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2 BENJAMIN DODSON

1. THE COMPLEX PLANE C

The field C of complex numbers is obtained by adjoining 4 to the field R of real numbers, and
is a complete, algebraically closed field. The concept of completeness arises in real analysis. One
can easily obtain polynomials whose coefficients lie in the field of rational numbers Q, but whose
solutions do not lie in Q. Take for example the equation

(1.1) 2 =2.

It is a well known fact that /2 is not a rational number, although the coefficients of are
integers. However, it is easy to show using Newton’s method that v/2 is the limit of a sequence of
rational numbers. Therefore, the real numbers R are defined to be the completion of the field of
rational numbers, and R is a complete field.

Definition 1. A space is called complete if every Cauchy sequence converges. That is, if {z,}52, is
a sequence such that for any € > 0 there exists N(e) < oo where m,n > N(e) implies |z, — zm| < €.

This is not the end of the story, however, since it is still possible to obtain a polynomial whose
coefficients lie in the field of real numbers, but whose solutions do not lie in R. Consider the
equation

(1.2) 2= —1.

Since 22 > 0 for every real number, (1.2)) does not have any solutions in R. Therefore, define i to
be the number satisfying i2 = —1, and let C be the numbers of the form

(1.3) z =z + 1y, z,y € R, x = Re(2), y = Im(2).
The complex conjugate of z is z = x — iy, and we have |z|? = zz. Indeed,
(1.4) (x +iy)(x — iy) = 22 +izy — izy +y* = 2% + 92,

which is the usual square of the length of a vector by the Pythagorean theorem.

The complex field easily inherits completeness from R under the topology induced by the
Pythagorean theorem. Indeed, every Cauchy sequence in R converging implies that every Cauchy
sequence in C converges under the norm |z|. Let z, = z, + iy, and z = 2 + 4y. Then z, — z if
and only if z,, = = in R and y,, — y in R. Similarly, {z,}52; is Cauchy in C if and only if {z,}52,
and {y,}22; are Cauchy sequences in R. Thus, C is a complete field.

More generally, let z; = x1 + 4y; and 2z = x9 + 1y2. Then,
(1.5) 21+ 2z = (1 4+ 22) + i(y1 + ¥2), and 2129 = x1%2 — Y1y2 + i(x1Y2 + T2y1).

Thus, the complex plane C is closed under multiplication and addition. These operations obey

the commutative, associative, and distributive properties. Moreover, (|1.4)) implies that if z # 0,
1_ =z

Returning to the Cartesian plane, it is possible to assign polar coordinates (r,0) to z. By
definition, r = |z| and z = r(cos @ + isin@). Thus,
(1.6) 2129 = |21]|22](cos(61 + O2) + isin(6; + 02)).

This reveals the remarkable fact that complex numbers are multiplied by multiplying their lengths
and adding their angles. In particular, |z122| = |21]|22|.



3

The group of complex numbers can be represented by a two dimensional algebra of commuting
matrices. Observe that for ¢ € R, the operation ¢ : v — cv is represented by the dilation matrix

(1.7) (8 2) .

Next, the action of ¢ on x + 4y is given by i(z + iy) = —y + iz, which is a ninety degree clockwise
rotation, given by the matrix

0 -1
0 ().
Lemma 1. A matriz commutes with (1.8)) if and only if it is of the form

a —b
0s) (o)
Proof. By direct calculation,
0 —1\[a b 0 1 d —c

(110) o) 0= 2)
Therefore, a matrix commutes with (|1.8)) if and only if a = d and b = —c. O

By the distributive property, (L.7]), and (1.8)), @ + b can be represented by the matrix

(1.11) (Z ab> .

Indeed,

1 (v ) C)= (o)
which corresponds to

(1.13) (a+ib)(z + iy) = (ax — by) + i(ay + bx).

Furthermore, since the column vectors in ([1.9)) are the vectors

(1.14) 6) = G 9)06)

(119 6 )6 =G wsy)
so the algebra of matrices of the form corresponds to the algebra of complex numbers of the
form a + ib.
The norm |z| also obeys the triangle inequality.
Proposition 1 (Triangle inequality).
(1.16) |z +w| < |z] + |w].
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Proof. Calculating directly,

(1.17) tw=z+w,  zw=2z,

which implies that

(1.18) |zw|? = zwzw = |2|w|*.

Therefore,

(1.19) |z +w|? = (z +w)(Z+ ) = 2> + |w* + 20 + 2w < (2] + |w])?,

which implies (T.16). 0

Remark 1. Note that zw + Zw is guaranteed to be a real number since
(1.20) 2Re(z) = 2+ Z, and 2Im(z) =z — Z.

Remark 2. By standard properties of limits, (1.3)), and (L.4)), if z, — 2z in C and w,, — w in C,
then z, + w, — z +w and z,w, — zw in C.

The fact that C is algebraically closed follows from the fundamental theorem of algebra.

Theorem 1 (Fundamental theorem of algebra). If p(z) is a non-constant polynomial with complex
coefficients, then p(z) must have a complex root.

Proof. Suppose that for some n > 1,

(1.21) p(2) = anz" + ... + a1z + ag, an #£ 0, a; €C Vo< j<n.
Therefore, as |z| — oo,
(1.22) p(2) = an2"(1+0(z71)),
which implies that
(1.23) lim |p(z)] = oo,
2[00

so there exists 0 < R < oo such that

(1.24) inf |p(z)[ > |p(0)],
|z|>R

and therefore,

1.25 inf = inf .

(1.25) \ZI\HSRMZ)' inf |p(2)]

Since p is continuous, there exists zg € Dgr which satisfies

(1.26) p(z0)] = inf Ip(:)]

where Dp refers to the disk of radius R, Dg = {2 € C: |z] < R}.

Lemma 2. If p(z) is a non-constant polynomial and (1.26]) holds, then p(zy) = 0.

Proof. Suppose by contradiction that p(zp) = a # 0. Since a polynomial in z can easily be rewritten
as a polynomial of the same degree in (z — zg) for any 29 € C,

(1.27) p(z0 +¢) = a+q(C), ¢ =z — 2o,

where ¢ is a non-constant polynomial of order n. Therefore, for some k > 1, b # 0,
(1.28) q(¢) = b¢F + ..+ by



The term bC* dominates the behavior of ¢(¢) for |¢| small,

(1.29) q(¢) =b¢* +O(**h),  as (=0
Therefore, take S* = {w : |w| = 1}. For any fixed w € S*,
(1.30) p(20 + ew) = a + bwhe® + O(M), as e \(0.
Since a # 0 and b # 0, choose w € S* such that
b a
(1.31) —wh = ——.
0] |al
Then,
b
(1.32) p(20 + ew) = a(l — |=|€¥) + O(éFH),
a

which contradicts the minimality of p(zg) when € > 0 is sufficiently small.
Therefore, p(z) has the root p(zg) = 0.
Rewriting p(z) as a polynomial of order n in (z — z), since p(z2¢) = 0,
(1.33) p(2) = an(z —20)" + ... + a1(z — 20)-

Dividing p(z) by (z — 20) gives a polynomial of order n — 1. Using Theorem [I| and arguing by
induction implies that p(z) has n roots in C.

2. HOLOMORPHIC, ANALYTIC, AND CONFORMAL FUNCTIONS

Suppose f is defined on the open set 2 C C. Let Q C C be an open set. A set is called open if
for all zg € €2, there exists ¢y > 0 such that

(2.1) D (z0) ={z: ]z — 2] < e} CQ.
There are two relevant notions of derivative that will be discussed here.
Definition 2. Let f: Q) — C.

(1) We say that f € C1(Q) if there exists df, a continuous 2 X 2 matriz valued function, such
that

(2.2) fz+h) = f(z)+df(2)(h) + r(z,h), Vz,z+ h € Q,
(2.3) lim T(f};h) =0,

where df (z)(h) is the matriz df (z) acting on the vector h.

(2) We say that f is holomorphic on § if
iy e fw) — f(2)
(2:4) F(z) = Jim == ——

exists for all z € Q and is continuous on . We denote this by f € H(R). A function f € H(C) is
called entire.

)
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Therefore, holomorphic functions are precisely those functions in C'*(€) in the sense of (1) for
which the differential df (z) acts as a linear map via multiplication by a complex number.

Let f : R? — R? be a differentiable function, f(z,y) = (Zg’ ‘Zg > . It is known from multivariable
calculus that if f is differentiable,

ou  Ou
(2.5) Df(z,y) = (233 23) :
ox oy
and furthermore,
h
(2.6) f(xo + h1,y0 + h2) = f(z0,90) + Df(0,%0) <h;> +o(h).

Comparing (1.15]) to (2.6)) yields a number of important facts about holomorphic functions.

Proposition 2 (Cauchy—Riemann equations). If f : Q — C is holomorphic, then % and %Jyt exist
and are continuous on €, and

of 10f ,
2.7 = = .
(27) o =2 -re
Proposition 3. If f : Q@ — C is C' and % = %%, then f is holomorphic.
Proof. Propositions [2[ and [3| follow from (1.11]). |

Proposition 4. If f € C1(Q), then f is holomorphic if and only if for all z € Q, Df(z) and J
commaute.

