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2 BENJAMIN DODSON

1. FUNDAMENTAL SOLUTION TO THE HEAT EQUATION

Let M be a compact, Riemannian manifold with boundary. The heat equation is given by

(1.1) % = Au, u(0,x) = f(z).

If oM # (), then impose the Dirichlet condition,

(1.2) u(t,xz) =0, x € OM.

We could also impose the Neumann boundary condition % =0 for x € OM.

It is possible to construct solutions to (1.1)—(1.2)) using eigenfunctions of A. Indeed, let {u,} be
the orthonormal basis of A in L?(M),

(13) u; € Hé(./\/l) N COO(M), A’U;j = —)\jUj, 0< /\j < Q.
Given f € L*(M), we can write
(1.4) =3 f0u,  fG) = (fu)
J
Then set
(1.5) u(t,z) =Y f(G)e P ().
J

Define the function space
(1.6) Do ={ve L*(M): > [0(j)]A; < oo} = {v € L (M) : Z@(j)Aj/Quj € L*(M)}.
j=0 i>0

Now then, since

(1.7) uj € Hy(M)NC>®(M), Tuj = —pju;, Auj = —\juj, Aj = :j,
so an equivalent characterization of Dj is
(1.8) D, = (=T)*2L3(M).
Clearly, Dy = L?*(M) and Dy = TL?*(M). By the elliptic regularity theorem,
(1.9) Dy = H*(M) N Hg(M).
In general, D492 = TDy, so by induction,
(1.10) Dy, € H* (M), k=1,2,3, ..
Lemma 1.
(1.11) Dy = H}(M).

Proof. Observe that Dy is the completion of the space of finite linear combinations of eigenfunctions
{u;}, call it F, with respect to the Dy norm, defined by

(1.12) B, =Y 10()°A;-
J
Now then, if v € F,

(1.13) (dv, dv) = (v, —Av) = Z(v,ug')(% —Av) = Z [0(7)17A;-



Therefore, for v € F,

(1.14) [vllB, = lldvl|Z2rq)-

In fact, Dy is the completion of D, for any o > s. Since holds for all v € Dy and Dy =

H?(M) N H (M), which implies (L.11)). O
Now then, by ,

(1.15) feDys=ueCR",D,);  dueCRY, Dy o).

It is clear from (1.5 that d,u = Au for ¢ > 0. If f € D, with s > %, then u € C([0,00) x M) and

2
u satisfies ((1.1) and (1.2)) in the ordinary sense.
Uniqueness for solutions to (1.1)) and (1.2) within the class

(1.16) C(RY, D) NC'(RY, D,_5),

follows from the simple energy estimate

117 S0, = 2Re(5 ), = ~2u@)l, , <0
Denote the solution to f by

(1.18) u(t,z) = e f(x).

Now, by ,

(1.19) u e C*((0,00),D,), for all o eR.

In particular, for any f € Dq,
(1.20) u € C((0,00) x M).
The heat equation satisfies the maximum principle.

Proposition 1. If u € C([0,a) x M) N C?((0,a) x M) and u solves in (0,a) X M, then

(1.21) sup u(t,z) = max{ sup u(0,z), sup u(t, z)}.
[O,a)xM rzeM z€OM,tE[0,a)
In particular, if (1.2)) and (1.3) hold, then
(1.22) sup u(t,x) = sup f(x).
[0,a) X M M

Proof. Since wu solves (|L.1)) if and only if —u solves (|L.1)), to prove (|1.21)), it suffices to show that
(1.23) wu>0 on {0} x MU[0,a) x OM implies  u >0, on [0,a) x M.
Indeed, u solves (1.1)) if and only if —u solves (|L.1]), and ([1.23)) certainly implies that (1.21]) holds

for —u.

Set uc(t,z) = u(t,x) + et. For any € > 0, uc > 0 on [0,a) x M. Indeed, if this implication is
false, then since M is compact, there is a smallest ¢ty € (0,a) such that u.(tg,x9) = 0 for some
xg € M. Therefore, dyue(to, xo) < 0 and Aue(tg, zo) > 0. However, since dyue = Aue + €, there is

a contradiction. O

Corollary 1. For any f € Co(M), u € C([0,0) x M).
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For 6, € D_,,/2_ for all € > 0, the fundamental solution to the heat equation is
(1.24) H(t,z,p) = e'?6,(z).

By (1.20), H(t,z,p) is smooth in (¢,x) for t > 0. Since 4, is a limit in D_,, /. of elements of
C§° (M) that are > 0, it follows that

(1.25) H(t,z,p) >0, for  t€(0,00), x €M, pE M.

In fact, there is a variant of the strong maximum principle. that strengthens (1.25)) to H(¢,z,p) > 0
fort >0, z,p € M.

For the heat equation on R”, then by the Fourier inversion formula,
(120) o= m e [ePar e = (m [ iieine [ sayde,
By Fubini’s theorem, for ¢t > 0 and f € L*(R"),

(1.27) A f = (2%)7"/f(y)/67t|§|26i(zfy)'5d§dy.

Completing the square,

CH1EI2 e o e S 27|:c—y|2
(1.29) P + (e — ) € =~ — (e -y - T
Now then, computing an integral in radial coordinates and making a change of variables,
—jof? RO R Ap1 [, n2 Ap_1,,n
(1.29) e dr = A, e " " dr = e "uz du= I'(=).
0 2 Jo 2 2
Using the identity that
2 A,
(1.30) 2 = /e*‘zl do = 2n=ip( )
2 2
which gives the identity,
271-”/2
1.31 A, =
Using (1.28]) and contour integration,
n/2
—t€)? i(m—y)E g _ T
(1.32) /e Feletde =~
Plugging (1.32)) into (1.27),
1 _lz—y|?
(1.33) ¢of = <4m)/2/ A

|z—y|?

Remark 1. Since e & ~ >0 for all z,y € R", ¢! f > 0 for all x € R™ and t > 0.

It is straightforward to verify that

1 _le—y|?
(1.34) (‘1“)7’/2/6 & dy = 1.

Therefore,

(1.35) et LP — P, 1<p<oo.
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. _ 2
Next, since |z|Ne 1#I" <y e 2,

- 2
(1.36) VN eS| <y %
Therefore,
(1.37) VN Loope Sn 72
Furthermore, since
1 lz—yl2 1
1.38 —se & )
( ) || (47Tt)n/26 HL = (4 t)n/Qa
1
1.39 ta I —
(1.3 e eross <
Interpolating (1.35)) and (1.39)), for 1 < p < ¢ < oo,
1
(1.40) el rore € ——1-
(4mt)? )
Moreover, by (1.36)),
(1.41) VN pope Sy 2

2. SEMIGROUPS

Definition 1 (Semigroup). If V is a Banach space, a one—parameter semigroup of operators on V
is a set of bounded operators

(2.1) Pit)y: V=7V, t € [0,00),

satisfying

(2.2) P(s+1t)=P(s)P(), forall  s,teRT,
and

(2.3) P(0)=1.

We also require strong continuity, that is,

(2.4) tj —t, P(tj)v — P(t)v, for each  veV.

If P(t) is defined for all t € R and satisfies the former conditions, we say that P(t) is a one—
parameter group of operators.

