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2 BENJAMIN DODSON

1. THE DIRICHLET PROBLEM ON THE BALL IN R"

The study of elliptic partial differential equations begins with harmonic functions on a disc,

Au=0 : onD,
(1.1) {u:f : on Sh.

Suppose for now that f € C(S!). Then define the Fourier transform for any k € Z,

27
(12) f) =710 = 5= [ e o)
For f € LY(SY), F: L}(S') — I°°(Z). Then for any r € [0,1), the sum
(1.3) T f(0) = i FlyrlFletke,
k=—o0

converges absolutely.

Furthermore, taking z = re®’,

(1.4) D Fkyrte? = f(k)2",

(L5) SO fkrret =3 f(—k)E,

is anti-holomorphic on D = {z : |z| < 1}. Therefore,

(1.6) u=(PIf)(z Zf z +Zf )2* = (PI, f)(2) + (PI_f)(2),

is the sum of a holomorphic function and an anti-holomorphic function on . A holomorphic
function v satisfies

v 1,0 .0
—— = *(7 +1

0z 2 0z y
while an anti-holomorphic function satisfies

ov 1 2 o .0
0z  2'0r 3y
Therefore, u defined by (1.6]) is a harmonic function.

(1.7) —)v =0,

(1.8) —)v=0.
Next, we show that

Proposition 1. If f € C(S!), u € C(D) and u|g1 = f|s-

Proof. Rewriting J, f in (L.3), for any r € [0,1),

(1.9) L f(0)=>_ f(k)riHe? = 2i FO)> " rlFletkO=0 gy’ — 2i (0 p(r,0 —0")de',
& ™ Js1 & ™ Js1



where

_ k| ik _ kik0 |k —ik0y _
(1.10) p(r,0) = Z riFlet —1+Z(r e 4 rfe™t )_1727"cos9+r2'
k=—o0 k=1

It is straightforward to verify that p(r,0) > 0 for any r € [0,1) and 6 € [0,27). Furthermore, for
any r € [0,1),

1
(1.11) —/p(r, 0)dh =1,

27

and p(r,0) — 0 as 7 1 uniformly for 6 in a compact subset of S that does not contain 6 = 0.
Therefore, 5-p(r,6) is a kernel.

Now then, if f is continuous on S', then f is uniformly continuous on S'. Fix 6 € S'. Then,

(1.12) £0) = 5 [ wr0 015000 = o [ 0.0~ 8)(5(6) ~ £6)at" 0.
271' S1 27'(' S1
as r 1. This proves the proposition. O

Now we generalize this computation to n dimensions.

Proposition 2. If f € C(S"1), then the solution to (1.1)) is given by
1— 2 /
(1.13) u(z) = 111 / | 1@ 5@,
STL*I

A, x—al|?
where A,_1 is the area of the unit sphere S"~! C R".

Proof. We first prove that u given by (1.13)) is harmonic on D.

Lemma 1. For a given 2’ € S"7!, set
(1.14) v(x) = (1 —|z|?)|z — 2|7
Then v is harmonic on R™ \ {z'}.

It is straightforward to see that Lemma implies that (|1.13)) is harmonic on D.

Proof of Lemmal[l]l Shifting z + = + 2/, we show that

(1.15) v(@) = (1 [0+ 2Pl ",

is harmonic on R™ \ {0}. Expanding,

(1.16) A—lz+2))=1- 1+ |z?+2z-2') = 222" — |z~
When n > 3, r > 0,

1

(1.17) Al = (92 + "= (n-1)

92 = (2= m)(1— myr— + P o _pyrn g,

r

Meanwhile, for n > 2,

2
1.1 -2 . -n _ _ . 2—n
(1.18) ' x| 5, V()

so using the fact that AV f = VAf, A(=22" - z|z|™™) = 0 for n > 2.
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Remark 1. When n = 1, the harmonic functions and linear functions are identical. Plugging f

into (L.13),

(1.19) u(z) = (1+x)%+(1—x)f(;l).

|

Now show that v € C(D) and u|gn—1 = f|gn-1. Let © = rw, where w € S"~1. Then,
(1.20) u(rw) = / 1 p(r,w,w’) f(w)dS(w'),
where ’
(1.21) p(r,w,w') = ! _r12|rw—w'|_".
ne

It is clear that p(r,w,w’) = 0asr /71 if w # w'. Now then,
(1.22) p(riy,w’) = 7—(1=rlyP)lry -7,
is harmonic in y for |y| < % Therefore, by the mean value property for harmonic functions,
(1.23) / 1 p(r,w,w)dS(w) = p(0, e,,w') = 1.
Since v
(1.24) / 1 p(r,w,w’)dS(W'),
is independent of w, ’
a2 [ prew)se@) == [ ae)isese) = 1.
Therefore, u|gn-1 = f|gn—1 and u € C(D). O

It remains to prove the mean value property for harmonic functions.

Definition 1 (Mean value property). Suppose @ C R™ is a connected domain. For u € C(R), u
satisfies the mean value property if

(1.26) u(z) = ﬁ /6B ( )u(y)dS(y), for any B, (z) C .

This definition is equivalent to the definition,

n / u(y)dy, for any B, (z) C Q.
B, (z)

An_ﬂ"n

(1.27) u(z) =

Indeed, if (1.26]) holds,

(1.28) n /B ( )u(y)dy = /OT w(z)w,s" tds = u(x).

wpT"

Meanwhile, rewriting (|1.27) and differentiating with respect to r,

(1.29) u(z)r" = ﬂ u(y)dy, nr"tu(z) = ﬂ u(y)dS(y).
Wn J B, (z) Wn JoB,(x)



Theorem 1. Let u € C?(Q) be harmonic in 2. Then u satisfies the mean value property in .

Proof. Take a ball B,(z) C Q. For p € (0,r), apply the divergence theorem in B,(z). Then
(1.30)

ou ou 0
0 :/ Au(y)dy = —dS(y) = p"‘l/ —(x+pw)dS, = p"_l—/ u(z+pw)dS,.
B, () ) aB, OV ) lw|=1 30( p Jjwj=1 )
For any continuous function,
(1.31) lim u(z + pw)dS,, = u(z),
PO Jw|=1
which completes the proof. O

If v is a C? function, then the mean value property is equivalent to being a harmonic function.
Theorem 2. If u € C(2) has mean value property in Q, then u is smooth and harmonic in Q.

Proof. Choose ¢ € C§°(B1(0)) to be a radial function that satisfies fBl(O) o(y)dy = 1. Then,
1
(1.32) wn/ " Lp(rydr = 1.
0
Now for z € Q, € < dist(z, %), then for ¢.(z) = & p(2),

(1.33) /Q u(y)pely — 2)dy = u(z).

Therefore, u(z) = (¢ * u)(x) for any x € Q. = {y € Q : d(y, Q) > €}, so u is smooth.
Next,

(1.34)
Au(y)dy = r”_lg u(z+rw)dSy, = r”_lg(wnu(x)) =0, for any B, (z) C .
B (z) or |w|=1 or
Thus, Au =0 on €. O

The mean value property implies uniqueness for solutions to ([1.1)).

Proposition 3. If u € C(Q) satisfies the mean value property in Q, then u assumes its mazimum
and minimum only on 0S), unless u is constant.

Proof. The proof is the same as for holomorphic functions. O

Since harmonic functions satisfy the mean value property, they satisfy the maximum and mini-
mum principle. Thus, a solution to the Dirichlet problem,

(1.35) Au=f in Q, u=q on 09,
is unique. Indeed, suppose u and v are two solutions to (1.35)). Then, v — v solves (|1.35) with f =0

on Jf). Thus, the maximum and minimum of u — v is 0, so u — v = 0 everywhere.
Remark 2. In general, uniqueness does not hold for a solution on an unbounded domain.

Harmonic functions display a Harnack inequality.
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Lemma 2 (Harnack’s inequality). Suppose u is harmonic in Br(x¢) and u > 0. Then,

R, oR—7 R R+

(1.36) ()" @) < ul@) < ( -

where 7 = | — xo| < R.

R —r u(‘ro)7

Proof. Suppose without loss of generality that g = 0. Then by the Poisson integral formula,

2 _ |2
(1.37) u(z) = ! /8 il u(y)dSy.

wnlR Jop, &=yl
Since R — |z| < |y — z| < R+ |z|, if |y| = R,
(1.38)
1 R—|z| 1 72/ 1 R+ |z 1 72/
. " u(y)dS, < wu(x) < . " u(y)dS,.
wnR R+|m|(R—|—|x\) 9BR (y)dS, < ul )_wnR R—\x|(R—|x|) 9Bn (y)ds,
Then (|1.36]) follows from the mean value formula. ]

Corollary 1. If u is a harmonic function in R™ is bounded above or below, then u is a constant.
We can also prove a result concerning the removable singularity.

Theorem 3. Suppose u is harmonic on Bg\{0} and harmonic in Br and satisfies u(z) = o(log |z|),
n=2, o(|z[>* ™), n >3 as|z| — 0. Then u can be defined so that it is C* and harmonic in Bgr.

Proof. Suppose u is continuous in 0 < |z| < R. Let v solve Av = 0 on Bg, v = u on Br. Then
set w=v —u in By \ {0} and let M, = maxpp, |w|. Clearly, for n > 3,
Tn—2

on 0B,.

Then by the maximum principle, since w = 0 on 0Bpg,

rn—2
(1.40) |w(z)] < M, - Pk for any x € Br \ B;.
However, M,r""2 — 0asr \,0,s0 w =0 and v = u. O

2. THE DIRICHLET PROBLEM ON A SMOOTH DOMAIN

Having obtained the solution to the Dirichlet problem on a ball in R™, , the next goal is to
obtain a solution on a general smooth domain 2. Notice that, as in complex analysis, Proposition
[3] can be generalized to smooth domains, which gives uniqueness.

Let v(r) be a radial function that solves

—1
(2.1) o+ ISy =0,
r
Then let w = v/, w =r"™"Y and
(2.2) v(r) =c1 + exlogr, n=2, v(r) = ez +ear® ", n > 3.
Now choose ¢a, ¢4 such that
1o} 1 1
(2.3) —UdS =1, for any r >0, Ccy = —, Cq4 =

OB, 87"



Then for any a € R™, set

1 1
(24)  T(a,z)= %logla—xl, n=2, F(a,x)=mla—xl2*", n>3.
Thus, for a fixed a € R™, I'(z, a) is harmonic at  # a, A,T'(a,z) = 0 for any x # a, and
or
(2.5) / (a,x)dSy =1, for any r> 0.
9B,.(a) 877’1

Theorem 4. Suppose Q is a bounded domain in R™ and that u € C*(Q) N C%(Q). Then for any
a € ) there holds

ou or
(2.6) u(a) = | T'(a,z)Au(z)dz — (T(a,z) =—(z) — u(x) =—(a, z))dS,.
Q ong on

o0
Proof. Apply Green’s formula to u and I'(a, ) in the domain Q \ B,.(a) for » > 0 small. Then,

(2.7) / (PAu — uAT)dz = / w2 _ ., %ys, - / w2 _,%s,.
0B, (a) n  On Br(a)

Now then, AT' =0 in Q \ B,(a), so

ou or Ou or
2. TAudz = '— —u—)dS, — li I'— —u—)dS,.
(28) /Q\Br(a) uae / ( on 8n) S rl\% Br(a)( on u@n) S
Now then, by direct computation, since u € C?(2) N C*(Q),
8u
2.9 —dS| — as r N\ 0,
(2.9) - I5,d51 =
and by (23),
(2.10) / o s ! / dS — u(a) N0
. u—dS = —"—— U u(a), as T .
8Bn(a) ON A1t JoB, ()
(|
Now suppose € is a bounded domain in R™ and let v € C?(2) N C1(2). Then for x € €,
Ou or
@) ul) = [ Tepduds— [ ) g b) - o) g ),
Q oQ on, Iny

A problem where both u and g—T“L is known on the boundary is overdetermined, so suppose u

solves the Dirichlet boundary problem,

(2.12) Au=f in Q, u =, on oN.

Then,
ou or

(213) u(@) = [ P Wy = [ (T 5) - el) gy (o.)dS,

Q Elo) ny Ty

Now then, for fixed z € 2, consider

(2.14) V(@ y) =T(2,y) + @(2,y),

for some ®(z,-) € C%(Q) and A,®(z,y) = 0. Then redoing the proof of Theorem |4 I, for any z € Q,
ou oy

(215) 0= [ sy — [ G gte) - u g e as,
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For a fixed z € €, choose ®(z,-) € C1(Q) N C%*(Q) such that

(2.16) Ay®(z,y) =0, for y €, O(z,y) = —T'(z,y), for y € 00
Plugging this v(z,y), call it G(z,y), into (2.15),
oG
(217) u(w) = [ Glaa)f@y+ [ o) 5 (@)ds,
Q f3l9) Iny

Remark 3. The function G(x,y) is called the Green’s function.

Remark 4. The proof of the existence of ®(x,y) satisfying (2.16) will be postponed to a later
section. For now, we can observe that Proposition [3] implies uniqueness.

Proposition 4. Green’s function G(x,y) is symmetric in Q@ x Q; that is, G(z,y) = G(y,x) for
r#ye

Proof. Choose 1,29 € Q with 27 # 2, and choose r > 0 suffficiently small such that B,(x1) N
B,.(z2) = 0. Then set G1(y) = G(x1,y) and Ga(y) = G(z2,y). Then,

0G5 0G4
G1AGy — G2 AG :/ Gi——= — Gy——)dS
/Q\Br(a;l)UBr(zg)( He 28G1) ag( " on > n )
8C;2 8G1 8G2 8G1
(2.18) _/aBml)(Gl o~ o )% 8Br(z2)(G1 on ~ P 1

OG> 0G1 0Go 0G,
=_ 2GS — 22 gy, =S,
/é)B,.(xl)(Gl on G on ds /SBr(xz)(Gl on G on )ds

Since z1,xo ¢ 00, G(x1,y) = G(z2,y) = 0 for y € 9.
Since G; is harmonic for y # x;, fQ\B,‘(xl)UB,‘(xz)(GlAGQ — G2AG1) =0, and therefore,

0G3 0G4 0G4 0G1
2.19 Gi1—— — Go——)dS Gi—— —Gs——)dS =0.
( ) /63r(901)( ' on ’ on ) +/BBT(:62)( ' In ’ on )
Now since ® € C?((2),
0G> or or 0G1
2.2 I'——-Gy=—)d — —T—)d )
(2.20) /aB,,.(zl)( o Go 8n) S+ /837.(“)(671 o . )dS — 0, as r\,0
Taking the limit of (2.20) as r N\, 0,
(2.21) —Ga(z1) + G1(z2) = 0, which implies G(z2,21) = G(x1,22).
(]

Before dealing with the question of existence, it will be useful to use the Green’s function to
prove the Riemann mapping theorem.

Theorem 5. Let ) be a bounded domain in C with smooth boundary. Suppose 2 is connected and
simply connected, which means that S is diffeomorphic to the circle S*. Let p be a point in .
There exists a holomorphic function ® on Q such that ®(p) = 0 and ® : Q — D is a diffeomorphism,
where D = {z : |2| < 1}.

Proof. Let G(z,y) denote the Green’s function in two dimensions for domain Q and let Gy(z,y)
refer to ®(z + iy, p) in (2.16]),
(2.22) G(z,y) =log |z + iy — p| + Go(z,y) = log |z — p| + Go(z, y).



