
Final Exam Practice

PDEs and Applications, Spring 2025

Your name:

This is an open-note Exam, and you are supposed to complete the exam without getting help

from others. Please show your work or explain how you reach your answers. Answers without

work will receive little credit. Calculators or cell phones are NOT allowed in the exam. Please

turn off your cell phone during the exam.

1. (20 points =10+10). Fourier series and Fourier transform. Let α > 0.

(a) Let f(x) = e−αx
for x ∈ [0, π]. Compute the coefficients an in its Fourier sine series

F (x) =
!∞

n=1 an sin(nx) and evaluate limx→0+ F (x).
(b) Let g(x) = e−αx

for x ≥ 0. Compute its Fourier sine transformG(w) = 2
π

"∞
0

g(x) sin(wx)dx
and evaluate limw→0+ G(w).
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2. (20 points) Solve the initial value problem by the method of Fourier transformation:
1

⇢
@tu = @xxu� u, for �1 < x < 1, t > 0;

u(x, 0) = f(x).

1Formulas of Fourier transform that you may want to use: f(x) =
R1
�1 F (w)e�iwxdw, F (w) = 1

2⇡

R1
�1 f(x)eiwxdx

f(x) F (w) f(x) F (w) f(x) F (w)

e�↵x2 1p
4⇡↵

e�w2/4↵ f 0 �iwF (w) f(x� �) eiw�F (w)q
⇡
� e

�x2/4� e��w2
f 00 (�iw)2F (w) xf(x) �iF 0(w)

1
2⇡

R1
�1 f(y)g(x� y)dy F(w)G(w)

2



3. (20 points = 8+12) Eigenvalue problems.

(a) Find the values (if any) of � such that � = 0 is an eigenvalue to the eigenvalue problem

�00
+ �� = 0 for x 2 (0, 1), with �(0) = �0

(0) and �(1) = ��0
(1).

(b) Show that �1 = 1 + 1/4 and �2 = 4 + 1 are eigenvalues to the eigenvalue problem

⇢
r2�+ �� = 0, for 0 < x < ⇡, 0 < y < 2⇡;

�(0, y) = 0 = �(⇡, y);�(x, 0) = 0 = �(x, 2⇡).

by finding their eigenfunctions. Derive that these eigenfunctions are orthogonal.
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4. (20 points) Solve the initial boundary value problem by the method of eigenfunction

expansion: 8
><

>:

@ttu = @xxu� @tu, for 0 < x < ⇡, t > 0;

u(x, 0) = f(x), @tu(x, 0) = g(x);

u(0, t) = 0, u(⇡, t) = 0.
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5. (20 points) Consider the initial boundary value problem:

8
><

>:

@tu = @xxu, for 0 < x < ⇡, t > 0;

@xu(0, t) = 0, @xu(⇡, t) = 1;

u(x, 0) = f(x).

(a) Find the Green’s function.

(b) Find the equilibrium solution if there is one. Otherwise, explain why it does not exist.
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Solutions to some ODE problems:

y′(t) = ay(t) + f(t); y(0) = y0 y(t) = eaty0 +
" t

0
ea(t−s)f(s)ds

y′′(t) = 0; y(0) = A; y(L) = B y(t) = A+
B−A
L

t
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