For example, consider the translation group

(2.5) Tp(t) : LP(R) — LP(R), 1<p< o0,

defined by

(2.6) T, () f(x) = f(x —1).

It is clear that (2.1)—(2.3) hold for cach t. Indeed, ||T,,(¢')[| = 1 for each ¢, and ||T,,(t) — T, (¥')|| = 2 if

t # t'. Indeed, apply the difference to a function supported on an interval of length It;t/l. To verify

strong continuity, observe that the space Cy(R) is dense in LP(R) for 1 < p < co. If f € Cy(R),
then T,(t;) f(x) = f(x —t;) has support in a fixed compact set and converges uniformly to f(x—t),
which implies convergence in LP” norm. Convergence in a dense set implies convergence in V.
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Lemma 2. Let T; € L(V,W) be uniformly bounded. Let L be a dense, linear subspace of V', and
suppose

(2.7) Tiv — Toyv, as  j— oo,
in the W-norm, for each v € L. Then (2.7) holds for each v € V.

Proof. Given v € V and € > 0. Choose w € L such that ||v — w|| < e. Suppose ||T}|| < M for all j.
Then,

(2.8) [[Tjv = Tov|| < [[Tjv — Tjwl| + [|Tjw — Tow|| + | Tow — Tov|| < [[Tjw — Towl| + 2M|jv — w].
Therefore,

(2.9) limsup ||T;v — Tov|| < 2Me.
Jj—o0

Since € > 0 is arbitrary, the proof is complete. O

Definition 2 (Infinitesimal generator). A one parameter semigroup P(t) of operators on V' has an
infinitesimal generator A, which is an operator on V, often unbounded, which is defined by

o1
(2.10) Av = }ILl{% E(P(h)v — ),
on the domain

(2.11) DA)={veV: }lllg%) %(P(h)v —) exists in V1.

For example, let A, be the infinitesimal generator of the group T,(t) given by (2.5)). By definition,
f € LP(R) belongs to D(A,) if and only if
o1
(212) Jim (f(e = ) = f(@))
converges in LP-norm as h — 0. The limit (2.12)) always exists in C§°(R), and the limit is equal to

—%u. In fact, we have the following.

Proposition 2. For 1 < p < oo, the group Tp(t) given by (2.5)~(2.7) has infinitesimal generator
A, given by
df
2.13 A f = ——
( ) Pf dl’7
for f € D(A,), with
(2.14) D(Ap) = {f € L’(R) : f' € LP(R)},
where [’ = % is considered a priori as a distribution.

Proof. The argument above shows that D(A,) is contained in the right hand side of (2.14). The
reverse containment is derived as a consequence of the following result, with £ = C§°(R).

Proposition 3. Let P(t) be a one—parameter semigroup on B, with infinitesimal generator A. Let
L be a weakx dense, linear subspace of B', and suppose P(t)'L C L. Suppose that u,v € B and that
1
(2.15) lim —(P(h)u — u,w) = (v,w), Yw € L.
h—0 h
Then w € D(A) and Au = v.



Proof. The hypothesis (2.15) implies that (P(t)u,w) is differentiable, and that for any w € L,

(2.16) %(P(t)u,w) = %(P(t)P(s)u,st:O = %(P(s)u,P(t)’wHS:O = (v, P(t)'w) = (P(t)v, w).
Therefore,
(2.17) (P(t)u —u,w) = /0 (P(s)v,w)ds,

for all w € L. The weak+ denseness of £ implies that P(t)u —u = fot P(s)vds, and the convergence
in the B-norm of

(2.18) %(P(h)u —u) = fll/oh P(s)vds,

to v as h — 0 follows. ]
Now then, it is clear that the right hand side of is contained in D(Ap). ]

Proposition 4. The infinitesimal generator A of P(t) is a closed, densely defined operator. We

have

(2.19) P(t)D(A) C D(A),

for allt € RY, and

(2.20) AP(t)v = P(t)Av = %P(t)v, for v eD(A).

Proof. Suppose v € D(A). Then for ¢t > 0,

(2.21) W PP — (1)) = P (PR ),

which gives , as well as

(2.22) AP(t)v = P(t)Av.

Furthermore, as h \, 0,

(2.23) hYP(t + h)v — P(t)v] = P(t)h ' [P(h)v — v] = P(t)Av.

For h 0, observe that for 0 < h < t,

(2.24) R=YP(t)v — P(t — h)v] = P(t — h)h " (P(h)v — v) — P(t)Av.

The last equality uses the fact that w(h) — w in V norm implies P(t — h)w(h) — P(t)w.
To show that D(A) is dense in V, let v € V and let

(2.25) Ve =€ /O E P(t)vdt.

Then,
(2.26)

e+h h
Y P(h)ve —ve) = e ! / P(t)vdt — h™* ; P(t)vdt] — e (P(e)v — v), as h—0.
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Now then, by the uniform boundedness principle,

(2.27) 1P| < M, for [t] < 1.
Therefore, (2.27)) and (2.2)) imply that
(2.28) |P@)] < MeE,

The infinitesimal generator determines the one—parameter semigroup uniquely, so we are justified
in saying that A generates P(t).

Proposition 5. If P(t) and Q(t) are one—parameter semigroups with the same infinitesimal gen-
erator, then P(t) = Q(t) for allt > 0.

Proof. If (2.28)) holds and Re(¢) > K, then ¢ belongs to the resolvent set of A, and

(2.29) (C—A) o= /OOO e S'P(t)vdt.

Let R¢ denote the right hand side of (2.29)), which is clearly a bounded operator on V. First, show
that R:(¢ — A)v = v for v € D(A). Indeed,

Re(C = A = / e~ P(t)(Co — Av)dt — / et P(t)udt — / e*Ct%P(t)udt
0 0 0
= _/o %(e_CtP(t)U)dt = .
A similar argument shows that ({ — A)R, is bounded on V and ({ — A)R.v = v for v € D(A). Since
(¢ — A)R¢ is bounded on V' and D(A) is dense in V,
(2.31) ((—A)Rv=R:(¢—Av =, for all vevV.

Finally, since (¢ — A)~! is continuous and everywhere defined, (( — A)~! is closed. If an operator
is closed and injective, then its inverse is closed, so in particular A is also closed.
Now let v € V and w € V'. Then for Re(() sufficiently large,

(2.30)

(2.32) / e SHP(t)w,w)dt = (¢ — A) Lo, w) = / e~ SHQ(t)v, w)dt.