Now let Hy € C°°(Q) denote the harmonic conjugate of Gy,
. 0Gy 0G
2.23 H = ———dr + ——dy].
(223) o) = [ 1= e+ Gy
Since Gy is harmonic, Green’s theorem implies that the integral is independent of path. Indeed,
plug in u =1 and I' = Gy to (2.7). Furthermore,

8H0 aGo (9Ho 8GO

2.24 _ _
(2:24) Oz oy’ Oy Oz’
so G + 1Hy is holomorphic. Let
(2.25) H(z,y) = Imlog(z — p) + Ho(z,y).
Let
(2.26) B(z) = eCHH = (5 — p)eCutithn

which is a single-valued function on © with ®(p) = 0. Since a Green’s function vanishes on the
boundary,

(2.27) d: 00— St

and therefore by the maximum modulus principle,

(2.28) ®:Q—D.
In fact,

Theorem 6. ® is a holomorphic diffeomorphism of Q onto D.

To show this, we must show that
(2.29) ®:Q0— D,
is one-to-one and onto, with nowhere vanishing derivative.

First, observe that the tangential derivative of H is nowhere vanishing on the boundary. This is
equivalent to saying that
oG
ov
This follows from the fact that G(z) — —oo as z — p, G(z) is maximal on J9, G is harmonic on

0\ {p}, and Zaremba’s principle. Therefore, (2.28) is a local diffeomorphism, and thus a covering
map.

(2.30) (2) #0, for all z € 0N.

Remark 5. By regqularity theory, G € C(Q).
Next, utilize the argument principle to show that (2.29)) is one-to-one and onto.

Proposition 5 (Argument principle). Let ® € C1(Q2) be holomorphic inside 2, where Q is a
bounded region in C with smooth boundary 0 = . Take q € C, not in the image of v under ®.
The number of points p; € 2, counting multiplicity, for which ®(p;) = q, is equal to the winding
number of the curve ®(v) about q.

Now then, for ¢ = 0, it is clear from (2.26) that p is the unique, simple zero of ®. Therefore,
the map @ is a simple diffeomorphism, and for any ¢ € D, there is exactly one w € € for which
®(w) = q. Therefore, ®'(w) # 0 for all w € Q. O



10 BENJAMIN DODSON

Because of this fact, properties of harmonic functions imply a number of important results for
holomorphic functions.
Lemma 3. Suppose u € C(Bg) is a nonnegative harmonic function in Br = Bgr(xo). Then

(2.31) |Du(zo)| < %u(mo).

Proof. Since D,,u is a harmonic function, integrating by parts,

n n
Dy, u(y)dy = u(y)vdS(y) <
wy R" Br(zo) wy R 8BR(z0)

(2.32) D, u(xg) = u(xp).

=S

The last inequality uses the mean value formula and the fact that u is positive. O
Corollary 2. A harmonic function bounded from above or below is constant.

Proof. Suppose without loss of generality that w is bounded from below and that u > 0. Then by
(2.32), Du(zo) = 0. O

Proposition 6. Suppose u € C(Bgr) is harmonic in Br = Bgr(wo). Then for any multiindex
|a| =m,
nmem m!

max |ul.

Br

Proof. Prove by induction. When m = 1, the proposition follows from Lemma [3] Now suppose
that the proposition holds for m, and prove for m + 1. For 0 < 6 < 1, take r = (1 — §) R. Then by
Lemma |3 and the induction assumption,

nn™e™ . ml nmtlem=Iml

(234) D™ u(ao)| < - max | D] < TRy el =

max |u|.
R

Rm*19m(1—-0) B

T

Now then, for § = mL_H,
1

om1—6) 1+ %)’”(m +1) <e(m+1).

(2.35)

Theorem 7. A harmonic function is analytic.
Proof. Suppose u is a harmonic function in Q. Fix € Q and take Bog(xz) C Q and h € R™ with
|h| < R. Then by Taylor expansion,

1, 0 o .

(2.36) u(@+h) =u(z)+ > il ot B ) ul(2) + R (),
i=1 1 Tn

where

(2.37) Rn(h) = %[(mi +othy,

o T%)mu](m +6hy, ...,z +0hy), for some 0<f<1.

Since = + h € Br(x),
nme™tm) | < (|h|n2e
———— max|u —_

Then for |h|n%e < &, R,,(h) — 0 as m — oo. O

1 m,,m
(2.38) B ()] < = B[

)™ max |ul.
Bar
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We conclude with some properties of the Green’s function.

Proposition 7. For xz,y € Q with x # y,
(2.39)

1
0> G(z,y) >T'(z,y), for  n>3, 0> G(z,y) > I‘(x,y)—% log diam(92), for  n=2.
Proof. Fix x € Q and let G(y) = G(z,y). Since lim,_,, G(y) = —oo, there exists r > 0 such that
G(y) < 0 in B,(z). Since G is harmonic in 2\ B.(z), G = 0 on 09, and G < 0 on 9B, (x), the

maximum principle implies G < 0 in 2\ B,.(z).
Now then, recall that G(z,y) = I'(x, y) + ®(z,y), where A® = 0in Q and & = —T on 9. When

n >3, I'(z,y) = mm —y|> " < 0 for y € 09, so by the maximum principle, ®(z,-) > 0 on
0f). By the maximum principle, ® > 0 in Q. When n = 2,
1 1
(2.40) Iz,y) = —log |z — y| < — log diam (), for y € 0.
27 27
Therefore, the maximum principle implies ® > —% log diam(2) in . (]

3. SOBOLEV SPACES

To prove existence and uniqueness of solutions, it is necessary to first identify the appropriate
function space in which to work. Sobolev spaces are frequently the space that is useful.

When k > 0 is an integer, the Sobolev space H*(R") is defined as follows,
Definition 2 (Sobolev space).
(3.1) H*(R") = {u € L*(R") : D*u € L*(R"),  for |a| <k},
where D :if|a‘8;‘118§22~~5“§:, a = (ag,...,an).

Integrating by parts,

G2 0 [T, fade = ien) " [ o) fa)ds = 6 F(6)
By Plancherel’s theorem,
(3.3) 1 lany = 1o,
Therefore,
(3.4) e HYR™) & (©Fa e LR, () = (1+[¢P)/2
This definition can be extended to s when s need not be an integer,
(3.5) H¥(R") = {u € S'(R") : (£)*au € L*(R™)}.
Then,
(3.6) u € H¥"HY(R™) & Dyu € H¥(R™), V3.
For any y € R™ let
(3.7) Tyu(x) = u(x +y).
Proposition 8. Let (eq,...,e,) be the standard basis of R"™ and let uw € H*(R™). Then,
(3.8) o (Toe,u — u)

is bounded in H*(R™) for 0 < o <1 if and only if Dju € H°(R™).
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Proof. If u € H*(R™) then o~ (7,¢,u — u) converges to iDju in H*~*(R™). Since (3.8) is bounded
for any compact subset of (0,1], Dju € H® implies that (3.8) is bounded in H*.
Meanwhile, if 071 (7ye,u — 1) is bounded in H*, then there exists a sequence o, \, 0 such that

(3.9) 0’;1(7'0”5].’(1, —u),
converges weakly to an element w € H*(R™). Therefore, w = iD;u. Since w € H*(R"™), the proof
is complete. ([l

Corollary 3. Given v € H*(R"), u € H*"'(R™) if and only if Tyu is a Lipschitz continuous
function of y with values in H*(R™).

Proof. Tyu is Lipschitz continuous with values in H*(R") if and only if (3.8) holds. O

Proposition 9. If s > n/2 then each u € H*(R™) is bounded and continuous. If u € H® for some
s>n/2+k, then u € CF(R™).

Proof. Using Cauchy’s inequality, if s > n/2,

(3.10) [1ande < ([ 1a©P©»d0"2 - ([ © 249" < Co)lulu-

Equation (3.6) implies u € C* if s > n/2 + k. a
If s =n/2 4 o for some 0 < o < 1, we can establish Holder continuity.

Proposition 10. If s=n/2+a, 0 < a <1, then H*(R™) C C*(R").

Proof. Using Cauchy’s inequality,
e +3) = u(w)] = 2m) 2 [ (@4 ~ 1]

(3.11) |
< o / (€ [2() "2 de) 2 ( / €€ 1) 2 dg) /2,
For |y| < 1/2,
3.12 iy-5_12 7n72ad SO 21¢12 7n7204d 44 7n72ad SC 204.
12) [leveapgrmaese [ PR e [ 7 < o

=Tyl = Iyl

O

Now consider the trace map 7 : S(R") — S(R"™ 1) given by 7u = f, where f(z') = u(0,2’) if
x = (x1,...,2,) and &’ = (za, ..., T,).

Proposition 11. The map T extends uniquely to a continuous linear map,

1
(3.13) T HS(R") — H7V2@R™Y, for s> 5

Proof. If f = Tu, where u € S(R"™1), then
(3.14) fe) = 2m 2 [ateydes.

Therefore, if s > 1/2,

(3.15) FENP < / a()[2(¢)dey) - ( / (&) dey).
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Then,
G1o) [ e = [ar P e tan = c Ry = o) e,
Therefore,
(3.17) (EYETFEN)? < 0/|@(§)|2<€>25d€1-
Therefore,
(3.18) £ Fe=1/2n-1y < CllullFre gny-
O

Proposition 12. The map (3.13) is surjective for each s > 1/2.
Proof. If g € H*=Y/2(R*1), let
(3.19) i(e) = ae)

. u = _—

GE

It is clear that u € H*(R™) and that u(0,z") = cg(z’). O

Now let €2 be a bounded domain, start with R} = {x € R" : z; > 0}. For any k > 0, let
(3.20) H*RY) ={ue L*(R}): D*ue L*(R})  for |a| <k}

Next, define the extension operator,
N

(3.21) Eu(z) = u(z), for x1 >0, Zaju(—jml,x'), for x1 < 0.
j=1

Lemma 4. It is possible to choose {ai,...,an} such that the map E has a unique continuous
extension to

(3.22) E:H*RY) —» HYR"),  for k<N-1.
Proof. This was proved in Lemma 4.1 in chapter four of [Tay96]. |

Now then, suppose 012 is a smooth, compact manifold on which Sobolev spaces have been defined.
By using local coordinate systems, flattening out 02, combined with the extension map and the
trace theorem, we have the following result on the trace map,

Proposition 13. For s > 1/2, 7 extends uniquely to a continuous map

(3.23) T H*(Q) — H"Y2(00).
Now let HY(2) be the closure of C§°(Q) in H*(Q2). Then,
(3.24) HY(Q) = {u € H* : supp(u) C Q}.

Proposition 14. For Q open in M with smooth boundary, k > 0 an integer, we have a natural
isomorphism

(3.25) HE(Q)* ~ HF(Q).
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Proof. Let P be a differential operator of order 2k with smooth coefficients on €. Suppose
L
(3.26) P=> A;B;,

where A; and B; are differential operators of order k with smooth coefficients on Q. Now take the
inner product for u,v € H¥(Q),

L
(3.27) (u, Pv) Z (Aju, Bjv)p2)-
=1

This dual pairing gives
(3.28) P:H*(Q) — H2(Q),

for any s € R. To show that any 1 € H—* can be written in the form Pu for some u € HF(Q) is
the topic of the next section. O

4. EXISTENCE AND REGULARITY OF SOLUTIONS TO THE DIRICHLET PROBLEM

Now turn to the question of whether or not equation (2.16)) even has a solution. More generally,
does the Dirichlet problem,

(4.1) Au =0, uloa = f,

have a solution for 2 compact, smoothly bounded, and f € C*°(99Q). For u € C§°(Q), integrating
by parts,

(4.2) (—Au,U) = ”VUH%Q (@)

where (-, -) is the usual inner product, ( fQ x)dz. Furthermore, if Q has a nonempty
boundary,

(4.3) [ull72(q) < CEOVulZ2q), u € C5°(Q).

Now define the Sobolev space,

Definition 3.

(4.4) IVullE @) = llullZs @) + IVullZ: g,

and let H}(Q) denote the closure of C§°(Q) in HY(Q). Let H=(Q) denote the dual of HE(Q).
Then implies

(4.5) IValaqy ~ 3@, for — we HA(Q).

Furthermore, note that

(4.6) A HY(Q) — HHQ),

is well-defined, by the Riesz representation theorem.

Proposition 15. The map in (4.6) is one-to-one and onto.
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Proof. First observe that by (4.2) and (4.5)),
(4.7) |Aull 1) = Cllullgr (),

for some C > 0, which implies that (4.6)) is one-to-one. If (4.6)) is not surjective, then there must be
an element of (H~1(Q))* = H}(Q) that is orthogonal to the range. Then there exists ug € H}(Q)
such that

(4.8) (—Au,ug) =0, forall  we Hy(Q).

Taking v = ug in implies that by , u=0. ([l
Thus there is a uniquely determined inverse

(4.9) T:H Q) — H(Q).

Proposition 16. The inverse T to A in (4.6) is a compact negative self adjoint operator on L*(9).
Proof. If ¢ = Au, ¢ = Av, with u,v € H}(Q), then

(4.10) (Tp, ) = (TAu, Av) = (u, Av) = —(Vu, Vo) = (Au,v) = (¢, TY).

Indeed, extends to

(4.11) (—Au,v) = (Vu, Vo), for u,v € Hy(Q).

Therefore, restricting T to L%(Q),

(4.12) T =1

so2 T is self-adjoint. Since T : L?*(Q) — H(f), then by Rellich’s theorem, T is compact on
L?(Q). O

Since T is a compact operator, the spectral theorem implies that there exists an orthonormal
basis {u;} of L?(Q2) consisting of eigenfunctions of T,

(4.13) Tuj = —pjuz, 15 0.
Then by (4.9),
(4.14) u; € HJ(Q), for each J
Moreover,
1
(415) A’LLj = —)\ju]‘7 )\j = — / 0.
My

Now consider a more general operator of the form
(4.16) Lu=—-Au+ Xu,
where X is a first-order differential operator with smooth coefficients on €.

Theorem 8. Given f € H*"Y(Q) for k=0,1,2, ..., a solution u € HZ(Q) to

(4.17) Lu = f, u € Hi(Q),
belongs to H**1(Q) and we have the estimate
(4.18) [ullFer < CllLull 3 + Cllull

for alluw € H*Y(Q) N HE(Q). Here,
(4.19) H*(Q) = {u: D*u € L*(Q), for all la] < k}.
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A corollary of Theorem [8] implies
Corollary 4. The eigenfunctions u; of A belong to C*().
Apply Theorem [§| to the boundary value problem

(4.20) Au =0, on Q, uloq = f,

where

(4.21) feC™(09),

is given. Then construct F' € C°°(Q) so that F|sq = f. Then is equivalent to
(4.22) u=F+v,

where

(4.23) Av =g =—-AF, v|aq = 0.

Since g € C*°(2),

(4.24) v="Tg¢e H}Q),

satisfies (4.23) and then by Theorem|[8] v € C*(Q). Thus, for any f € C*°(92) we have u € C(Q)

solving (4.20)), assuming that each connected component of J€ has nonempty boundary.

Proof of Theorem[8. First prove (4.18) with k = 0. By Hélder’s inequality, for any € > 0,

(4.25) (X, 0)| < Clullan e < 5 [ellulip + ]
By , , and , for u € HE(Q),

(4.26) Re(Lu,u) > Cllul|% — C||lul?..
Therefore,

(4.27)

[l < CRe(Lu,w)+C'||ul|Fe < Cl|Lull g [full mn +C||ull7= < CEIIUH%p+%IILU|I?{—1+C'HUII%z~
Taking € > 0 sufficiently small,
(4.28) lully < ClLul s+ Cllullie,  we HY(Q).
Now prove Theorem [8] by induction on k. Suppose it is true that
(4.29) u€ HYQ), Lu= f € H1(Q) = u e H*(Q),
and that is true. Also suppose that
(4.30) u € H (), Lu € H*(Q).

Since we know that u € H**1(Q), we want to show v € H¥T2(Q) and that (4.18) holds with k
replaced by k + 1.

