A COURSE ON HYPERBOLIC PDE
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2 BENJAMIN DODSON

1. THE WAVE EQUATION ON BOUNDED DOMAINS

Formally, the solution to the wave equation on a bounded domain is quite similar to the solution
to the heat equation on a bounded domain, although qualitatively the solutions are quite different.
Let M be a compact Riemannian manifold with boundary. The wave equation is given by

(1.1) % — Au=0,
for u = u(t,x), t € R, x € M. The initial conditions are given by
(1.2) u(0,z) = f(z), ut (0, z) = g(x).
Then if 9M is nonempty, impose the Dirichlet boundary condition
(1.3) u(0,2) =0, x € OM.

Now let u;j(x) again refer to the orthonormal basis of L?(M),
(1.4) uj € Hy(M)NC>=(M), Auj = —\juj, 0<A; Noc.
Then write
(1.5) u(t,z) = a;(t)u;(z).

J

Then the coefficients a;(t) satisfy
(1.6) A A

aj(t) + Aja;(t) =0, a;(0)=f(),  d5(0)=3(),  fU)=(fu),  90) = (g, u).
Therefore,

1.7 a;(t :fjcos)\l-/Zt +§j)\f1/2sin)\1-/2t.
J J j J
If OM = () and M is connected, then 0 is an eigenvalue of multiplicity one. In that case,
(1.8) ao(t) = £(0) + 4(0)t.
Remark 1. Notice that for any t € R,
1. i —1/2 G (\/2¢) = ¢,
(1.9) /\1{‘%)\ sin(A/t) =t

Suppose for simplicity that all A; are nonzero. Then a solution to (1.1))—(1.3)) is given by
i 1/2 Ly —1/2 .\ 1/2
(1.10) u(t, @) = D [F() cos(N"20) 4+ ()72 sin(\ 1) (),
J
which is equivalent to the operator expression

sin(ty/—A)

(1.11) u(t,z) = cos(tvV—A)f + ﬁg.

Then we have

(1.12) feD,, geDy, implies wuecCR,D,), 9 cCR,Ds ;).
Recall that

(1.13) Dy ={ve L*(M): > [0(j)PA; < oo}

J=0



According to the definition Dy = L?, D; = H}, Dy = H*(M) N H} (M), and
(1.14) Dy, € H* (M).

Then if s > 2, v € C(R x M) and then the boundary condition (1.2) is satisfied in the ordinary
sense.

Now define the energy norm

(1.15) By(t) = lu@®)llB, + llu: )3,
where [|v]|p, = [|(—A)*/v|r2(m). Therefore if

(1.16) u € CY(R,D,) N C*R,D,_1),
(1.17)

%Es(t) = 2Re(us(t), u(t))p, +2Re(us (t), s (t))p,_, = 2Re(us(t), (—A)*u(t))+2Re(us(t), A(=A)*tu(t)) = 0.

Therefore, we have the energy identity
(1.18) E;(t) = E5(0).
In the case that A\g = 0, (|1.15]) annihilates constants, so we don’t quite get a norm. We now prove
that wave equations satisfy the finite propagation speed.
Consider
(1.19) Do =N;D;.
Notice that Do, € C°(M). If K C M is closed, s € R, we say that f € D, is D-supported in K if
and only if
(1.20) (v, f) =0, for all v € Do such that supp(v) C M\ K.

This notion coincides with the familiar notion of support when s > 0.

Lemma 1. Let K C M be closed, s € [0,00), v € Dy C L*(M). Then v is D-supported in K if
and only if v is supported in K in the usual sense, that is, v(x) =0 for almost all x € M\ K.

Proof. Let w € Dy have support in the usual sense on a closed Set LC ﬂ\ K If v € Dy vanishes
point wise almost everywhere on M \ K, then certainly (v,w) = [, v x)dV(z) = 0. This
proves (<).

Now suppose conversely that (v, w) = 0 for all w € Do, that vanish point wise on a neighborhood
of K. In particular, (v,w) = 0 for all w € C§°(M\ K), so v vanishes point wise almost everywhere
on the open set U = M \ K C M. Therefore, the closure of U lies in M \ K, which completes the

proof. O
For s <0, C§°(M) is dense in D,. For s < 0, given p € OM, there is a nonzero v, € D;, for any
s < —% —1, defined by (u,v,) = aa(p and v, is D-supported on {p}.

Proposition 1. If K C M is closed, and
(1.21) Kq={zx € M:dist(z,K) < d},
then if f € Dy, g € Ds_1, are D—supported in K, it follows that

(1.22) cos(tvV—A)f,
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and
sin(tv/—A)
(1.23) ﬁg’

are D—supported in K4 for |t| < d.
Proof. Let v € Dy be supported on M \ K4. Then,
(1.24) (cos(tvV—A) f,v) = (f,cos(tvV—A)v).

Assuming for a moment that cos(tv/—A)v has finite propagation speed when v € Dy, since v
is smooth, so the right hand side vanishes for [t| < d. The same sort of analysis applies to
(—=A)Y2sin(tv/=A)g, to complete the proof. O

To show finite propagation speed for smooth functions, suppose 2 does not intersect R x oM,
suppose that 9Q consists of two smooth surfaces ¥; and Xs, and let €; denote the intersection of

O with {¢t} x M. If u solves (L.1)),

(1.25) 0= / ue(ugy — Au)dVdt = 1 / 9[u§+\vmu|2]dvczt— / divg (s V pu)dV dt.
Q 2 Jo Ot Q
Therefore,
1
(1.26) 0:,/ [uf+|qu\2]w—// g 2L a8, dt.
2 Jaa 00, Vs

Here dS; is the natural surface measure on 9. If N = (N, N,) is the outward pointing normal
to 02 C R x M,

(1.27) w=NydS,  dSydt=|N,|dS.

Thus, if u satisfies the wave equation on €2,

o o
(1.28) /{[uf+\vmu|2}|Nt\—2ut—u|Nx\}dS:/ ([ue]? + [Voul2]|N| + 20 =L |N, [}dS.
b OV;E >N 8V;E

Since
ou
(1.29) 2|uy (‘31/1| <l + |Vaul?,
if
(1.30) |Nz| < |Nil,
then
9 9 ou
(1.31) [ui 4+ |Vu|]| Ne| — 2ut§|Nw\ >0,

point wise. This implies finite propagation speed.

Proposition 2. If s € R and f € D, is D-supported in a closed set K C M, then for any
neighborhood Kq of K, there exists a sequence f; € Do, all supported in Kq4, such that f; — f in
Dy.



Proof. Choose ¢ € C§°((—d,d)), [ ¢(t)dt =1, and consider

(1.52) fi= [eieose/=Rofat, o3(t) = e

Integrating by parts,

(1.33) (=AY f; = / P21 (t) cos(tv/—A)dt € D,

for each k, so f; € Duo. It is clear that f; — f, and by Proposition [1} each f; is D-supported in
K ;. Therefore, by Lemma |l each f; is supported in Kg. O

2. WAVE EQUATION ON UNBOUNDED DOMAINS

Now consider the wave equation on R x M, where M is a noncompact Riemannian manifold.
Assume that M is complete and without boundary. Construct the solution to the wave equation

0%y

(2.1) o2 Au =0, on R x M, u(0,z) = f(x), ut(0,z) = g(x),
under the hypothesis

(2.2) feHy(M), gelL* M),  supp(f,g) CK,

where K C M is compact. Then produce the unique solution

(2.3) u € C(R, H'(M)) N CY(R, L2 (M)),

with the property that

(2.4) supp(u(t)) is compact in M, vt € R.

Let O; C M be compact subsets with smooth boundary, such that O; cC O CC ... CC O; CC N
M. Given f,g € K and s > 0, choose N sufficiently large so that K; C Oy, where K, = {o € M :
dist(z, K) < s}.

Now let A be the Laplace operator on O;, with Dirichlet boundary condition, so that cos(ty/—A;)
and (—A;)71/2sin(t\/—A;) are defined on L?(0;), Hi(O,), and so forth. By finite propagation
speed,

in(ty/—A4,
(2.5) u(t) = cos(t\/—Aj) f + Sm(\/T])g, for [t| < s,j > N,
]
which has support on Oy and is independent of ;7 > N. This specifies the solution to (2.1)), given
(2.2). Define

(2.6) U()Lf, 9} = {u(t), dru(®)},

obtaining a one—parameter family of maps

(2.7) U(t) : Cg°(M) & Cg° (M),

which satisfies the group property

(2.8) U0) =1, Uty +t2) = U(t1)U(t2).
Moreover, if f,g € C§°(M), the proof of energy conservation implies

(2.9) 1712ty + 191220y = Ity + 100u(2) 32 00y
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for each ¢t € R. Set H to be the completion of C§°(M) in the norm

(2.10) £ 117 = lldf [ 2 an)-
Proposition 3. The family of maps U(t) in (2.6) has a unique extension to a unitary group
(2.11) U(t) : Ho® L*(M) — H o L*(M).
The wave equation solution may be used to solve the heat equation,
0
(2.12) ai: = Au,  u(0,z) = f(x).
Suppose f € L?(M) is supported in a compact set K. Now then, if K C O, e!?i f is defined by
(2.13) e f =" e f(j)uy(x).
J

Completing the square,

(2.14) Z \/Z% /:’O 6752/4t COS(S\/Yj)f(j)dS _ Zeft)\jf(j) _ etAjf.