0 0
Uniqueness of the Laplace transform implies that (P(t)v, w) = (Q(t)v,w) for any v € V and w € V".
By the Hahn-Banach theorem, P(t)v = Q(t)v. O

Therefore, it makes sense to write
(2.33) P(t) = e,
Proposition 6. Let A be the infinitesimal generator of a semigroup. If a functionu € C([0,T), D(A))N
CL([0,T),V) satisfies
d
(2.34) d—? =Au,  u(0) =,
then u(t) = e!Af fort € [0,T).
Proof. We have that e(*=*)44(s) is differentiable in s € (0,t), and
0
(2.35) ae(t_s)Au(s) = —e"=94 Au(s) + =9 Au(s) = 0.
Therefore, e(*=*)44(s) has the same value at s = t and s = 0, so u(t) = e f. O



Given g € C([0,T),D(A)), f € D(A), the equation

ou
(2.36) 5 = Autgt),  u(0)=f
has a unique solution u € C([0,T),D(A)) N C([0,T),V), and it is given by
t
(2.37) u(t) = e f +/ (=944 (s)ds.
0
Indeed,
(2.38) %e@*s)f‘u(s) =e=)4g(s),  0<s<L
Therefore,
t
(2.39) u(t) — et f = / e(=9)4g(s)ds.
0

3. SEMILINEAR PARABOLIC EQUATIONS

Consider semilinear equations of the form

(3.1) % = Lu+ F(t,z,u, Vu), u(0) = f,

where u(t, ) is a function on [0, 7] x M. For the moment, suppose that M has no boundary. Also
suppose that L = vA, for some v > 0.
When F(t,z,u, Vu) = F(t,x), the solution to (3.1) is given by

t
(3.2) u(t,z) = et f +/ eI E (s, )ds.
0
Indeed, formally computing (3.2]),
0
(3.3) 6—1; = Lu+ F(t,x).

It is possible to establish that (3.1) has a solution via the contraction mapping principle.

Proposition 7. Suppose X and Y are Banach spaces for which

(3.4) et X 5 X is a strongly continuous semigroup, for t>0,
(3.5) P: X Y, is Lipschitz, uniformly on bounded sets,
(3.6) ety - X, for  t>0,

and for some v < 1,
(3.7) HetLHE(y’X) < Ct77, for t € (0,1].

Then the parabolic equation (3.1) with f € X has a unique solution v € C([0,T],X), where
T > 0 is estimable from below in terms of || f|lx-

Definition 3. A semigroup P(t) is called strongly continuous if t; — t implies P(t;)v — P(t)v for
eachv e X.
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Proof. Convert (3.1) to the integral equation,

(3.8) u(t) = et f 4 /0 e=LP(u(s))ds = u(t).

Fix a > 0 and set
(3.9) 2 = {ue C([0.7],X) : u(0) = £, Ju(t) - fllx < a}.

We want to choose T sufficiently small so that ¥ : Z — Z is a contraction. First, observe that by
(3.4), for T1 > 0 sufficiently small,

(3.10) el f — fllx < % for  te0,Ty].
Next, by (3.5)), for v € X, then by (3.5]), we have the estimate
(3.11) |®(u(s))lly < K, for s € [0,Ty].
Then by (3.7)),
t
(3.12) H / eI (u(s))ds|x < Cot' K.
0

For Ty < Ty sufficiently small, (3.12) < § for ¢ € [0, T5]. Therefore,
(3.13) V:2Z2—2Z, provided T <T>.
To arrange that ¥ is a contraction, (3.5)) implies that for u,v € Z, there exists K < oo such that

(3.14) [@(u(s)) = @(v(s))lly < Kllu(s) —v(s)]|x-
Therefore, for ¢ € [0, T3],
(3.15)
[W(u)(t) = ¥(v)(t)llx = H/ eI D(u(s)) — @(v(s))]ds| x < Cyt" 7K sup [u(s) — v(s)||x-
0 s€[0,t]

Therefore, for T' < T5 sufficiently small, C&,Tl_VK < 1, which makes ¥ a contraction mapping on
Z. Therefore, ¥ has a unique fixed point. ([l

There are a number of function spaces X and Y which satisfy (3.4)—(3.7]). For example, suppose
M is a compact Riemannian manifold and let

(3.16) X =C* (M), Y = C(M).
By the maximum principle, (3.4) clearly holds. Since ®(u) = F(u, Vu), (3.5) also holds. Finally,

since

(3.17) e co.ony < CTYV2 for  te(0,1],

so we have short—time solutions to (3.1) with f € C1(M). In fact, we have

Proposition 8. Given f € C1(M), L = A, the equation has, for some , a unique solution
(3.18) u € C([0,T],CH(M)) N C>=((0,T] x M).
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It is possible to weaken the hypothesis (3.4). Suppose X and Z are Banach spaces such that
(3.19) CrM)c X cZzZcD(M).
We say that u(t) taking values in X, for t € I, belongs to C(I, X) provided w(t) is locally bounded
in X and u € C(I,Z). Then we say that e’ is an almost continuous semigroup on X provided
et is uniformly bounded on X for t € [0,T], given T < oo, ety = esLetly for each u € X,
s,t € [0,00), and
(3.20) ueX, implies etlu € C([0, 00), X).
For example, if M is compact, we can take X = L>°(M) and Z = LP(M) with p < co. We can
also choose e*® on L>(M) and on the Holder spaces C"(M), r € Rt \ Z+.

Proposition 9. Let X and Y be Banach spaces for which 7 hold. In place of ,
suppose that e’ is an almost continuous semigroup on X. Also, augment with the condition
that ® : C(I,X) — C(I,Y). Then the initial value problem (3.1)), given f € X, has a unique
solution u € C([0,T],X), where T > 0 is estimable from below in terms of || f]x-

For example, consider X = C"t1(M) and Y = C"(M), r > 0. If r is not an integer, these are
Holder spaces. Then, for any s > 0,

(3.21) €] cior ortey S Cst ™2, 0<t <1
If f € C"*1, one has a solution u € C([0,7],C™*1), and for each t > 0, u(t) € C™** for every s < 2.

Proposition 10. Given f € CY(M), L = A, the equation (3.1)) has, for some T > 0, a unique
solution

(3.22) u € C([0,T],CH(M)) N C>=((0,T] x M).

Using the estimates in (1.35)—(1.41)), it is possible to take the sets ¥ and X and the bound on
"2l 2 v, x)-

(3.23) Y = LI(M), X = LP(M), ”etA”[l(Y,X) <ot %_%)’
(3.24) Y =H"(M), X=H7PM), [e®lleyx <Ct 267,
and
(325)  Y=HWM).,  X=HPM), [ <O FEHRE),
Take the case F(u, Vu) = Y, 9;F;(u) with L = vA,
ou
(3.26) o = VAu+ ; 0;F(u),  u(0)=Ff.

For example, take M = T". Now then, suppose

(3.27) [Fi(w)] < Clw)?, V()| < Clu)P~.

Proposition 11. Under the hypotheses in , if f € LYM), the partial differential equation
has a unique solution v € C([0,T], LY(M)), provided

(3.28) q>p, and g>n(p—1).

Furthermore, u € C*((0,T] x M).
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Proof. Take the Banach spaces
(3.29) X =LYM), H b5(M).
We need ¢ > p, so that >1,and F; : L1 — L4/? is locally Lipschitz. Indeed,

(3.30) Fj(u) — Fj(v) = Gj(u,v)(u —v), G,(u,v) :/01 Fi(su+ (1 —s)v)ds.
By the generalized Holder inequality,

(3.31) [1Fj(u) = Fj ()l pare < GjllLare-nllu =]l La,

so we have . Next,

(3.32) 1| (e -rase Loy < Ct™2GE—9)735,

Therefore, we have 1} when % < 1.