Now for any y € C*°(£2),
(4.31) L(xu) = x(Lu) + [L; x]u.

The commutator [L,x] is a first order differential operator, by (4.29), along with v € H¥*1(Q),
implies L(xu) € H*(Q). Therefore, the analysis of u on Q can be localized. Now suppose u €
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H*1(Q) satisfying (4.30) is supported on a coordinate neighborhood O, either with no boundary,
or a boundary given by {z,, = 0}. Applying (4.18) to
1
(4.32) D; pu(x) = E[u(x + hej) —u(x)],
where ey, ..., e, are the standard coordinate vectors in R™. If O has no boundary, we can take
1 < j < n, otherwise 1 < j <n —1. Then by (4.18]),
(4.33)
IDjpullfpess < CILD;pullfpe-s + Cllullfpes < CllDjpLullfpe-y + Cll[L, DjplullFpn-r + CllufFruss.

Lemma 5. As h \,0, [L, D; ] is a bounded family of operators of order two,

(4.34) L, Djnlullge—r < Cllullgres, k20,
given u € HE(Q) N H*L(Q) supported in O.

Then
(4.35) 1Djnull e < CllLullfe + Cllulfpn,
and passing to the limit h \, 0 gives
(4.36) Dju € H*1(Q).

If O has no boundary then we are done. If O has a boundary then we have (4.36) for 1 <j <n-—1.
Therefore it remains to establish

(4.37) D,u € H* Q).
Since k > 0, we need to show
(4.38) D;iD,u€ H*Q), 1<j<n.

If1<j<n-1, D;Dyu= D,Dju which gives (4.36). Finally,
n—1

(4.39) Dlu=-YD}u.
j=1

All the terms on the right hand side have been shown to be in H*(), so the proof is complete for

the case when the boundary is given by x,, > 0.

For a general boundary z,, > ¥(z1,...,2,—1), make the transformation
(4.40) D (z1, .y p) > (T1, ey Tpe1, Ty + V(21 oy Tp1),
U (21,0 @) = (X1, 0oy Tpe1, Ty — (X1, ooy T

If v(y) = u(¥(y)),

(4.41) Lv = f(¥(y)),

where
n—1 n

(4.42) L=A=2 13,000 — () _¢2)0m + X,
=1 =1

where X is an operator of ﬁr~st order. In a local coordinate patch, |V| < €, so the computations
in (4.1)(4.12) also hold for L. O

Remark 6. It is possible to generalize the above argument proving Proposition [16]
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Let L denote the operator

and let a be the bilinear form associated with the operator L,

(4.44) a(u,v) = / (aijDiuDjv + b; D;uv + cuv)dx, u,v € Hy (Q).
Q

If a;; = aj; and b; = 0, then a is symmetric,

(4.45) a(u,v) = a(v,u), Yu,v € HE ().
Compare (4.45) to the H}(Q2) inner product defined by

(4.46) (w V) a0 = / Vu - Vudz.
Q

Theorem 9 (Lax-Milgram theorem). Let a;j, b;, and ¢ be bounded functions in 2 and f € L*(Q).
Suppose that the bilinear form a is coercive,

2 1
(4.47) a(u,u) > COHUHH(}(Q)v Yu € Hy(Q).
Then there exists a unique weak solution u € H}(Q) of Lu = f.

Proof. Define a linear functional F' on H}(Q) by

(4.48) / fedz, Vo € Hi(Q).
Then,
(4.49) [E(@)] < I fll2llelle < Cllflzzllellmg

so F is a bounded linear functional on Hj. Now suppose a;; = aj;, b; = 0, and ¢ > 0. Then a(u, v)
is an inner product on Hg(Q) that is equivalent to the standard H}(2) inner product. Then by the
Riesz representation theorem, for any f € L?(f) there is a unique u such that a(u, ) = F(¢) for
all o € H (). O

Theorem 10 (Riesz representation theorem). Let H be a Hilbert space whose inner product is (x, y).
For every linear functional ¢ € H*, there exists a unique vector f, € H such that p(x) = (z, f,)
forallxz € H.

It is possible to say the same when a;; is not symmetric.

Theorem 11. Let a;;, b;, and ¢ be bounded functions on Q and f € L*(Q). Then there exists a
po(aij, by, c) such that, for p > g, there exists a unique weak solution u € H}(Q) of (L + p)u = f.
Here,

n

(4.50) Z ai;(2)&&; > colél?,

ij=1
for some ¢ > 0.
Proof. In this case, a need not be symmetric.

(4.51) la(u, v)| < Cllull vl mp@),  Yu,v € Hg(Q).
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Then for any fixed u € H}(2), the mapping v — a(u,v) is a bounded linear functional on H{ (€2).
Then by the Riesz representation theorem, there exists a unique w € H}(Q) such that

(4.52) a(u,v) = (w0, v) g1 () Yo € Hi(Q).

Then set w = Au,

(4.53) a(u,v) = (Au,v) g1 (q), Yu,v € Hg(Q).

Then A is a bounded linear operator on Hg (£2). Indeed,

1Aull3y = (Au, Au) g = a(u, Au) < Ollull g | Aull ;.

(4.54) 1
which implies | Aull gz < Cllullmy Yu € Hy ().
By coerciveness,
(4.55) COHU’”%{(}(Q) < a(u, u) = (Au, u) i) < ull o) llAvlmy @),
and therefore,
(4.56) CO||U||H5(Q) < HAUHH(}(Q)a Vu € H&(Q)

Therefore, A is one-to-one and the range of A is closed in H} ().
Next, for w € R(A)*,

(4.57) co||w||?{5 < a(w,w) = (Aw, w) g1 = 0.

1
0

Therefore, w = 0, so R(A)L = {0}. Therefore, R(A) = H}(Q), so A is onto.

For the bounded linear functional F in H}(f2), by the Riesz representation theorem, there exists
w € HE(2) such that

(4.58) (w,v) g1 = F(v), Vv € Hy ().
Since A is onto, there exists u € H}(Q2) such that Au = w. Therefore, for any v € HE (),
(4.59) a(u,v) = (Au,v) g1(q) = (0, v) g1 q) = F(v).

This proves existence.
Now assume @ € H{(2) also satisfies a(@,v) = F(v), for any v € H}(Q). Then, a(u — @,v) = 0
for any v € H} (). So for v = u — @, a(u — @, u — @) = 0, so by coerciveness, u = .

For the general operator
(4.60) L = a;;0;0; + b;0; + ¢,
for p > 0 sufficiently large,
(4.61) ay(u,v) = a(u,v) + p(u,v) 2.

Then, a, is coercive for u sufficiently large. Applying the Lax—Milgram theorem to L + p proves
the theorem. |
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5. THE WEAK AND STRONG MAXIMUM PRINCIPLES

Having dealt with the question of existence and uniqueness, we now prove some weak and
strong maximum principles. The weak and strong maximum principle was already utilized, namely
Zaremba’s principle in (2.30)). Let

(5.1) L=A+X,

where X is a real vector field. If L is a Laplacian on a manifold M, L has the form
(5.2) L = ¢7%(2)9;0k + b (2)0;,

where (g7%(z)) is a positive-definite matrix and &’ () is smooth and real-valued.

Theorem 12. Suppose (2 is an open bounded domain in R™ and L is given by (5.2)) with coefficients
smooth on a neighborhood of Q. If u € C(Q) N C?(Q) and

(5.3) Lu >0, on Q,

then

(5.4) sup u(x) = sup u(y).
e yeIN

Furthermore, if

(5.5) Lu =0, on Q,

then also

(5.6) sup [u(z)| = sup [u(y)|.
e yean

Proof. First note that if Lu > 0 then v cannot attain an interior maximum at xg € €2, since in that
case, Vu(rg) = 0 and ¢7* (x0)9;0,u(zo) < 0.
For Lu > 0, observe that for any Q CC R"”,

(5.7) L(e7™) = (Y2g! (2) + 4" (2))e?™ >0,
for v > 0 sufficiently large. Then, for any € > 0, let u.(z) = u(x) + e€?*, so
(5.8) sup u(x) + e’ = sup u(y) + ee?¥*.

zeQ yeIN

Taking € N\, 0 proves (5.4)). If Lu = 0 then replace u by —u and do the same calculation, giving
(5-6)- O

Now we can prove Zaremba’s principle. This is also sometimes called the Hopf lemma.

Proposition 17 (Z_aremba’s principle). Suppose that, in addition the hypotheses above, O is
smooth and uw € C1(Q) N C?(Q). If Lu >0 and y € OQ is a point such that

(5.9) u(y) > u(z), forall x€Q,

then if v is the tnward pointing normal to OS2,

ou

(5.10) o

(y) > 0.
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Proof. Let O be a small ball in 2 whose boundary is tangent to 02 at y. Let p be the center of O
and let R denote the radius of @. Then for z € O, let
(5.11) r(z) = |z — p|*.
If h(z) = e=o"(®)° — ¢=aR” then by direct calculation,
(5.12) Lh= e—or(@)? {402 Z 9" (z)(z; — pi)(z; — p;) — 20 Zg”(a:) — 2« Z b (x)(z; — pi)}-
i,j=1 i=1 i=1

Fixing p € (0, R), for a > 0 sufficiently large, if

(5.13) w=e " — e R
then Lw > 0 on the shell A, where
(5.14) A={zx € O:r(z) > p}.
Therefore, for any € > 0, if w is given by then Lu > 0 implies
(5.15) L(u+ ew) > 0, on A.
Therefore, by Theorem
(5.16) sup(u + ew) = sup(u + ew).
A oA

Observe that w = 0 on 00 = {r(z) = R}. By (5.9),

(5.17) sup  u(z) < u(y),
{r(=)=p}

so for € > 0 sufficiently small,
(5.18) u(z) + ew(z) < uly), for all r e A
Doing some algebra, since w(y) = 0,

uly) —ule)  w(x) _ wz) —w(y)

5.19 >€ =€
(519 =zl = Ty—al~ y—al
Therefore,
(5.20) lim inf 1[u( ) —uly —tv)] > —ea—w( )
’ tNO T y 4 - v v
By definition of w, %—f(y) < 0, which proves the Proposition. a

Proposition 18 (Strong maximum principle). Let u € C?(2) N C(Q) satisfy Lu > 0, then either
u s constant or

(5.21) u(z) < sup u(z), for all x e Q.
2€0Q

Proof. Let M be the nonnegative maximum of u and let ¥ = {x € Q : u(z) = M}. This set is
relatively closed in 2. We show that X = Q.
If ¥ is a proper subset of §) then there exists an open ball B C Q\ X with a point on its boundary

belonging to 3. Suppose zg € BN X. Then Lu > 0 in B and u(x) < u(xg) for all x € B, so
%(mo) > 0. However, this contradicts the fact that zo € € is an interior maximum, and thus,

Vu(zg) = 0. O
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Recall from the previous section that we have a map
(5.22) PI:C>®(09Q) — C™(Q),
where PI is the solution operator to the Dirichlet problem. By Proposition this map has a
unique continuous extension to
(5.23) PI:C(09) — C(9).
Indeed, approximate a continuous function uniformly by a sequence of smooth functions.

We can apply these calculations to the study of eigenvalues. Let Ao be the smallest eigenvalue
of —A. By (4.2) and (4.5)), Ao > 0. Suppose € is a connected, compact manifold with nonempty
smooth boundary.

Proposition 19. If ug € HE(Q) is an eigenvalue for —A corresponding to o,
(524) A’LLO = _)\OUO,
then ug is nowhere vanishing on the interior of €.

Proof. We have ug € C°°(€). Let

(5.25) uaL(a:) = max{ug(x),0},
‘ ug () = min{ug(z), 0}.

We have uf, uy € H}(Q) and

(5.26) IV ay = || IVl

where

(5.27) QF = {z € Q: +u(z) > 0}.

Since

(5.28) No = mf{[[VullFeiq) ru € Hy(Q),  |lullze =1},

either ud or uy must be a \g eigenfunction of —A. Therefore, to prove Proposition it suffices
to prove it under the additional hypothesis that ug(z) > 0 on Q. In that case,

(529) A(—Uo) = /\0U0 > 0, on Q,
so then applying Proposition [18[to —ug, since up|o = 0,
(5.30) —up(z) <0, for all x € Q.

O

Corollary 5. If )y is the smallest eigenvalue of —A for Q, with Dirichlet boundary conditions,
then the corresponding A\g-eigenspace is one-dimensional.

Proof. If there were u; orthogonal to ug then u; must change sign, contradicting Proposition O
Now let L have a zeroth order term,

(5.31) L = ¢ (2)0;0; + b'(2)0; + (),

and let

(5.32) L=L-cx).
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Suppose ¢ € C(2) with Q@ C R™ bounded.
Proposition 20. Suppose c(z) > 0 in (5.32). For u,v € C%(Q) N C(R),
(5.33) Lu < Lo on Q, u>v on N =u>v on Q.

Proof. By linearity, it suffices to show that for Lv > 0 on 2 and v < 0 on 99, v < 0 on Q. Let
O={zreQ:v(x) >0} Then Lv = cv > 0 on O and v = 0 on dO. Then by Proposition ?7?,
SUpp ¥ = Supye v, which is impossible for O # ). O

Corollary 6. If c(x) > 0 in Lu = 0 then if o = supyq, u,

(5.34) a>0=supu=aqa, and a<0=supu <0.
Q Q

Proof. The first implication follows from (5.33), since a > 0 implies Lo < 0. For the second
implication let O = {z € Q 1 u(x) > 0}. O #0, O C Q and v = 0 on JO. But then the first
implication of (5.34) applies to u|ge, which gives a contradiction. |

When L = A, it is possible to strengthen Proposition

Proposition 21. Assume ¢ € C(Q) and that L = A—c is negative-definite with Dirichlet boundary
condition,

(5.35) —IVul|22 — (cu,u) <0, for nonzero u € Hi(Q).

Then for v € H'(Q),

(5.36) (A—c)v>0, on Q, v<0 on 00 = v <0, on Q.

Proof. Let vy = max{v,0}. Then by , vy € HH (),

(5.37) —(Vv, Vi) — (ev,vy) > 0.

Since (Vv,Vouy) = (Vug, Voi), —(Voy, Vuy) — (cvg,vy) > 0. Then by (5.3F), vy = 0, which
proves the proposition. O

6. SINGLE AND DOUBLE LAYER POTENTIAL METHODS

Before moving on to the Dirichlet problem with a non-smooth domain, we study the method of
layer potentials. Begin with the Dirichlet problem for a half-space:
(6.1)

Au =0, in @ RiM'={zeR":z,41 >0}, u=f  on IR} =R"x{0}.

Using the Poisson integral formula,
(6.2)

u(z,y) = Pyxf(z), (z,y) € Rﬁ“ =R"xRy, Py(z) = i
Tz (|z]* +y?)

%7 feCO(RTH_l)'

Indeed, by direct computation,

—n(n+1 z|?
(Az + Oyy) — yzmz 2( 2i+(n+1)(n+3)%
63) (22 +52) "5 (2l +42)* (22 +52)"2
. 2 1 3
SRS S AR A S —

n—+3 n+5
(22 +y2) =" (=22 +9?) 2 (lz[* +9?) =
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The estimates on convolutions imply that

(6.4) sup [uC Y lrr@n) < [ fllLr@ny,  forall  1<p<ooc.
Y
Indeed, this follows from the fact that
(ntl
(6.5) ) / Y g
P S (ol + )
Indeed, by a change of variables,
(6.6)
INEES o 1 Ap_1 [T/? Apq [2
(nfl )An_l/ — gy = 920t / (sin 9)"_1d9 = ! / (cos )" 1dh = 1.
Tz o (1+r2)= AnJo An Jog

The last equality uses the geometric implication that A, = A,_; [ L{ iQ(cos 0)"~1df. Since P,(z) =
ﬁPl(i), D holds, and furthermore, for any f € Cy(R™),

6.7 lim P, x f — f,
(6.7 li P f = f
uniformly as y \, 0.