Proof. This follows from (1.10)) and (2.6). O

The Cauchy-Riemann equations are equivalent to the property that

ou  du
(2.8) df =35 &) =rA
9z By

where p > 0 and A € SO(2,R). In other words, at each point where a holomorphic function has a
non—vanishing derivative, df is a conformal matrix: it preserves angles and the orientations between
vectors. Conversely, if f € C'(Q) has the property that df is proportional to a rotation matrix
everywhere in , then f € H(Q).

Definition 3. A function f € C1() is called conformal if df # 0 in Q and df preserves the angle
and orientation at each point.

Remark 3. The holomorphic functions are precisely those functions which are conformal at all
points for which df # 0.

Remark 4. Observe that f(z) = z is a differentiable function from R? — R?, but

(29) ren = (7).

-y

so df = ((1) _01> Thus, df preserves angles, but not orientation.
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Lemma 3. If T : V — W is an R-linear map between complex vector spaces, then there is a
unique representation T = Ty + T, @here Ty is complex linear and Ty complex anti-linear. The
latter property means that Ty(AT ) = N5 (7).

Proof. Uniqueness follows since a C-linear map which is simultaneously C-antilinear vanishes iden-
tically. Set

1 1
(2.10) T =5(T—iTi),  Tp=5(T+iTi).
Then, Tyi = £(Ti+4T) = (iT—i*Ti) = iTy and Toi = L (Ti+iT(-1)) = —iz(T+iTi) = —iT,. O

Therefore, there exist complex numbers w1 (2), wa(2) such that

(2.11) df (z) = wi(z)dz + we(z)dz.
To find wy and ws observe that since dz = dx + idy and dzZ = dx — idy,
(2.12)

1 1 1 1
df = 0y fdx+0, fdy = &Cfa(dz+dz)+8yf-2—i(dz—d2) = 5(Gmf—if)‘yf)dz—l—i(5xf+i3yf)d2 =0, fdz+05fdz.
Therefore, f € H(Q) if and only if f € C1(2) and d5:f = 0 in Q. Thus, the Cauchy-Riemann
system ([2.7) is the same as 9;f = 0.
As an application of this formalism record the following crucial fact: for any f € H(),
(2.13) d(f(2)dz) = 0. fdz Ndz+ 05 fdzZ ANdz =0,
which means that f(z)dz is a closed differential form. This property is equivalent to the homotopy
invariance of the Cauchy integral. We also have
82
020z

3. POWER SERIES

(2.14) A=4

Next, it is straightforward to verify that the function f(z) = z is holomorphic, since

(3.1) %[(z—kh)—z] _1

On the other hand, f(z) = Z is not holomorphic, since

(32) G4 R) — () =

Furthermore, since we can do algebra in C in the same way that we do algebra in R, the basic
differentiation rules like the sum, product, quotient, and chain rules continue to hold for holomorphic
functions.

> >

Proposition 5. If f and g are holomorphic on Q, then so are (fg)(z), f(2) + g(2), and cf(z),
where ¢ € C is a constant. Furthermore,

(33) () = eI E), () = PR+ (E), A (ef(:) =ef (2)

Proof. The proof uses the limit definition of the derivative and the usual computations from calculus.
O

A corollary of this fact is that every polynomial is holomorphic.
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Corollary 1. FEwvery polynomial s holomorphic.

Proposition 6 (Chain rule). Let Q, O be open sets in C. If f : Q@ - C and g : O — Q are
holomorphic, then fog: O — C is holomorphic, and

(3.4) 92 = Fe(2))g'(2)
Proof. Observe that

(3.5)
(g0 F)(z+h) =g(f(2) + f'(2)h+o(h)) = g(f(2) + 9" (f(2))(f (2)h + o(h)) + o(f'(2)h + o(h))

We also have the chain rule
9:(g o f) = [(Ouwg) o f10-f + [(9wg) © f10-f,
9z(g o f) = [(Bwg) o f10:f + [(Dug) © flO:f.
Combining the chain rule with the computation

1 1 h h

3.7) Py ey s B

(3.6)

+o(h),

Proposition 7. If f : Q — C is holomorphic, then ﬁ is holomorphic on Q\ S, where S = {z €

Q: f(z) =0}, and on Q\ S,
d 1 f'(»)
) ETC) IR

Moving on from polynomials, next consider the power series. First, let

(3.9) e
k=0

denote a series. Then define the sequence s,, = ZZ:O zi. The sequence s, converges as a sequence
if and only if >°;° 2 converges.

Lemma 4. Assume that
oo

(3.10) > Jzk| < oo

k=0
Then s, is a Cauchy sequence.

Proof. Since Y_;'_ |zx| < A, for any n,

(3.11) o= |2l
k=0

is a bounded, monotone sequence. Since a bounded, monotone sequence converges in R, for any
€ > 0, there exists M(€) < oo such that for any n,
n

(3.12) >l <e

k=M (¢€)



9

Then by the triangle inequality, (3.12)) implies that for any m,n > M (e), |sp—sm| < €, and therefore
spn is a Cauchy sequence. (|

Definition 4. A series that satisfies (3.10]) is absolutely convergent.

A power series has the form

(3.13) f(z) = Z an(z — 20)".
n=0

Any such series has a radius of convergence, some 0 < R < oo such that (3.13) converges
absolutely on the disk Dg(z9) = {2 : |z — 20| < R} and diverges for z such that |z — 29| > R. Let

1
(3.14) — = limsup|a,|*/",

R n—o00
where R = oo if (3.14) =0, and R =0 if (3.14)) = 0.

Proposition 8. The series (3.13) converges whenever |z—z| < R and diverges whenever |z — z| >
R, where R is given by (3.14). If R > 0, then the series converges uniformly on any Dg/(zo) for
R’ < R. Thus, when R > 0, the series (3.13)) defines a continuous function on Dg(zg),

(3.15) f: Dgr(z9) — C.

Proof. When R = 0, Proposition [§|is true. Now suppose 0 < R < co. For any R’ < R, by (3.14)
there exists € > 0 and N sufficiently large such that

1
3.16 5 n Un « _~
(3.16) :gglal S e
Doing some algebra, for any n > N,
1

3.17 o < ———.
(317) @l < e
Therefore, for z € Dgi(20),

n R/ n
(3.18) lan(z — 20)"| < (R,+€0) .

Therefore, (3.13) converges uniformly on Dg/(zp).

Meanwhile, for 0 < R < oo, for any z € C satisfying |z — z9| > R, there exists a subsequence
m(n) / oo such that

(3.19) |Gy (2 — 20)™™| > 1,
so (3.13)) fails to converge. O

Theorem 2. If the power series
(3.20) F(2) =Y ar(z = 20)",
k=0

converges for some z1 # zg, then either (3.20) converges for all z € C, or (3.20) converges on a
disk of radius 0 < R < cc.

Since ax(z1 — 20)* — 0, there exists a constant C such that |ax(z1 — 29)| < C. Therefore, the
series will converge for |z — zo| < |21 — 20|
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Definition 5. We say that f : Q@ — C is analytic, or f € A(Q), if f is represented by a convergent
power series expansion in a neighborhood around every point of ).

Lemma 5.
(3.21) A(Q2) C H(Q).
Proof. Suppose without loss of generality that zg € Q and

(3.22) flz)= Z an(z — 20)", Vz such that |z — zo| < r(20),

where r(z9) > 0. Suppose without loss of generality that zg = 0 and 79 = 79(0). Fix |z| < r¢ and
write

(3.23) f(z+h)=f(z) +g9(zx)h+r(z,h), where g(z) = Z na,z"
n=1
Following (3.14]),
1

(3.24) hmsup\nan\n T = hm nwT -lim sup |ay, |n = —

n—oo n— n—o00 R
Therefore, the right hand side of (3.23]) converges on Dr(zp) and diverges for |z — 2| > R.

Observe that the power series defining g(z) converges since n'/" — 1 as n — co. We need to
prove (‘ |) —0as h — 0. Let
= Z anBn(z,h

(3.25) =2

Bu(z,h) = (z+h)" = 2" —nz""th = Z(Z)hkz”_k

Now let |z] + |h| < 71 < T2 < rg. Then we have |a,| < 24 for all n > 0 and some M < co. Also,
2

n—2 n—2
(3:26) [Bn(zh)| < B> D Gy [R[F12" 727 < [RIP Y 0 (72) R[M "2 7% = [An®(|2] +[h[)" 2
k=0 k=0

for any n > 2. Therefore,

b M n— h2M T1\n
(3.27) el < 30 Bt (el + I < PEE S s 2y
n=2 2 5 n=0

Therefore, |r(z,h)| < C|h|?. Thus,
(3.28) f(z) = Z na,(z — z)" Vo |z = 20| < r(20).

In fact, one can differentiate any number of times, and

o0

(3.29) F () =Y (mkan(z — 20)" ", V|z = 2| < r(20),

n=0



where

(3.30) (np=nn—1)---(n—k+1) =

This establishes a,, = &szo)

n:

There are several well-known examples of power series. First,

1 (oo}

In this case a, =1 for all n, so R = 1.