It suffices to establish smoothness. First, replacing L? by L% in (3.2), for any ¢t € (0,7],
u(t) € L™ for all @1 < ﬁ. Since p — £ < 1, this means that ¢ exceeds ¢ by a factor > 1.

Iterating, u(t) € L%, where g; exceeds gj_; by a factor > 1. When ¢; > np, the next iteration
gives u(t) € C"(M).
Now consider the spaces

(3.33) X=C"(M), Y=H"1"%M),

for some € > 0 very small and ¢ very large. Then, u — F;(u) is locally Lipschitz from C”(M) to
C" (M), hence to H"~“P(M). Then by (3.25), for any ¢ > 0, u(t) € C"™ (M), r1 —r > 0, which is
estimable from below. Making a finite number of iterations, u € C'(M), and then by Proposition
[8 the proof is complete. O

We can establish a global existence theorem for solutions to (3.26).

Proposition 12. Suppose F; satisfy (3.27) with p = 1. Then given f € L*(M), the equation (3.26))
has a unique solution

(3.34) u € C([0,00), L*(M)) N C*>((0,00) x M),
provided when u takes values in RX, F;(u) = (Fj1 (u), ...,F]K(u)), that
(3.35) OF; = E 1<i,k<K

ou;  Ouy’ - =

Proof. When p = 1, we can take ¢ = 2 and n(p—1)/q < 1, ¢ > n(p—1). Therefore, a local solution
exists,

(3.36) u € C([0,T],L*) N C>((0,T) x M).
To get global existence, it suffices to bound ||u(t)| 2. Indeed,
d
@37) GOl =200, 058 () = 2ATuOIEs < 2ul0), 30,851

J

G, . . .
- Therefore, the right hand side of l is

By 1) there exist smooth G such that Ff = g
Dy

given

(3.38) 72Z/ajaj(u)dx =0.
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|
For a scalar equation, it is possible to eliminate the restriction p = 1 for bounded initial data.
Proposition 13. If is scalar and f € L (M), then there is a unique solution
(3.39) u € L*(]0,00) x M) N C*((0,00) x M),
such that, as t \, 0, u(t) = f in LP(M) for all p < co.

Proof. Suppose || f||r < M, and alter F;(u) on |u| > M—i—% so that Fj (u) is constant on u < —M —1
and on u > M + 1. Then by Proposition[12] this modified PDE has a global solution. This u solves

(3.40) % =vAu+ Y aj(t,x)0u,  a;(t,z) = Fj(u(t,z)).
J

Furthermore, the maximum principle for linear parabolic equations holds, so ||u(t)| L~ < M for all
t, so u solves the original PDE. O

Now suppose that € M, a compact region with a boundary, and that F is smooth in its
arguments. Specifically, take the Dirichlet problem

(3.41) u=0 on R x oM,
and suppose
(3.42) % = Au+ F(t,z,u, Vu), u(0) = f.

Since Propositions [7]and [J] were phrased on a very general level, a number of short—time existence
results follow simply by verifying that (3.4)—(3.7) hold for appropriate Banach spaces X and Y on
M. For example, suppose X = C}(M) and Y = C(M), where for j > 0,

(3.43) ClM)={feC'M):f=0 on M}
We have the following estimate
(3.44) le" flloray < CE 20 flliegy,  0<t<L,

as well as the proposition.

Proposition 14. If Q is a compact Riemannian manifold with boundary, on which the Dirichlet
condition is placed, then et defines a strongly continuous semigroup on the Banach space

(3.45) Cy () ={f € CY Q) : floa = 0}.
Therefore, we have the following.

Proposition 15. If f € C}(M), then (3.41)(3.42) has a unique solution
(3.46) we C(0,1),CH(M)),
for some T > 0, estimable from below in terms of || fllcr.

Now suppose that F' is independent of Vu, that is,
0
(3.47) 8—1: = Au+ F(t,z,u), u(0) = f,

so we can take X = Cy(M), Y = C(M), and by the above arguments obtain
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Proposition 16. If f € Cy(M), then (3.47), (3.41)) has a unique solution

(3.48) ue C([0,T),C(M)),
for some T > 0, estimable from below in terms of || f|| Lo

We can obtain further regularity results on solutions to (3.42)) and ([3.47)) with boundary condition
(3.41) by making use of the regularity results for

(3.49) (2—1; = Au+g(t, z), u(t,x) =0, for x € OM.

For any k € ZT define the set

(3.50) HEI x M) ={ue L2(I x M) : &u e LI, H* 2 (M)), 0<j<k}
Then if holds on I x M with I = [0, Tp], then

(3.51) geHI x M) = ueHF (T x M),

for I' = [¢,Tp], € > 0. Therefore, if g = F(t,x,u, Vu) for Proposition (15| and g = F(t,x,u) for
Proposition [18] g € HY(I x M) whenever Ty < T. Therefore,

(3.52) u € HY(I x M).

Therefore, one also has higher order regularity. Therefore, we have proved

Proposition 17. Assume F is smooth in its arguments. The solution (3.46|) of (3.49), (3.41) has
the property

(3.53) u € C™((0,T) x M).

Proof. We begin with the implication

(3.54) ue€ C(Ix M)NHNI x M) = F(t,z,u) € H'(I' x M).

Then by , u € H2(I' x M). More generally,

(3.55) ue C(Ix M)NHFI' x M) = F(t,z,u) € H*(I' x M).

Arguing by induction proves the Proposition. (]
The estimates in and utilize the Moser estimate.

Proposition 18. Let F' be smooth and suppose F(0) = 0. Then, for u € H* N L™,

(3.56) IE ()l e < Cr(lullzoe) (1 + [Jull ).
Proof. By the chain rule,
(3.57) DF(u)y= >  Cpul® . aP) W (),
B1+..+Bu =«
Therefore,
(3.58) ID*F(u)|ze < Crlllullz=) D [l u® e
B1+..+Bu=a

Then by u € L™ N H* and interpolation, the proof is complete. |
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4. THE LP SPECTRAL THEORY OF THE LAPLACE OPERATOR

Suppose A is the Laplace operator on the manifold M, where M is a compact Riemannian
manifold without boundary. For any A > 0, (A — A)~! is a bijective operator between LP(M) and
H?P(M) for 1 < p < <.

Proof of claim. To see this in the case when p = 2, observe that (1.17)) implies that

(4.1) e Flzzvy < £ Ilz2 vy

and therefore by (2.29)), (A\—A)~1! is bijective from L?(M) to H?(M). Meanwhile, by the maximum
principle,

(4.2) 1€ fll Los (ry < NNl s ()

By interpolation, for any 2 < p < oo,

(4.3) €™ FllLoany < IF ey
Now then, by duality, (4.3) implies that for 1 < p < 2,

(4.4) €2 Fllzoany < If e an)-

Taking the adjoint of the action of e on C(M) implies that e*® acts on finite Borel measures
on M, so e*® preserves L'(M). Since C§°(M) is dense in LP(M) for 1 < p < oo, e'® defines a
strongly continuous semigroup on LP(M). Thus, define A, on L?(M) to be the operator A acting
on H?P(M). Therefore, A, is a closed operator with finite-dimensional eigenspaces consisting of
functions in C*°(M). Each of these functions are actual eigenfunctions, so the L? spectrum of A
coincides with its L? spectrum. O

Now define a holomorphic semigroup. Let I be a closed cone in the right hand plane of C with
vertex at 0. If P(z) : X — X is a family of bounded operators on a Banach space X, we say that it
is a holomorphic semigroup if it satisfies P(z1)P(z2) = P(21+22) for z; € K, is strongly continuous
in z € K, and is holomorphic in the interior of .