Now we can reverse the implication.

Lemma 6. For 1 < p < oo, if a harmonic function u in Ri‘H satisfies 1) then u has a non-
tangential limit a.e. on OR', and the limit function ug = u(-,0) € LP(R") satisfies u(z,y) =
P, xug. If p=1 then ug is a Radon measure.

Proof. Suppose u is harmonic in R:L_H with

(6.8) sup ||u(-, y)|| e rny < 00.
y>0
Now then,
(6.9) w@y+p) =Py rug@), o) =u(@+p), >0,  p>0.

Then for some sequence p,, \ 0, u,, — v in LP(R™). Then, P, *u,, () — Py *v(z) for ally > 0
as pn \¢ 0. Meanwhile, P, x u,, (z) = u(z,y + pn), so Py xv(z) = u(z,y), where v € LP(R™). O

Remark 7. The proof uses uniqueness of solutions to the Dirichlet problem on the half space.
Lemma 7. If u is a bounded, continuous solution to and u=0 ony=0, then u=0.
Proof. Suppose u(z,y) is a harmonic function on Rﬁ“ such that u(z,0) = 0. Then for y > 0, let
(6.10) v(z,—y) = —ulz,y),  v(z,y) = ulz,y).
Then v solves the mean value property. Therefore, by Theorem [2] v is harmonic.

Now apply an argument similar to the proof of Liouville’s theorem in complex analysis.

Lemma 8. Suppose u € C(Bg) is harmonic in Br(zo) = Br. Then there holds

(6.11) [Vu(zo)| < %maxm\.
R
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Proof. Suppose x €  is such that B,.(z) C Q. Then,

(612)  u(@) —u(y) = ——| / w(z)dz — / u(z)dz] < —- / fu(2)|d=.
Wnl™ J B, (x) Br(y) W™ J B, (x)AB,(y)

Since B,.(2)AB(y) C Byyjo—y|(®),

(6.13) |Br(2)AB,(y)| < wpr™ o —y| + of|z — y1),
so taking |z — y| N\ 0 proves the lemma. O
Since v is harmonic and bounded on R"**!, Vv = 0. O

The proof of Lemma m can be modified to the case when |[v(-,y)||Lr(®n) is uniformly bounded
for y € R. Then,

1
6.14 — " y)|dz'dy < CR™™P.
(0.4 i <
Plugging (6.14)) into (6.12)),
n—1 1

R o —y|?

(6.15) (e’ ) — ) < I o ()
Y

Taking R — oo implies that u is constant.

Now assume that (2 is a bounded, connected domain in R”, n > 3, with C? boundary. Consider
the Dirichlet problem,
(6.16) Au =0, in Q, ulaq = f € C(0Q).

Then let y(z) = MC% be the fundamental solution of the Laplace operator on R, C,, = — ﬁ %

Now let R(z,y) = —y(z —y), and for f € C(09), define the double-layer potential

(617) DI = [ S RPQIQIHTIQ.  Pon,
a0 onQ

and the single layer potential

(6.18) S(IP) = . R(P,Q)f(QdH"1(Q),  P¢o

Now then, since R(P, Q) is harmonic for P ¢ 99,

(6.19) ADf(P)=0, for PeR"\ I

Now study the boundary behavior of Df(P) on 0.

Lemma 9. If f € C(09), then
(1) Df € C(9),
(2) Df € C(Q°).

Thus, Df can be extended continuously from inside Q to € and from outside € to Q¢. Let D, f
and D_ f be restrictions of these two functions to 9f2. Set

0 (P,Q): 1 <P—Q,TZQ>

(6.20) K(P,Q) = %R W |P—Q|"
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Therefore, K € C(0Q x 0Q\{(P,P) : P € 9Q}) and |K (P, Q)| < W for P,Q € 0N and some
C' < oo. Then for f € C(99), define the operator

(6.21) Ti(P)= | K(P.QHQIHQ. Peon
Lemma 10 (Jump relations for D). (1) Dy = 41 + T, and
(2) D_=—-3I1+T.

Moreover, T : C(0Q) — C(99) is compact.

Now solve the Dirichlet problem (6.1). Take g € C(9€2) and let u(x) = Dg(z) for z € Q. Then
Au = 0in Q and u € C(€). Moreover, ulpo = (3 + T)g. This map is one-to-one. Indeed, if
(31 +T)g =0 then
(6.22) uloq =0, which implies u =0, in Q.

Now then, by Lemma [§| the jump of D across 92 is g. Therefore, for v = D_g,

(6.23) vloa = —g, Av =0, on R™\ Q.

It is also clear from the formula (6.17) that v vanishes at infinity. Accepting for a moment that
there is no jump across 9€) of %Df,

0
—v
v

However, this contradicts Zaremba’s principle at the maximum of g on 0f.

(6.24) =0, on 09

Since %I + T is a Fredholm operator, %I + T is injective if and only if %I + T is surjective.
Therefore, %I + T is an isomorphism.

Proof of Lemmas 8] and [I0] Define
(6.25) Ky(P,Q) = signK (P,Q) - min{N, [K(P,Q)l}, N €Z,.

Therefore, Ky is continuous on 02 x 0f), and the Arzela—Ascoli theorem implies that T f =
Joo Kn(P,Q) f(Q)dH"1(Q) is compact on C(99). Next,

(6.26) TN < sup KN (P, Q)llL1(a0) < C < oo,
PcaQ
where C' is independent of N. Also,
1.1 1 1 1
6.27 Tn —T <CO((=)n—=2 — ) < ON 17wz,
(6:27) 1T = Tl < CU)™F = () ™) <

Therefore, T' = limy o, Tv is a compact operator on C'(052).

Now apply the divergence theorem on © \ Bs(P). Then,

9 n—1 _ :
(6.28) /8 G EPQITN@ =1 i Peq
(6.29) K(P,Q)dH" Q) = % if P ecoq.

a0
Let Py € 90 and P € Q) such that P — Py. Then,

(6.30) Df(P) — %f(Po) + T f(Po).
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This finishes the proof of Lemmas [§] and [10] in the case of Q.
To see why (6.30)) is true, first observe that for all P € 092,

B .
(6:31) | G RP.QHQ) < C <
If Py ¢ supp(f), then
(632 / L RP.QIQEH Q) [ K(P, QU@ (@) = TH(Py).
o0 onQ o0
If Py € supp(f) and f(Py) = 0, then take {fx} C C(99) such that
(6.33) Ilf — fell e (00) — 0,

and Py ¢ supp(fx), for each k. Then,
Df(P) =Tf(P)| <ID(f = fu)(P)|+|T(f = f)(P)| + [Dfe(P) = T fi(P)|
S CNf = frllpe o) + 1T = frlle9) + D fe(P) =T fr(P)|.

Then for k sufficiently large such that the first two terms are small, and then take P — P, so the
last term goes to 0.

Finally, for the general case when f(Py) # 0, observe that by (6.29), when f =1, Df =1. O

(6.34)

To show that there is no jump of 5, Df, we use the single-layer and double-layer potentials.

Lemma 11. If f € C(99Q) then
(1) DLS(f) = £S(f) € C(%,),
(2) D-S(f) = 5, S(f) € C(%5,).
Here, Q5, = {x € Q : dist(x,00) < dg} for some &y > 0 small.

Now let
(6.35) K*(P,Q) = K(Q, P),
and define
(6.36) T*f(P) = K*(P,Q)f(Q)dH" 1 (Q), P < o0.

o0

Lemma 12 (Jump relations for DS(f)). (1) D4S(f) = -3 +T*, and
(2) D_S(f)=i1+T".

Define the Neumann operator

(6.37) N : C®(09Q) — C>(09Q),

where u € C°°(2) solves

(6.38) Au =0, on Q, u=f on o9,
and then let

(6.3 NT = o0,

Now then, by Green’s formula, ,

6.40) [ @5 -R(P.Q) -NI@QRP.QUHQ =uP). Pew 0 Pgl
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Also, by (6.17) and (6.18),

(6.41) =Df -SNf.
Taking the limit from each side,
0 0 0 0
(6.42) EDJrf - @SNf =N, aD,f — £8Nf7 = 0.
Plugging in Lemmas and
0 1 0 1
(6.43) —Dif=—-Nf+T'Nf+ N, —D_f==-Nf+T*NY.
ov 2 v 2

This proves that there is no jump across the boundary.

7. THE NEUMANN BOUNDARY PROBLEM

In the study of layer potentials, the Dirichlet and Neumann problems,
0
(7.1) Au = f, on Q, au_ 0, on o9,
v
are inextricably linked. Here (Q is connected and compact with nonempty boundary.

By Green’s formula, for u and v smooth on €,

(7.2) (—Au,v)pz = (Vu, V)2 — - U%d&

If % =0 on 012, we are motivated to consider the operator

(7.3) Ly :HY(Q) = HY(Q)*,

defined by

(7.4) (Lyu,v)p2 = (Vu, Vo) e, u,v € H(Q).
The operator Ly annihilates constants, so £y is not injective. However,
(7.5) (Ly + Duw) = [VulZz + [lullZ:,

SO

Proposition 22. The map

(7.6) Ly +1:HYQ) — HY(Q),

is one-to-one and onto.
As in section three, the inverse map
(7.7) Tn : HY(Q)* = HY(Q),

restricts to a compact, self-adjoint operator on L?(£2). Therefore, there is an orthonormal basis U
of L?(£2) consisting of eigenfunctions of Th:

(7.8) Tnuj = pjug, 1 N0,y € HY(Q).
Now then,

1
(79) [:NU]‘ = )\juj, )\j =—-1 /‘ Q.

Hj



Now let i : HY(Q)* — D'(Q2) be the adjoint of the inclusion C§°(Q) — H' (). Then,

(7.10) i(Lyu) = —Au, in D'(Q), for ue HY(Q).
Therefore, in the distributional sense,
(7.11) Auj = —\juj, on Q.

Regularity theorems imply that each u; belongs to C°°(Q).
Proposition 23. Given f € L*(Q), u =Ty f satisfies

(7.12) u € H*(Q), %m =0,
and

(7.13) (—A+1u=f.
Furthermore,

(7.14) lullz < CllAUZ: + CllullZ,

for all w satisfying (7.12)).
Proof. By (7.5) and Cauchy’s inequality,

1 1
ullm +llullZe < Sllullf +3

(7.15) Jlullfp = (Lnvu,u)pz+ [lul> < [Laull

which implies

29

|Cxvullz +lull,

(7.16) lullfp < CllLnulFp. + CllulZ..
Now take xy € C*(Q) and either x € C5°(f) or g—’lf =0 on 90. Let M, u = xu. Then,
(7.17) (LyMyu,v)r2 = (V(xu), Vo)rz = (Vx)u, Vo) + (xVu, Vo),
(7.18) (MyLyu,v)r2 = (Lyu, xv) = (Vu, (Vx)v) + (Vu, x Vo).
Therefore,
(7.19) (LN, My Ju,v) = (Vx)u, Vo) — (Vx - Vu,v).
Integrating by parts, since % =0 on 09,
(7.20) [Ln, MyJu = —(Ax)u —2Vy - Vu.
Therefore,
(7.21) [Ln, M,]: HY(Q) — L*(Q).
Now then, by ([7.14]),
(7.22)
IDjpullze < ClLNDjpullip-+ClIDjnulli < CIIDjnLaullip+ClILn, Dynlullzp.+CllDjpullze.
Then,
(7.23) (LnDjpu,v) = (dDjpu, dv) = (du, DY) dv),
where

(7.24) Dfﬁw =h~ N7} — @)
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The adjoint of D;p, is Dj _p, so

(7.25) (DjnLyu,v) = (Lyu, Dj o) = (du, D\, dv).

Therefore,

(7.26) (In. Dyalu,v) = (DS}, = Didu, dv).

Lemma 13. If 3 is a one—form on €2,

(7.27) 1105 = DIBIe < ClIB 2.

Proof. The proof is similar to the proof of Lemma O

Plugging in Lemma we have

(7.28) LN, Djplull g < Clldul| 2.
Therefore,

(729) ||Dj)hU||§{1 S C”Dj,hﬁNuH%[l* + CHUH?{l
Now then, (Djf1,v) = (f1,Dj_pv) for v € H', so

(7.30) IDjnfillz < CllfallZe,

which implies

(7.31) IDjnullipn < Cllfill72 + Cllull-

Therefore, D;u € H' for j =1,...,n — 1. As in section three, it remains to estimate D,,,, which
uses the fact that the operator is elliptic.

It remains to show that u satisfies the Neumann boundary condition. If u = T f € H%(Q),
v e HY(Q),
(7.32)

(f,v) = (Lnu,v) + (uw,v) = (Vu, Vo) + (u,v) = (A +1)u,v) / v—dS / v—dS
a0 X9)
Since this holds for all v € H'(Q), 2% = 0 on 09.
Arguing by induction,
Proposition 24. For k =1,2,3, ..., given fi € H*(Q), a function u € H**Y(Q) satisfying

ou

(7.33) u= f1, on , %

=0, on o9,
belongs to H**2(Q), and we have the estimate

(7.34) [ullFzsse < CllAullzpx + Cllullzee,

for allw € H*2(Q) such that 9% =0 on 0.

We can also analyze nonhomogeneous boundary value problems such as

(7.35) (A +1u=f, in Q, on oN.

5297
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For g € H*+1/2(9%2), we can choose h € H**2(Q) such that % = g on 0F), and then write u = v+h,
where
(7.36) (CA+1w=f+(A—Dh in O % ~0, on 09

The fact that 0 is an eigenvalue in with eigenspace consisting of constants, implies
Proposition 25. Given f € L*(Q), the boundary value problem has a solution u € H*(Q) if
and only if

(7.37) /Qf(x)d:c =0.

Provided this condition holds, the solution wu is unique up to an additive constant and belongs to
HE2(Q) if f € HF(Q), k> 0.
Proof. Integrating by parts, if u € H?(Q) solves (7.1)),
0

(7.38) fx)de = | Aude= [ ZLdS(z) = o0.

Q Q o0 OV
On the other hand, if (7.37)) holds, then f is orthogonal to the constant function, and we can use
the formula (7.9) to compute the inverse. O

We have an extension for the nonhomogeneous boundary problem

0
(7.39) Au=f on Q, a—z =g, on 0.
By Green’s formula ([7.2]),
0

(7.40) / Au(@)de = [ 2“ds(@).

Q o0 OV
Thus, a necessary condition for ([7.39)) to have a solution is
(7.41) / f(z)dx = / g(x)dS(z).

Q o0

This condition is also sufficient.

Proposition 26. If k >0, f € H*(Q), and g € H*"2(0Q), then (7.39) has a solution H*2(Q) if
and only if (7.41) holds.

