxu ¢//(x):_)\¢

WE 0Ou = 0,u _ , )

BC  u(a,t), Owu(a,t), /mixed BC:¢(a), ¢'(a), /mixed
(a = 07 Lv _L)

M= (%)%, ¢ (x) = sin\/Aux, cos v/A,x, or both

Quiz: which did we use in eigenfunction expansion method?
A oo many eigenvalues A, € R
B {¢,} are orthogonal
C {¢.} are complete (Fourier Theorem)
D TBTD conditions on u
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Review: Eigenvalue problems in PDE

Apply it for non-constant coefficient equations?

Heat Flow in a non-uniform rod  ¢(x)p(x)0,u = 0.(KoOxtt) + au

symmetry heat flow Ou = k%gr(r(’),u)

Separation of variables — eigenvalue problems

u(x, 1) = h(g(x)  —  (Kod')' + ad = —Ac(x)p(x)¢

u(r.t) = h(D)o(r) = (r0) = Ao BC maters!
— Sturm-Liouville Eigenvalue Problems(SLEP)

(P(x)¢") +q(x)p = —Aad
Big(a) + fr¢'(a) = 0;
Bap(b) + Bad’ (b) = 0; other BC

When does this SLEP has eigenfunctions orthogonal and complete?
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Section 5.3: Sturm-Liouville Eigenvalue Problem

Regular SLEP:
(p( )¢) + (>¢=—Aa¢ p'.q,0 € Cla,b],
10(a) + Bt (a) = p(x) > 0,0(x) > 0,Vx € [a,D]
53¢(b)+ﬂ4¢(): Bt + B3 > 0,8 + i >0,

Theorem ( Sturm-Liouville Theorems)
A regular SLEP has eigenvalues and eigenfunctions {(\., ¢.)} S.t.
1-2 {\}:2, are real and strictly increasing to oo
3 ¢x is the unique (up to a *factor) solution to \,; ¢, hasn — 1 zeros

4 {¢pu}2, is complete. That is, any piecewise smooth f can be
represented by a generalized Fourier series

F) ~ 3002 anga(x) = 5[f(x-) +f(x4)]
5 {¢n}32, are orthogonal: (¢u, pm)o = 0 ifn # m; (¢u, du)o >0

6 Rayleigh quotient \, = —%;

= [P1(@)g)dx;  (f,8)e = [ f(x)g(x)o(x)dx
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Section 5.3: Sturm-Liouville Eigenvalue Problem

Regular SLEP:
*)\UQZ) p/aCIao' € C[(l,b],
p(x) > 0,0(x) > 0,Vx € [a,b]

B+ B3> 0,5 + B3 >0,

(p(x)¢") + q(x)
Bip(a) + B¢ (a)
B3¢(b) + Bad’ (b)

Suppose x € (0,L), we have studied SLEP ¢" = —\¢:
p(x) =1,¢9(x) =0,0(x) = 1. Are they regular?

A ¢(0)=¢(L)=0

B ¢/(0) = /(L) =0

C ¢(0) + ¢'(a) =0; 4(L) + ¢'(L) =

D ¢(-L) = ¢(L), ¢'(-L) = ¢'(L)
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Section 5.3: Sturm-Liouville Eigenvalue Problem

Suppose x € (0, L), we have studied SLEP ¢ = —\¢:
A= (25)2, ¢u(x) = sinv/Ax, cos v/A,x, or both, depending on BC.

Do we have the properties in the SL theorem?

1-2 {\,}52, are real and increasing to co
3 ¢, is the unique (up to a *factor) solution to A\,; ¢, has n — 1 zeros
4 {¢p,}22, is complete
5 {¢,}52, are orthogonal

_ _ (Léu,dn)
6 Raylelgh quotient \, = G
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Transform to SLEP form

Example1 Change the equation to the form of SLEP
¢ (x) + a(x)¢’ + [AB(x) +v(x)]¢ =0
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Transform to SLEP form

Example2 Exe.5.3.9. Consider the BVP:
K¢ +x¢' +Ap=0, xec(1,b)
¢(1) =0;6(b) =0

(a) Write the equation in the SLE form.

(b) Show that A > 0 for all (), ¢) that solves the BVP.
(c) Determine all positive eigenvalues. Is A = 0 an eigenvalue?
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Heat flow in a non-uniform rod

c(x)p(x)Ou = KoDgu, withx € (0,L),1 >0 » positive ¢, p, Ko
IC: u(x,0) =f(x), » left side =0°,
BC: u(0,1) = 0,d,u(L,1) =0 insulated right side

Find the solution (by eigenfunction expansion):
» separation of variables — eigenvalue problem
u(x, 1) = h(1)p(x) — (Ko')" = —Ac(x)p(x)¢
» Solve the IBVP.
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Heat flow in a non-uniform rod
c(x)p(x)Ou = KoOuu, Solution

IC: u(x,0) =f(x), u(x,t) = 3 apgu(x)e M.

BC: u(0,¢) = 0,0,u(L,t) =0

What is the large time behavior? (lim,_, o u(x, 1) ?)
» if A, >0foralln

» if \, =0 for some n

can it happen?
> if \, <0?
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Heat flow in a non-uniform rod
c(x)p(x)Ou = KoOuu, Solution

IC: u(x,0) =f(x), u(x,t) = 3 apgu(x)e M.

BC: u(0,¢) = 0,0,u(L,t) =0

What does the solution look like? Numerical solution
represent the solution at discrete space-time grids:

x€[0,L] > 0=xy<x; <--<xg41 =L, x;=IL/d;
tel0,T|»0=t<t <---<tyy1 =T, t,=jT/N;

» Find (A, ¢n); (Ko@) = —Ae(x)p(x)o |
» Find a, from IC

> u(xi, lj)
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Numerical solution to SLEP

(Ko(x)¢")" = =Ac(x)p(x)¢,  $(0) = p(L) = 0;
Lo =XpwithBC — Ay=)y
SLEP — Linear algebra eigenvalue problem

What is A? Function « vector?

X =iAx,i=0,....d+ 1. 5 y=(dx1),...,0(xq4))

Extra: Numerical solution to SLEP
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