Remark 2. Strong continuity implies that ||e*?|| is locally uniformly bounded on K.

The operator e*2 f defines a holomorphic semigroup on L?(M). Indeed, by the spectral decom-
position of LP(M),
(4.5) le*2 fll 2y < 11l
Also, e* is holomorphic in L?(M) since d%eZA = Ae*2. In fact, we can prove
Proposition 19. ¢*2 defines a holomorphic semigroup H,(z) on LP(M), for each p € [1,00).

Proof. This follows from the parametrix construction. We do not do this in the general case here,
but rather refer the interested reader to Chapter 7, section 13 of [Taya]. However, observe that in

the computations in ([1.26[)—(1.32)),

@ 1 _le—yl?
(4.6) e"Af = (47rat)”/2/€ o f(y)dy.
Therefore, when Re(a) > 0, the operator e retains the properties in (1.34)—(1.41]). O

Here is a useful property of semigroups.
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Proposition 20. Let P(z) be a holomorphic semigroup on a Banach space X with generator A.
Then,

(4.7) t>0,feX — P(t)f € D(A),
and
(48) 14P@fIx < TIflx,  for  0<t<1

Proof. Using the holomorphicity of P(z) and the structure of I, there exists a > 0 such that there
exists a circle y(t) of radius alt| such that v(t) € K, for all ¢ € (0, 00). Thus,

(19) APOF = POf =5 | @07 POsC

Since [|P(Q)f|| < Callf|| for ¢ € K, [¢| < 1+ a, we have ([EF). D
In particular, for 1 < p < oo, 0 <t <1,

(4.10) F € L2(M) = e Pl < S fllzrnn

Then by interpolation,

(4.11) e fllarervy < C2 | flloany,  for  0<s<2 — 0<t<Ll

Now let Q) be a compact Riemannian manifold with smooth boundary and let A be the Laplacian
on Q with Dirichlet boundary condition. Assume that € is connected and 99 # (). For A > 0,

(4.12) Ry=(\—A)"1:L%(Q) — L*(Q),

with range H2(Q2) N H (). For f € L>(f2), we can analyze Ry f by noting that Ry is positivity
preserving,

(4.13) A >0, g >0, on Q = Ryg >0, on Q.

This follows from the maximum principle. We can also prove this using the the positivity principle of
e!® combined with the resolvent formula. Combining positivity preserving with regularity estimates
and estimates on R)1,if 0 < f <1, Ryx(1— f) > 0and Ryf >0,s0 0 < Ryf < Ry)1, so

(4.14) Ry :C(Q) = C(Q), Ry : L™(Q) — L™ (Q).

Taking the adjoint of Ry acting on C(Q), we have R, acting on the finite Borel measures on €.
Since the closure of L2({2) in the set of finite Borel measures is L(2),

(4.15) Ry : LY(Q) — L*(Q).

Then by interpolation,

(4.16) Ry : LP(Q) — LP(Q), 1<p< .
By a similar argument, we can show that

(4.17) A LA(M) — L2(M),

and by the maximum principle,

(4.18) et L®(M) = L®(M).

Then by interpolation and duality,
(4.19) etA L LP(Q) — LP(Q), 1<p<o.
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Proposition 21. For 1 < p < oo, €*2 defines a holomorphic semigroup on LP(), on any sym-
metric cone K about RT of angle < 7.
Proof. The remaining parts of the proof are in [Tayb]. |
Making use of Proposition which we know applies to e*® on LP(M) gives the bound
(4.20) o)l roan < CHTY2 1 f e @)

5. GALERKIN’S METHOD

Returning to the parabolic PDE
ou
(5.1) o = VAu+ > 0iF(u),  u(0)=f,
J
suppose that
(5-2) [Fi(w)| < Cw)?,  |[VFj(u)] < Cluy™,
holds with p = 2 and that

53 8Ff aF;
(5.3) 9u, ~ Ou,’

Take M = T"™, and we can use the Galerkin method to produce a sequence of approximations,
converging to a solution to (|5.1)).
Now then, for any € > 0, define the projection P. on L?(M) by

(5.4) Pef(x)= Y f(k)e*™.
k<t
Consider the initial value problem

Oue
ot

Now take f € L?(M). For each 0 < € < 1, ODE theory gives a unique, short-time solution to (5.5]),
satisfying ue(t) = Pou(t). Furthermore,

(5.5)

= vPAPuc+ Py 9;Fj(Pau),  uc(0) = P.f.

d
(5.6) %Hue(t)ﬂiz = 20(PAPeuc, ue) +2 Y (Ped;iFj(Peuc), ue).
Integrating by parts, the first term on the right hand side is equal to
(5.7) —2v||VPou(t)||72 < 0.
The second term is equal to
(5.8) 2> (95F;(Peuc), Peue) = =2 (Fj(Peuc),0;Peuc) = =2 / 9;1G;(P.ue)]dz = 0.
Therefore,

(5.9) ez < || f]l L2
Hence, for each € > 0, (5.5 is solvable for all ¢ > 0 and
(5.10) {uc:0<e<1,}



18 BENJAMIN DODSON
is bounded in L*>(R*, L?(M)). Furthermore, by (5.6)—(5.9)), for any 0 < T’ < oo,

T
(5.11) 21//0 IV Peuc(t)|[72dt = | PeflZ2 — llue(T)]Z--

Therefore, for each bounded interval I = [0, T], since P.u. = u.,
(5.12) {uc} is bounded in L*(I, H'(M)).
Given that |Fj(u)| < C(u)?, since u is bounded in L>®(RT, L%(M)), {F;(Pcuc)} is bounded in
L®(R*, LY (M)) € L=®(RT, H="/?75(M)), for each § > 0.
Using the evolution equation ([5.5)),

(5.13) {8(,;;} is bounded in L?(I, H~"/?7179(M)).
Therefore,
(5.14) {uc} is bounded in H(I, H "/?71=9(M)).
Interpolating and ,
(5.15) {uc} is bounded in H*®(I, H'~5("/2+1+0)y,
for each 0 < s < 1. Choosing s > 0 sufficiently small, Rellich’s theorem implies
(5.16) {ue : 0 < € <1} is compact in L*(I, H' 7Y (M)),
for any v > 0.

For any T' < 0o, we can choose a sequence uj = u,,, €x 0, such that
(5.17) up — w in L*([0, T], H'~7), in norm.

Making a diagonal argument, it is possible to arrange that (5.17)) holds for all T < co. We can

also assume that wuy is weakly convergent in each space specified by d5.10|)7 (]5.12[), and that % is
weakly convergent in the space (5.13). Furthermore, from (5.17]),

(5.18) Fj(P.ue,) — Fj(u), in L'([0,T], L*(M)), in norm,
as k — oo. Therefore,
(5.19) 9;Fj(P.uc) — 0;Fj(u) in L*([0,T], H Y (M)).