J

Therefore, consider

(2.15) HOS@) = = [ e W) flayds,

where W (s) f(z) = v(t, z) solves with g = 0. Then if f is supported on K,

(2.16) W (s)f(z) = cos(sy/—A;) f(x), if K, C O;.

Then,

QI HOf@) = fe)+ = [ T )1) — ot/ BN
where if K C Oy,

(2.18) T; = {s € R: dist(K,00;) < |s|}.

Since cos(sy/—A;) and W (s) have L?-operator norms < 1, we have

(2.19) H(t)f = Jim etAif, in LEHM),

for f € L?(M) with compact support. Here €' f(z) is set equal to zero on M \ O;. Thus, H(t)
extends uniquely to an operator on L?(M) of norm < 1, and we have

(2.20) H(t)f = jlggo eBiPf,  in LAM),  Vf e L*(M),
where P; f(z) = xo, (z)f(z).

Proposition 4. If M is a complete Riemannian manifold of dimension n, the operator H(t) has
integral kernel h(t,x,y), smooth on (0,00) X M x M and satisfying the estimate

(2.21) 0 < hit,2,5) < Cr(e, O)n(y, 6)(1 + ¢~ (t71p)F) 20/,

where dist(x,y) = p+ 26, k(x,0) = C(U), for U the ball of radius § > 0 centered at x and k > 7.

(2.22) H(t)f(x) = /M ht, 2, 9) f()dV ().
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Furthermore, under certain hypotheses on M, h(t,z,y) will decrease rapidly as dist(x,y) — oo for
fized t > 0.

Proof. Let U; be open sets in M and let p = dist(Ur,Uz) = inf{dist(y1,y2) : y; € U;}. Assume f
is supported in U;. Then by finite propagation speed,

(2.23) H(t) f(z =S (s) f(x)ds,  for  x € Un.

7]
= — e
)= Vi 2| >p
Now if R; f(z) = xu, (z)f(z),
1 2 2
(224) ||R2H(t)R1||L(L2) S 7/ efs /4td5 S €7p /4t.
VATt Jis)>p
To estimate derivatives, use the equation 92W (s) = AW (s). Integrating by parts,
1 _.a
)= gim @ W s@as
s|>p

given x € Us, supp(f) C Uy. Making the estimate

(2.25) AFH () f(x

(2.26) |02k e=5" /4| < Cpt=F((4t) L s2) ke 5"/,

Therefore,

Q2 IRATHORcan < Ot [ (14 5o s < O gy re o
p/Vt

For k > %, n = dim(M), there is a Sobolev estimate of the form

(2.28) [f(@2)] < CUA*Fll 2wy + 1| 20))-

Therefore,

(2.29) 1At 22, )2y < C'C(U)(1+17R (T p2)R)er" /2,

By symmetry and another application of the argument,
(2.30) |h(t, 2, 21)| < C'C(UY)C(Un)(1 + tF (17 p2)F)2e 0" /4,

Positivity follows from the positivity of heat kernels h;(t, z,y) of et®i . In fact, by the maximum
principle for the heat equation,

(2.31) 0 < hj(t,z,y) /h(t,z,y), as  j — oo.
Therefore the proof is complete. |

3. THE LINEAR WAVE EQUATION
Now let u(¢,z) be the solution to the linear wave equation
(3.1) Opu — Au =0, u(0,2) = f(x), ut(0,2) = g(x).

The finite propagation speed computations easily imply uniqueness for a solution to (3.1). Now
then, in one dimension, the solution may be given by

x4+t
(3.2) u(t, z) = %f(x —t)+ %f(x +t) + %/_t g(s)ds.



8 BENJAMIN DODSON

It is possible to generalize (3.2]) to R™ with n odd. Let A, denote the spherical means of a function,

1
(33) (Ah)(a) = o= [ b+ ry)do(y)
47 S2
By the divergence theorem,
(3.4)
1 r r—2

Or-(Arh :vz—/ Veh(x +ry),y)do(y) = — Azh(x +ry)dy = —A, h(y)dy.

(An@) = g [ (Fehte ) iiot) = o [ ety ="an [ ww
Rewriting the last integral in polar coordinates,

1 T
(3.5) o ho)dy = [ Auh(o)dp
T Jly—a|<r 0
Therefore,
(3.6) O, (Ah(z)) = r—2A, / 2 A, h(w)dp.
0

Therefore,
(3.7) E(TQQA h(z)) = Agr?Aqh(x)

' or> or " ST '
Therefore, H(r,x) = A,h(z) solves Darboux’s equation

92 20

. — +-——)H =AH .
(38) (g + 2 ) H(r,2) = AL H(r,2)
Now then, r — A,.h(x) is even, so
(3.9) H(0,z) = h(z), 0rH(0,2) = 0.

Now then, suppose u(t,z) is C? and that u solves (3.1)) in R**3. Now set

1
(3.10) Ulrit,2) = (Arult, (@) = / ult,z + ry)do(y).
T Js2
Therefore,
92 290 0?

11 AU=(=+-"VWU=rt— .
(3.11) U (87‘2 * r 37’)(] " o (rt)
Since du(t, z) = Ayu(t,z),
(3.12) AU 1/Au(tx+r)d() 182/u(t:17+'r)d() 82U

: aU = "= zull, oY) ="—535 , o(y) = ==U.

47 S2 4 y A7 8t2 S2 y y 8t2
Therefore,
(3.13) v(t,r) =rU(r;t, x),
solves the one dimensional wave equation
(3.14) O2v = 0w, v(0,2) = rA, f(z), 0(0,2) = rA,g(z).
Plugging in (3.2) to (3.14)),
1 1 4+t

(3.15) o) = 5l + DA f @)+ =04 S @]+ 5 [ pAsgla)dp



Since A, f and A,g are even functions of r and since v = rU,

! A A Lo A
(3.16) U= 54 ) Aven (@) = (6= e f @)+ 5 [ pA (o

Now then, since u(t,z) = U(0;¢t,x), and letting r \ 0,

/| _ ‘:t[tg(y) + (W) = (Vyf(y),z — y)ldo(y).

(3.17)  w(t,x) = O (tALf () +tArg(x) = s
Proposition 5. Any C? solution of the Cauchy problem (3.1) in R x R3 must be given by (3.17))

and therefore must be unique. Conversely, if f € C3(R3) and g € C*(R3), then if u is given by
(8.17), then u solves (3.1). Also observe that u satisfies the sharp Huygens principle.

If n > 3 is odd, let
1
(3.18) Avh(z) = / Wz + ty)do(y),
Snfl

Wn—1

where w,_1 is the area of the unit sphere S"~! Cc R”. If n =2k + 1, let
10

(3.19) v = (r o

VL=t A u(t, x).

In this case, 9?v = 92v and
10 1 ok _ (1O ok _
O f ) = o), B(0,7) = () A g () = ().

Then vy — v, = 0, so therefore v solves the one dimensional wave equation. This fact follows from
the identity

(3.20) v(0,r) =(

Lemma 2. Let ¢ : R — R be C**1. Then

d?> 1d 1d d
(3:21) (DY) = (L Lk a?)
Proof. Prove this by induction. When k£ =1,
d? 1d
(3:22) (25)(r0) = 20/(r) + 10" (r) = (- 2)(0).
Now show that implies that the same result holds with k replaced by k£ + 1.
d> 1d oo @ ld g 1 d gy
(W)(;ﬂ) (r**e(r)) = (ﬁ)(;a) (;5)(7“ o(r))
A 1d gy 2k—1 2k 41
- = () (o) H (@ + 1Dr2 () + 1246/ (1)
= G M@+ g () + 24 (9 (1) = (A (2K 207246 () 24167 (1)
d
= (D)),

Remark 2. This proof was showed in class by Zhexing Zhang.
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1
(3.24) v(r,t) = §[¢(r +1t)—d(r—1t)] / P(s)ds.
There are constants ¢; with
(3.25) cg=1-3-5---(2k—-1)=1-3-5---(n—2).
Therefore,
10 g ok i P il

(3.26) (-5 e ol Zcﬂj 6(r).
Taking r 0,
(3.27) (t,x) = lim Au(t, z) = lim ! (r,t) Glr=t + 11/)(15)

. U =1 Tu,71—vr *—Tr: — .