Another example is the series

(3.32) E(z) =Y %

n=0

11

Since a,, = %, (an)'/™ = 0 as n — oco. Thus, G) converges for all z € C. Furthermore, by the

binomial theorem,

oo

J

1 N n! PR -
Blatz) =), Slata) =) 0> so—#s =) 52
' ' =0

!
b= jl(n
Therefore, E(z) # 0 for any z € C, since E(2)E(—z) = 1.

In general, products of convergent power series also converge.

n=0 n=0

Theorem 3. Suppose the following power series converge for |z| < R:
o0 (o)

(3.34) f(z) = Zanz", g(z) = Z bp2".
n=0 n=0

Then for |z| < R,

(3.35) FR9) =S s =3 ashu .
n=0 =0

This theorem follows directly from

Proposition 9. Given the absolutely convergent series

(3.36) A= ian, B = iﬂn,
n=0 n=0

we have the absolutely convergent series
oo n

(3.37) AB = Z T Vn = Zajﬁn—j-
n=0 §=0

Proof. Take Ay, = Zﬁ:o o, and By, = Zi:o Br. Then

k
(3.38) A By, = Z Y + R,

n=0

N“)—n

!25 = E(z1)E(29).
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where
(3.39) Ry = > O Bn.
mn<km+n>k
Therefore,
(3.40) Rl < Y > JamllBal+ D D loamllBal <A Bl +B Y laml,
<% % n<k E 3 <m<k n<k n>g k m>s5 k
where
(3.41) 14_1:Z|an|<oo7 Bzzwn\ < 0.
n=0 n=0

Therefore, R — 0 as k — oo. Since the left hand side converges to AB and the right hand side
converges to ZZOZO Yn, the proof is complete. (Il

Proposition 10. If (3.13) has a radius of convergence R > 0 and z1 € Dg(zg), then f(z) has a
convergent power series about z1,

(3.42) fz)= Zbk(z —2)k, for |z — 21| < R — |21 — 20].

Proof. Suppose without loss of generality that zg = 0. Setting f., ({) = f(21+¢) when |{| < R—|z|,
using the binomial formula,

(343) le Z an 21+ C Z Z an & Ck ’

n=0 k=0
which converges absolutely by the blnomlal formula. Therefore,

(3.44) £ (O =D an(®)

k=0 n=k
Therefore, (3.42) holds with

(3.45) b =Y an(})z]
n==k

We have used the general result.

Proposition 11. Ifa;r € C and 3_;  |aji| < oo, then 3, aji is absolutely convergent for each k,
>k Gk 15 absolutely convergent for each j, and

(3.46) Z(Z aji) = Z(Z aji) = Zajk~
7k k ik

Proof. From the hypothesis, > [a;x| < oo for each k and 3, |a;x| < oo for each j, and there exists
B < oo such that

N N
(3.47) Sn=>_> la| <B, VN

=0 k=0
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The sequence Sy is bounded and monotone, so there exists a limit Sy S A < oo as N 7 0.

Therefore, for each € > 0 there exists N(e) such that

(3.48) Z lajr] < e.

Jyk:j>Nork>N
Now then, for any M, K > N,

M N N N
(3.49) DT ED ) S ETED DRI
§=0 k=0 j=0k=0  j,k:j>Nork>N

SO
M N N

(3.50) IO aw)=> > apwl< DY apl,
§=0 k=0 §=0 k=0 §,k:j>Nork>N

and therefore,
co oo N N

(3.51) > O apw) =D > anl< DY al:
§=0 k=0 §=0 k=0 §,k:j>Nork>N

The same is true with the order reversed, and therefore,

(3:52) S e = 3 el < 2

=0 k=0 k=0 j=0

This proves the proposition.

O

Next, recall the definition of the Euler constant e. Consider the ordinary differential equation

¥ =1y, y(0) =1, and let y(1) = e. By Picard iteration,

(3.53) y(t) =1 +/0 y(s)ds.

Iterating,

(3.54) y(t)=1 +/() y(s)ds =1+t +/0 /Os y(r)drds =1+t +/0 y(s)(t — s)ds.

Tterating,

1!
(3.55) =Y 4+ [ (t—35"y(s)ds

gt nlJo

j=0

Now then,
[t ¢t

. - - " < :
(3.56) il [ €= 9 u(eds] < g ma )

This term vanishes as n — co. Therefore, the presumed C' solution is uniquely represented by the

infinite series

3.57) =35

=
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Furthermore, the group property of flows implies

(3.58) y(t2)y(t1) = y(t1 + t2),

which proves that y(t) = e! for any rational ¢, which by continuity implies that y(t) = e’ for any
t € R. By the chain rule, if f(z) is a holomorphic function,

d
(3.59) %ef(Z) = ef(z)f/(z),

Observe that for t € R, ¢ > 0, (3.57) implies that e’ > 0 for all ¢ > 0. Since e~* = &, ¢! > 0 for
all t € R. Also, by 4/(t) = y(t), e! is monotone increasing and convex. In particular,

(3.60) lim e’ = oo, lim e =0.
t—o0 t——o0

Therefore,

(3.61) exp : R — (0, 00),

is smooth, one to one, and onto, so apply the inverse function theorem. Thus, there exists a smooth
inverse

(3.62) L:(0,00) = R,
which is called the natural logarithm. Applying %L(et) =t, by the chain rule,
(3.63) L'(ehe! =1, = L'(e") = é.
Therefore,
(3.64) %log(t) = %
Observe that implies
(3.65) log xy = log x + log v, z,y > 0.
Taking z complex gives the Euler formula
(3.66) e = cosf + isin .
Indeed, by the chain rule, 4 (e*) = ie', so Le' is orthogonal to e'. Therefore, e’ is contained in
the unit circle, and travels counterclockwise at speed 1, giving . This in turn implies
(3.67) (cosf + isin )™ = cos(nf) + isin(nd), for every n>1.
Then,
(3.68) z = elosT+i0 or log z = logr + 6.
This logarithm is not well-defined since 6 and 6 + 27n both satisfy . Similarly,
(3.69) (ri/meif/me2mikpyn — v 1<Ek<n.

This shows that there are n different possibilities for z'/. The complex exponential may be most
naturally viewed as the covering map

(3.70) Cr— C*=C\ {0}, z e,

showing that C is the universal cover of C*.



15

The formula e = cos(t) + isin(t) may be used to compute the value of 7. Let m be defined to
be the smallest positive number such that v(27) = 1. Then v(7) = —1 and (%) = i. Furthermore,
from trigonometry,

(3.71) NSNS L

We can use this fact to determine the value of 7. We know from the fact that |4 (e')| = |ie®| = 1
that the length of v(t) on 0 <t < ¢ is given by ¢, so for 0 < ¢ < T, parameterize this segment of
the circle by

(3.72) o(s) =(vV1—s2s), 0<s<7=sinp.

The length of this curve is given by

T T dS
3.73 l=/ o'(s ds=/7: .
(373) = [ 2=
Therefore, from ([3.71)),

2 4
(3.74) T S
6 0 V1—22

Making a power series expansion,

™ = a 1
3.75 — =) ——(z)*!
(375) 6 T;) 2n+1 (2) ’
where a,, are defined recursively by
2n+1
3.76 =1 ntl = ———ap.
( ) ap ) An+1 o+ 2@

4. THE RIEMANN SPHERE

Now turn to the simple but important idea of extending the notion of analyticity to functions
that take the value co, as well as making sense of functions that are analytic at z = co. To do
this, define the one point compactification of C, which we denote C,. The basis for this topology
is that open neighborhoods of co are the complements of all compact sets. Thus, Co, ~ S? in the
homeomorphic sense. Moreover, C ~ S2\ {p} in the sense of conformal equivalence, where p € 5>
is arbitrary.

Define the stereographic map

(4.1) ®: 5%\ {(0,0,1)} - C, X:(xl,xg,xg)z%.
— 43

Now then, it is clear how to extend the domain and range of holomorphic maps to
(4.2) f:C—Cqy, f:Cyx — C, f:Cp = Cw.

We need f to be continuous and holomorphic near points where it assumes values in the complex
plane, as well as where oo is attained. Near points were oo is attained, it is natural to consider the
function ﬁ
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Definition 6. If f(z9) = oo for some zy € C then we say that f is holomorphic close to zy if and
only if ﬁ is holomorphic around zy. Likewise, to make sense of f(z) being holomorphic at z = oo
with values in C we require that f(1) be holomorphic around z = 0. Finally, if f(co) = oo, then f
is holomorphic around z = oo if and only if ﬁ is holomorphic around z = 0.

Observe that z +— % is conformal as a map from C, to C,,. This is a tautology in view of our
coordinate chart at z = co. Furthermore, if ®(2) = 2222 yusing the fact that 23 + 23 + 23 = 1,

1—Z3
1 xr1 — iIEQ xr1 — il’g Xr, — il’g
4.3 =(1- = (1 — et R
(43) (2) (1 =) x? + 23 1— 23 (1 =) 1+ 3

Therefore, the map z — % corresponds to the map (z1, 2, 23) — (21, —x2, —3).