Since H™ (M) ¢ H™™/27179(M), each term in (5.5)) converges as €, \, 0. Therefore, we have
proved

Proposition 22. If |F;(u)| < C{u)? and |VFj(u)| < C(u), then for each f € L*(M), a K x K
system of the form (5.1)) satisfying the symmetry hypothesis (5.3) possesses a global weak solution,

(5.20)  we L®(RT,L2(M))N L2 (RT, H'(M)) N Lipjoe(RY, H2(M) + H™/?7 175 (M)).

loc

This argument can be generalized to the case when U is a bounded domain. In this case, we
need smooth functions wg(x),

(5.21) {wy,}?2, is an orthonormal basis of H}(U),
and
(5.22) {wy,}?2, is an orthonormal basis of L?(U).

For example, we can take {wy }?2 ; to be the complete set of appropriately normalized eigenfunctions
for L =—A in H}(U).
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Now we prove an important L'—contractive property for a scalar equation.

Proposition 23. Let u; be solutions to the equation (5.1) with initial data u;(0) = f; € L=°(M).
Then for each t > 0,

(5.23) [ur () = u2 ()21 ) < 1f2 = fallzr vy
Proof. Set v = u; — uz. Then v solves
v
(5.24) 5 = VAv+ > 0;[®;(ua, uz)v),
where
1

(5.25) D, (ur,u2) = / Fj(suy + (1 — s)uz)ds.

0
Now set G,(t,x) = ®;(u1,u2). Given T > 0, let w solve the backward heat equation
(5.26) %": = —vAw+ Y Gj(t,x)w,  w(T)=wy € C®(M).
Now then, w(t) is well-defined for ¢ < T, and the maximum principle implies
(5.27) [lw®)||pee < [JwollLse, for t<T.
Now then, for 0 <t < T,

d

(5.28) %(v,w) = (vAv,w) + Z(aj(ij),w) — (v, vAw) + Z(v, G;0;w) = 0.
Since (0(0),w(0)) < [|o(0) |2 [w(0)]| <, the proof of (23) is complete. 0

6. NAVIER—STOKES EQUATION

Consider the Navier—Stokes equation for the viscous incompressible flow of a fluid. Now the
Euler equation has the form

(6.1) %Z + PV,u =0, u(0) = uo,

where P is the orthogonal projection of L?(M, T M) onto the space of divergence—free vector fields,
and the divergence of ug is equal to zero. On R"”, the Leray projection P is defined by

(6.2) P(u) =u— VA YV -u).
Then the Navier—Stokes equation has the form
0
(6.3) 8—1; + PV,u = vAu, u(0) = up.
Define the Friedrichs mollifier,
(6.4) o) =it [i@da=1, jeSE),
and let
(6.5) Jeu(xz) = je x u(x).
Now define the approximating equation
Oue
(6.6) ¥ PIV, Jue = vI AT, ul(0) = .

ot
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Then by direct computation,
d

(6.7) Jllucllze = —2v[Vieuc|z,
and therefore,
(6.8) eIz < l[uollr2-

Therefore, is solvable for all ¢ € R whenever v > 0 and € > 0.

Now let M = T"™ and compute
d
(6.9) %Ilue(t)\\qu < COllue(®)llor ue(®) [ — 4vIV Jeue 72

Observe that the constant C' in is independent of ¥ > 0. The estimate is sufficient to
establish a local existence theorem for a limit point of u. as € N\, 0, which we denote u,.

Theorem 1. Given ug € H*(M), k > %41, with div(ug) = 0, there is a solution w, on an interval
I=1[0,A4) to (6.3) satisfying
(6.10) u, € L>=(I, H*(M)) N Lip(I, H*"2(M)).
The interval I and the estimate of u, in L>(I, H*(M)) can be taken independent of v > 0.

We can establish the uniqueness and treat the stability and rate of convergence of u. to u = u,
as before. For € € [0, 1], compare a solution u = w,, to a solution u,. = w to

ow

(6.11) n +PJV,Jw=vJAJw, w(0) = wy.
Setting v = u, — uye, we have an estimate.
Proposition 24. Given k > 5 +1, solutions to (6.3)) satisfying (6.10) are unique. They are limits
of solutions u,e to (6.3), and fort € I,

(6.12) %Ilvlliz = —2||VolZ2 + K1)l = Jellgqme-1,12)-
Next, we can deduce
(6.13) %HD“JEuV(t)Hiz = —2(D*JcL(uy, D)uy, D*Jeu,) — 2v||V Jeu, ()3 -
Therefore,
(6.14) %Iluu(t)lliw < Clluy () ol (8) -

Thus, w, is continuous in ¢ with values in H¥(M) at t = 0. At other points t € I, u, is right
continuous. u, is not left continuous, since the evolution equation is not well-posed backward in
time.

Now we prove a local well-posedness result for (6.3).

Proposition 25. If div(ug) = 0 and ug € LP(M), with p > n = dim(M), and if v > 0, then (6.3)
has a unique short—time solution on an interval I =1[0,T],

(6.15) w =, = C(I,LP(M)) N C=((0,T) x M).
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Proof. Tt is useful to rewrite ((6.3) as

0
(6.16) 8—1; + Pdiv(u ® u) = vAu, u(0) = up.
Indeed, since u is divergence free,
(6.17) Vuu =u;Vju; = Vj(uu;) = div(u ® u).

Now then, rewrite (6.16)) as an integral equation,
t
(6.18) u(t) = ePug — / =2 Pdiv(u(s) @ u(s))ds = Tu(t).
0

Then we look for a fixed point,

(6.19) VO, X) = O,X), X=LP(M)Nkerdiv.
Then by Proposition [7} fix & > 0 and set

(6.20) X = {u e C0,TLX) : u(0) =up,  Jult) — wollx <a,

and show that if 7' > 0 is sufficiently small, then ¥ : Z — Z is a contraction map.
Then we need a Banach space such that
(6.21)
P: X Y, is Lipschitz, uniformly on bounded sets, VALY — X, for t> 0,

and for some v < 1,

(6.22) e 2 covxy <CtY, for  te(0,1].

The map @ in is

(6.23) ®(u) = Pdiv(u @ u),

and then set

(6.24) Y = H YP/2(M) N kerdiv.

These conditions hold if p > n. Thus, we have the solution u, to belonging to

(6.25) u, € C([0,T], LP(M)).

The proof of smoothness from Proposition [8)) applies essentially verbatim. (]

Thus, we can get global well-posedness if we can bound ||u(t)||z»(rq) for some p > n.

