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Unsupervised learning

Data: Unlabeled input X , output Y .
Goal: Learn the function f that Y “ f pX q.

Problem formulation

Consider the state-space model:

State model: dXt “ apXtqdt ` bpXtqdBt , with a, b known;

Observation model: Yt “ ftruepXtq, with ftrue unknown.

Data: tY
pmq
t0:tLuMm“1.

Goal: Identify the observation function ftrue .
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Generalized moments method

Let g : RL`1 Ñ RK is a functional of the trajectory Yt0:tL . We are
matching the moments

E rgpYt0:tLqs ÐÑ E rgpf pXt0:tLqqs .

«
1

M

M
ÿ

m“1

gpY
pmq
t0:tLq

“: EM rgpYt0:tLqs

We estimate the observation function ftrue by minimizing a notion of
discrepancy between these two empirical generalized moments:

pf “ argmin
f PH

EMpf q,

where EMpf q :“ dist pEM rgpYt0:tLqs,E rgpf pXt0:tLqqsq
2
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Proper choice of g

For efficient optimization, we select the functional g such that the
moments E rgpf pXt0:tLqqs for f “

řn
i“1 ciϕi can be efficiently evaluated for

all c “ pc1, . . . , cnq.

For example,

1 g1pYt0:tLq “ Yt0:tL ;

2 g2pYt0:tLq “ Y 2
t0:tL

;

3 g3pYt0:tLq “
`

Yt0Yt1 , ¨ ¨ ¨ ,YtL´1
YtL

˘

;
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Moments from Itô formula

For f P C 2
b , i.e., 2nd-order differentiable with bounded derivatives,

applying Itô formula:

df pXtq “ ∇f ¨ bpXtqdWt ` r∇f ¨ a `
1

2
Hesspf q : bJbspXtqdt.

In integral form, it is

f pXt`δq ´ f pXtq “

ż t`δ

t
∇f ¨ bpXsqdWs `

ż t`δ

t
Lf pXsqds.

where the 2nd-order differential operator L is

Lf “ ∇f ¨ a `
1

2
Hesspf q : bJb
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Moments from Itô formula

For Yt “ ftruepXtq and ∆Yt “ Yt`δ ´ Yt , we have the following equalities
for moments

Er∆Yts “ Er

ż t`δ

t
LftruepXsqdss “ ErLftruepXtqδs ` Opδ2q,

E rYt∆Yts “ E
„

ftruepXtq

ż t`δ

t
LftruepXsqds

ȷ

“ Erf LftruepXtqδs ` Opδ2q,

E
“

p∆Ytq
2
‰

“ E
„

|

ż t`δ

t
∇ftruebpXsq|2ds

ȷ

` E
„

p

ż t`δ

t
Lf pXsqdsq2

ȷ

` Er

ż t`δ

t
Lf pXsqds

ż t`δ

t
∇fbpXsqdWss

“ Er|∇ftruebpXsq|2δs ` Opδ1.5q

1 g4pYt0:tLq “
`

Yt1 ´ Yt0 , ¨ ¨ ¨ ,YtL ´ YtL´1

˘

;
2 g5pYt0:tLq “

`

Yt1pYt1 ´ Yt0q, ¨ ¨ ¨ ,YtLpYtL ´ YtL´1
q
˘

;
3 g6pYt0:tLq “

`

pYt1 ´ Yt0q2, ¨ ¨ ¨ , pYtL ´ YtL´1
q2

˘

;
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Loss functionals

The generalized moments we consider include the first and the second
moments, as well as the one-step temporal correlation:

Epf q :“λ1
1

L

L
ÿ

l“1

ˇ

ˇErf pXtl qs ´ ErYtl s|
2

looooooooooooooomooooooooooooooon

E1pf q

`λ2
1

L

L
ÿ

l“1

ˇ

ˇErf pXtl q
2s ´ ErY 2

tl
s
ˇ

ˇ

2

loooooooooooooooomoooooooooooooooon

E2pf q

` λ3
1

L

L
ÿ

l“1

ˇ

ˇErf pXtl qf pXtl´1
qs ´ ErYtlYtl´1

s
ˇ

ˇ

2

loooooooooooooooooooooooomoooooooooooooooooooooooon

E3pf q

,

EMpf q :“ Replace ErYtl s, ErY 2
tl

s, ErYtlYtl´1
s by their empirical mean.
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Hypothesis space

H “ tf “

n
ÿ

i“1

ciϕi : ymin ď f pxq ď ymax for all x P supppĎρT qu.

While ideally ymin and ymax are bounds for ftrue , these are typically
unknown, and we use instead the empirical upper and lower bounds:

ymin “ mintY
pmq
tl u

L,M
l ,m“1, ymax “ maxtY

pmq
tl u

L,M
l ,m“1.
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Estimator

The estimator from data is

pfH,M “

n
ÿ

i“1

pciϕi ,

pc “ argmin
cPRn s.t.

řn
i“1 ciϕiPH

EMpcq.
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Identifiability by quadratic loss functional

Definition (Identifiability)

We say that the observation function ftrue is identifiable by a data-based
loss functional E on a hypothesis space H if ftrue is the unique minimizer
of E in H.

Rewrite the quadratic loss function as:

E1pf q “ xf ´ ftrue , LK1pf ´ ftrueqyL2psρLT q,

where

LK1 is an integral operator with kernel K1,

K1px , x 1q “ 1
sρLT pxqsρLT px 1q

1
L

řL
l“1 ptl pxqptl px

1q,

ptl is the density of Xtl ,

sρLT is the average density of ptl , l “ 0, ¨ ¨ ¨ , L.
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Inverse problem

∇E1pf q “ LK1pf ´ ftrueq

f “ ”L´1
K1

”LK1pftrueq

1 When LK1 is not strictly positive (eg, Xt stationary process), the
inverse problem is ill-defined on L2psρLT q .

2 On the reproducing kernel hilbert space HK1 , the operator LK1 is
invertible but unbounded, the inverse problem is ill-posed on the
RKHS.
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Numerical examples: double-well potential

dXt “ pXt ´ X 3
t qdt ` dBt

Three observation function f pxq representing typical challenges:
nearly invertible, non-invertible, non-invertible discontinuous:

Sine function: f1pxq “ sinpxq;

Sine-Cosine function: f2pxq “2 sinpxq ` cosp6xq;

Arch function: f3pxq “
`

´2p1 ´ xq3 ` 1.5p1 ´ xq ` 0.5
˘

1xPr0,1s.

Qingci An (Joint work with Fei Lu) Unsupervised learning of observation functions in state-space models by nonparametric moment methods13 / 17



Numerical examples: double-well potential

(a) Process pXtq,
unobserved

(b) Process pYtq

for ftrue “ sine
function

(c) Process pYtq

for ftrue “

sine-cosine

(d) Process pYtq

for ftrue “ arch
function
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Estimation results

-2 -1 0 1 2

x

-1.5

-1

-0.5

0

0.5

1

1.5

f(
x)

Estimated
Projection
True

(a) Estimator

0 20 40 60 80 100

Time step

7.2

7.4

7.6

7.8

8

8.2

8.4

8.6

8.8

2-
W

as
se

rs
te

in
 d

is
ta

nc
e

10-3

Training data
New data

(b) Wasserstein distance

104 105 106

M

0.04

0.2

0.4

0.6

0.8

L2
 e

rr
or

Test point
Slope = -0.46

(c) Convergence rate

Figure: Learning results of Sine function f1pxq “ sinpxq
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Figure: Learning results of Sine-Cosine function f2pxq “ 2 sinpxq ` cosp6xq
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Figure: Learning results of Arch function f3
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