’ ™0 ™0 Cp co ¢ Co

Proposition 6. Ifn is odd,

1 & 10
1~3-5--~(n—2)[8t(t6t)

(3.28) ult, z) = %

A @)+ () Ag()]
Therefore, u satisfies the sharp Huygens principle. Also, u is a C? solution if f € C"+3)/2(R")
and g € CTU/2(R™),

When n is even, use Hadamard’s method of descent. If u solves a wave equation in R'*", then
u is also a solution on R x R™*! that is independent of the last variable x,, ;1. Therefore,

1 010 _—
1-3-5(n— 1wy [8t(t 5‘t> t /y|2+yi+1—1 f(z +ty)do(y, Yn+1)

10 n2,,
v 8t) ¢ 1/ 9(z +ty)do(y, yni1)]-
lyl2+y2, =1

(3.29)

Projecting the upper and lower hemispheres of S"~1 onto |y| < 1, where dy = \/1 — |y|2do (y, Yn+1),

G e [ flo+tr) =2
1-3-5- (TL — 1)wn ot t ot ‘y|2+yi+1:l 1— ‘y|2
1 8) dy l

+(= 2 yn—1 / gz + ty) ——
t ot 292, ,=1 V1=[y)?

Theorem 1. If k = 2,3,... f € CI"/ATF(R") and g € CI/A+HE=L(R"), then the Cauchy problem
has a unique solution u € C*(R'\™). Also, if f and g are supported in{z:|z| < R} and if n
is odd then u(t,z) = 0, unless |t — |z|| < R and u(t,z) = O((l +1)” ) For such data and even
n, |z| <t+ R in the support of u and u(t,z) = O((1 + )~ "= (1 + |t — |]|)

(3.30)
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4. THE CAUCHY-KOWALEWSKY THEOREM

The Cauchy—Kowalewsky theorem asserts the local existence of a real analytic solution to the
Cauchy problem

o o7
8tm Z D, Aty 8t?:f(t’x)’

7=0 |a|<m—j
u(to, ) = go(x),- - ,8;”_1u(to,x) = gm—1(2).

Suppose that A, (¢,z) and f(¢, ) are real analytic on a neighborhood of (t, o) in R™™! and go,
...y gm—1 are real analytic in a neighborhood of xg in R™. Without loss of generality suppose tg = 0
and z¢ = 0.

(4.1)

As in the case of ordinary differential equations, it is possible to convert (4.1 into a first—order
system.

u 01 0 0
w2 o| % | |00 1 0

' ot : 0 :

m—1
o 0 0 0 (&)
Rewriting (4.2)),
d
(4.3) 5 = Lto)deu+ Lo(ta)u+t £ u(0,2) = g(a),
where
n

44 L
( ) Z J 8(EJ

j=1
Suppose that L;(t,z) are real analytic, K x K matrix—valued functions, and f and g are real
analytic, with values in C¥. Then

J
(4.5) 0 u =" "(DI(0] ™' L)0uOku + (8]~ Lo)dju] + 0/ f.
1=0
Then by induction, ag + (0, ) is uniquely determined. Therefore, D has at most one real
analytic, local solution .

On the other hand, if we can use (4.5) to get sufficiently good estimates on 9 ul—g = u;41 (),
that the power series

(4.6) u(t,z) = Z lu ()t

J
=7

converges for ¢ in some neighborhood of 0, then (4.6]) furnishes the solution to (4.3)). Set up(x) = g(z)
and define w41 (x) inductively by

(4.7) wj (2 ZZ 7L, (0, ) - Byuy(x) + &1 (0, ).

=0 v
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It is useful to extend the real analytic coefficients and other data to holomorphic functions defined
on a neighborhood U in C™. Similarly, extend L(t,z), f(¢,z), g(z) as functions holomorphic in
in a neighborhood of 0 € C". Suppose L(t,z), f(t,2), and g(z) are all holomorphic for z in a
neighborhood of the closed unit ball B C C" with real analytic dependence on ¢ for |t| < 1.

Define the Banach spaces h; of functions f, holomorphic on B, and having the property that
(4.8) N;(f) = sup 8(2)’| f(2)],
z€B

is finite, where §(z) = 1 — |2| is the distance of z from B. Now then, from (L.7),

(4.9) Njp1(ujr) < ZZ 10/ 7' L (0) | e () Ny 41 (D) + Nj11.(9 f).

=0 v

Claim 1. There exists a constant 7y, depending only on n, such that
(4.10) Nj1(0z,w) < y(j + 1)N;(w).
Since N,(v) < N;j(v) for I < j,

(4.11) Njy1(ujer) <G +1) ZZ )0/ L (0) | e Ni(ur) + Njsa (9] f).
=0 v

Given the hypothesis on L, namely that L is real analytic in ¢ for |¢| < 1, we can assume there
are estimates of the form

(4.12) Zna L, (0)]| z= () < C1A™ml.

Now make the inductive hypothesis on u; that there exist constants Cy and p such that
(4.13) Ni(ug) < Cop'll, 0<1<y.

The case when [ = 0 follows from the hypothesis on g(z). Also assume that for all j,
(4.14) Ny1 (01) < Cop (j + 1)

Plugging (4.13)) and (4.14) into (4.11)), yields

(4.15) Njs1(ujyr) < yC1Co(j + 1)! Z)\J Lt Copd (5 + 1),
=0

Suppose without loss of generality that g > 2X and p > 2yC; + 1. Then Z{:o Nt <247, so

(4.16) Njpr(ujp1) < Co(j+ DI2yC)! + Cop (j + 1)< Cop? (5 + 1)1
This completes the induction,
(4.17) N;(u;) < Cop? 5, for all J-

Proposition 7. Given the real analyticity hypothesis on (4.1), there is a unique real analytic
solution u(t,x) on a neighborhood of (to,zo) in R, The size of the region on which u(t,x) is
defined and analytic depends on the size of the regions to which the coefficients and data of (4.1))

have holomorphic extension, determined by (4.12]), , and (4.17).
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It is possible to restate the Cauchy—Kowalewsky theorem in coordinate—invariant fashion. Let
S be a smooth hypersurface in an open set O C R". If S is noncharacteristic for a differential
operator P = p(x, D) of order m if for each x € S, op(x,v) = p,(x,v) is invertible, where v is a
nonvanishing normal to S at z.

Remark 3. Let Pu(z) = 3, <,, PaD%u(z), where D% = D" --- Dii», where Dj = %%. The

n

coefficients po(x) could be matriz valued. Then,

(4.18) Pm(,8) = Y pal@)E?,
lo|=m

is called the principal symbol.

Consider the following Cauchy problem,
(4.19) p(z, D)u = f, uls = go, Yuls = g1, Y™ s = g1
Then on any neighborhood of zy € S, we can make an analytic change of variables for some real

analytic invertible A(x), @ = A(z)~'p(x, D) has the form of (4.1), and S is given by ¢t = 0. Then
9} jls can be determined inductively from ulg, ..., YJuls.

Proposition 8. If p(x, D) is a differential operator of order m with real analytic coefficients on O,
S is a real analytic hypersurface in O, Y is a real analytic vector field transverse to S, and f and
g; are real analytic, then there exists a unique real analytic solution to (4.1) on some neighborhood

of S.
Now to prove a uniqueness result.

Proposition 9. Let P = p(x, D) be a differential operator of order m, with real analytic coefficients
on an open set O C R™, and let S C O be a smooth noncharacteristic hypersurface. Suppose that
u € H™(O) solves

(4.20) p(z,D)u=0 on O, uls =0,Yuls =0, e Ym*1u|s =0.

Proof. Suppose O \ S has two connected components, OF and O~. Alter u to produce v so that
v=u(z) ofr x € OF and v =0 for € O~. Then by (4.17),

(4.21) v e H™(0), p(z,D)v =0, on 0.

Choose z¢p € S. If S is noncharacteristic at zp, then there exists a real analytic hypersurface ¥,
tangent to S at zo. Make a real analytic change of variable so that Q = A(z) 'p(z, D) has the
form , and X is given by t = 0, say z,, = 0. Choosing ¥, appropriately, arrange S so that
S is given by t = ¢(2')? > |2'|?, where 2’ = (x1,...,7,_1). The adjoint operator @* also has real
analytic coefficients on O. Let X, =ON{t=7}. Let 2, =O0Nn{t=1}.

By the Cauchy-Kowalewski theorem, there exists § > 0 such that, for 7 € (=4, ) and a polyno-
mial a on R™,

(4.22) Q*w = a, w= 0w =...= 0" tw =0,

on ¥, has a solution w that is real analytic on {z € O : |z — 29| < § + V/3}. If we pick 7 € (0,6)
and let U, be the set bounded by ¥, and S,

(4-23) (uaa)LQ(Z/l.,) = (U,Q*W)Lz’(uT) = (Q%w) =0.

