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u(x, 0) = f (x)

BC: u(0, t) = ϕ(t), u(L, t) = ψ(t)
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Section 8.2: Heat flow with source and non-homo BC

1. Time-independent BC
Consider first

∂tu = κ∂xxu, with x ∈ (0,L), t > 0
u(x, 0) = f (x)

BC: u(0, t) = A, u(L, t) = B

1> Equilibrium solu uE(x) = A + x
L (B − A).

2> Displacement from Equilibrium

u = v + uE : v(x, t) = u(x, t)− uE(x)

∂tv = κ∂xxv,

v(x, 0) = f (x)− uE(x)

v(0, t) = 0, v(L, t) = 0

v(x, t) =
∑∞

n=0 ane−κλnt sin nπ
L x

Extension (exe): steady source

∂tu = κ∂xxu + Q(x)

u(x, 0) = f (x)

u(0, t) = A, u(L, t) = B
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2. Time-dependent non-homo PDE&BC

∂tu = κ∂xxu + Q(x, t),

u(x, 0) = f (x)

u(0, t) = A(t), u(L, t) = B(t)

1> Homogenization:
▶ Equilibrium solu? Q(x,t)
▶ May NOT be able to reduce both

PDE and BC to homo.
choose one: PDE or BC?

⇒ reference solution r(x, t) s.t.

r(0, t) = A(t); r(L, t) = B(t)

▶ any r ***
▶ r(x, t) = A(t) + x

L [B(t)− A(t)].

2> Displacement solution
u = v + r : v(x, t) = u(x, t)− r(x, t)

∂tv = κ∂xxv + Q(x, t),

v(x, 0) = f (x)− r(x, 0)

v(0, t) = 0, v(L, t) = 0

▶ Q =?: ***
▶ can we use separation of variables?

v(x, t) = h(t)ϕ(x)
Q and no POS.

▶ Fourier series
v(x, t)“ = ”

∑∞
n=0 an(t) sin nπ

L x
Q(x, t)“ = ”

∑∞
n=0 qn(t) sin nπ

L x
→ method of eigenfunction
expansion ↓
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Section 8.3: Methods of eigenfunction expansion

separation of variables: homo PDE + homo BC

generalize → non-homo PDE + homogeneous BC
Seek solution of the form

u(x, t) =
∞∑

n=0

an(t) cos
nπ
L

x + bn(t) sin
nπ
L

x,

▶ homo BC determines the eigenfunctions to use
(sine/cosine/both, denote by ϕn(x))

▶ works for equation with source ∂tu = κ∂xxu + Q(x, t)
▶ solve an(t), bn(t) from the PDE + IC (use TBTD, under conditions)
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Method of eigenfunction expansion

∂tv = κ∂xxv + Q(x, t),

v(x, 0) = g(x)

v(0, t) = 0, v(L, t) = 0

ϕn(x) = sin nπ
L x

v(x, t)“ = ”

∞∑
n=0

bn(t)ϕn(x), (bn TBD ↓)

g(x)“ = ”
∞∑

n=0

bn(0)ϕn(x), bn(0) =?

Q(x, t)“ = ”
∞∑

n=0

qn(t)ϕn(x)

TBTD ∂tv, ∂xxv PS; v, ∂xv continuous; (BC?)⇒
▶ ∂tv =

∑∞
n=0 b′n(t)ϕn(x)

κ∂xxv + Q(x, t) =
∑∞

n=0[−λnκbn(t) + qn(t)]ϕn(x)

⇒ b′n + λnκbn(t) = qn(t), ∀n ≥ 1

bn(t) = bn(0)e−κλnt +
´ t

0 e−κλn(t−s)qn(s)ds

▶ Check: if Q(x, t) = 0: bn(t) = bn(0)e−κλnt.
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Example
Find a solution of

∂tu = κ∂xxu + e−t sin 3x

u(x, 0) = f (x)

u(0, t) = 0, u(π, t) = 1

L = π, λn = n2;
1> reference solution:
r(x, t) = 0 + x

π (1 − 0) = x
π

2> let v(x, t) = u(x, t)− r(x, t)

∂tv = κ∂xxv + Q(x, t),

v(x, 0) = f (x)− r(x, 0)
v(0, t) = 0, v(L, t) = 0

▶ Q(x, t) = e−t sin 3x + 0
▶ BC⇒ ϕn(x) = sin nx

Seek v(x, t) =
∑∞

n=0 bn(t)ϕn(x)

TBTD ∂tv, ∂xxv PS; v, ∂xv continuous; ⇒
▶ bn(t) = bn(0)e−κλnt +

´ t
0 e−κλn(t−s)qn(s)ds

u(x, t) = v(x, t) + x
π . What is u when f (x) = sin(x)?

Q: did we require the PDE to hold for each x ∈ (0,L)?
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Method of eigenfunction expansion: seek a solution of the form

u(x, t) =
∞∑

n=0

an(t) cos
nπ
L

x + bn(t) sin
nπ
L

x,

Q: can we use it for PDE non-homo BC directly?
e.g., seek a Fourier since series solution for

∂tu = κ∂xxu + e−t sin 3x, x ∈ (0, π)
u(x, 0) = f (x)

u(0, t) = 0, u(π, t) = 1

When using MEE, what if
▶ TBTD conditions not satisfied
▶ More general equations ∂xx → d

dx (p(x)
d
dx )

Back to then, after chapter 5.
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