Proposition 26. Given v > 0, p > n, if u € C([0,T), LP(M)) solves (6.3), and if the vorticity w
satisfies

np
6.26 sup ||w(t)]|re < K < o0, q= ,
(6.26) S [lw (@) ntp

then the solution u continues to an interval [0,T"), for some T' > T,
(6.27) uwe C(0,T"), LP(M)) N C>=((0,T") x M),
solving (6.3]).
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Proof. We have
(6.28) u = Aw + Pyu,

where A € OPS™1(M) and P, is a projection onto a finite-dimensional space of smooth fields.
Then by the Sobolev embedding theorem,

(6.29) A: LI(M) — LP(M).
O
Now then, when dimM = 2, the vorticity w = d1us — dauy is a scalar and satisfies the PDE

0
(6.30) a—L: + Vyw = v(A + ¢o)w,
Then by the maximum principle,
(6.31) lw@®llze= < e [|w(0)] Lo
When M = R2, ¢y = 0. When dimM = 3, w = curl(u) is a vector field, and then

0
(6.32) a—j + Vow — Vo = vAw.

In this case we cannot use the maximum principle to control w, and the Navier—Stokes equation
remains an open problem. We can prove a global result for small data.

Proposition 27. Let k > 5 4+ 1, v > 0. If |Jug|| g+ is sufficiently small, then (6.3) has a global
solution in C([0,00), H*) N C>((0,00) x M).

Proof. If M = R"™, we can choose constants A and B such that

(6.33) IVulZpe > AllulFe — BllulZe-
Therefore, (6.13)) yields

d
(6.34) %IIU(t)ll?m <A{C|lu®)ller — 2vAY||ullfp. + 2vB]|u(t)|Z.-
Now suppose
(6.35) uoll3e < 6, and lluol3x < L6,
where L is specified below. For LJ sufficiently small,

A
(6.36) |2 <206 implies  [v]jer < %
Recall that [[u(t)||r2 < |luol|r2. Therefore, if |[u(t)||3,. < 2L4,
d

(6.37) < —vAy+2wBs,  y(t) = u(t)|F-
Therefore, (6.37) implies
(6.38) y(t) < max{y(to),2BA*5}, for t > to.
Therefore, if we take L = % and § > 0 sufficiently small so that 1' holds, we have a global
bound |[|lu(t)||3,, < Ld, which gives global existence. O

Now we prove the Hopf theorem proving global weak solutions exist for v > 0. Suppose ¢y = 0,
which corresponds to Ric = 0.
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Proposition 28. Given ug € L*(M), div(ug) =0, v > 0, (6.3) has a weak solution fort € (0, 00),
(6.39) ue L¥(RY, L2(M)) N L, (RY, HY (M) N Liproe(RY, H2(M) + H™HH(M)).

loc

Proof. We produce u as a limit point of solutions u, to a slight modification of , namely we
require J. to be a projection, J. = x(eA), where x(\) is the characteristic function of [—1,1]. Then
Je commutes with A and with P. We also require u.(0) = Jeug and then u(t) = Jeu(t). Now, by

(6.7,
(6.40) {uc:e€(0,1]}  isbounded in  L>®(R*, L?).
Furthermore, for M = R",

T
(6.41) 2’//0 [Vue(t)l[72dt = [|Jcuol| 72 — [lue(T)|Z:-
Therefore, for each bounded interval I = [0, T,
(6.42) {uc} is bounded in L*(I, H'(M)).
Now then, since J AJ . u. = Au,.

(6.43) aal; € 4 PJ.div(ue ® u.) = vAu,.

Now by 7

(6.44) {ue ® ue : € € (0,1]} is bounded in L= (RY, LY(M)).
Since L'(M) ¢ H~/279(M), for each § > 0,

(6.45) {Ouc}  isbounded in L3I, H "/?71=(M)),

SO

(6.46) {u}  isbounded in  H'(I,H ™?* '79(M)).
Interpolating between and ,

(6.47) {ue} is bounded in  H*(I, H'~*~*(E+H1+)(Af)),
and therefore,

(6.48) {u¢}  is compactin  L*(I, H'77"(M)),

for all ¥ > 0. Therefore, we can pick a sequence uj = u,, such that

(6.49) up — u, in L*([0,T), H' (M), in norm.
Therefore, u is the desired weak solution of . O

Solutions of (6.3) that are obtained as limits of . are called Leray—Hopf solutions to the Navier
Stokes equations. Uniqueness and smoothness of a Leray—Hopf solution remain open problems if
dim(M) > 3.

Proposition 29. If dim(M) = 3 and u is a Leray—Hopf solution of (6.3, then there is an open
dense subset J of (0,00) such that Rt \ J has Lebesgue measure zero and

(6.50) ue (T x M).
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Proof. Fix T > 0 arbitrary, I = [0, T]. Passing to a subsequence, uy = u,, , with
(6.51) lursr —ullp <27%, B =L*I,H'7(M)).
Now set I'(t) = supy, ||uk (t)|| -~ Then

(6.52) L(8) < llua(@)llari-+ + D Jursa (t) = wr(®)l o
k=1

Therefore, I' € L?(I). Therefore, ['(t) is finite almost everywhere. Let
(6.53) S={tel:T(t) < oo}

For v > 0 small, H!=7(M) C LP(M), with p close to 6 when dim (M) = 3. Therefore, the product
of two elements in H'~7 belongs to H'/ 2-7" for ~" > 0. Applying the local well-posedness result,
for each to € S, there exists T'(I'(¢9)) > 0 such that, for ' > 0,

(6.54) {ur} bounded in C([to, to + T(to)], H* =) N C>((to, to + T(to)) x M).
Therefore, in the set
(6.55) Jr = Ugyes(to, to + T(to)),

and the weak limit u has the property v € C*(Jr x M).

It remains to show that I\ Jr has Lebesgue measure zero. Fix 6; > 0. Since meas(I \ S) =0,
there exists d; > 0 such that if S5, = {t € S : T(t) > 02}, then meas(I \ Ss,) < d1. Now then, if
T(tg) > 62 then to + %2 € Jr. Therefore, meas(I \ Jr) < 61 + %2. This completes the proof. O

7. HARMONIC MAPS
Let M and N be compact Riemannian manifolds. Using the Nash embedding result, we can
take A/ C R¥. A harmonic map is a critical point for the energy functional
1

(7.1) E(u) = 5 /M |Vu(z)[2dV (z).

Remark 3. Recall that an isometric embedding f is an embedding that preserves the metric. That
is, for v,w € T, M, if g and h are the metrics,

(7.2) 9(v,w) = h(df (v),df (w)).
Therefore, the quantity (7.1]) only depends on the metrics of M and N, not on the embedding.

Suppose u, is a smooth family of maps from M to A/. Then,
d

(7.3) S B(us)]smo = - / o) Au(z)dV (),

where u = ug and v(x) = %us (z) € TN Tt is possible to vary ug so that v is any map M — R*
that satisfies v(x) € Tu(m)./\f . Therefore, the stationary condition is that

(7.4) Au(x) L Ty N, for all x € M.