By the Stone-Weierstrass theorem, since the polynomials are dense in C(U; ), u =0 on U.. |
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4.1. Some Banach spaces of harmonic functions. Let B be the unit ball in R and let X be
the space of harmonic functions f on B such that

(4.24) N;(f) = sup 3(z)| f(x)],

is finite, where §(z) = 1 — |z| is the distance of = from dB. When k = 2n, R*" ~ C" via
21 = 21 + 1%p4i. Then the space h; of holomorphic functions on B such that (4.24) is finite is a
closed, linear subspace of &;. Now then,

(425) aﬁg[ : hj — hj+1,
and

0
(426) 81 = aixl : Xj — Xj+1.

Now then, recall the Poisson integral formula on R¥.

Lemma 3. If u is harmonic on Q C R* and p € B,(p) C Q, then for any w € S*~1,

k—1

(4.27) w - Vu(p) = TTAvgaBr(p) {w- (y—puly)}.

Therefore,

0 k
(4.28) B, @) = @) Ly — z)uly)}
Now then, for y € 0B,(z), |yi — 1| < p and 6(y) > §(x) — p. Taking p = B6(z), 0 < § < 1,
k—1 k—1 .

4.29 du(z)| < pl(1 = B)S(x)] I N; ———_§(x)"UTYIN; (u).
(4.29) |Oru(z)] < = pl(L = B)é(x)] ™ Nj(u) = ﬂ(liﬁ)() i (u)
Therefore, for u € &,
(4.30) Nj1(9u) < b1 ———N;(u)

‘ G TUI )T
The factor on the right is minimized at g = ]% Plugging this into l ,

1 _
4.31 1-—) 7 <e.
(1.31) (1-—p)7 <
Indeed, Y07 G +1)" = =, so by Taylor expansion log(1 — 7 +1) > —=.s0 follows. Therefore,
(4.32) Njt1(O) < (G + DN (), = (k- 1)€~
Also since 871 = %(81 — i0n41), for all j >0, u € hy,
Ju

(433 Nys1(Go) < vl + DNy (a):
Therefore, arguing by induction on (4.32)), for u € Xjp,
(4.34) N (D%u) < 43t (m!)No(u), la] =

Corollary 1. The estimate (4.34)) implies real analyticity of harmonic functions.
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5. GEOMETRICAL OPTICS

In this section we look at solutions to the wave equation,
0%u
5.1 - Au=0,
(5.1) ot2
where R x M, where M is a Riemannian manifold, having initial data with a simple jump across
a smooth surface,

(5-2) u(0,2) = a(z)H(p(2)),

where H is a Heaviside function, H(s) = 1 for s > 0, H(s) = 0 for s < 0. Alternatively suppose
the initial data is highly oscillatory,

(5-3) u(0,z) = a(x) F(Ap(x)),

where A > 0 is large and F' € C*°(R) is bounded, together with all its derivatives, as well as an
infinite sequence of antiderivatives. Assume a € C§°(M) and Vg # 0 on a neighborhood U of
supp(a). Also suppose

(5.4) ug(0,2) = 0.
We show that for |t| < T, for T sufficiently small, u(t, z) has the asymptotic behavior

(5.5) u(t,x) ~ Z uj(t, x),

j=0
where in case (5.2)),
(56) Uj(t, .’ﬂ) = Za;‘t(tvx)hj(soi(tvx))’
+

for certain functions h; € C*°(R\ {0}) whose j-th derivative jumps at 0. In case (5.3),

(5.7 us(t2) = (6,2, 0) = 3 AT (1,2) B O (2)),
+

for certain F; € C*°(R). In both cases, aji, ot € C®((=T,T) x M) with

(5.8) ¢™(0,2) = p(a),

and ag (0,2) + ag (0,2) = a(z). The functions ¢* are called phase functions and aji are called
amplitudes. Take hg = H and Fy = F. Also, u—>3_ j<N Uj s relatively smooth and relatively small
for N large. B
Recall the product rule and chain rule,
A(uww) = (Au)v 4+ 2Vu - Vo + u(Av),

(5.9) AF(u) = F'(u)Au + F" (u)|Vul?.

Plugging (5.9) into the wave equation with u;(t,z) =Y, /\_ja;:(t7 o) Fj(A\p™ (t, 7)),

(0F = A)uy(t,x) =Y N a5 Ff (Ap™)(|0:0F > — Voo™ |?)
(5.10) +
HNTIF (Ae®) (207 0ha; — 2V40 - Vaai + a Ap®) — X F;(Ap™)(Da7)).
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Grouping the terms with coefficients A*,

(5.11) p=2: > af F'(A®)(|0™ [ — [Vap™ ) =0
+
(5.12)
p=1: Y [ay B Q™) (1005 P = Vo™ ) +F (A ™) (207 0ag —2V 0™ Vai +a5 Tp®)] = 0,
+
p=0: > [ar Fl 001000 — [Vap™[?)
(5.13) +

+Fj (™) 20 Oy — 2Vop™ - Vaar +a;0p") + Fj1(Ae*)(0aj,))] = 0.

First observe that vanishes provided ¢* satisfies the eikonal equation
(5.14) 00T |* — | Vo™ > = 0.
Lemma 4. There is a neighborhood U of K = supp(a) and a T > 0 such that this initial value
problem has a unique pair of solutions p* € C=((—~T,T) x U) satisfying
(5.15) p*(0,2) = plz), O™ (0,2) = £|Vaip(2)].
Proof. Consider the general first order partial differential equation
(5.16) F(z,u,Vu) =0,
where F(u, z,§) is smooth on  x R x R™ and u|s = v, where S is a smooth hypersurface of  and

v € C™(S). Set Go = (aml - af”ﬂ) at zo and assume that

oF

(5.17) F(z0,v(0), (Co,70)) = 0, €,

# 0.
This is the noncharacteristic hypothesis.
Definition 1 (Eikonal equation). An eikonal equation is an equation of the form
(5.18) F(z,Vu) =
Note that in the case of Lemma [4]
(5.19) F(21, s @1, &1, vonng1) =G 4 . + 62— 2,1 =0,

where £, 11 = Oy and §; = 5% for 1 < i < n. Here we let S = R” be a hypersurface in R*+!.
Then
oF

8€n+1

(5.20) £0,

on S, since V| # 0 on S.

Returning to the general eikonal equation, we say that A is a graph of £ if and only if £ = E(x)
is a graph of du.

Proposition 10. The surface is locally a graph if and only if

0= 0=,
21 = = ==
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Proof. The condition 1' is equivalent to the condition that > j Ej;dz; is closed. Indeed,

— 0=,
(5.22) d(zj: E;dz;) = Z a—x;dxk Ndzj; = 0.
Therefore, by Poincare’s lemma, ) =;dz; = da for some 0-form a. This implies that { = du. O

Proposition 11. The surface A is the graph of u locally if and only if o(X,Y) =0 for all X, Y
tangent to A, where o is the symplectic form

j=1
Proof. Take
0=, 0
(5.24) dxy, &,
Now then,
9% 0 =0 _ 0% 0=
(5.25) o(Xj, Xi) = o( Z dx; 0§’ 5'17k Z O; 6& Oz Oy

Now specify a surface ¥ of dimension n — 1 over S = {z,, = 0} by
(5.26) Y={(z,&) :x, =0, & = ojv, 1<j<n-1, F(x,&) =0}.
Since % #0, F(2',0;01v, ...,0n—1v,7) = 0 implicitly defines 7(2’). This defines a smooth surface
of dimension n — 1 through (xg, ({o, 70))-

Now define A to be the union of integral curves of the Hamiltonian vector field Hr through ¥,

OF 0 oF 0
Z

.2
(5:27) * 0¢; dx;  Ox; 0

Since Hp has a nonvanishing 6— component over S, locally A is the graph of a function £ = Z(x).
Also, it is straightforward to see from ) that Hp F' = 0.

Theorem 2. A is locally a graph of du for a solution u to F(x,du) =0, u|s = v.

Proof. Let X, Y be tangent to A at (x,£) in A C R?" and take o(X,Y). Suppose z € S and
(z,€) € 3. Decompose X = X; + X and Y =Y + Y5 where X; and Y] are tangent to 3, X5, Y5
are multiples of Hp at (z,&).

Since ¥ is the graph of a gradient,

(528) O'(Xl,Yl) =0.
Next,
0 o=, 0 oF 0 oF 0
X1,Ys) = co(Xy, Hp) = co(=— — Sy
J( b 2) CU( b F) ca(aiﬂj + . &rj 8& Z 3@ 8:cj a$j (%J)
(5.29) j
oF o=, OF

:87@4_ 6933 8& XJ(F):O
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The last equality follows from the fact that F' =0 on ¥ and X is tangent to X.
Now suppose X and Y are tangent to A at a point F*(x,£), where (x,£) € ¥ and F* is the flow
generated by Hp. Then

(5.30) o(X,Y) = (F' o) (FIX, F}Y).