5. HARMONIC FUNCTIONS ON A PLANAR DOMAIN

Suppose f € C*(Q) is a holomorphic function. Applying (a% + za%) to the Cauchy-Riemann
equations, implies

o 9.9 0., Pf &f

(5.1) (e T8 5s o) Tz T o =

on the open set 2 C C.

Such a function is called harmonic. More generally, if O is an open set in R”, a function
f € C%*(O) is said to be harmonic on O if Af =0 on O, where

0% f 0% f
5.2 Af=—5+...+ —=0.
(5:2) f ox? ot ox?
Taking the real and imaginary parts of (5.1)), f = u + iv,
(5.3) Au =0, Ay =0.

Therefore, if f € C°°(R) is a holomorphic function, the real and imaginary parts of f are harmonic
functions on 2.

Many domains Q C C have the property that if u € C?(Q) is a real-valued, harmonic function,
then there exists a real-valued harmonic function v € C?(Q) such that f = u + iv is holomorphic
on .

Definition 7. v is said to be the harmonic conjugate of u.

Given o = a + ib and z = = + 1y, let 4, denote a path from a + ib to a + iy, and then the
horizontal line from a + iy to « + iy. Next, let 0, denote the horizontal line segment from a + b
to x + ib, and then the vertical line segment from x + ib to x + iy. Let R, denote the rectangle
bounded for the four line segments.

Proposition 12. Let 2 C C be open, a = a+1ib € , and assume that the following property holds:
If 2 € Q, then Ry, C Q. Letu € C%(Q) be harmonic. Then u has a harmonic conjugate v € C?(12).

Proof. For z € €, set

ou ou Y ou T ou

(5.4) v(z)z/az(—ayda:—i— %dy): A %(a,s)ds— ’ a—y(t,y)dt.
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Also set
- ou ou T Ou Y ou
(5.5) B(2) = /%(—ayd v+ Sldy) = / L +/b o 1, 5)ds.
By the fundamental theorem of calculus,
Ov ou v ou
(5.6) or _87/(2)’ 87/< z) = Bx( z).

Furthermore, since R, C €2, by Green’s theorem, since u is a harmonic function,

(5.7) (z) —v(z) = /aRaz(—gZd x + —dy // 6x2 )dxdy =0.

Therefore, u and v satisfy the Cauchy—Riemann equations. O

Corollary 2. Let Q be simply connected and u a real-valued harmonic function on €. Then
u = Re(f) for some f € H(Q) and [ is unique up to an additive imaginary constant.

Proof. We can use the argument in ([5.7)) for two path integrals in a simply connected domain. O
It is possible to prove this this proposition without Green’s theorem.

Proposition 13. Let Q2 C C be open, a = a + ib € 2, and assume the following property holds: If
also z € Q) then ~,, C C.
Let u € C?(2) be harmonic. Then u has a harmonic conjugate v € C%(Q).

Proof. Define v as in . Then % = —%2% Also, by (5 ,

v ou T 0%u ou T 0%u ou
(58) 67y(2) - %(Gﬂy) - " a Q(t y)dt ax (aay) + ; ox 2( )dt ax( )
Therefore, v and v satisfy the Cauchy—Riemann equations. |

Corollary 3. Let u be harmonic in Q and let f : Qo — Q be holomorphic, where Qy, Q2 C C. Then
wo f is harmonic in (.

Proof. Tt follows from (3.6)) that

(5.9) 9:(uo f) = [(Owu) o fl0.f.

Now then, since A = 4050,

(510)  Aluof) = 40:0.(uo f) = 4[(uu) o f19:0. + 4[(aduu) o f1|O.f* =

The last step uses the fact that Af = Aw = 0. |

We can easily generalize this fact to simply connected domains. Returning to the question of
harmonic conjugates, suppose 2 is a simply connected domain.

Proposition 14. Let Q C C be a simply connected domain. Then each harmonic function u €
C?(Q2) has a harmonic conjugate.

Proof. Choose a € € and let 7,, denote an arbitrary path from « to z. Set

(5.11) v(z) = / (—a—de + %dy).
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If this integral is independent of path from « to z, then set

® . Ou ou

12 = ——d —dy).
(512) o) = [ (~goda+ i)
For z = x + iy, there exists D,.(z) C £, and choose & + iy, © + in € D,(z). Then

Sy ou Y 9 ou

5.13 v(z :/ ——dxr+ —dy +/ ——dzx + —dy).
(513) O= [ gyt gian+ [ (G )
Therefore,

v ou

14 9y %%
(514) D) = =52
Also,

o o, ou Y oy ou

1 - e+ 2 =+ Lay).
(5.15) v = [ g Gra s [ G S
Therefore,

Ov ou

1 vy = Uiy
(5.16) 5o = (2
This establishes that v is the harmonic conjugate of u. |

Path independence follows from Green’s formula and the fact that « is harmonic. Indeed, if « is
a closed curve, and C, is the region contained by -,

Ju Ou
5.17 /——dm—l——d :/ Audxdy = 0.
(5.17) [ Gye+ Gy = [ dudvay
Proposition 15. If u € C?() is harmonic, zo € ), and D,.(z0) C Q, then
1 2 )
(5.18) u(zo) = —/ u(zo + re?)dh.
21 Jo

Proof. Since u is a continuous function,
1 27 .
(5.19) lim — / u(zo + re'®)dd = u(z).
0

Taking the derivative with respect to r,

d 1 2 " 1 2 "
(5.20) 5%/0 u(zo +re’”)dd = %/o uy(zo + re*’)do.
By Green’s theorem,
(5.21) L (20 + 7€'%)do 1 / Audazdy = 0
. — ur (20 + 1€ = — udzdy = 0.
27{‘ 0 27T DT‘(ZO)
This proves (5.18)). O
Writing (5.18)) in polar coordinates,
1
5.22 u(zg) = —5 // u(z)dxdy.
(522) Co=r | [ w

With this, we can establish a maximum principle for harmonic functions.
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Proposition 16. Let Q C C be a connected open set. If u : Q — R is harmonic on €1, then given
zg € Q,

(5.23) u(zp) = sup u(z) = u is constant on Q.
z€Q

If, in addition, Q is bounded and u € C(Q), then

(5.24) supu(z) = sup u(z).
2eQ z€00N

Proof. Equation ) follows from if © is bounded, since u must achieve a maximum
somewhere on €. Thus assume there ex1sts 29 € Q such that the hypotheses of ([5.23] - hold. Set
(5.25) ={CeQ:u(() =u(z)}

Since zg € O, O is not empty. Moreover, by continuity, O is a closed subset of 2. Moreover, by
li if there exists a a disk of radius p, D,({o) C €, since u is the supremum, u(z) = u((p) for

all z € D, (Co)- O
Corollary 4. If f(z) is a holomorphic function, and f € C*(Q), given zy € €2,

(5.26) |f(z0)| = sgg |f(2)] = f is constant on Q.

If, in addition, Q) is bounded, and f € C(QQ), then

(5.27) sup [f(2)] = sup [F(2)]-

Proof. If f = u 4+ iv, and v and v are harmonic functions, by the product rule,
(5.28) A(u? 4+ v?) = |Vul* + |Vol?.
Plugging this fact into the proof of Proposition

(5.29) u(z0)? 4+ v(20)* < % (u(2)? + v(2)?)dzdy.
™wr Dr(Zo)

Moreover, equality holds if and only if |Vu| = 0 and |Vv| = 0 on D, (zp). O
Next, Liouville’s theorem for harmonic functions on C.
Proposition 17. If u € C%(Q) is bounded and harmonic on all of C, then u is constant.

Proof. Choose any two points p,q € C. For all r > 0,

(5.30) ulp) —ule) = — / /D )y — / / 2)dady].

Hence,

(5.31) lu(p) — u(q)]| < / / 2)\dedy,
= A(Mﬂ”)

where A(p,q,r) is the set of points contained in D,(p) or D,(q), but not both. Therefore,
A(p,q,7) ~ 1 as r — oco. Taking r — oo in (5.31)), since |u| is bounded, u(p) — u(q) = 0. O

Corollary 5. If f: C — C is holomorphic and bounded, and f € C*(QQ), then f is constant.

Proof. Since f is holomorphic, f = u + v, where u and v are harmonic functions. Since |f]| is
uniformly bounded, |u| and |v| are uniformly bounded, and therefore, by Proposition u and v
are constant. ]
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If f e C™(Q) is a holomorphic function, then since f = u + iv, where u and v are harmonic
functions, so

27

(5.32) f(zo):% [ s+ reyan

However, it is possible to prove (5.32)) without making the a priori assumption that f € C*(0Q).