It is possible to rewrite the stationary condition (7.4)). Suppose that near a point z € ' C R¥,
N is given by

(7.5) fily) =0,  1<I<I,
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where L = k — dim/N, and with V f;(y) linearly independent in R¥ for each y near z. Now then, if
u: M — N is smooth and u(z) is close to z, then we have

8fl(9ul, .
(7.6) Zauuaxj_’ 1<I<L,  1<j<m,

where (21, ..., 7,,) is a local coordinate system on M. Multiplying (7.6) by ¢’* and differentiating
with respect to xy,

Oft Ny — ji_O*fi Ouy Ou,
(7.7) Z 8ul, a Z g Ouy,0u, Oxy, Oy

v,k

Since {V,fi(y) : 1 <1 < L} is a basis for the orthogonal complement in R* of 7, \/, the normal
component of Au depends only on the first order derivatives of u and is quadratic in Vu. That is,

(7.8) (Au)N =T '(u)(Vu, Vu).
Thus, the stationary solution for (7.4]) is equivalent to
(7.9) Au —T'(u)(Vu, Vu) =

Let 7(u) denote the left hand side of (7.9). Then by (7.8), given u € C*(M, N), 7(u) is tangent to
N at u(x). There is a result of Eells and Sampson.

Theorem 2. Suppose N has negative sectional curvature everywhere. Then, givenv € C*®°(M,N),
there exists a harmonic map w € C° (M, N) that is homotopic to v.

The existence of w is established by solving the PDE,

0
(7.10) a% = Au—T(w)(Vu, Vu),  u(0) = v.
Under the hypothesis of negative sectional curvature on A, there is a smooth solution to (7.10) for
all t > 0, and that, for a sequence tj, — oo, u(tx) tends to the desired w. By Proposition equation
(7.10) is locally solvable on some interval [0, 7). Since 7(u) is tangent to N for u € C°(M,N),
it follows that u(t) : M — N for each ¢ € [0,T). To show that T" = oo, it suffices to estimate
)l

Let e(t, z) denote the energy density,

1
(7.11) e(t,r) = §|VIu(t,x)|2.
Now then, we have the identity
0 1 1
(7.12) a—: — Ae = — [NV - §<du - RicM(ej),du - e;) + §<RN(du ej,du-ep)du - ey, du - e;).
Since N has negative sectional curvature, we have the identity
0
(7.13) a—i — Ae < ce.
Now then, if f(t,z) = e~“e(t, 1),
of
7.14 —Af <0,
(7.14) o afs

which by the maximum principle, f(¢,z) < || f(0, )| L. Therefore,
(7.15) e(t, ) < ||Vl
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This C' estimate implies global existence of a solution by Proposition @

Now then, for the total energy,

= (& X X :1 U2 X

(7.16) E(t)/M (t,2)dV (z) 2/M|v 24V ().
Then by ,

! = — (7 2 xZ).
(7.17) 20 =~ [ juPav)
Indeed, by (7.3),
(7.18) E'(t) = / (e, Au)dV (z).

M

Since u; is tangent to N and I'(u)(Vu, Vu) is normal to A, (7.17) follows.
Lemma 3. Let e(t,x) > 0 satisfy the differential inequality (7.12). Assume that

(7.19) E(t) = / e(t, )dV (z) < Ey,

is bounded. Then there exists a uniform estimate

(7.20) e(t,x) < e°KEy, t>1,
where K depends on the geometry of M.

Proof. Let % —Ae=ce—g, g(t,z) > 0. Then for 0 < s <1,

(7.21) e(t +s,2) = e BHe(t, ) — / eI g (7 p)dr < e BFTe(t, 2).

0
Since e*(A+9) is uniformly bounded from L!'(M) to L=(M) for s € [%,1], the bound (7.20) for
t € [, 00) follows from the hypothesized L'(M) bound on e(t). O

Now then, Lemma applies to e(t, ) = |Vu|? when u solves satisfy
(7.22) lu®)lcr < Kil|v|en, forall > 0.
Then by the regularity estimates in Proposition |11}
(7.23) lu®ller < Killoller, 21,

Now by (7.17), E(t) is positive and monotonically decreasing. Therefore, [, |u(t, z)[*dV (x) is
an integrable function of ¢, so there exists a sequence t; — oo such that

(7.24) [lwe (£, )l 2 — 0.
Also by and the PDE , we have the bounds
(7.25) [t (¢, ) e < Ck,
and interpolating with gives

(7.26) [lue (£, )l 2 — 0.

Therefore, by (7.10)), for u;(x) = u(t;, z),
(7.27) Au; —T(u;)(Vuj, Vui) =0,  in  HY{(M).
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Therefore, the subsequence converges in a strong norm to an element w € C*° (M, N) solving (7.9)
and homotopic to v.

Theorem 3. If we are given v € C°(M,N) there exists a smooth map w : M — N that is
harmonic and homotopic to v and such that E(w) < E(?) for any © € C*°(M,N), homotopic to v.

Proof. Let a be the infimum of the energy of smooth maps homotopic to v. Choose a sequence v,
homotopic to v such that F(v,) N\, a. Then solve (7.10) with u, (0) = v,. Then we have a sequence
uy(tyj) = w, € C®°(M,N), harmonic, E(w,) < E(v,) so that

(7.28) E(w,) \( a.

Also, we have uniform C! bounds of w, for all . Thus, the limit point has all the desired properties.
O

Now let

(7.29) F(x, Diu) = B(u)(Vu, Vu),

a quadratic form in Vu. In this case, take

(7.30) X=H'" Y=Lt ng, p>n.

Then

(7.31) H" C L7,  p< g

Proposition 30. If (7.29)) is a quadratic form in Vu, then the PDE

0
(7.32) 57? = Au+ B(u)(Vu,Vu),  u(0) = f,

has a solution in C([0,T], H'P) N C>((0,T) x M), provided f € HY"P(M), p > n.
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8. REACTION—DIFFUSION EQUATIONS

A reaction diffusion equation is an [ x [ system of the form,

(8.1) % = Lu+ X (u), u(0) = f,

where u = u(t,z) takes values in R!, X is a real vector field on R!, and L is a second order
differential operator that is a negative semi-definite, self-adjoint operator on L?(M). The manifold
M is complete, either R™ or a compact manifold. The operator L need not be elliptic.

One example is the Fitzhugh—Nagumo system,

v 0%
_pZ- _
' Jw

a = G(U - ’Yw)v
with
(8.3) fw)=v(a—v)(v—-1).
In this case,

Da2 0

(8.4) L—( 0 O)’ D > 0.

The operator L has the following generalization of the maximum principle.

Proposition 31 (Invariance property). There is a compact, convezx neighborhood K of the origin
in R! such that if f € L?>(M), then for all t > 0,

(8.5) f(z) € K, for all x implies el f(x) € K, for all .
Therefore, if f,g € L?(M) have compact support,
(8.6) e fllze < Il FfllLe=,

where & is independent of ¢ > 0. If we define a norm on R! so that K N (—K) is the unit ball, then
we have k = 1. For such f and g, we have

(8.7) (" f.9)l = I(f. el < wll fllrallgllze,
so then |le'L f| |1 < k|| f||z:. Therefore, e'’ has a unique extension to the linear map
(8.8) et LP(M) = LP(M), e ]| < ky,

for 1 < p < 2, by interpolation. Then by duality (8.8) holds for 2 < p < c.

9. A NONLINEAR TROTTER PRODUCT FORMULA
10. THE STEFAN PROBLEM
11. QUASILINEAR PARABOLIC EQUATIONS 1
12. QQUASILINEAR PARABOLIC EQUATIONS 2, SHARPER ESTIMATES
13. QUASILINEAR PARABOLIC EQUATIONS 3, NASH-MOSER ESTIMATES
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