Now then, ]-'gX and fﬁtY are tangent to A at (z,£) € A. It is a theorem of symplectic geometry
that Hp leaves the symplectic form invariant. Therefore,

(5.31) o(X,)Y) = a(]-"utX, ]-"EY) =0.
This proves the existence of a solution to the eikonal equation. (Il
Now turn to the p = 1 term, given by (5.12). The term (5.12)) vanishes provided
1 day + +_ * +
(5.32) 23 5 = 2V, ™ - Veay — ay (Op™).

By (5.15), ¢* # 0 on U for |t| sufficiently small. The linear equations (5.32)) for af are called the
first transport equation. Now then, using (5.3)), (5.4),

(5.33) al +ay = a, ofad +¢rag =0, at t=0.
Therefore,

1
(5.34) ag (0,z) = ag (0,7) = ia(x).

We have aF € C®((~T,T) x U), compactly supported in U for each t € (—T,T) for T sufficiently
small.

Now turn to the 4 =1— 7 <0 term, 7 > 1. This term vanishes provided

(535) Fj(S) = /Fj_l(s)ds,
and
. Oa + Rty +
(5.36) 203 el 2V~ - Vea; + a5 (Op™) = —Oaj_;.
Equation ({5.36) is called the higher order transport equations. If u(t, x) is given by (5.5) and (5.7]),
(5.37) Ovuy ~ ) INTIaFFi(T)ei + A (0a7) Fi (Ao ™).
+

Using (5.4)) and also requiring that u;(0,z) = 0 for j > 1, we require that

(5.38) af +a; =0, Y [6FFj(Ae®)of + (i ) Fioi(Mp™)] =0, at  t=0.

+
Using (5.35)) and (5.15),
(5.39) af +a; =0, ¢i (af —a;) =—=8(a] | +a;_y), at t=0.

Then the transport equations 1l have unique solutions a;t € C®°((-T,T) x U) that are com-
pactly supported in U for each t € (=T, T).
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Now obtain some estimates on the solutions. Set

N
(5.40) uN = Zuj.
j=1
Then vy satisfies
82
(5.41) % — Avy =rn(tz), un(0,2) = a(z)F(Ap(x)), Own (0, 2) = py (),
where
(5.42) pn(z) =27 Z diat(0,z) - Fx(Ap),
+
and
(5.43) ra(t ) = AN (Oay)Fx (Ap®).
+

Consider the following elementary result.
Proposition 12. If o* € C®((=T,T) x M) and b € C§°(M), then
(5.44) (N1 b(z)Fy(MpT) - XA > 1}

is bounded in CV((=T,T), H*=3(M)) for each u, j > 0 provided Fy(s) and all its derivatives are
bounded.

Now, u — vy satisfies
(07 = A)(u—vn) = —rn,
(u—won)(0,2) =0, O(u—vn)(0,2) = —pn ().

Therefore, we have the following.

(5.45)

Proposition 13. The geometric optics construction of vy produces an approzimation to the solu-
tion to (5.1), (5.3)), and (5.4) satisfying
(5.46) U—UN is o™) in CI((~=T,T), HN T3 (M)),

for0<wv < N, j>0, as long as, for each N, Fn(s) and all its derivatives are bounded.

6. THE FORMATION OF CAUSTICS

The geometrical optics construction of the previous section breaks down when the eikonal equa-
tion does not have a global solution. Take M = R™ with the flat metric. Then define

(6.1) p(ty) =p2), y=z*£tN(z), N(z)=|Ve(2)| ' Ve(z).

It is straightforward to verify that by the implicit function theorem, for ¢ small, y = = + tN(x) is
1 —1 and onto for x in a compact set. Moreover, if Vi is nowhere zero, then the level sets of ( are

n — l-dimensional manifolds. Finally, if y is in a level set for ¢(t,y) for some ¢ > 0, and y is the
Ve(z)
V()]

(6.2) (O(t,9)le=0)® = [V 2(0,) %,

©(t, y) satisfies the eikonal equation for ¢ small.

image of x, is orthogonal to the level set intersecting y at t. Now then, since
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Therefore, if S C R™ is a level set of ¢, then for fixed ¢, the level sets of ™ (¢,-) are the images
F4:(S) under the maps Fy:(S) on R” defined by Fy(z) = « £ tN(x). As [t| gets larger, these
images can develop singularities or caustics. Compute
(6.3) DN (z) = [Vo(2)| 7' ViVjp(x) — [Vo(a)| 7V Vip (@) Vip(r) Vie(z).

Observe that DN (x) annihilates N(z). Indeed,
DN(z) - N(z) = [V(2)|2ViVp(@)Vip(x) — V()| "V Vip(2) Vi (2) Vi () Vie()
= [Vo(2)|2ViVip(2)Vip(a) — V()| 2V Vip (@) Vip(z) = 0.

If € ¥5 = {¢(x) = S}, then DN (x) leaves T, X3 invariant and acts on it as —A, the negative of
the Weingarten map. Therefore, the eigenvalues of DN (x) are 0 and the negatives of the principal
curvatures of X3 at . Therefore, the derivative

(6.5) DF,(z) = I + tDN(z),

(6.4)

is singular if and only if % is the value of a principal curvature of X3 at x.

Recall the wave equation

(6.6) e Au =0, on  RxR?
w(0,2) = a(x)F(Ap(x)),  wi(0,2) = 0.

Take F(s) = e'*. As before, a € CO (R2) There is a short-time approximation solution of the form

(67) ZZ)\ jCL t :ZJ z)\cp (t;z:)

7>0
Remark 4. Here we absorb i=7 into the amplitudes.

We want to obtain an asymptotic formula as A — oo near the caustics.

Recall that the exact solution to (6.6]) is

(6.8) u(t,r) = R'(t) x uo,
where ug(x) = a(x)e#*) and R'(t) is the t-derivative of the Riemann function
(6.9) R(t,x) = co(t? — |z|>) 7Y/, for |x| < ¢, 0, for |z| > t.

Therefore, for a fixed ¢t > 0, R'(t) is a radial distribution that is singular precisely on a circle of
radius t centered at the origin. Therefore, we expect u to have the form

1 1 [T ) .
(6.10) w(t,x) = g/ uo(y)ds(y) = 2—/ a(z + t(cos(s), sin(s)))e @ tt(cos(s)sin(s)) g
T

ly—al=t -

An integral of the form
oo
(6.11) I\ = / a(s)eM s, a € C5°(R?),
— 00
can be analyzed by the stationary phase method. If 1 has no critical points,

(6.12) ) = / a(s )(le,js) M) g,

and integrating by parts.
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If ¢ has at least one critical point at sy, and that critical point is nondegenerate, and a is
supported near sg, then ¢ (s) —(sg) or its negative has a smooth, real-valued square root ¢(s) such
that t(So) =0, t/(SO) > 0. Then

(6.13) I(\) = eAe(s0) / b M dt,  be CF(R).
Then if « = t2,

1 . > ) )
(6.14) I(n) = FePeC) / [b(z1/2) + b(—21/2))z 1/ 2eioM gy ~ NP0 \"1/2 (g0 + oy A7+ ...
0

If ¢ has a finite number of critical points,

(6.15) I(A) ~ Z A; ()‘)/\71/262')\11)(5'1)’ A; (N\) ~ Qo + Oé1j/\71 + ...
J

If a(s) = a(y, s) and ¥ (s) = Y(y, s) depend smoothly on the parameters y, then we have for
I(\) = I(y, \) with ag; = ag;(y) and ¥(s;) = ¥(y, s;(y)) depending smoothly on y as long as the
critical points of ¥ (y, s) as a function of s are all nondegenerate and depend smoothly on y.

Now then, suppose V(y) # 0 for y € supp(a). Given x € R?, t > 0, denote by S;(x) the circle of
radius ¢t centered at . The way in which S;(x) is tangent to various level curves ¥ of ¢ determines
the nature of the stationary points of the phase in the last integral in .

If % is bigger than the largest curvature of any X5 then S;(z) will have only simple tangencies
with such level curves. Now then, suppose y € ¥z and % = k(y), the curvature of X3 at y. Let
=y ~+tN(y). Then Si(z) has higher order tangency with ¥4 at y. Suppose y is not a stationary
point for x on ¥z at a nonzero rate at y. In this case,

(6.16) P(so) =B,  ¥'(s0) =¢"(50) =0, " (s0) #0.
In this case, ¥(s) — 8 has a smooth cube root near s = sg, call it t(s), t(sg) = 0, t'(s9) > 0. Then

(6.17) I(A) = eielso) / )M, be C(R).
Setting = = t3,
1. . .
(6.18) I\ = 561A¢(30) /b(a:l/g)mfz/gemda: ~ e@INTL B g AT 4L

7. PSEUDODIFFERENTIAL OPERATORS

Write the Fourier inversion formula as
(7.1) fo) = [ Fpesas
where
(7.2) for = em [ e =a.