Theorem 4. If f is holomorphic on the open set Q C C, and D,(z9) C 2, then

(5.33) Feo) = = [ Flzo+rei®)do = / RIS

21 Jo 2mi oD, (z0) ¢ — 20

Proof. As in the proof of Proposition

) 1 27 0

(5.34) Th\r"% o ; flzo+7re™)do = f(z0).
Taking a derivative with respect to r,
(5.35) 41 f(z0 +7e?)do = Lo f(z0 +re®)e??do = ! / (204 ¢)d¢=0

’ dr 2w 0 21 0 © 2mir OD,(20) 0 e

O
Corollary 6 (Cauchy integral formula). If f is holomorphic on Q, then f € C*°(Q).
Proof. We can compute the derivative of ([5.33) directly.
d (=1)"n! / f(©)

5.36 Eynf(z) = : AN YN
(5.36) (dz) (=) 2mi Jop,(z) ((—2)"Ht
This integral converges for any n. (|

6. THE CAUCHY INTEGRAL THEOREM

So far, we have not completely explained the definitions of the integrals in (5.33]) and (5.36]). For
a general curve in C, define the Cauchy integral using the fundamental theorem of calculus in one
variable.

Theorem 5. If f € C([a,b]), then

b
(61) [ rod= o) - f).
Furthermore, if g € C([a,b]), then
d t

2 — = .
(62) & | ats)s = g0

In the study of the holomorphic functions on the open set 2 C C, consider the integral along the
path
(6.3) v : la,b] = Q.

Then if f: Q — C is continuous,

b
(6.4) / f(2)dz = / FOH () ().
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Remark 5. We have already seen this definition in (5.33). There, we take zy + re’? = ~(6),
0<6<2m, +v(0) =rie?? =d¢, and ¢ — 2z =

reit *

Proposition 18. If f is holomorphic on Q and v : [a,b] — C is a C' path, then
(6.5) [ £z = 1600 - fo(a).
¥

Proof. The proof uses the following chain rule.

Proposition 19. If f : Q — C is holomorphic and v : [a,b] — C is C*, then for a <t < b,

d
(6.6) 270 W0) = (@) @).
Proof. This follows from the the chain rule in (3.4). |
Then by the fundamental theorem of calculus, the proof of (6.5)) is complete. |

It is possible to use these computations in connection with an antiderivative.

Definition 8 (Anti-derivative). A holomorphic function g : Q@ — C is said to have an anti-
derivative f on Q provided f : Q — C is holomorphic and f' = g.

Each holomorphic function g : Q@ — C has an antiderivative for a class of sets 2 C C which
satisfy the following property: If a + ib € 2 and x + iy € 2, then the vertical line from a + ib to
a + 1y and the horizontal line from a + iy to x + iy lie in €.

Proposition 20. If Q C C is an open set satisfying the above property, and g : Q@ — C is
holomorphic, then there exists a holomorphic [ : Q — C such that f' = g.

Proof. By the fundamental theorem of calculus,

of

(6.7) 7, %) = 9().
Also,
(6.8) %% = gla+iy) + lim % / lg(t + iy + ih) — g(t + iy)]dt.

Since g is holomorphic,

(6.9) (6-8) = g(z +iy),
so f is holomorphic. |

This computation may be used to give a second proof of

Proposition 21. If R > 0, the function defined by

(6.10) F(2)=> an(z—2)"
n=0

is holomorphic on Dg(zp) with derivative given by

(6.11) Fl2) = nan(z—z)"".
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Proof. For any k, consider

k k
(6.12) fi(z) = Z an(z — 20)", gr(z) = Z na(z — Zo)n_l'
n=0 n=1

Then fr — f and gx — ¢ locally uniformly on Dg(z). Also, for each k, f/(z) = gx(2). Therefore,
for any z € Dgr(zp),

(6.13) fe(2) = ao + / g (C)dC.

Tz
where o, is a path from zg to z.
Making use of local uniform convergence,

(6.14) £ =ao+ [ g0,
Taking o, to be a path that approaches z horizontally, z = x + iy, 29 = g + iyo,
Yy T
(6.15) f(z) =aop+ / g(xo + it)idt + / g(t +iy)dt,
Yo Zo
(6.16) o ()= 9(2).

Meanwhile, taking o, to be a path that approaches z vertically,

x Yy
(6.17) f(z)=ao+ / g(t + iyo)dt + / g(x + it)idt,

Zo Yo
so therefore,

10f

6.18 ——(2)= )
(6.15) Lo () = 9(2)
Since each gj is holomorphic, and therefore by Proposition the integrals of each g, are path
independent, and g — ¢ locally uniformly, the proof is complete. O

The existence of an anti—derivative can be used to prove the following fact.

Lemma 6. Let v, be the circle {z : |z| = r} for some r > 0 fized, with the counter—clockwise
orientation. Then,
0 ' -1,
(6.19) / 2"dz = , Zf n#
. 27 if  n=-1

Proof. By direct computation, if n # 1, z" has the anti—derivative F(z) = n%_lz"“. Taking for

example the parameterization v(t) = re’, 0 <t < 27, (6.19) = 0. When n = —1, dz = ire‘dt, so
in that case (6.19)) = 2. O

Theorem 6. Let vg, 71 : [0,1] — Q be C curves with v0(0) = v1(0) and vo(1) = y1(1). Assume
that they are C' homotopic in the following sense: there exists a continuous map H : [0,1]> — Q
with H(t,0) = go(t) and H(t,1) = ~y1(t) such that H(-,s) is a C' curve for each 0 < s < 1.
Moreover, H(s,0) = v9(0) = 71(0) and H(s,1) = v9(1) = 71(1) for any 0 < s < 1. Then,

(6.20) ()dz= [ f(2)dz,

Yo Y1
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for all f € H(Q). In particular, if v is a closed curve in Q that is homotopic to a point, then
(6.21) /f(z)dz = 0.
2l

In particular, this is the case if v is the boundary of a subregion Q1 C Q such that Q; is diffeomorphic
to a closed disk.

Proof. Since f(z) is holomorphic, f(z)dz is a closed form. Indeed,

(6.22) d(f(2)dz) = 0,f(2)dz Ndz + 0:dzZ Ndz = 0,

since 0z f = 0. Thus, Cauchy’s theorem is a special case of the homotopy invariance of the integral
over closed forms, which follows from Stokes theorem.

First note that since a closed form is locally exact, fn f(2)dz = 0 for all closed curves that fall
into sufficiently small disks. But then we can triangulate the homotopy so that

(6.23) f)dz— [ f(2)dz=> [ f(z)dz=0.
Yo 71 j i
Similarly, recall Green’s formula,

(6.24) /BR a(z,y)dz + b(z,y)dy = //R(—ay(x, y) + by (z,y))dzdy.

This formula extends to far more general regions as those diffeomorphic to a disk and bounded by
finitely many C* curves. Then,

(6.25)

/ f(z)dz = / udx — vdy + i(udy + vdx) = // (—uy — vy)dzdy +z// (—vy + ugy)dzdy = 0.
oU U U U

The final equality sign follows from the Cauchy—Riemann equations. ]

Proposition 22 (Cauchy integral theorem). Let f € H(SY), and let zp € § be an open set, and let
v be a curve in € that contains zg and is contractible. Then,

(6.26) o) = 5= | L

Proof. This follows from Theorem [4] and Theorem [6] O

7. CONSEQUENCES OF THE CAUCHY INTEGRAL FORMULA

The Cauchy integral formula implies that A(Q) = H(Q).

Theorem 7. If f € C*(Q) is holomorphic, then for z € D,(zy) C Q, f(z) has the convergent power
series expansion

(7.1) F) =S an(z - 200",
n=0

with
_ ! Qe (0
(7.2) n, /8 G —dC = .

T 2mi — 2p) n!
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Proof. Suppose z € D, (z9). By Theorem

1 f(©)
(7.3) flz)= i /BQ (C—2)— (2 — zo)dc'

Making the infinite series expansion, since |z — zg| < | — 20|,

1 z— Zo
7.4 =
( ) (C—ZO)—(Z_ZO —ZOZC—ZO
Plugging this series into ([5.33)) gives and . a
Corollary 7. (1) Cauchy’s estimates. Let f € H(Q) with |f(z)] < M on Q. Then,
n Mn!
(75) 1F™ ()] <

dist(z,00)"’
for every n >0 and z € Q2.

(2) (Liouwille’s theorem) If f € H(C) N L (C) then f is constant. More generally, if |f(2)] <
C(1+|2z))V for some fized integer N > 0 and a finite constant C, then f is a polynomial of degree
at most N.

Proof. Equation (8.5) follows from the Cauchy integral formula. To prove Liouville’s theorem,
apply (8.5). O

It is possible to prove the fundamental theorem of algebra using the maximum principle.

Theorem 8 (Fundamental theorem of algebra). If p(z) = anz™ + ... + a1z + ag, an # 0 for some
n > 1 is a polynomial of degree n, then p(z) must vanish somewhere on C.