Proof. Define the linear operator

ou

(7.42) T : H*2(Q) —» HF(Q) @ HY2(0Q),  Tu= (A, 5,

Now use a proposition from functional analysis.
Proposition 27. If K is compact operator from V toY, T is a linear operator from V to W, and
(7.43) lullv < [[Tullw + | Kully,

then T has closed range.
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Then, since

(7.44) Hu||Hk+2(Q) < OHAUHH’C(Q) + C|| ||Hk+1/2(aQ) + OH“H%I’CH(Q)’

T has closed range. We also know that the kernel of T consists of constants. By (7.41)), (=1,1) €
C>(Q) @ C*°(09Q) is orthogonal to the range of 7. If T is Fredholm of index zero, then this is all
of the orthogonal complement of the range of 7. Now,

. 0
(7.45) T HM2(Q) = HYQ) @ HY2(00),  Tiu= (A —1)u, 87“).
v
The operator T* differs from 7 by the operator Ku = (—u,0), which is compact. Since 7% is an
isomorphism, 7T is Fredholm of index zero. O

8. A CLASS OF SEMILINEAR EQUATIONS

The Dirichlet and Neumann problems are linear problems. This means that two solutions to the
problem Awu = 0 may be added together to obtain another solution to the problem, a phenomenon
that has proved to be very useful to solving such equations. Here, we consider a class of semilinear
equations,

(8.1) Au = f(z,u), on M,
where M is a Riemannian manifold, or the interior of a compact manifold M with smooth boundary.
Consider the Dirichlet boundary condition,
(8.2) ulom = g,
where M is connected and has nonempty boundary. Suppose f € C*(M x R), and also suppose
that
of
8.3 — >0.
(8.3) 9

Now suppose F(z,u) = [ f(z,s)ds, so f(x,u) = 8,F(x,u). Then by (8.3), F(x,u) is a convex
function of u. Let

(8.4) I(u) = %HduH%Q(M) + /M F(z,u(z))dV (z).

Then, a solution to ({8.1)) is a critical point of I on the space of functions u on M that are equal to
g on OM. Indeed, let ¢ € C§°(M) be a perturbation of u. Then,
(8.5)

Iu+ey) = I(u)+(edyp, du)+ / / (z, utTe)dV (x)dr+O0(e?) = I(u)+e(—Autf(x,u),v)+o(e).
Then, v is a minimizer of (8.5)) if and only if u is a weak solution to Au — f(x,u) = 0.

Remark 8. Let L be the linear operator,

(8.6) Lu = —0;(a;;0;u) + b;D;u + cu, MNEP? < ag(2)€65 < A€

Define the weak solution

Definition 4 (Weak solution). Let f € L*(Q) and u € H} (). Then u is a weak solution of
Lu = f in Q if for any ¢ € HE (),

(8.7) /Q(al-j (2)0;ud;jp + bi(x)0;up + c(x)up)dr = /Q fed.
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As a warm-up, first consider a special case of (8.1). Let Q be a bounded domain, a;;(z) = aj;(x)
and ¢(z) be bounded functions on . Define

(8.8) () = % /Q (a1 (@) Bsudyu + c(w)u?)da — /Q (@) f(z)dz.

The minimizer u is a weak solution of
(8.9) —0;(ai;j(x)0u) + c(x)u = f(z), in Q.
Since (8.8]) is a convex function, (8.8)) has a unique minimizer.

Theorem 13. Let a;; and c be bounded functions in Q with a;; = aji, ¢ >0, and f € L?(S2). Then
J admits a minimizer u € H}(Q).

Proof. First show that J has a lower bound in H} (). By the Poincare inequality,

(8.10) / u?de < C(Q)/ |Vu|*dx.
Q Q
Then for any A > 0,
(8.11) / luf|dx < A / |Vul|?dx + ¢ /dex.
o 4 )
Therefore,
(8.12) J(u) > A / |Vul|* — ¢ / fPdx.
4 A
Therefore, J has a lower bound in Hg (£2). Set,
(8.13) Jo = inf{J(u) :u € Hy(Q)}.

Now consider a minimizing sequence {uy} C Hg (), with J(uy) — Jo. Then,

(8.14) /|Vuk\ dr < Juk /f2

Since J(uy) is bounded, [lug| s is also bounded. Therefore, by Rellich’s theorem, there exists a
sequence {ux } and u € HE () such that up — w in the L? norm as k' — oo.

By the Hilbert space structure, J(u) < limg o0 J(ur) = Jo, so since Jy is a minimizer, J(u) =
Jo. Therefore, Jp is attained in HE (). O

Returning to (8.1), make a temporary restriction on F. For |u| > K, let 9, f(x,u) = 0. Therefore,
for some L, |0, F (z,u)] <L on M x R. Let,

(8.15) V={uc HM):u=g, on OM}.

Lemma 14. We have the following results about the functional I :V — R.

(1) I is strictly convez,

(2) F is Lipschitz continuous,
(3) I is bounded below,

(4) I(v) = o0, as ||v||gr — oo.
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Proof. Convexity follows from (8.3)). The fact that I is Lipschitz continuous follows from |F(z, u) —
F(z,v)| < Llu—wv]|, which follows from the bounds on |0, F (z,u)| < L. Since F is convex, F(x,u) >
—00|u| — 01, SO

1 1 1
(8.16) I(u) > §IIdUII2 — Collullr — C1 > ZIIdUIIiz + §BIIUI|2L2 — Cllullz — ',
since
1
(8.17) §HdUII%2 > Bllul|7. - C".

Lemma [I4] implies that I has a unique minimum on V.
Proposition 28. Under the above hypotheses, I(u) has a unique minimum on V.

Proof. Let a9 = infy I(u). Since I is bounded below, g > —oo. Choose R such that K =
V N Br(0) # 0 and such that |ul|g: > R implies I(u) > ap + 1. Then K is a closed, convex,
bounded subset of H*(M). Let uy € H*(M) be a sequence in Br(0), where

(8.18) T(ug) \y .

By Rellich’s theorem, after passing to a subsequence, u;, converges in L% to some ug € L?. Fur-
thermore, as in the proof of Theorem [13} ur — ug in H'(M). Therefore, inf I(u) is assumed at ug,
and by the strict convexity of I(u), ug is unique. The unique minimum of I(u) is the solution to

)} O

We have the regularity result.

Proposition 29. For k = 1,2,3,..., if g € H*TY/2(OM), then any solution u € V to (8.1) and
(8.2) belongs to H*+1(M). Hence, if g € C®(OM), then u € C=(M).

Proof. Start with « € H'(M). Then the right hand side belongs to L?(M), which implies that

u € H*(M) if g € H3/?(M). Arguing by induction proves the proposition. O

We have uniqueness of the element v € V minimimizing I(u) under the hypotheses. In fact,
under the hypothesis % > 0, there is uniqueness of solutions to 1' and 1] which are sufficiently
smooth.
Proposition 30. Let u and v € C*(M)NC(M) satisfy (8.1) withu = g and v =h on OM. Then,
(8.19) sup(u —v) < sup(g — h) V0,

M oM
and
(8.20) sup |u — v| < sup|g — h|.
M oM

Proof. Let w = u —v. Then,
(8.21) Aw = Az)w,  wlom =g —h,
where

f(gc,u) — f(x,v)
u—v

If O={zeM:w(x) >0}, then Aw > 0 on O, so applying the maximum principle, Theorem

on O gives . Replacing w by —w gives . ]

(8.22) Aa) = > 0.
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Corollary 7. Let f(z,0) = p(z) € C®(M). Take g € C®(OM), and let ® € C®(M) be the
solution to

(8.23) AP = o, on M, =g, on oM.
Then under the hypothesis % >0, a solution u to 1) satisfies
(8.24) supu < sup & + (sup(—®) v 0),
M M M
and
(8.25) sup |u| < sup 2|P|.
M M
Proof. We have
(8.26) A(u— @) = f(x,u) — f(z,0) = A(z)u,
with A\(z) = M > 0. Therefore, A(u —®) >0 on O = {z € M :u(z) > 0}, so
(8.27) sup(u — ®) = sup(u — ®) < sup(—P) Vv 0.
o 0 M

The last inequality follows from the fact that v = ® on dM, and if O has a point that is not
contained in M, then u = 0 on that point. Also, A(® —u) > 0on O~ = {z € M : u(zx) <0}, so

(8.28) sup(® —u) = sup(® —u) <sup® Vv 0.
o- 00~ M
O
Theorem 14. Suppose f(xz,u) satisfies % > 0. Given g € C*®(OM), there is a unique solution
u € C®(M) to (8.1)) and (8.2).
Proof. Let f;(z,u) be smooth and satisfying
(829) fj(ﬂ?,u) :f(xvu)v for |U,‘ S]a

and suppose that (8.3 and (8.4) hold for f;(z,u), and furthermore f;(z,u) = 0, Fj(z,u), Ou f (v, u) =
0 for [u| > K, and [0, Fj(z,u)| < Lj on M xR. Then by Proposition we have a unique solution
uj € C®(M) to

(8.30) Auj = fi(z,uy), ujlom = g-
If fj(z,0) = f(x,0) = ¢(z), so then holds for all u;, so
(8.31) sup |u;| < sup2|®|.
M M
Thus, the sequence (u;) stabilizes for large j, and the proof is complete. O

When f(z,u) = f(u), and f is locally Lipschitz in R, it is possible to prove some symmetry
results for a solution to ({8.1]).

Lemma 15. Suppose that (2 is a bounded domain that is convex in the x1-direction and is symmetric
with respect to the plane {x1 = 0}. Suppose u € C(Q) N C?(Q) is a positive solution of
(8.32) Au+ f(u) =0, in Q, u=0, on o9,

where f is locally Lipschitz in R. Then u is symmetric with respect to x1 and Oy, u(x) < 0 for any
z € Q when x1 > 0.
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Proof. Write x = (z1,y) € , y € R"~1. We prove that

(8.33) u(z1,y) <u(zi,y),

for any z; > 0 and z7 < 21 with 2 + z; > 0. Letting 27 — —z1 gives u(z1,y) < u(—z1,y) for any
21. Changing the direction x; — —z1 gives the symmetry.
Now let a = sup(,, ,yeq 1. For 0 < A < a define

Sa={z e Qx> A},
T)\:{xlz/\},

(8.34) ¥\ = reflection of ¥, with respect to T},

Ty = (2A — 21,29, ooy Ty, for x=(T1, ., Tp).
and let
(8.35) wy(x) = u(z) — u(zy), for x = (21, .., Tn).

By the mean value theorem and (8.33)), since f is locally Lipschitz,
Awy + c(z, N)wy = 0, in Y,

(8.36) wy <0, and wx =0, on 0%,
where ¢(x, \) is a bounded function in Xy.

Now we need to show that wy < 0 in Xy for any A € (0,a). In particular, this implies that w
assumes its maximum in Xy along 9(X) N ). Then by the Hopf lemma, for any such A € (0, a),

(8.37) 8x1w,\\11:,\ = 28zlu|931:,\ < 0.

For A close to a, wy < 0, using the maximum principle for small domains (see Theorem 2.32 of
[HL11]) combined with the strong maximum principle.

Let (Ag,a) be the largest interval of values of A such that wy < 0 in Xy. If Ay > 0, then by
continuity wy, < 0in X, and wy,=0 on 0X,,. If wy, = 0 on 9X,,. Then by the strong maximum
principle, wy, < 0 in Xy,. It suffices to show that for any € > 0 small, wy,—. < 0in Xy, _.

Now let K be a closed subset in 3y, such that |Zy, \ K| < g. Since wy, < 0in Xy, wr,—e <0
in K, when € > 0 is small. Also, |X),—c \ K| < d. Then again by the maximum principle on small
domains, wy,—. < 0 in Xy,_ \ K. Therefore, wy,—. < 0 in Xy,_ \ K. Therefore, wy,—. < 0 in
Dag—e. O
Theorem 15. Suppose u € C(By) N C%(By) is a positive solution of
(8.38) Au—+ f(u) =0, in By, u =0, on 0By,

where f is locally Lipschitz in R. Then w is radially symmetric in By and g—;f(x) <0 forx #0.

9. ALEXANDROFF MAXIMUM PRINCIPLE

The maximum principle for small domains is also called the Alexandroff maximum principle.
Suppose 2 is a bounded domain and let

(9.1) L = a;;(2)0;0; + b;(x)0; + c(x),

where a;j, b;, and ¢ are continuous. Also, suppose that the coefficient matrix a;;(x) is positive
definite everywhere in {2, and that

(9-2) 0 < A@)[* < aij()€:&; < A)g]*.
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Remark 9. There is no assumption of uniform ellipticity in .
Let D = det(A) and D* = D'/™, Then,
(9.3) 0 < A(z) < D*(x) < A(x),
where D* is the geometric mean of the eigenvalues of a;;(z), A > 0 is the minimum eigenvalue and
A < 00 is the maximum eigenvalue.
Definition 5 (Contact set). For u € C?(Q), define
(9.4) 't ={yeQ:u@) <uly)+ Vuly) - (z —y) forany  xz€Q}.

The set I'T is called the upper contact set of w. In this case The Hessian matriz D*u = 0;05u is
nonpositive on I'".
If w is continuous, it is possible to define the contact set

(95) TT={yeQ:u(z)<uly) +p-(r—y), Vo € Q, for some p=7p(y) € R"}.

Then u is concave if and only if Tt = Q. If u € C1(Q), then p(y) = Vu(y), and any support
plane is the tangent plane to the graph.

Now consider the equation,

(9.6) Lu = f, in Q, fec).
Theorem 16. Suppose u € C(Q) N C?(Q) satisfies Lu > f in Q with the following conditions:
(9.7 L e L"(Q) and c<0 in Q.
D*7 D* ) —_ b
Then there holds
(9.8) supu < suput +C||L*||Ln(1"+),
Q o9 D

where TV is the upper contact set of u and C = C(n,diam(Q), ||% nrt)). In fact,

2n—2 b "
(9.9) C=d-{exp(— (Hﬁ”m(w) +1) -1},

WnN

%
where w, is the volume of the unit ball in R™ and b = (by,...,by).
Remark 10. The integral domain can be replaced by

(9.10) I't'Nn{zeQ:u(z) >suput, u = max{u,0}}.
o9

We begin with the lemma.
Lemma 16. Suppose g € L} _(R") is nonnegative. Then for any u € C(2) N C%(Q), there holds

loc

9.11) /B

~ _ +
Here T'F is the upper contact set of u and M = w with d = diam(Q).

gﬁ/ g(Du)|det D?ul.
(0) rt

M
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Remark 11. If A is any positive definite matrix,

1 —aijDiju

(9.12) det(—D?u) < 5( )", on rt.

n
Therefore,

—a;; Diju
(9.13) / g< / g(Du) (—%Distn,
By (0) r+ ( nD*

Remark 12. A special case corresponds to g = 1. In this case,

(9.14) supu < suput + (/ |det D*u|)Y/™ < suput +
Q o9 r+ o9

d @igDiju. 1 /m
o il [y,

This is Theorem [16] when b; = 0 and ¢ = 0.

Proof of Lemma[16] Suppose without loss of generality that « < 0 on Q. Then let QT = {u > 0}.
Then,

(9.15) / g< / g(Du)|det(D?u)],
Du(I'+NnQ+) r+nQ+

where |det(D?u)| is the Jacobian of the map Du : Q — R™.
Now then, consider xy. = Du — eId : Q — R, then Dy, = D?u — eI, which is negative definite
on I'". Then by the change of variables formula,

(9.16) / g= / g(xo)ldet(D?u — e,
xe(D+HNQt) r+not

which implies (9.15) when € N\, 0.
Now it remains to show that B,;(0) C Du(I't N Q*). That is, for any a € R", |a| < M, there
exists € It N QT such that a = Du(x). Suppose u attains its maximum m > 0 at 0 € €, that is,

(9.17) u(0) =m = Slép u.

Now consider an affine function for |a| < 2 = M,
(9.18) L(z)=m+a-x.

Then L(x) > 0 for any « € , and L(0) = m. Since u assumes its minimum at 0, Du(0) = 0. There
exists x1 close to 0 such that w(zy) > L(xz1) > 0. Note that © < 0 < L on 9. Therefore, there
exists & € Q such that Du(Z) = DL(Z) = a. Then translate the plane y = L(z) to the highest such
point. In that case the entire surface y = u(z) lies below the plane, and thus z € I'". Also, at this
point, u(x) is positive, so = € (9.10)). |

Proof of Theorem[16] We want to choose g so that we can apply Lemma By the Cauchy
inequality, since ¢ < 0 in 2,
—ai;Diju < byjDyu +cu — f < b;Dju — f, in Ot = {x:u(x) > 0},

(9.19) < WliDul+ 7 < (o + L

(Dl 4 )Y (14 1)

n
In particular,

(9.20) (—ai; Dyyw)” < (B + <%>n><\Du|" )20,
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Now choose g(p) = W. By Lemma

2n72 bl —n(£—\n
(9.21) / g< 7/ w
By, (0) n" Jrenot D

Now evaluate the left hand side.