Remark 5. We customarily write (7.1) and (7.2) with a coefficient of (21)~"/%. Of course, it is
possible to distribute the (2m)~" between (7.1) and (7.2) however we wish.
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If D; = %6%]_, D% = D{* ... D3, one obtains
(7.3) D) = [ € feeae,

Now suppose p(z, D) is a differential operator,

(7.4) p(z,D) = > an(z)D*.

|a| <k
Then,
(7.5) pl, D) (x) = / P, €) F (€)™ <de
where
(7.6) p(a,8) = Y aa(z)E™.
|| <k

It is possible to generalize (7.5) and (7.6) to belong to a number of different symbol classes.

Definition 2 (Symbol class). Forp,é € [0,1], m € R, define S}s to consist of C*° functions p(z, §)
satisfying

(7.7) |DEDgp(x, )| < Caple)m™rFlal+alsl,

We say that the operator defined by (7.5) belongs to OPS)'s. We say that p(x,§) is the symbol of
p(z, D).

Remark 6. When p(z, D) is a differential operator of the form (7.4) and an(x) and all its deriva-
tives are bounded, then p=1, § =0, and m = k.

Next suppose there are smooth p,,_;(x, ) that are homogeneous in £ of degree m —j for |¢| > 1,
that is, pm—; (@, 7€) = 1" Ipy,_j(x, &) for r,|¢| > 1, and if
(7.8) p(x:€) ~ D Pmy(,€),
Jj=>0

in the sense that

N
(7.9) @, €) =D pm—j(2,€) € 575V

j=0
for all N, then we say that p(z,&) € SI}.
Remark 7. Again observe that if p(x, D) is a differential operator of order m then p € S}.
Definition 3. We call p,,(x,&) the principal symbol of p(x, D).

Claim 2. We have the estimate

(7.10) p(z, D) : S(R™") — S(R™).
Proof. 1t is straightforward to verify that if f € S(R") then since p € ST, fp(x,g)f(g)em'gdg is
bounded. Next, since 2%€¢'®¢ = (—D¢)%e'®¢, integrating by parts implies z® fp(x,f)f({)e”'gdf is

bounded. Taking a derivative
(7.11) Dj(p(x,€)e’™*) = &p(x, )™ + Dyp(x, )¢ <,
which proves the bound. |
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Lemma 5. If 6 < 1, then
(7.12) p(z, D) : S'(R") — S'(R™).

Proof. Given u € 8’ and v € S, then formally,

(7.13) (v, p(z, D)u) = (pv, @),

where

(714) pu(© = 20" [ ol@ple. e <d

Integrating by parts,

(715) () = (20" [ D2 (o(alple. ) d

SO

(7.16) [po(€)] < Cafg)m*olei=lel,

Therefore, if § < 1, p,(§) is rapidly decreasing. Similarly, we get a rapid decrease of derivatives of
pu(§), so py(§) € S. Therefore, the right hand side of (7.13)) is well-defined. O

7.1. Adjoints and products. Given p(z,§) € S5 the adjoint has the formula

(7.17) p(, D) = (2m)~" / Py, €)= €0 () dyde.

The amplitude p(y, £)* is not a function of (z, £), so we need to transform ([7.17)) into such a function.
To do this, define a general class of operators

(7.18) Au(z) = (27T)_"/a(m,y,f)ei(m_y)'gu(y)dydf.

We say that a(z,y,§) € Spy6, i

(7.19) |D)DEDEa(z,y, €)| < Cagy(€)mrlaltorlBltozhl,
We can transform ([7.18]) into
(7.20)

(27T)_"/q(x,f)e“m_y)'%(y)dydf, qla,€) = (27T)_n/“(%y,n)e“z_y)'(”_g)dydn =P Dua(z,y, )] y—s-
Indeed, since (27)" [ W' ~¥)Ede = §(y — ),
(2m) =" / / az,y',n)e V) =8 i =v)Sy (y)dydedndy’

(7.21)
= (27r)’"/a(x,y,n)5(y’ — )@V Nay dydy = (27T)’”/a(x,y,n)ei(“y)‘"dydn-

Now then, formally making a Taylor expansion of a(z,y,n),

(7.22) (2m)" / a(z, ,n)e' " 1= dydn = / a(z,z,1)d(n — &)dn = a(z, z,€).
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Next, integrating by parts,
(7.23)

_ ) (o _ -1 o) (.
(2) "/aya(x,y,n)ly:w(y—x)e’(x V(1= dydny = (2) "/5ya(w7y,n>|y:x73n(€“’” V170 dydn

1 i(x—y) (n— .
= ; /6naya(x7ya77)|z:ye (@=v)-(n E)dydn = 7'D£ : Dya($7ya§)|w:y7

which gives

il
(724) Q(xaf) ~ Z %D?D:;a(x’ yag)‘y:ﬂﬁ'

a>0

If a(z,y,€) € SJ, 5, with 0 < d2 < p <1, then the general term in (7.24) belongs to S} —~(p=32)lal
where § = max{dy,d2}.
Proposition 14. If a(z,y,§) € S\Thaﬁl,& with 0 < 69 < p <1, then defines an operator
(7.25) A€ OPS)s, § = max{dy,d2}.
Furthermore, A = q(x, D) where q(x,&) has the asymptotic expansion
(7.26) glz,6)= Y i |D§ EDSa(,y,6)ly—s = rn(z,€) € S5 NPT,

\0t|<N

Applying Proposition [I4] to (7.17)), we obtain
Proposition 15. If p(z,D) € OPS™, 0 <6 < p <1, then

P67
(7.27) p(z,D)" =p“(z, D) € OPS}%,
with
i jled .
(7.28) P, &) ~ ;}aDgD HICHIN

It is possible to utilize this argument for products of pseudodifferential operators.

Proposition 16. Given p;(z,D) € OPS 96 , suppose

(7.29) 0<ds <p<l, p = min{p1, p2}.
Then
(7.30) p1(x, D)pa(x, D) = q(x, D) € OPS*™2,
with 6 = max{d1,02}, and
Z\al
a>0 !

Proof. Indeed, formally computing the product,
(7.32)

p1(2, D)pa(e, D) = (27) 2 / pi(, )= / pa(y, )WY Sy )dy dydnde

= (27r)’”/ei(z’y')'éz‘l(z,E)U(y’)dy’dﬁ, Az, /p1 ,m)p2(y, €)' (=8 dydn.
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Again make a Taylor expansion of pa(y,£) in y.

(1.33) @n) " [ pranpale 0y = [ s, O50-€)dn = pr (e, Opa(a, ).
Next, integrating by parts,

(2m)™™ /pl(af, 1)0yp2(Y, E)|y=a(y — )& @) (178 dydp
(7.34) .
=(2m)™" /pl(:mn)aypz(y,6)Iy:gc73n(62(x_y)'("_5))dyd77 = Oyp1(x,1m)0yp2 (Y, &) ly=am=¢-

O

Now then, if P; = p;(z, D) € OPS’:?('; are scalar and 0 < § < p < 1, then the leading order terms
in the expansions of the symbols of Py P> and P»P; agree. Therefore, if P; € OPS;'E are scalar,

[P, P) € OPS’;nngmr(p*é). Moreover, the leading order term in the expansion of the symbol of
[Py, P>] is given by the Poisson bracket

Op1 Op2  Op1 Op2
7.35 P1,p }(fﬂ,g): ¢ a-..  a.. ac ¢
( ) { 12 ; 8§J 8.Z‘j afL‘j 8§7

with

1 mi1-r+mso— —_
(7.36) [P1, P2] = q(z, D), q(z,§) = {{plapz}(%f) mod Sp,5+ 2e 5).

7.2. Elliptic operators and parametrices. We say that p(z, D) € OPSXL(s is elliptic if for some
7 < 00,

(7.37) Ip(z, &)t < Cle)™™, for €] > 7.
Therefore, if ¥(§) € C°(R™), v =0 for || < r, ¢ =1 for || > 2r, then by the chain rule,

(7.38) P(E)p(x,€)~" = qo(z, &) € 55"
Then by (7-31),
(7.39) qo(x, D)p(x, D) = I + ro(z, D),
' p(z,D)qo(z, D) = I + 7o(z, D),
with
(7.40) ro(w,€),7o(,€) € S, 7.
Make the formal expansion
(7.41) I —ro(z, D) +ro(z,D)* — ... ~ I + s(x,D) € OPSY 5,
and setting ¢(z, D) = (I + s(z, D))qo(z, D) € OPS_ §*, we have
(7.42) q(z,D)p(x,D) =1+ r(z,D), r(z,§) € ST.
Similarly, let ¢(z, D) € OPS_§" satisty
(7.43) p(z, D)§(x, D) = I + 7(z, D), 7(x,£) € ST=.