Proof. If p(z) does not vanish on C, then f(z) = ﬁ is an entire function on C. Furthermore,
1 1 1

(7.6) p(2) T ma, +an 12+ ... +agz"
Then
(7.7) lim |—— |,
z—00 p(2)
exists and is uniformly bounded. Then, by Liouville’s theorem, ﬁ is constant. O

Proposition 23 (Schwarz lemma). Suppose [ is holomorphic on the unit disk D1(0). Assume
|f(2)] <1 for|z| <1, and f(0) =0. Then,

(7.8) |f(2)] < [z

Furthermore, equality holds in (7.8]), for some z € D1(0)\ 0, if and only if f(z) = cz for some

constant of absolute value one. If f is bijective, from D onto itself, then f is a rotation.

Proof. The hypotheses imply that g(z) = @ is a holomorphic function on Dl( ). Therefore,
l9(2)] < L for z € D,4(0), 0 < a < 1. Using the maximum principle, |g(z)| < 1 for all z € Dq(0).
Taking a "1,

(7.9) lg(z)| <1,  Vz € Di(0).

Therefore, (|7.8) holds. Next, suppose that |f(zo)| = |z0| at some zg € D1(0) \ 0. Then g attains a
maximum at zg, which implies g(z) is constant on D;(0), so f(z) = cz.
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Finally, suppose that f is invertible. Then we can apply the same reasoning to f~!, which
implies |f~!(w)| < |w|, which is equivalent to |f(z)| > |z|. Therefore, |f(2)| = |z| for all 2, so f is
a rotation. 0

The Cauchy integral formula yields a locally uniform convergence result.

Proposition 24. Let  C C be an open set and let f, : Q@ — C be holomorphic. Assume f, — f
locally uniformly (i.e. uniformly on each compact subset of 2). Then f : Q — C is holomorphic,
and f], — f' locally uniformly on Q.

Proof. Let K C € be a compact set. Then choose a smoothly bounded O such that K ¢ O c O C
Q. Then, by the Cauchy integral formula,

(7.10) fule) = g [ 1)

27 Joo C— 2
(1) 1o =5 | 225

Since f, — f locally uniformly on 90, the integrands in (8.8)) and (7.11)) converge uniformly on O.
Therefore, for any z € O,

dg,

1 f(Q)
(7.12) flz) = 2 oo € — Zd(, Vz € O,
so f is holomorphic on O, and
) 1
(1.13) £ =g [ e
so f!, — f’ locally uniformly on O. O

8. SQUARE ROOTS, LOGS, AND OTHER INVERSE FUNCTIONS

Now turn to inverse functions. Recall the inverse function theorem for functions from R™ to R™.

Theorem 9. Let Q C R™ be open and let f : & — R™ be a C* map. Take p € Q and assume
Df(p) is an invertible linear transformation on R™. Then there exists a neighborhood O of p
and a neighborhood U of ¢ = f(p) such that f : O — U is one-to-one and onto, the inverse
g=f1:U—0isC, and forx € O, y = f(x),

(8.1) Dyg(y) = Df(x)~".
This result has the following consequence for holomorphic functions.

Theorem 10. Let Q C C be open and let f : Q@ — C be holomorphic. Take p € Q and assume
f'(p) # 0. Then there exists a neighborhood O of p and a neighborhood U of ¢ = f(p) such that
f: O = U is one-to-one and onto, the inverse g = f~1 : U — O is holomorphic, and, for z € O,

w= f(z),

(8.2) g'(w) =
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Proof. Taking the matrix representation of the derivative, D f(x) is of the form

(8.3) (Z _ab) .

The inverse of this matrix is given by

1 a b
(84) e <b ) )
which satisfies (8.2)). O

If a holomorphic function is 1-1 on a set, it is possible to produce an integral for the inverse of
a holomorphic map.

Proposition 25. Suppose f is holomorphic and one-to-one on a neighborhood of Q, the closure of
a piecewise, smoothly bounded domain Q C C. Set g = f~1: f(Q) — Q. Then

(8.5) g(w) = ﬁ - mdz, Yw € f(Q).

Proof. Set ¢ = g(w), so that h(z) = f(z) — w has one zero in Q, at z = ¢, and //(¢) # 0. Indeed, if
h has a zero of order k at zg, then

(8.6) h(z) = (z = z0)"¢(2)"
for some holomorphic function ¢(z) that is nonvanishing in a neighborhood of Q. Therefore, if f is
one to one, then f(z) —w = (2 — z0)p(z) for some holomorphic function ¢(z) on a neighborhood
of Q. Therefore,

1 hl /
A K@, 1 )
21t Jaq  h(2) 210 Joaq z—20  @(2)

(8.7) )dz = (.

O

The reason we require k& = 1 is due to the existence of k-th roots. Let h(z) = (z — z0)p(2)'/*.

By the product rule,

B (2~ 20)0() Y ) emen = 9(20) 7 + (2 = 20) 1 9(2)E (2o = () £0,

and therefore, by the implicit function theorem, h(z) maps a neighborhood € of zp 1-1 and onto
a disk D.(0). Therefore, (z — 29)¥¢(z) maps Q onto the disk D (0), and every point in this disk
# 0 has k—preimages.

Proposition 26. Let Q) C C be a simply connected domain. Assume f : Q — C is holomorphic
and nowhere vanishing. Then there exists a holomorphic function g on  such that

(8.9) eI = f(2), Vz € Q.

Proof. Fix zp € Q and let e9(*0) = f(z). Since f(zp) # 0 this is always possible. Then for any

z € €, define

_ z f/(()
2 f(Q)

(8.10) 9(2) dg.
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Note that since f # 0, LC)) is analytic on ). Since () is simply connected, this integral is well-
defined. Furthermore,

! !
(8.11) (z—i—h / f( Z—|-th f(z)’
(z +th) f(2)
as h — 0. Therefore, g € H(2) and (fe~9)" = 0, which implies that ef = cf for some constant
c # 0.
Furthermore, observe that we can define the roots f,,(z) = e9(*)/™, Then (f,(2))" = e9) = f(2),

as desired. 0]

Consider for example the function f(z) = 22. In polar coordinates, if z = re?, 22 = r2e29,
Therefore, f(z) maps the right half plane
(8.12) H ={z€C: Re(z) >0},
bijectively onto C\R™. Since f’(z) = 2z vanishes only at the origin, we have a holomorphic inverse
(8.13) Sqrt : C\R™ — H,
which is given by
(8.14) Sqrt(re'?) = r1/2¢%/2, r >0, —T <0<
We can also write
(8.15) Vz = 2Y?% = Sqrt(z).

Next, consider the inverse of the exponential function exp(z) = e¢*. Counsider the strip
(8.16) Y={x+iy: z €R, —T<y<mh
Since et = e%e™, we have a bijective map
(8.17) exp: X — C\R™.
Since d%ez = e” is nowhere vanishing, has a holomorphic inverse denoted as log.
(8.18) log: C\R™ — 3.
Taking log1 = 0 and since
(8.19) %e =e* :%logz_é
Thus,
(8.20) log z = /Z 1d(:,

1 6

where the integral is along any path from 1 to z in C\ R™.
Then, given a € C, define

(8.21) 2% = Powg(2), Pow, : C\R™ = C,
by
(8.22) 2% = ealogz,

Since e“tv = ete?,

(8.23) 2070 = a5,
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In particular, (8.23)) implies that for any n € Z, n # 0,

(8.24) (MM = 2.
Then by (8.19),

d
(8.25) %ZG =az"h

Now prove a global inverse function theorem.

Theorem 11. Suppose Q C C is convex. Assume f is holomorphic in Q, and there exists a € C
such that

(8.26) Re(af'(2)) >0, on Q.
Then f maps Q2 one to one onto its image f(€).

Proof. Take two distinct points zg, z1 € Q. By convexity, o(t) = (1 — t)zo + tz; lies in Q for all
t €10,1]. Then

G — f(=0) :/1 af'((1—t)z0 + tz1)dt.
21 — R0 0

Then by (§26), (§27) # 0. O

For example, consider the strip

(8.27)

(8.28) i:{m+iy:—g<x<g, y € R}.

Take f(z) =sinz, f'(z) = cosz. Then for z € %,

(8.29) Recos z = cosx coshy for z € X,

Therefore, f maps 3 one to one onto its image.

Theorem 12. The function sin maps % one-to-one onto the set

(8.30) C\ {(=00,—-1]U[1,00)}.

Proof. To see this, observe that sin(z) = g(e??), where g(¢) = 2:(¢ — %) Observe that the image of
Y. under the map z — e* is the right half plane H. Next, the image of H under g is

(8.31) C\ {(=00,—-1]U[1,00)}.
Proposition 27. Let
. 1 1
(8.32) h(¢) = g(i€) = 5(C + E)'
Since g(¢) = h(—i(),
. 1.¢ 1 1 1
(8-33) h(—i¢) = 5(; + _71.() = %(C - E).

The function h given by (8.32) maps both the upper half plane U = {¢ : Im{ > 0} and the lower
half plane U* = {¢ : Im({) > 0} one-to-one and onto

(8.34) C\ {(=o00,—-1]U[1,00)}.
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Proof. Observe that h: C\ 0 — C, and

(8.35) h(%) = h(¢).
Solving for h(¢) = w, if ¢ # 0,

(8.36) ¢ —2wC+1=0,
which has the solutions

(8.37) C=w+Vw?—1.

