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Emily Riehl

Exercise 1. Let R be any commutative ring.2

(i) Describe an explicit bijection HomR(R
⊕m, R⊕n) ∼= MatR(m,n) between ho-

momorphisms and n ×m matrices with coefficients in R by explaining how
to define a homomorphism R⊕m → R⊕n given a matrix A.

(ii) Let A be an n×m matrix. For any 1 ≤ i ≤ m and 1 ≤ j ≤ n the composite

R R⊕m R⊕n R
ιi A πj

of the inclusion of the i-th component, the homomorphism corresponding
to A, and the projection onto the j-th component defines an element of
HomR(R,R) ∼= R. What is it?

(iii) For any d-dimensional column vector a⃗ and d-dimensional row vector b⃗ the
composite

R R⊕d Ra⃗ b⃗

defines an element of HomR(R,R) ∼= R. What is it?
(iv) Combining facts (i), (ii), and (iii) explain why the composite homomorphism

R⊕m R⊕d R⊕nA B

is given by the product B ·A of the n×d matrix B with the d×m matrix A.

Exercise 2.

(i) Let R be a commutative ring and let m be any maximal ideal with quotient
field k = R/m. Prove that for any free module F ∼= R⊕B over R, F/mF ∼= kB

as k-vector spaces.
(ii) Conclude that for any commutative ring if R⊕A ∼= R⊕B then A ∼= B, so that

free modules over any commutative ring have a well-defined rank.

Exercise 3. Let R be the ring of linear endomorphisms of a k-vector space V , that
is R := EndVectk(V ).

(i) Is R a commutative ring?
(ii) Prove that EndVectk(V ⊕ V ) ∼= R⊕4 as an R-module.
(iii) Observe that in the case V = k⊕N, V ∼= V ⊕V . Conclude that free R-modules

do not have a well-defined rank, unlike the case of Exercise 2.

Exercise 4. Classify homomorphism between free modules that do not necessarily
have finite rank. What is HomR(R

⊕A, R⊕B) for any sets A and B?3

Exercise 5. If M is a finitely generated free R-module a choice of basis for M is
given by an isomorphism M ∼= R⊕S .

1Problems labelled n* are optional (fun!) challenge exercises that will not be graded.
2Commutativity is not in fact necessary.
3Just write a few sentences unpacking the explicit definition. The description isn’t meant to

be especially nice.
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(i) Explain how a homomorphism ϕ : M → N of finitely generated free R-
modules may be encoded by a matrix by choosing bases for M and for N .

(ii) Let S and S′ be two bases for a finitely generated free moduleM of cardinality
n. Define the corresponding change of basis matrix as an element of GLn(R).

(iii) Say two matrices P,Q ∈ MatR(m,n) are equivalent if and only if they
represent the same homomorphism R⊕m → R⊕n. Redefine this equivalence
relation in terms of matrices.

(iv) Prove that P is equivalent to Q if P can be obtained from Q by a sequence
of elementary row operations.

Exercise 6*. Let R be a Euclidean domain.

(i) Prove that two n×m matrices over R are equivalent in the sense of Exercise 5
if and only if they can be linked by a sequence of elementary row operations,

(ii) Prove that every n×mmatrix is equivalent to a matrix A = (ajk)1≤j≤n,1≤k≤m

in Smith normal form, with the only non-zero entries including on the
diagonal aii with i ≤ m,n and aii | ai+1,i+1 for all i.
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