M n—1 Mn n M

(9.22) / g:wn/ Tidr:ﬂlogﬁzﬂlog( — +1).

B]\:I (O) 0 rn _l’_ Mn n //[/”/ n /’[/”/
Therefore,

o n 2n—2 b n —n f_ n
(9.23) M"™ < p {exp{m[”ﬁHL"(F+ﬂQ+) +u ||ﬁ|\Ln(r+nQ+)} -1}
If f is not identically zero then choose y = ||£; Lr(r+no+)- If f =0 then let N\, 0. O

Now consider

(924) Lu = aijDiju —+ szZU -+ Ccu, in Q,

where a;; is positive definite, det(a;;) > X and |b;| + |¢| < A. Now we can prove the maximum
principle for small domains.

Theorem 17. Suppose u € C(Q) N C%(Q) satisfies Lu > 0 in Q with u < 0 on 9. Suppose
diam(Q) < d. Then there exists §(n, A\, A,d) > 0 such that if |Q] <, then u <0 in .

Proof. Split ¢ = ¢t — ¢~. Then,
(925) aijDiju + b1D1U —c u 2 —C+’LL = f
Now then, by Theorem

1
(9.26) supu < ¢(n, A, A,d)||c+u+HLn(Q) < c(n,\ A, d)\\c+||Loe|Q|1/" ~supu < 3 sup,
Q Q Q
when |Q| is small. Therefore, u < 0 in . |

Now we derive some estimates for solutions to quasi-linear equations and fully nonlinear equa-
tions, which will be useful going forward.

Proposition 31. Suppose u € C(Q) N C2(Q) satisfies
(9.27) Qu = a;;(x,u, Du)D;;u + b(x,u, Du) =0, in Q,

where a;j(x, z,p)&:&; > 0 for any (x,z,p) € AXRxR™ and £ € R™. Suppose there exist nonnegative
functions g € LY _(R™) and h € L™(Q) such that

loc
oz, 2.0)] _ h()

(828) nD* = g(p)

, for any (z,2,p) € QxR xR",

(9.29) /Qh”(m)dx < /g”(p)dp = oo

Then there holds supgq |u| < supggq |u| + Cdiam(S2), where C = C(g, h).
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Proof of Proposition[31] Suppose Qu > 0 in €. Then we have

(930) 7aijD1'j’l.L § b, in Q.

By definition of I't, {D;;u} is non-positive in I'*. Thus, —a;;D;;u > 0, so b(z,u, Du) > 0 in T'F.
Then in " NQT,

b(x, z, Du) < h(x)

(9.31) S by

Then by Lemma [16]
(9.32)

/ gng/ g”(Du)(a]i*]u)"g/ g"(Du)(i*)" S/ h"g/h".
B 7 (0) r+nQ+ nD r+nQ+ nD r+nQ+ Q

Therefore, by (9.29) there exists C(g, h) such that M < C. Thus,

(9.33) supu < supu’t + Cdiam(S).
Q 0

O

The mean curvature equation is a fully nonlinear equation. The prescribed mean curvature
equation is given by
(9.34) (14 |Du*)Au — DyuDjuDyju = nH(x)(1 + | Du|?)%/2, for some  H e C(Q).
Then,
(9.35) aij(z,z,p) = (L+|p|*)ds; — pip; = D = (1 + [p|*)" ",
b= —nH(z)(1+ |p]*)*?2
This implies

|b(z, 2, p)| < |H(x)|(1+ |p|2)3/2

n+2

(9.36) < = = |[H(@)|(1+ [p|*) =,

nD 0+ 1)
and

n _nx2
(9.37) g = [ g )p= [ (L4l dp =
Corollary 8. Suppose u € C(Q) N C?(Q) satisfies
(9.38) (1+|Du*)Au — DiuDjuDiju = nH(x)(1+|Du*)®?, i Q,
for some H € C(Q). Then if
(9.39) Hy = / |H(z)|"dx < wh,
Q
we have
(9.40) sup |u| < sup |u| + Cdiam(<2),
Q o0

where C' = C(n, Hp).

Now discuss Monge—Ampere equations.
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Corollary 9. Suppose u € C(Q) N C?() satisfies
(9.41) det(D?*u) = f(x,u, Du), in Q,

for some f € C(2xRxR™). Suppose there exist nonnegative functions g € Li, (R™) and h € L' ()
such that

(9.42) Famn <D forany  (25p) €QxRXRY,
9(p)
(9.43) /h(x)dm </ g(p)dp = goo.-
Q n
Then there holds
(9.44) sup |u| < sup |u| + Cdiam(Q), C =C(g,h).
Q 99

Corollary 10. Let u € C(Q) N C?(Q) satisfy
(9.45) det(D*u) = f(x), in Q,
for some f € C(Q). Then there holds

diam/(Q)

(9.46) supluf < sup ] + ST [ |7
Q o0 Wn Q

Proof. Here we take g = 1 and then g, = oo. (|
Now take the prescribed Gaussian curvature condition.

Corollary 11. Let u € C(Q) N C%(Q) satisfy

n+2

(9.47) det(D*u) = K(x)(1+ |Dul*) 2, in  Q,
for some K € C(Q). Then if
(9.48) Ko = / K (2)] < wn,
Q
(9.49) sup |u| < sup |u] + C(n, Ko)diam($2).
Q o9

n+2
n

Proof. Again we use the fact that [(1+ [p[?)™ " = wp. O

10. SURFACES WITH PRESCRIBED (GAUSSIAN CURVATURE

Now let M be a connected, compact, two-dimensional manifold with nonempty boundary. Let g
be the metric on M. We wish to construct a conformally related metric whose Gaussian curvature
is a given function K(z) on M.

Now let k() be the Gaussian curvature of g and let ¢’ = e?“g. Then the Gauss curvature of g’
is given by

(10.1) K(x) = (—Au + k(z))e 2.
Then we wish to solve

(10.2) Au = k(z) — K(z)e*" = f(x,u).
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Proposition 32. If M is a connected, compact, two-dimensional manifold with nonempty boundary
OM, g a Riemannian metric on M, and K € C*(M) a given function satisfying

(10.3) K(z) <0, on M,

then there exists u € C°°(M) such that the metric g = e?“g conformal to g has Gauss curvature
K. Given any v € C°(IM), there is a unique u satisfying u = v on OM.

Proof. Apply Theorem [14{to the Proposition. Notice that we need K(x) < 0 to obtain % >0 O

Now suppose that M is compact and does not have a boundary. For now, we retain the hypothesis
% > 0. If M does not have a boundary, 1} no longer holds for constant functions on M.
Therefore, suppose that for some a; € R,

(10.4) u<ag= flz,u) <0, u>ay = f(x,u) >0.

Then if % > 0, is equivalent to the existence of a function u = ¢(z) such that f(x,p(z)) = 0.
Theorem 18. If u solves and M is compact, then

(10.5) ap < u(z) < ay,

provided holds.

Proof. Since M is compact, u achieves a maximum at some xg € M. Then, Au(zg) < 0 on M, so
f(xo,u(zg)) <0, and therefore by (10.5)), u < a;. The other inequality follows similarly. a

To obtain an existence result, we use the method of continuity. We show that for each 7 € [0, 1],
there is a smooth solution to
(10.6) Au=(1-7)(u—->b)+7f(x,u) = fr(x,u), b= Clo—gim
This equation is certainly solvable when 7 = 0, since u = b is a solution. Now let J C [0, 1] be the

largest interval containing 0 such that (10.6)) has a solution for all 7 € J.
Claim 1. J is closed.

Proof. Observe that for any 7 € [0, 1], u < ag implies f;(z,u) < 0, and u > a; implies f-(x,u) < 0.
Therefore, any solution must satisfy (10.5). Now let uw; = u,, for 7; € J, 7; / o. Therefore,

lujl|L < a < 00, s0 gj(x) = fr,(x,u;(z)) is bounded in C'(M), and therefore elliptic regularity
for the Laplace operator implies

(10.7) [ |
The bound ([10.7) implies a bound on the C" norm of g;, which implies a C” bound on u for r < 4.

Iterating this bound implies u; € C*°(M). Any limit point u € C*°(M) solves (10.6) with 7 = o,
so J is closed. ]

crmy < by < oo, for any r<2.

Claim 2. J is open in [0, 1].

Proof. To see this, we show that if 9 < 1 and 79 € J, then there exists some € > 0 such that
[10,70 + €) C J. To see this, fix k large and define the operator

(10.8) :[0,1] x HY(M) — H2(M),  U(r,u) = Au— f,(z,u).

This map is C!, and its derivative with respect to the second argument is given by

(10.9) D3V, (10, u)v = L, Lv = Av — A(z)v, A(z) =1 — 19 + 1000 f (T, u).
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Now then, if % > 0, then A(z) > 1— 7y > 0, and therefore L is invertible. By the inverse function
theorem, ¥(7,u) = 0 is solvable for |7 — 19| < e. O

Therefore, we have proved

Proposition 33. If M is a compact manifold without boundary and if O, f (xz,u) > 0 and f(z,u)
satisfies (10.4), then (10.1) has a unique solution. If O, f(x,u) > 0 then the solution is unique.

Proof. It only remains to prove uniqueness when 9, f(z,u) > 0. Let u and v be two solutions and
let w = u —v. Then w solves

(10.10) Aw = \(z)w, Az) = R >0

Therefore,

(10.11) Vel = [ Ao Pz,

which implies that w = 0 if A(xz) > 0 on M. O

It is possible to use the continuity method to solve the Dirichlet problem. Let €2 be a bounded
domain on R™ and let a;;, b;, and ¢ be defined on Q with a;; = a;;. Then consider the operator L
given by

(10.12) Lu = a;;0;0;u + b;0;u + cu, in Q,
for any u € C?(£2) and
(10.13) MNEP < ag(2)€65 < A€, Vz € Q, £ eR, A> 0.

Consider the general existence result for solutions to the Dirichlet problem with C%“ boundary
values for general uniformly elliptic equations with C'* coefficients.

Theorem 19. Let Q be a bounded C** domain in R"™ and let L be a uniformly elliptic operator
in Q with ¢ < 0 in Q and a;j, b;, ¢ € C*(Q) for some a € (0,1). Then for any f € C*(Q) and
© € C%2(Q), there exists a unique solution u € C**(Q) of the Dirichlet problem

(10.14) Lu=f, n Q, u =, on on.

The crucial step in solving the Dirichlet problem for L to assume that the similar Dirichlet
problem for the Laplace operator is solved.

Theorem 20. Let Q2 be a bounded C*% domain in R™ and let L be a uniformly elliptic operator

in Q with ¢ <0 in Q and a;5, b;, c € C*(Q) for some a € (0,1). If the Dirichlet problem for the
Poisson equation,

(10.15) Au = f, mn Q, u =, on 09,
has a C%*(QQ) solution for f € C*(Q) and ¢ € C*(Q), then the Dirichlet problem,
(10.16) Lu=f, n Q, u =, on o9,

also has a unique C**(Q) solution for all such f and ¢.
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Proof. Suppose without loss of generality that ¢ = 0. Indeed, we can take Lv = f — Ly in ) and
v =0 on 0.

Now consider the family of equations,

(10.17) Liu=tLu+ (1 —t)Au = f, for  tel0,1].

Now then, Lo = A, L1 = L,

(10.18) Liu = af;(z) Diju + bj(z) Diu + ¢ (z)u,

(10.19) at;(2)6:&; > min(1, N[,

for any =z € 2, £ € R", and

(10.20) |aijlce (@) 1ilca (@), ¢l oo @) < max(1,A).

Therefore,

(10.21) | Liufcaqy < Cn, A\ A, Q)[uloz.a(q).

Then for each ¢t € [0,1], L; : X — C*(2) is a bounded linear operator, where X is a Banach space,

(10.22) X={uecC*(Q):u=0, on 099}
Now let I be the collection of s € [0,1] such that the Dirichlet problem

(10.23) Lyu=Ff, in Q, u =0, on o0,

is solvable in C%%(Q) for any f € C*(2). For s € I, let u = L' f be the unique solution. Then by
the maximum principle and global C'?*-estimates,

(10.24) L3 flozaco) < Olflce@)-

For any t € [0,1] and f € C*(),

(10.25) Liu=f = Liu=f+(Ls— Li)u= f+ (t — s)(Au — Lu).
Therefore, u € C*%((Q) is a solution to

(10.26) Liu = f, in Q, u =0, on 09,

if and only if,

(10.27) w= L7 (f + (t —s)(Au— Lu)).

For u € X, set

(10.28) Tu=L;'(f + (t — s)(Au — Lu)).

Then, T : X — X is an operator and for any u,v € X,

(10.29)

[Tu=T0|c2.0(0) = [(t=5) L7 ((A=L)(u=0))|c20(0) < Clt=5|[(A=L)(u=v)|ce(ay < Clt—sllu—0|cz.0(0)-
Therefore, T : X — X is a contraction if [t —s| < § = C~!. Thus, for any t € [0, 1] with |t —s| < 4,
there exists a unique u € X such that u = Tu,

(10.30) u=L;"(f+(t—s)(Au—Lu)), Lwu=f.

Therefore, if |t — s| < §, there exists a unique solution to ((10.26]). Partition the interval [0, 1] into
subintervals of length < § and argue by induction. Since 0 € I, 1 € [. |
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11. FIXED POINT THEOREMS AND EXISTENCE RESULTS
Recall Brouwer’s fixed point theorem.

Proposition 34. If K is a compact, conver set in a finite dimensional vector space V, and F :
K — K is a continuous map, then F has a fixed point.

Proof. If K is the closed unit ball in R”, and ¥ : K — K is a continuous map without fixed point,
then let F'(x) map z to z, where z is the endpoint of the ray from x through (x) that intersects
OK. Then F is a continuous retraction of B to 9B, which violates homotopy theory.

For a general compact K, put an inner product on V and let B C V denote a ball that contains
K. Let v : B - K map a point = to the point in K closet to z. If = is a fixed point of
Fovy:B— K C B, then x € K. Since 9 is the identity on K, F has a fixed point. O

Schauder’s fixed point theorem is a generalization of the Brouwer fixed point theorem.

Theorem 21 (Schauder’s fixed point theorem). Let G be a compact, convex set in a Banach space
X and let T be a continuous mapping of G to itself. Then T has a fized point, that is, there exists
some x € G such that Tx = x.

Proof. Let k € N. Since G is compact, there exists a finite set such that the balls B; = B, /,(x;),
1=1,2,...,n cover G. Let G be the convex hull of {z1,...,x,} and let J : G — G be defined by
> dist(x,G — By)x;

Yo dist(x,G — B;)
Then J}, is continuous on G, and furthermore,
Yo dist(z,G — By)||lx — || 1

Yo, dist(z,G — B;) Sk
Now then, Ji o T : Gy — Gi. Therefore, by the Brouwer fixed point theorem, there exists a

Yk € G such that Ji o T(yx) = yk, kK = 1,2, .... Since G is compact, there exists some z € G such
that y, — x € G. For any k,

(11.1) Ji(x)

(11.2) [Tk (2) — ol <

1
(11.3) llyre =T Cyr)ll = 19k 0 T'(yr) = Tyn) | < -
Since T is continuous,
(11.4) lim y, = =Tz, for some r€eg.
k— o0

]

Corollary 12. Let G be a closed, conver set in a Banach space X . Suppose T is a map from G to
G such that TG is precompact. Then T has a fived point in G.