Then for each w € C, there are two solutions, except for w = +1.

Then h maps R\ 0 onto (—oo,1] U [1,00) two to one, except at z = +1. This takes care of
the two images on the real line with |x| > 1. Therefore, given ( € C\ 0, h({) = w belongs to
(—o0, —1] U1, 00) if and only if ¢ € R.

Therefore, if w € C\ {(—o0,—1] U [1,00)}, then h({) = w has two solutions, both in C\ R.
Furthermore, the two solutions are reciprocals of each other, so given ( € C\R, ( € U & % eU*.

O
The inverse function is denoted
(8.38) sin™t: C\ {(—o0,—1]U[1,00)} = X.
For z € %, sin?(z) € C\ [1,00), and therefore,
(8.39) cos(z) = (1 —sin? 2)'/2, ze .
Therefore, by the inverse function theorem, g(z) = sin™' z satisfies,
(8.40) g(z)=01-2)""2  ze€C\{(~00,~-1]U[L,00)}.
Therefore,
(8.41) sinlz = /Oz(l — )24,
where the integral is along any path from 0 to z in C\ {(—o0, —1] U [1,00)}. O

9. MORERA’S THEOREM, SCHWARZ REFLECTION PRINCIPLE, AND (GOURSAT’S THEOREM

Let © be a connected open set in C. If f : 2 — C is holomorphic, then the Cauchy integral
formula and Cauchy integral theorem hold for f. Here, we establish a converse of the Cauchy
integral theorem, Morera’s theorem.

Theorem 13. Assume g : 2 — C is continuous and
(9.1) /g(z)dz =0,
¥

whenever v = OR, where R is a rectangle with sides parallel to the real and imaginary axes. Then
g is holomorphic.
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Proof. Holomorphicity is a local property, so assume without loss of generality that 2 is a rectangle.
Fix a =a+ibin Q. Given z € €, let v,, and o, be piecewise linear paths from a to z. Then

(9.2) f(z) = / g(¢)d¢ = z/by g(a+is)ds + /w g(t + iy)dt,

az

and

9.3) f(z):/ g(g)dgz/xg(sﬂb)dsﬂ/byg(m+it>dt.

az

By (9.1), (9.2) and (9.3) are equal. Therefore,
of . 10f .
To-120 -0,

Thus, f: Q — Cis C' and satisfies the Cauchy-Riemann equations, so f is holomorphic. Therefore,
g is holomorphic. |

(9.4)

Morera’s theorem may be used to prove the Schwarz reflection principle. Assume 2 C C is an
open set that is symmetric across the real axis,

(9.5) z€Q=zeq.
Set L = QNR and set QF = {z € Q: +Im(z) > 0}.

Proposition 28. Assume f: QT UL — C is continuous, holomorphic in QF, and real valued on
L. Then define g : Q@ — C by

(9.6) g9(z) = f(=), z2€ QT UL, 9(z) = f(2), z€Q”.
Then g is holomorphic on .

Proof. 1t can be verified that g is C! on Q~ and satisfies the Cauchy-Riemann equations, so g is
holomorphic on Q\ L. Also, g is continuous on 2.

To show that g is holomorphic on all of €2, g satisfies when v = R, and R C Q*. The
same is also true if R C 2. Finally, if R intersects L, it is possible to split the integral on R into
two integrals on rectangles. O

Next, prove Goursat’s theorem, which shows that if f is merely complex differentiable, f is
holomorphic.

Theorem 14. If f : Q — C is complex differentiable at each point of 2, then f is holomorphic, so
[ €CYR), and in fact f € C=(Q).

Proof. Tt is enough to show that the hypotheses yield

(9.7 f(z)dz =0,
OR
for every rectangle R C Q.

Given a rectangle R C €, set a = [, f(2)dz. Divide R into four rectangles of equal size. The
integral over R is equal to the sum of the integrals over all four rectangles. Therefore, there must
exist one rectangle R; such that
(9.5) [ e >

ARy 4
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Then, divide R; into four equal rectangles. One of them, Ry, must have the property that

(9.9) | f(2)dz] > 47|al.

ORs
Thus, there exists a sequence of nested rectangles Ry, with perimeter O Ry, of length 27k} (OR) = 2-kp
such that

(9.10) (2)dz| > 47"al.

| f
ARy,
The rectangles shrink to a point p € €. Since f is complex differentiable,

(9.11) f(z) = f(p) + f'(p)(z = p) + (|2 — pl).
Now then,
(9.12) f(p)dz= f'(p)(z = p)dz = 0.
ARy, ORy
Therefore,
(9.13) | f(2)dz| < €27 F27F,
ORy,

Plugging (9.13)) into (9.10)), a = 0. ]

10. SINGULARITIES

Goursat’s theorem allows us to classify singularities of a function. Suppose now that f is holo-
morphic on a region 2, except at a point zg € Q. For example, the function f(z) = % is holomorphic
on C\ {0} and has a singularity at z = 0.

Definition 9 (Isolated singularity). A point p € C is an isolated singularity if there is a neighbor-
hood U of p such that f is holomorphic on U \ {p}.

Remark 6. Other kinds of singularities are branch singularities. For example, z'/? and log z are
branch singularities.

For example, 0 is an isolated singularity for f(z) = % An isolated singularity is said to be

removable if there exists a function f holomorphic on U, where f = f on U\ {p}. If pis a
removable singularity, then f is bounded near p. The converse is also true.

Theorem 15. If p € Q and f is holomorphic on Q \ {p} and bounded, then p is a removable
singularity.

Proof. Consider the function g : 2 — C defined by

(10.1) 9(2) = (z=p)*f(z),  2€Q\{p},  g(p)=0.
Since f is bounded, ¢ is continuous on 2. Also, g is complex differentiable at each point of €2, since
(10.2) g =2=-pf)+(=-pf(2), =2€Q\{p}, ¢)=0.

Observe that since f is bounded, the Cauchy integral formula implies

(103) ) < 2B eyl <
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Therefore, by Goursat’s theorem, g is holomorphic on 2, so on a neighborhood U of p, g has the
convergent power series

(10.4) 0= az-p). el

Since g(p) = ¢'(p) = 0, ap = ar = 0, 50 -

(103 o6 = C=pPhE). ) =D amale =) zEU.
Comparing to (). h(2) = £(2) on U\ {p}rj:s(()) ot

(10.6) f2)=1(z), zeQ\{p},  f(p)=h(p)

Furthermore, the function f(z) is unique.

Proposition 29. Let Q C C be open and connected, and let f : Q@ — C be holomorphic, f € H(Q).
The following are equivalent:

(1) f=0,

(2) For some 2o € Q, f((2) =0 for alln >0,

(3) The set {z € Q: f(z) =0} has an accumulation point in Q.

Proof. Tt is clear that item number one implies item number two and item number three. Further-
more, since H(Q) = A(), if item number two is true, then the set of zeros of f must have an
accumulation point in 2. Therefore, it only remains to prove that item number three implies item
number one.

To that end, let p € Q be an accumulation point of f(z,) = 0. Observe that there exists R > 0
such that the disk Dr(p) C Q and f has a convergent power series on Dg(p),

(10.7) f(2) = an(z—p)".
n=0

If a,, = 0 for all n, then f = 0 on Dgr(p). Otherwise, suppose a; is the first nonzero entry of (10.7).
Then,

(10.8) f@)=(E-pV9z),  g9(z) =) ajin(z—p)"
n=0

Since g(p) = a; # 0, g must be nozero on a small neighborhood of p, which contradicts the fact
that p is an accumulation point for the set of zeros.

Therefore, if S* is the set of accumulation points in € of the zeros of f, then S* is open. Since
St is closed, S* = () or S* = Q. Since S* is not empty, S* = Q, so f =0 on €. ]

Definition 10 (Pole). An isolated singularity p is said to be a pole if | f(z)] = o0 as z — p.

If p is a pole, there exists a neighborhood U centered at p such that |f(z)| > 1 on U\ {p}. Thus,
g(z) = ﬁ is holomorphic on U \ {p}, and g(z) — 0 as z — p, so g has a removable singularity on
U. Therefore, g has a convergent power series expansion on U,

(10.9) g9(z) = > an(z—p)",
n==k
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where ay, is the first nonzero coefficient in the power series. Therefore,
(10.10) 9(z) = (= p)*n(2).  h(p) =ar #0,
with A holomorphic on U. Therefore, we have proved,

Proposition 30. If f is holomorphic on Q\ {p} with a pole at p, then there exists k € Z* such
that

(10.11) f(z) = (z=p) " F(2),
on Q\ {p}, with F holomorphic on 2, and F(p) # 0.
Definition 11 (Simple pole). If k =1, f has a simple pole at p.

Proposition 31. If f : C — C is holomorphic and |f(z)] — oo as |z| — oo, then f(z) is a
polynomial.