Now then, evaluating ¢(z, D)p(z, D)§(z, D) = q(x, D) = §(z, D) mod OPS~*°. In fact,
(7.44) q(z,D)p(x, D) = I mod OPS™"°, p(z,D)q(xz,D) = I mod OPS™°.
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Definition 4. ¢(x, D) is the two—sided parametriz for p(x, D).

8. HYPERBOLIC EVOLUTION EQUATIONS

Now we turn to examining first order systems of the form

(8.1) % = L(t,z,D;)u+ g(t, x), u(0) = f.

Assume L(t,z,€) € Sy with smooth dependence on ¢, so

(8:2) D DIDEL(t,,€)| < Cjagl)' ™,

where L(t, z,€) is a K x K matrix—valued function. Make the hypothesis of symmetric hyperbolicity,
(8.3) L(t,z,&)" + L(t,x,§) € 57,

Suppose f € H°(R"), s € R, g € C(R, H*(R™)).
Our strategy is to obtain a solution to (8.1) as a limit of solutions u. to

(8.4) e o JLu+e ul0)= .
where
(8.5) Je = <p(€Dm),

for some (&) € S(R™), ¢(0) = 1. The family of operators J. is called the Friedrichs mollifier, for
e € (0,1], J. is bounded on OPSY ;.

For any € > 0, J.LJ, is a bounded linear operator on each H® and solvability of is el-
ementary. The next task is to obtain estimates on wu. independent of € € (0,1]. Use the norm
||u|lgs = ||A%u||r2. Now then,

(8.6) %HASUE@)H%Z = 2Re(A*J.LJcuc, N°u) + 2Re(Ag, ASu,).
Now then,

(8.7) 2Re(N° J.LJcue, Auc) + 2Re([A°, L] Jcue, A° Jeue).

By (8.3), L+ L* = B(t,z,D) € OPSY,,

(8.8) (B(t,x, D)A* Jeue, A®Jue) < Ol Jete || 3.

Proposition 17. If p(z,€) € 57, then p : L*(R™) — L*(R").

Proof. If a € S;,an for m sufficiently large, p > J, a has a kernel K(z,z — y) and

1
S T
thus, p : LP — LP for any 1 < p < oo. Therefore, for any ¢ > 0, if p € S;g, p: L? — L2, since
(P*P)k € S;gw, which implies (P*P)*: L? — L% so P: L? — L%

Now let ¢(z, D) = p(x,D)*p(x,D) € OPS) 5. Then suppose |q(x,€)| < M —b for b > 0, so
Az, €) = (M — Re(q(x,£)))"/? € 52)5, and therefore,

(8.9) Az, D)* Az, D) = M — q(z,D) +r(z,D),  r(x,D) € OPS, .
Since 7(x, D) is bounded on L?(R"™),
(8.10) Mllullzz = [lp(z, D)ul72 = [|A(z, D)ullz — (r(z, D)u,u) > —=Cllul|72.



27

Therefore,
(8.11) Ip(z, D)ul|?2 < (M + C)||ul[ 7.
|

Furthermore, by (7.36), [A*, L] € OPS;, so the second term in is also bounded by the

right hand side of (8.8)). Likewise,
1 1
(812) 2N°g, M%) < 5 INglEs + 5 IA%uel
Therefore,
d S S

(8.13) A uel[z2 < ClIAuc(t)|72 + Cllg() |1

Therefore, by Gronwall’s inequality,
(8.14) lue @7 < COUFIE + 191E0,0,2):
independent of € € (0,1]. Now we can prove the following existence result.

Proposition 18. If (8.1)) is symmetric hyperbolic and

(8.15) fe H*(R"), g € C(R,H*(R™)), s €R,

then there is a solution u to , satisfying

(8.16) u € L (R, H*(R™)) N Lip(R, H*1(R™)).

Proof. Fix I = [-T,T]. The bounded family

(8.17) u. € C(I, H )N CY (I, H*™Y),

will have a weak limit point satisfying . Furthermore, u satisfies . O

This result can be improved to
(8.18) u € C(R, H*(R™)) N CH(R, H*~1(R™)).
Let f; € H*™Y, f; — fin H®, and let u; solve (8.1) with u;(0) = f;. Then each u; € L{° (R, H*T1)N

loc
Lip(R, H?), so in particular each u; € C(R, H?). Now, v; = u—u; solves (8.1) with v;(0) = f — f;,
and ||f — fjllgs — 0 as j — oo. Using the estimates proving Propsition llv; (®)|| s — 0 locally
uniformly in ¢, giving u € C(R, H?).

There are other notions of hyperbolicity. In particular, (8.1)) is said to be symmetrizable hy-
perbolic if there is a K x K matrix valued S(t,z,£) € 57, that is positive definite and such that
S(t,xz,&)L(t,x, &) = E(t, z, §) satisfies 1) In this case, construct S(t) € OPS%O, positive definite,
with symbol equal to S(t, x,«f)modS’ié. Then replace the left hand side of by
d
P
A K x K system with L(t,z,£) € S} is said to be strictly hyperbolic if its principal symbol

Li(t,z,£), homogeneous of degree 1 in ¢ has K distinct, purely imaginary eigenvalues, for each x
and each £ # 0.

(8.19) Asuc(), S()A () 2.

Proposition 19. Whenever (8.1)) is strictly hyperbolic, it is symmetrizable.
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Proof. If we denote the eigenvalues of L1 (t, z, &) by i\, (t,x, &), ordered so that A\i(t,x,&) < ... <
Ak (t,x,€), then A\, are well-defined C*° functions of (¢,z,£) homogeneous of degree 1 in &. If
P,(t,z,€) are the projections onto the i\, —eigenspaces of Ly,

(8.20) Pta§) = 5 [ (¢~ Lalto€) e,
Tv

where v, is a small circle about i\, (¢, z, ), then P, is smooth and homogeneous of degree 0 in &.
Then,

(8.21) S(t,x,€) = ZPj(tw,f)*Pj(t,x,gL

gives the desired symmetrizer. |

Higher order, strictly hyperbolic PDE can be reduced to strictly hyperbolic, first order systems of
this nature. Therefore, the first order results can be extended to higher—order hyperbolic equations.

9. EGOROV’S THEOREM

Now examine the behavior of operators obtained by conjugating a pseudodifferential operator
Py € OPSTY, by a solution operator to a scalar hyperbolic equation of the form

ou

(9.1) i 1A(t, z, D;)u,
where A = Ay + Ao,
(9.2) Ayt x,€) € SY real, Ao(t,z,€) € SY.

Also suppose that A;(t,z,£) is homogeneous in £ for |£| > 1. Then let S(¢,s) be the solution
operator to (9.1 taking u(s) to u(¢). This is a bounded operator on each Sobolev space H? with
inverse S(s,t). Then set

(9.3) P(t) = S(t,0)PyS(0,t).
Theorem 3 (Egorov’s theorem). If Py = po(x, D) € OPSTY, then for each t, P(t) € OPSTY,
modulo a smoothing operator. The principal symbol of P(t) mod S’I’};l at a point (xg,&o) is equal

to po(yo,no0), where (Yo,no) s obtained from (xg,&y) by following the flow C(t) generated by the
(time—dependent) Hamiltonian vector field

. 0A 9 0A; 0

9.4 Harwer = (o= 2 701 7
Proof. To start the proof, differentiating (9.3)) gives
(9.5)

P'(t) = S'(t,0)PyS(0,t) + S(t,0)PyS’(0,t) = iA(t, z, D;)S(¢,0) P S(0,t) — iS(t,0)PyS(0,t)A(t, z, D,)
P'(t) = i[A(t,z,D,), P(t)],  P(0) = R

Now then, construct an approximate solution Q(t) to (9.5) and show that Q(t) — P(t) is a
smoothing operator. That is, construct Q(¢) such that

(9.6) Q'(t) = i[A(t,z, D), Q)] + R(t),  Q(0) = Ry,

where R(t) is a smooth family of operators in OPS™°, where
(97) q(tazag) Nqo(t7x7§)+ql(t7x7£)+
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The symbol of i[A, Q(¢)] is of the form

il
. 2
(9-8) Ha,q+{Ao,q} +i Z J(A(Q)Q(a) — ¢ A,

la|>2

where A(®) = D¢ A and A,y = Dy A. Since we want the difference between this and Z to have
order —oo, deﬁne qo(t, z, &) by

(o~ Hadao(t2. =0, ao(0,,€) = pof, )

Therefore, qo(t,70,5) = po(yo,nm0) and qo(t,x,&) € ST. Equation is called a transport
equation.