Proof. Let K be the closed, convex hull of T'G. Since T'G is precompact, K is compact, so consider
Tk, which maps K to itself. |

Corollary 13. Let B be the open ball in a Banach space V. Let F : B — V be a continuous map

such that F(B) is relatively compact and F(0B) C B. Then F has a fized point.

Proof. Define a map G : B — B by

(L5)  G@) =F@), if |F@)]<L G(m)-Hf{gl it @) > 1.
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Then G : B — B is continuous and G(B) is relatively compact. By Corollary G has a fixed
point, G(z) = z. Since F(0B) C B, ||z|| < 1, so F(x) = G(z) = . O

Theorem 22 (Leray-Schauder theorem). Let V' be a Banach space and let F': [0,1] x V. — V be
a continuous, compact map such that F(0,v) = v is independent of v € V. Suppose there exists
M < oo such that, for all (o,z) € [0,1] X V,

(11.6) F(o,x)=x implies ||| < M.
Then the map Fy : V =V, Fi1(v) = F(1,v), has a fixed point.
Remark 13. For example, we could take the mapping F(o,z) = oF(x).

Proof. Suppose without loss of generality that vo = 0 and M = 1. Let B be the open ball in V.
Given € € (0, 1], define the map G, : B — V by

1—lzf|

Go() = P,
(11.7) € (B4
=F(l,—), if 2] <1-e
1—e€
Observe that G.(0B) = 0, and that for each € € (0,1}, G.(V) is precompact. Therefore, Corollary
implies that G, has a fixed point z(e).
For each k, let z, = x(3), and set

), if l—e<|z]| €1,

. 1
op = k(1= llzgl), i 1-o <zl <1,

. 1
=1 if |E7A] Sl—%.

Therefore, o, € (0, 1], and F(og, g—’;) = x, where C} is the denominator of 1] Furthermore,
since F is compact and (11.6) holds, (o, zx) — (0, x).

Next, 0 = 1. Indeed, if o < 1, then |lz|| > 1 — ¢ for k large, which implies [|z|| = 1 and
F(o,2) = x, which contradicts (11.6). Therefore, o, — 1 and F(1,z) = x. O

(11.8)

Remark 14. Suppose T is a compact mapping of a Banach space X into itself. For some o € (0,1],
the map oT possesses a fized point. Since T(By) is compact in X, there exists A > 1 such that
|Tz|| < A for all x € By. Thus, the mapping oT with o = % maps By into itself, and therefore,
by the Schauder fized point theorem, Theorem 1], oTx has a fized point. Also, if ||z < M for any

fized point of oTx, then for any o € [0,1], the mapping ocTx has a fized point.

Returning to the problem

(11.9) Au = f(z,u),

suppose f(z,u) < 0 for u < ag and f(z,u) > 0 if u > ay, but % > 0 need not hold. Alter f(x,u)
on u < ap and on u > a; to a smooth g(z,u) satisfying g(z,u) = —ko < 0 for u < ag — § and
g(z,u) = K1 >0 for u > ag + 9, for some § > 0.We want to show that for each 7 € [0, 1],

(11.10) Au=(1—-7)(u—-0)+79(x,u) = g-(z,u),

is solvable, with solution satisfying

(11.11) ag < ur(z) <ay.
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Doing some algebra,

(11.12) uw= (A -1 g (z,u) —u) = &, (u).
Each ®. is a continuous and compact map on C(M),

(11.13) o, : C(M) = C(M),

with continuous dependence on 7. For solvability, we can use the Leray—Schauder fixed point
theorem, Theorem Indeed, when 7 = 0,

(11.14) Bo(u) = —(A —1)"b =1,

which is independent of u. Meanwhile, if u solves (11.12)), then wu also solves (11.10]), so (L1.11])
holds. Therefore,

(11.15) u =& (u) = [Jullcm) < A= max{|agl, |a1]}.
Applying Theorem (11.12)) is solvable for all 7 € [0,1]. Therefore,

Theorem 23. If M is a compact manifold without boundary and if the function f(x,u) satisfies
flxz,u) < 0 when u < ag and f(z,u) > 0 if u > aq, then (11.9) has a smooth solution satisfying
ap < uz) <aj.

The equation
(11.16) Au = k(z) — K(x)e*" = f(x,u),
satisfies the hypotheses of Theorem 23| when k(z) < 0 and K (x) < 0.

In higher dimensions, when dimM =n > 3, we alter the metric by

(11.17) g =uig.
The scalar curvatures o and S of the metrics g and ¢’ are related by
n—1 n+2
11.18 S =u® — ~A —4 _nrT=
( ) u”%(ou —yAu), T=4—, a=_——,

where A is the Laplacian for the metric g. Obtaining the scalar curvature S for g’ is equivalent to
solving

(11.19) YAy = o(x)u — S(x)u”,

for a smooth positive function u. Since v > 1 and « > 1, in the case when o(z) < 0 and S(z) < 0,
there exist 0 < ag < a1 < oo that satisfy f(z,u) < 0 when u < ag and f(z,u) > 0 when u > a;.
Then,

Proposition 35. Let M be a compact manifold of dimension n > 2. Let g be a Riemannian metric
on M with scalar curvature o. If both o and S are negative functions in C°(M), then there exists
a conformally equivalent metric ¢' on M with scalar curvature S.

We can also generalize to
(11.20) yAu = B(z)u” + o(z)u — A(z)u®, B<l<a.

It is possible that 8 < 0. Then we have f(z,u) < 0 if u < ag, f(z,u) > 0 if u > ay, if we assume
A < 0on M, but only B <0 on M, provided o(z) <0 on {z € M : B(z) = 0}.
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We can apply fixed point results to the minimal surface equation. For 0 < 8 < 1, consider the
Banach space X = C1#(Q) where 2 is a C?® bounded domain in R™. Now let L be an operator
given by
(11.21) Lu = a" (z,u, Vu)Ug,qs, + b(z,u, Vu).

Assume L is elliptic in Q, that is, a¥ (x,(, p) is positive definite for all (z,(,p) € QxR xR"”. Also
assume that for some a € (0,1) that a”/,b € C*(Q2 x R x R™), and let ¢ € C**(99). Now, for any
v e CH(Q) = X, let u = Twv be the unique solution in C**%(Q) of the Dirichlet problem

(11.22) a’(z,v, Dv)ug,; + b(x,v, Dv) = 0, in Q, ulog = ¢, on 0.

The solvability of Lu = 0 in  with u = ¢ on 9 in the space C>%(Q) in the space C*(Q) is
equivalent to the solvability of Tu = uw in X. Now let
(11.23) Lou = a"(z,u, Du)ug,o; + ob(z,u, Vu).

Then v = oT'u is the same as Lyu = 0 in Q and u = ¢ on 0f). By the Leray—Schauder fixed point
theorem,

Theorem 24. Let Q, ¢, and L be as above. If, for some 8 > 0, there is a constant M independent
of u and o such that for every C**(Q) solution of the Dirichlet problem

(11.24) Lyu =0, n Q, u= oo,
satisfies
(11.25) lullgrsy < M,

then it follows that the Dirichlet problem Lu = 0 in  with u = ¢ on 0Q is solvable in C**(£2).

The assumptions in the previous theorem can be verified for the minimal surface equation.
Consider the case where Q is a uniformly convex, C?® bounded domain in R”, ¢ € C%%(Q), and
Vu
V14 |Vul|?

Suppose u is a O solution of (11.26)). Then the maximum principle implies

(11.26) div( ) =0, in Q, uloq = ¢, on of.

(11.27) [l Lo @y < 1@l Lo a0y = Co < oo.

By the uniform convexity of 9Q and the C%® regularity of ¢, it is possible show that there exist
linear functions I£ (z) such that

(11.28) I (z0) = #(z0),  and I (z) < ¢(x) <If (), forall =z e€0Q.
Since linear functions are solutions of dw(im) 0 in ©, then from the maximum principle,
(11.29) Iy (@) < u(x) <1} (2), z €.

In particular, |Vu(zo)| < max|VIE (z0)| = C1 < 0.
If u is a C%“ solution of (11.26)), then uq = %u satisfies

0
(1130) ?%(FPZP] (DU)UaJ) = O

Here, \/1+ |Vul?, so (Fp,p,(Du)) > 0. Thus, u, satisfies the maximum principle, so
(11.31) [Vullz ) < [[Vul[z=@00) < C1 < .
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Therefore, by (11.26)), (11.30), and (11.31]), from De Giorgi—-Moser theory,
(11.32) HVuHc,a(Q) < C(C(),Cl,CQ) < 00, Cy = H(b”cz,a(ag).
Rewriting (11.26)),
Ui Uy

11.33 Au— 20— 0.
( ) Y 1—|—|Vu|2u]

Combining (11.32)) and (11.33) and the Schauder estimates,
(11.34) ||u||cz/3(Q) < C(Co,cl,CQ,Q),
where 0 < 8 < a.

12. DIRECT METHODS IN THE CALCULUS OF VARIATIONS

We turn now to the question of existence of minima or other stationary points of functionals of
the form

(12.1) I(u) = /QF(z, u, Vu)dV (x),

over a set of functions {u € B:u=g on 081}, where B is a Banach space and g is a smooth
function on 0. Let  be a compact Riemannian manifold with boundary and suppose

(12.2) F:RY x RY @ T*Q) — R, is continuous.

Let

(12.3) V={uc HQRY):u=g on oN}.

Assume that for each z € ,

(12.4) F(z,,):RY x RN @ TQ) — R, is convex.

Also assume that

(12.5) Aolé* — Bolu| — Co < F(x,u,8),

and also suppose that

(12.6) |F(2,u,§) = F(z,v, Q)] < C(lu—v[+ 1§ = CD(IE[+ <[+ 1).

Proposition 36. Suppose §) is connected with nonempty boundary. Also suppose I(u) < oo for
some u € V. Under the hypotheses (12.2)—(12.6)), I has a minimum on V.

Proof. By (I23),
(12.7) I(u) > Aol V|32 — Bollull 1 — Col€.

Therefore, following the proof of Lemma I(u) is bounded below. Furthermore, by (12.6]), for
lullgs lvllar < L,

(12.8) I(u) —I(v) <p|lu—v||g1-
Finally, by (12.4)), I(u) is convex. |

Proposition [36] is a special case of a more general result.
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Proposition 37. Let V be a closed, convex subset of a reflexive Banach space W, and let ® : V — R
be a continuous map satisfying:

(12.9) ir‘}fq) =g € (—00,00),
(12.10) 3b > ap such that & ([evo, b]) is bounded in w,
(12.11) Yy € (o, b], & ([, ) is convex.

Then there exists v € V' such that ®(v) = ayp.

Proof. For any 0 < e < b—ag, K. ={u €V : ag < I(u) < ag + €} is weakly compact. Then
m5>0I(€ = Ko 7é 0. U

It is possible to generalize the above result for the Sobolev space WP, where 1 < p < oo.

Proposition 38. Assume ) is connected, with nonempty boundary. Take 1 < p < oo and assume

that I(u) < oo for some uw € V. If (12.2), (12.4) hold, along with

(12.12) V={uc HPOQRY) :u=yg on 00},

(1213) A0|§|p - Bo|u| - CO S F(JI,U/, 5)7

and

(12.14) |F(z,u,&) = F(z,0,0)| < C(lu—wv|+ &= ¢N(E+ ¢+ 1P~

We can replace ((12.4) by a hypothesis of convexity in the last section.

Proposition 39. Make the hypotheses of Proposition[36], or more generally of Proposition 38, by
weaken (12.4]) to the hypothesis that

(12.15) F(z,u,-): RN @TrQ - R is conver,
for each (z,u) € Q x RN, Then I has a minimum on V.

Proof. First observe that (12.13) combined with Poincare’s inequality implies that —oco < ap =
infy I'(u). Also,

(12.16) B={ueV:I(u) <ay+1} is bounded in HY?(Q,RY).
Now then, choose u; € B such that I(u;) \, ag. Assume
(12.17) uj — u, weakly in HY(Q,RN),

so therefore u; — u strongly in LP(Q,RY). We need to show that I(u) = ay.
Set

(12.18) O(u,v) = / F(z,u,v)dV(x).
Q

Setting v; = Vuy,

(12.19) @(uj,vj) — Q.

Also, v; — v = Vu weakly in LP(Q,RY ® 7). Now then, by (12.14),

(12.20) | (uj,v;) — P(u,v;)| < C/ luj — ul(oj| + PV (2) < C'|luj — ull (o),
Q
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which by (12.19) implies that

(12.21) D (u,v;) = ap.
Now, by (12.5)), (12.6) and (12.15)),
(12.22) Ke={we LP(QRY @ T*Q) : ®(u,w) < ag + €},

is a closed, convex subset of LP(Q,RY @ T*). Therefore, K. is weakly compact, provided it is
nonempty. Also, v; € K¢, with €; \, 0, so v € Ko. Therefore, ®(u,v) < ag holds. O

Proposition 40. Let 1 < p < oo and let F(x,u,§) satisfy the hypotheses of Proposition . If
S is any subset of V that is closed in the weak topology of HYP(,RN), it follows that I|s has a
minimum in S.

Proof. Same argument as in the proof of Proposition [39] O

Suppose that X C RY is a closed subset and that
(12.23) S={ueV:ulx)eX for a.e. z € Q}.

For example, we could take X to be a compact Riemannian manifold isometrically embedded into
RY and let F(z,u, Vu) = |[Vu|?. The minimum is a harmonic map, u : Q — X,

(12.24) Au —I'(u)(Vu, Vu) = 0.
Harmonic maps can be generalized to the study of “liquid crystals”. Take
(12.25) F(x,u, Vu) = a1|Vul? + az(div(u))? + az(u - curl(u))? + aglu x curl(u)|?,

where the coefficients a; are positive constants. Then we minimize the functional [, F/(x,u, Vu)dV (z)
over a set S of the form (12.23)) with X = 52 C R?,

(12.26) S ={uc H(Q,R?) : |u(z) =1 a.e. on Q, u=g, on 00}

In this case,

(12.27) F(z,u,&) = ijoé(u)szCw bja(u) >ar >0,
Js

where b; o (u) is a polynomial of degree two in w. This function is convex in &, but does not satisfy
(12.6)). Instead,

(12.28) By, ;) — B(u,0)] < C / fuj — ullo; 2V ().
Q

Theorem 25. Assume §Q is connected with nonempty boundary. Take 1 < p < oo and set

(12.29) V={ue HP?QRY) :u=yg, on o0N}.

Assume I(u) < oo for some u € V and that F(x,u,§) is smooth in its arguments, satisfies the
convezity condition , and also,

(12.30) Aol¢P < F(x,u,§),

for some Ag > 0. Then I has a minimum on V.
If S is a closed subset of V that is closed under the weak topology of HP(Q,RYN), then I|s has
a minimum in S.
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Proof. Equation ([12.30)) clearly implies that 0 < ag = infg I'(u). Choose B as in ((12.16)) and choose
u;B NS such that I(u;) — ag, u; — u weakly in HP(2,RY). Then passing to a subsequence,
assume u; — u a.e. on {2. We need to show that

(12.31) / F(z,u, Vu)dV (z) < ag.
Q

By Egorov’s theorem, there exist measurable sets £, D F,;11 D ... in Q of measure < 27%, such
that v; — u uniformly on Q \ E,. We can also arrange that

(12.32) lu(z)] + [Vu(z)] < C2, for r€Q\E,.