(9.9)

Remark 8. Indeed, observe that
(9.10)

0 0 . dp 0 Opo
8tq0(t x0,&) = 8tp0(y0’n0) a];) 0+8£ o = 82;0 Hy yo + 4+ D¢ -Ha,mo = Ha,po(Yo,M0)-

Now recursively obtain transport equations

0
(9.11) (57— Haas(t:2,8) = bi(t,2,6), 4;(0,,) = 0.
Remark 9. Set
(9.12) bi(t,2,&) = {Ao,qo} +1i Z (A( (@) — a6 Aay) € ST,
la|>2 al

and suppose that q1(t,z,§) solves (9.11)). Then,
0 . 1% (a o
—(@o+q)=Ha,qo+ Ha,q1 +{Ao,q} +1 Z —(A®qq (o) — a$ )A(a))
ot a!
(9.13) ol >2
= Z[A(ta x, D>7 QO + Ql] + R(t)7
where R(t) with symbol —b1(t,x,€) € OPSTJQ,
) < o
(9.14) bi(t,z,€) = {Ao,q1} +i Z a(A(a)fh,(a) —q )A(a))'
la|>2

Finally, we show that P(t) — Q(t) is a smoothing operator. This is equivalent to showing that
for any f € H°(R"™),

(9.15) vu(t) —w(t) = P()S(,0)f = Q()S(t,0)f = 5(t,0)Fof — Q(1)S(£,0)f € H*(R"),
where H>®(R™) = NgH*(R™). Now then,

(9.16) % =iA(t,x, Dy)v, v(0) = Py f,
while by (9.6)),

(9.17) %—Z} =1A(t,x, Dy)w + g, w(0) = Py f,
where

(9.18) g = R(t)S(t,0)w € C(R, H*®(R™)).
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Therefore,
0
(9.19) a(v —w) =iA(t,z, D) (v —w) — g, v(0) —w(0) = 0.
Therefore, by energy estimates, v(t) — w(t) € H*> for any f € H?(R™), which completes the
proof. O

Remark 10. A check on the proof shows that
(9.20) Py € OPS]} = P(t) € OPSY}.
Indeed, since Ay € SY,
OP
(9.21) o = Ha,P €Sy,

opP 1 0A 1 A 0
WES %ES anda—EGScl.

. DA 0
since 5g € S oy op

cl’

Using the same argument,

Proposition 20. With A(t,z,D,) as before,

(9.22) Py € OPS)'s = P(t) € OPS),
provided
1
Proof. We need § = 1— p to ensure that p(C(t)(z,£)) € S} and p > § to ensure that the transport
equations generate g;(t,x,&) of progressively lower order. O

10. MICROLOCAL REGULARITY

Now define the notion of the wave front set of a distribution v € H~*°(R") = U;H*(R"™), which
refines the notion of singular support. If p(z,£) € S™ has principal symbol p,,(x, &), scalar and
homogeneous in &, then the characteristic set of P = p(z, D) is given by

(10.1) Char(P) = {(x,£) € R" x (R"\ {0}) : pm(z, &) = 0}

If pp(z,€) is a K x K matrix, take the determinant. Equivalently, (xo,&p) is noncharacterstic for
P, or P is elliptic at (z,&), if [p(x, &)~ < Cl¢|™™, for (x,€) in a small conic neighborhood of
(z0,&0) and |£]| large. A conic set is invariant under the dilations (z, &) — (z,7€), r € (0,00). The
wave front set is defined by

(10.2) WF(u) = N{Char(P) : P € OPS°, Pu € C™}.
Remark 11. WF(u) is a closed conic subset of R™ x (R™\ 0).

Proposition 21. If 7 is the projection 7 : (x,€) — x, then
(10.3) m(WF(u)) = singsupp(u).

Proof. First show that 7(WF(u)) C singsupp(u). If g ¢ singsupp(u) then there exists ¢ €
C§°(R™), ¢ = 1 near zg, such that pu € C§°(R"™). Since (z0,§) ¢ Char(p) for any & # 0, so
m(WF(u)) C singsupp(u).

Now suppose xg ¢ m(WF(u)). Then for any £ # 0, there is Q € OPS® such that (zo,¢) ¢
Char(Q) and Qu € C*. Therefore, we can construct finitely many Q; € OPSY such that Q;u €
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C* and each (z,§) with |[{] = 1 is noncharacteristic for some Q;. Let Q = > Q7Q; € OPS°.
Then @ is elliptic near zg and Qu € C*°, so u is C°° near z. O

Now define the associated notion of ES(P) for a pseudodifferential operator. Let U be an open
conic subset of R x (R™\ 0). We say that p(x,§) € S}; has order —oo on U if for each closed conic
set V of U, for each N,

(10.4) IDIDEP(,€) < Capnv(€)™™,  (2,6) V.

Definition 5 (Essential support). The essential support of P (and of p(x,£)) is the smallest closed
conic set on the complement of which p(x,£) has order —oc.

It follows from symbolic calculus that
(10.5) ES(P1P2) C ES(Pl) QES(PQ),
provided P; € OPS’:Zf 5; and p; > d2. Indeed, recall that the symbol of P P, is given by

(10.6) > L Depi (@)D, ©).

If p1 or py satisfies (10.4)) at (x, &), (10.4]) also holds for (10.6]).
To relate W F(Pu) to WF(u) and ES(P), we begin with the following.

Lemma 6. Let u € H™*°(R") and suppose that U is a conic open set satisfying
(10.7) WFu)NU = (.
If PeOPS]s, p>0,6 <1, and ES(P) C U, then Pu e C®.

Proof. Take Py € OPS° with symbol identically 1 on a conic neighborhood of ES(P) so that
P = PPy mod OPS™° it suffices to conclude that Pyu € C*°, so we can specialize the hypothesis
to P € OPS°.

By hypothesis, we can find Q; € OPS° such that Qju € C*, and each (z,§) € ES(P) is
noncharacteristic for some Q;, and if Q@ = 3, Q;Q;, then Qu € C* and Char(Q) N ES(P) = 0.
Then there exists an operator A € OPS? so that AQ = P mod OPS~°°. Indeed, let Q be an
elliptic operator whose symbol equals that of @ on a conic neighborhood of ES(P) and let Q!
denote a parametrix for Q. Then set A = PQ~ !, and (modC®®), Pu= AQu € C*°. |

Now state a basic result on the preservation of wave front sets by a pseudodifferential operator.
Proposition 22. Ifu e H™* and P € OPS]'; with p > 0, 6 <1, then
(10.8) WF(Pu) C WF(u)NES(P).

Proof. First show that WF(Pu) C ES(P). Suppose (xo,&) ¢ ES(P). Choose Q = q(z,D) €
OPSY such that q(z, &) = 1 on a conic neighborhood of (g, &) and ES(Q)NES(P) = (. Therefore,
QP € OPS™°, 80 QPu € C. Therefore, (x0,&) ¢ WF(Pu).

To show that WF(Pu) C WF(u), let T be a conic neighborhood of W F(u) and write P = P, + P,
where P; € OPS}'s with ES(Py) C T and ES(P2) N WF(u) = 0. By Lemma@ Pyu € C*. Thus,
WF(u) = WF(Pyu) C T, which shows that WF(Pu) C WF(u). O

Definition 6. A pseudodifferential operator of type (p,d) with p > 0 and § < 1 is microlocal.



32 BENJAMIN DODSON

Corollary 2. If P € OPS]; is elliptic, 0 <0 < p <1, then
(10.9) WF(Pu) = WF(u).
Proof. We have seen that W F(Pu) C WF(u). On the other hand, if £ € OPS_§" is the parametrix

of P, WF(u) = WF(EPu) C WF(Pu). In fact, for a general P, WF(u) C WF(Pu)UChaT(P). O

Now let e*4 be the solution operator to the scalar hyperbolic equation % = {A(x, D)u. Suppose
A(z,€) € S}, with real principal symbol and WF(u) = X. Then there is a countable family of
symbols that vanishes in a neighborhood of ¥, but such that

(1010) Y= mj{(x7€) :pj(xvg) = 0}

We know that p;(x, D)u € C* for each j. By Egorov’s theorem, we want to construct a family
of pseudodifferential operators g;(z, D) € OPS° such that g;(z, D)e'*4u € C*®. Let gj(z,D) =
e™p;(z, D)e~ 4. By Egorov’s theorem, g;(z, D) € OPS° modulo a smoothing operator and gives
the principal symbol for g;(x, D). Since p;(x, D)u € C*°, ¢®p;(z, D)u € C*, which implies that
gj(z, D)e'u € C>. Therefore, W F(e"4u) is contained in the intersection of characteristics of the
g¢;(z, D), which is precisely equal to C(t)%,

(10.11) WF () C C(t)W F(u).

Since the argument is reversible, u = e =4 (e®4u), the wave front sets are identical.

Proposition 23. If A = A(x, D) € OPS" is scalar with real principal symbol, then for u € H~°,
(10.12) WF () = C(t)W F(u).
The same holds for the solution operator S(¢,0) to a time-dependent scalar hyperbolic equation.
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