Now then,
(12.33)
F(z,u,Vu) :/

F(z,u;, Vu;)dV(z) + / [F(z,u;, Vu) — F(z,uj, Vu;)]|dV (x)
O\E,

Q\E, Q\E,

+ /Q\El, [F(x,u, Vu) — F(z,uj, Vu)|dV (z).

Now then, since F' is convex in &,

(12.34) F(x,uj,Vu) — F(z,u;,Vu;) < De¢F(z,u;, Vu) - (Vu — Vu;).
For each v,
(12.35) D¢F(z,uj, Vu) = DeF(z,u, Vu), uniformly on Q\ E,,

while Vu — Vu; weakly in L?(Q,R"), so

(12.36) lim [F(x,u;, Vu) — F(z,uj;, Vu;)]|dV(z) = 0.
J—00 Q\Eu

Finally, F(z,u, Vu) — F(z,u;, Vu) — 0 uniformly on Q\ E,. Therefore,

(12.37) / F(z,u,Vu)dV(xz) < lim sup/ F(x,uj, Vu;)dV(z) < ag.
O\E, j—=oo JQ
Taking v — oo proves (12.31)). (]

There are variants of the above result.

Proposition 41. Assume that F is smooth in (x,u,§),

(12.38) F(z,u,§) >0,

and that

(12.39) F(z,u,-) : RN @ TrQ — R, is convez,
for each x,u. Suppose

(12.40) Uy — u, weakly in Hllo’cl(ﬂ, RM).
Then,

(12.41) I(u) < liminf I'(u,).

vV— 00
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13. SURFACES WITH NEGATIVE CURVATURE

Recall that if g and ¢’ are conformally related,

(13.1) g = ey,
then K and k are related by
(13.2) K(z) = e ?“(—Au+ k(z)),
where A is the Laplace operator for the original metric g. Then we wish to solve the PDE,
(13.3) Au = k(z) — K(z)e*".
By the Gauss—Bonnet formula,
(13.4) /M k(2)dV (z) = /M K (2)e24dV (z) = 2mx(M),

it is not possible to arrange that K < 0 be the curvature of M if M is diffeomorphic to the sphere
or the torus, since

(13.5) x(S%H) =2, x(T?) =o0.
In fact, this is the only obstruction.

Theorem 26. If M is a compact surface satisfying x(M) < 0 with given Riemannian metric
g, then for any negative K € C*(M), the equation (13.3) has a solution, so M has a metric,
conformal to g, with Gaussian curvature K(x).

We produce the solution as an element where the function,
1
(13.6) Plu) = / Cldul? + k@)u)dv,
M 2
achieves a minimum on the set

(13.7) S—{ueH'M): /M K (2)e2 dV = 2my (M)}

Lemma 17. The set S is a nonempty C'—submanifold of H*(M) if K <0 and x(M) < 0.
Proof. Set ®(u) = e**. By Trudinger’s inequality,
(13.8) ®: H' (M) = LP(M),

for all p < co. Indeed, using the estimate,

(13.9) llull v @ny < Cnp1/2||uHH"/2(]R")7
SO
(13.10) e = 3 luk
' o Kl
k=0

which implies

(13.11) /M e*dV(x) < C i
k=0

Since |e?%|P = e?“, ((13.8)) holds.

(k/2)"
il ”U”]IC—P(M) < 0.
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Now then, ® is differentiable at each u € H'(M), and
(13.12) D®(u)v = 2e*"v, D®(u) : H' (M) — LY (M).

Furthermore,

(13.13)
|(DB(u) — DB (w))o]l 1 py < 2 /M o] — e2|av

<2 [ foltav) ([ = wltav) A f a2 < Clulm, ol ol o - ol
Remark 15. The first inequality follows from Taylor’s formula.

Therefore, the map ® : H'(M) — L'(M) is a C' map. Consequently, if J(u) = [, Ke**dV
implies J : HY(M) — R is a C! map.

Furthermore, DJ(u) = 2Ke** belongs to H1(M) = L(H'(M),R), so DJ(u) # 0 on S. There-

fore, by the implicit function theorem, S is a C* submanifold of H'(M). Furthermore, if K < 0
and x(M) < 0 then there is a constant function in S, so S # 0. O

Theorem 27. Suppose F': S — R, defined by (13.6]), assumes a minimum at uw € S. Then u solves
(113.3)), provided that the hypothesis of Theorem |26 holds.

Proof. The map F : S — R is a C' map. If y(s) is a C! curve in S with v(0) = u, v/'(0) = v,

d
(13.14) 0=—F(u+ sv)|s=0 = / [(du,dv) + k(z)v]dV = / (—Au+ k(z))vdV.
ds M M
Since v is tangent to S at u,
(13.15) / K20 gy = 2y (M) + O(s?),
M
which is equivalent to
(13.16) / vK (x)e**dV (z) = 0.
M
Therefore, if u € S is a minimum for F,
(13.17) v e H (M), / vKe*dV =0  implies / (—Au + k(x))vdV = 0.
M M
Therefore, —Au + k(x) is parallel to Ke** in H'(M);
(13.18) —Au + k(x) = BKe*", for some B eR.
Integrating both sides on M,
(1.19) [ m@iv @) =x) =5 [ K@eare) = sxa,
M M
so when (M) # 0, 8 = 1. By Trudinger’s estimate, the right hand side belongs to L?(M), so
u € H?(M), which implies e2* € H2(M), so by induction, u € C°°(M). O

Now we show that F has a minimum on S, for K < 0 and x(M) < 0. For u € H'(M), let
(13.20) u=ug+ o,
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where a = (Area(M))~" [, udV is the mean value of u, and

(13.21) w € M) = {v e H'(M) : / vdV (z) = 0.
Then u € S if and only if, "

(13.22) e / K(z)e*"0dV (z) = 2rx (M),
which is equivalent to "

(13.23) o= %log[Qﬂx(M) / / Ke2m0qV (z)].

Therefore,

(13.24) F(u) = /M(;duo2 + kug)dV + mx(M){log(2m|x(M)|) — log]| /M Ke*odv (z)|}.

Lemma 18. If x(M) < 0 and K <0, then infg F(u) = a > —o0.

Proof. To prove this lemma, we need to bound

(13.25) —x(M) log|/ K(z)e*"0dV (z)|,

from below. Indeed, for K(z) < —§ <0,

(13.26) /K e?uodV(z) < 5/ e2uody.

Since e > 1+ =z, [e*™0dV(z) > [dV(x)+ [2uodV (z) = Area(M), =6 [, e*"dV (x) < —HA,
where A is the area of M. Therefore

(13.27) —mx(M)log |/ K(x)e*"0dV (x)| > 7|x(M)|log(64) > b > —oc0.

Therefore, for u € S, "

(13.28) Flu) > /M(;|du02 + k(2)uo)dV () — O,

with Cy independent of ug € H'(M). Since |lug|zz < C||dug|| 12,

(13.20) [ bV @) < Caclauo]a +

o) forezﬁ,F(u) > —2C3Cy — C,. O

Now we can prove the main existence result.

Theorem 28. If M and K are as in Theorem [26] then F achieves a minimum at a point u € S,
which consequently solves ((13.3)).
Proof. Choose u,, € S so that F(u,) \,a, F(u,) <a+ 1. By (13.28) and (13.29)),

1
(13.30) Z||duno||%2 —Cs<a+1.

Here, u,0 = u,, — mean value. The mean value of u,, is

(13.31) ;log[27rx(M)//M Ke2'nodV(z)],
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which is bounded from above by the proof of Lemma Therefore, u,, is bounded in H!(M), and
passing to a subsequence, there exists an element u € H'(M) such that

(13.32) Up — U, weakly in HY(M).

By properties of weak convergence, e?“» — e2* in L'(M) norm, so u € S. Also, by (13.32),
S E@)undV — [, k(z)udV (z). Also,

(13.33) / \dul2dV (z) < liminf / \dun 24V ().
M n—oo M
Therefore, F(u) < a = inf,es F(v), which implies that F'(u) = a. O
Consider the special case when K = —1. For any compact surface with x(M) < 0, given a
Riemannian metric g, it is conformally equivalent to a metric for which K = —1. The universal
covering surface
(13.34) M= M,

Definition 6 (Universal cover). The universal cover of a connected topological space X is a simply
connected space Y with map f:Y — X that is a covering map.

Theorem 29. Any two complete, simply connected Riemannian manifolds with the same constant
curvature and the same dimension are isometric.

Proof. Differential geometry. O
One model surface of curvature —1 is the Poincare disk,

(13.35) D={(z,y) eR?: 2’ +y?° <1} ={z€C:|z| <1},

with metric

(13.36) ds® = 4(1 — 2% — y?)"2(d2? + dy?).

Any compact surface M with negative Euler characteristic is conformally equivalent to the quotient
of D by a discrete group I of isometries. If M is orientable, all the elements of I" preserve orientation.

Next, consider the case x(M) = 0. We claim that any metric g on such M is conformally
equivalent to a flat metric ¢/, that is, one for which K = 0. In this case (13.2) is

(13.37) Au = k(z).

This equation can be solved on M if and only if

(13.38) / k(2)dV (x

By the Gauss—Bonnet formula, m ) holds precisely when x(M) = 0. Then the universal
covering surface M of M 1nher1ts a ﬂat metric, and must be isometric to Euclidean space.

Proposition 42. If M is a compact Riemannian surface, x(M) = 0, then M is holomorphically
equivalent to the quotient of C by a discrete group of transformations.

If M is a compact, connected Riemann surface, x(M) < 2. If x(M) = 2, then M is conformally
equivalent to the standard sphere S2.

Proposition 43. If M is a compact Riemannian manifold homeomorphic to S%, with Riemannian
metric tensor g, then M has metric tensor conformal to g, with Gauss curvature = 1.
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In other words, it is possible to solve for u € C°°(M) the equation
(13.39) Au = k(x) — e,

which does not follow from Theorem [26]

14. LOCAL SOLVABILITY OF NONLINEAR ELLIPTIC EQUATIONS

An elliptic differential operator of order m is an operator that in local coordinates has the form
(14.1) P(z,D)u = Z aq(z)D%u,
lee|<m
which has principal symbol
(14.2) P (x,€) = Z aa ()€,
lal=m
which is invertible for nonzero £ € R".

Theorem 30. If P(x,D) is elliptic of order m and v € D'(M), P(x,D)u = f € H*(M), then
u € HET™(M), and for each U CCV CC M, o < s+ m, then there is an estimate

loc

(14.3) lull gm0y < ClIP(@, D)ullgsvy + Cllull o v).-
Now consider the nonlinear partial differential equation,
(144 f(@, D) = g(x),
where
(14.5) D™y = {D% : |a| < m}.
Suppose f(z,¢) is smooth in its operators, z € 2, and ¢ = {(, : |a] < m}. Then define
(14.6) F(u) = f(x, D"u), F:C®(Q) —» C(Q).

Definition 7. Suppose F' is a nonlinear differential operator and ug € C™(Q2). The linearization
of F at uy is DF(ug), which is a linear map from C™ () to C().
(147) DF(U())U = %F(UO + SU)|S:0 = Iﬂlz< (gé(xa DmUO)Dﬂ’U'

Thus, DF (ug) is a linear differential operator of order m. The operator F is elliptic if DF(ugp) is
an elliptic, linear differential operator.

An operator of the form

(14.8) f(x,D™u) = Z ao (2, D™ 'u)Du + fi(z, D™ '),
|a]=m
is said to be quasi-linear. If F(u) = f(x, D™u), where f is in the form of (14.8]), then
(14.9) DF(up) = Y aq(2, D™ 'ug) D" + Lu,
lal=m

where L is a linear differential operator of order m — 1 with coefficients depending on D™ luy.

Definition 8 (Fully nonlinear). A nonlinear operator that is not quasilinear is called completely
nonlinear.
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Definition 9 (Monge-Ampere operator). One example of a completely nonlinear operator is the
Monge-Ampere operator,

(14.10) F(u) = det (um umy) = Ugpllyy — UgyUyz,

Uyz Uy
where (z,y) € Q C R2.

In this case,

(14.11) DF(u)v = TT[GZ Zyz) (ugzy ‘uizy>] = Uy Vs — 2y Uy + U Uy
Then the principal symbol for (14.11])) is

— U —U —
(14'12) “uyf% - 2uwy€1§2 + uwzf% = < £, (71”9; u:;Q) ¢ >

Thus, DF(u) is elliptic if the matrix

(14.13) ( Yoy _““y) :
*uaty Ugy

is either positive definite or negative definite. This condition holds precisely when F'(u) > 0.

Now, for 2 C R™, consider the Monge—Ampere operator

(14.14) F(u) = detH (u), H(u) = (0;0xu).
Then,
(14.15) DF(u)v =Tr[C(u)H (v)],

where H(v) is the Hessian matrix for v and C(u) is the cofactor matrix of H(u),
(14.16) H(u)C(u) = [detH (u)]I.

Then DF(u) is a linear, second-order differential operator, and is elliptic provided C(u) is either
positive definite or negative definite. This holds provided the Hessian matrix H (u) is either positive-
definite or negative-definite.

Theorem 31. Let g € C*(2) and let uy € C*(Q) satisfy
(14.17) F(uy) = g(x), at x = xp,

where F(u) is of the form F(u) = f(xz, D™u). Suppose that F is elliptic at uy. Then, for any l,
there exists u € C'(Q) such that

(14.18) F(u) =g,
on a neighborhood of xq.
We start with a lemma.
Lemma 19. Under the hypotheses of Theorem there exists ug € C*° () such that
(14.19) F(uo) — g(x) = O(|z — x0|™),
and

(14.20) (up — u1)(z) = O(|z — zo|™ ).
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Proof. Suppose without loss of generality that zog = 0. Then denote the coordinates near xg = 0
by (z,y) = (21, ..., Zn—1,y). Then write ug(x,y) as a formal power series in y:

(14.21) uo(x,y) = vo(z) + v1(z)y + ... + %Uk(a:)yk + ...

Then set |

(14.22) vo(x) = ui(x,0), vi(x) = Oyus(x,0), - Om—1(x) = )" My (2,0).

Then the PDE F(u) = g can be rewritten in the form,

(14.23) g;% = F¥(z,y, DJ'u, D" ' Dyu, ..., DL D" 'u).

Then the equation for v,,(x) becomes

(14.24) vm(2) = fH(x,0, DM vo(z), ..., Divy, 1 ().

Now then, since F'(u) = g(z), v, (0) = 0;'u1(0,0), so is satisfied. Taking y-derivatives
inductively yields the other coefficients, and the lemma follows by construction. (I

If F is elliptic at uy, then F' continues to be elliptic at ug, at least in a neighborhood of xg, and
we can shrink €2 appropriately. For & >m + 1+ 7,

(14.25) F:H*Q) — H™(Q),
is a C' map. Then,
(14.26) L = DF(ug) : H*(Q) — H*™(Q).

Since L is an elliptic operator of order m, the Dirichlet problem is a regular boundary problem for
the strongly elliptic operator L£L£*.

Definition 10 (Strongly elliptic). A strongly elliptic operator is an operator

(14.27) Z ag(x)e? > O(z)|g*™, for some C(z) >0, ¢ e RY.
181=2m

Furthermore, if  is a sufficiently small neighborhood of xq, the map
(14.28) LL*: H™(Q) N HPY(Q) — H™(Q),

is invertible. Therefore, £ is surjective, so we can apply the implicit function theorem. For any
neighborhood By, of ug € H*(), the image of B;, under the map F contains a neighborhood Cy,
of F(ug) in H*™(Q). If holds, then any neighborhood of 7(x) = F(ug) — g in H¥=™(()
contains functions that vanish on a neighborhood of xy. Therefore, any neighborhood Cj, of F(ug)
contains functions equal to g(z) on a neighborhood of xy. This establishes local solvability asserted
in Theorem [311
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