Proof. Define the function g : C\ {0} — C defined by

1

(10.12) 9(z) = f().
Since |g(z)| — 0o as z — 00, g has a pole at 0. Then, by Proposition [30]
(10.13) g(z) = 27%G(2),
on C )\ {0} for some k € ZT, with G holomorphic on C and G(0) # 0. Then,

k=1
(10.14) G(2) =) g;7 +2"h(2),

j=0
and therefore,

k=1
(10.15) 9(z) = g;#F +h(2).

j=0
Therefore,

k—1 _ 1
(10.16) 1) = Y 52 + 05,

7=0
S0

k—1 _
(10.17) fz) — Zgjzkij
=0

is holomorphic on C, and approaches h(0) as |z| — oco. Therefore, by Liouville’s theorem, the
difference is constant, so f(z) is a polynomial. O

Definition 12 (Meromorphic functions). A function holomorphic on Q0 except for a set of poles is
said to be meromorphic on Q. One example of such a function is

(10.18) tanz =

which is meromorphic on C, with poles at {(k + 3)m : k € Z}.
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Definition 13 (Essential singularity). An isolated singularity of a function that is not a pole or a
removable singularity is called an essential singularity.

An example of an essential singularity is the function f(z) = ex.

Proposition 32 (Casorati-Weierstrass theorem). Suppose f : Q\ {p} — C has an essential singu-
larity at p. Then for any neighborhood U of p, the image of U \ {p} is dense in C.

Proof. Suppose there exists a neighborhood U of p such that the image of U \ {p} omits a neigh-
borhood of wy € C. Replacing f(z) by f(z) — wp, suppose without loss of generality wy = 0.
Then

(10.19) 9(z) = —

is holomorphic and bounded on U \ {p}, so g(z) has a removable singularity at p, so §(z) has a
holomorphic extension on U. If §(p) # 0, then p is a removable singularity for f. If g(p) = 0, then
p is a pole of f. |

11. LAURENT SERIES

The Laurent series is a generalization of the power series expansion, which works for functions
holomorphic in an annulus. Let

(11.1) A={z€C:ryg<|z—2]| <r}

be such an annulus, where 0 < ry < 71 < co. Let ; be the counterclockwise circles {|z — zo| = r;},
so that A = 71 — vy. Then for any f € C*(A) holomorphic in A, the Cauchy integral formula
implies that for z € A,

(11.2) R S N A(O IS S B i (9]

d dg.
I =gm ] =% am ] =%
Now then, for ¢ € 71, since |z — 29| < |¢ — 20/,
1 1 z— zo
11.3 = =
(11.3) C—z (C—2)—(2—20) —ZOZC—zQ
Meanwhile, for ¢ € 7, since |¢ — 20| < |2 — 20|,
1 1 1 C — Zo :
114 = — =
( ) (—z (z—20) — (€ — 20) z—zozz—zo
Therefore,
o0
(11.5) flz)= Z an(z — 20)", z € A,

where for n > 0,

(11.6) an = L/ Ld@

and for n < 0,

(11.7) = / FO(C = z0) .
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Therefore,

Proposition 33. Given 0 < rg < r; < oo, let A be the annulus (11.1)). If f : A — C is holomorphic,
then it is given by the absolutely convergent series (L1.5)), with

1 f(©)

an=— | —15 g pez,
2mi 'y(C_ZO)TH_l C

(11.8)

where vy is any counterclockwise oriented circle centered at zy of radius ro < r < ry.
Proof. The preceding argument can be applied to any annulus
(11.9) AP ={2cC:r) <|z—2| <1},

where 79 < 7 < r} < r1. Since f is holomorphic on A%, the integrals on 7 and 7; can be moved
to 7. ]

When f has an isolated singularity at zg, we can take rg = 0.

Proposition 34. Suppose f is holomorphic on Dr(zo) \ {20}, with Laurent expansion (11.5)), then
f has a pole at zy if and only if a,, = O for all but finitely many n <0, and a,, # 0 for some n < 0.
Therefore, f has an essential singularity at zo if and only if a, # 0 for infinitely many n < 0.

Proof. By Proposition [30] f has a pole at zo if and only if a,, = 0 for all but finitely many n < 0,
and a, # 0 for some n < 0. Conversely, if f has an essential singularity at zg then a, # 0 for
infinitely many n. O

For example, consider the function

1

11.1 =
(11.10) fl2)=——
on the regions
(11.11) {z:]z| < 1} and {z:|z| > 1}.
On the region {z : |z| < 1},

-1 > A
(11.12) f(2) =1 :fk;‘)z .

On the region {z : |z| > 1},

(11.13) f(z) = ! :% ! :%Z(%)": >

Similarly, consider the function

1
11.14 = .
(11.14) 9(2) = ——5
For the region {z : |z| < 2},
-1 1 1,2
11.1 b AN,
(11.15) o) =5 s =5 2)
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Meanwhile, for the region {z : |z| > 2},

1 1 1 1,2
11.1 = =-—5 =2 (5"
(11.16) 9(2) s 2 z1-2 2n:O(z)

Many of the same computations that we have done for convergent power series may also be
utilized for convergent Laurent series.

Proposition 35. Assume f(z) is given by the series (11.5)) converging for z € A, forrg < |z—2z0| <
r1. Then f is holomorphic on A, and

(11.17) flz)= > man(z—2)""', z€A
Proof. Choose R; such that
1
(11.18) — = limsup |a,|*/™,
Rl n— o0
and
1 : —1/n
(11.19) — = limsup |a_,| .
RO n— o0
As before,

(11.20) > an(z = 20)",
n=0

converges absolutely for |z — zg| < Ry and diverges for |z — 29| > Ry, and

-1

(11.21) D> an(z—z20)"
n=—o0
converges absolutely for |z—zy| > Rg and diverges for |z—zp| < Ry. Once again, since lim,, o, n'/™ =
1, the same computations may be made on A.
Taking

v

(11.22) fo(2) = D an(z = 20)",

fv — [ locally uniformly on A, so the limit f is holomorphic on A, and f/ converges locally
uniformly to f’. a

Laurent series can be multiplied on annuli on which f and g have convergent series.

Proposition 36. Suppose f and g are given by Laurent series

o0

(11.23) f(z) = Z an(z — 20)",

n=—oo

(11.24) g(z) = > balz—2)",

n=—oo
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which converge on the annulus (11.1). Moreover, the product is given by

o oo

(1125) f(z)g(z) = Z Cn(z - ZO)nv Cn = Z arbn_g,

n=—oo k=—o0
which converges on A.

Proof. This fact follows directly from a convergence result.
Proposition 37. Given absolutely convergent series

(11.26) A= i s B = i Br,

n=-—0o0 n=—oo

we have the absolutely convergent series

oo

(11'27) AB = Z Tns Tn = Z g Bk

n—=—oo k=—00

N
Indeed, for any € > 0 there exists N(e) sufficiently large such that |A — Z;__ ~ | < € and
- 2
N
|B — er_iﬂ /Bn| S €. Then,
- 2

(11.28) AB = ( an)( D Br)+O0(e).
For |n| > N,
(11.29) > m<A Bn+ B B = O(e).
In|=N In|>% In|>4
For |n| < N,
(11.30) o= kBuk= > Bakt . okBui+t > e Br—k-
k [k|>5 In—k|>% [k|<F In—k|<F
Since
N
(11.31) YD aBuk =00,
n==N |k|> %
and

N
(11.32) S Y aBak =000,

— N
n==N |n—k|>Z%

N
(11.33) > An=AB+0(e).
n=—N

This proves Proposition [37] O
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Proposition 38. The conformal automorphisms of the plane are precisely the invertible linear
conformal maps, i.e.,

(11.34) {az + b a,beC, a #0}.

Proof. Tt is clear that each such map is an automorphism. Now suppose f € Aut(C) with f(0) =0,
by translation. Then f(z) is the entire function represented by a power series

(11.35) flz)= Z anz", vz € C.
n=1

Then g(w) = f (%) exhibits an isolated singularity at w = 0. By the Casorati—Weierstrass theorem,
g cannot be essential. Indeed, since f is a homeomorphism, |f(z)| > 1 for all |z| > R > 0. Therefore,
the image of 0 < |w| < & under g is not dense in the plane. Therefore, the Laurent series of g
around w is finite, which implies that f is a polynomial. Since f is an automorphism, f’ # 0, so f’
must be constant. ]

Lemma 7. The analytic maps Coo — Co, which are not identically equal to oo are precisely the
rational functions, i.e., all maps of the form g with P, Q polynomials over C with Q not identically
equal to 0. In particular, the automorphism group of the Riemann sphere are all Mébius transforms.

Proof. Tt is clear that all rational maps are analytic from the extended plane to itself. Conversely,
suppose f(z) € C for all z € C. Then f is entire and bounded on Cy,, by compactness of Cqo,
and thus constant. Therefore, assume that f(zp) = oo for some zg € C,. Observe that f(z) is only
equal to infinity at finitely many points. Indeed, if f(z) = oo at infinitely many points, then there
must be an accumulation point for zeros of ﬁ in C,, and thus ﬁ =0.

Now suppose f(zp) = oo for some zy € C. Then f has a pole at zy, so by Proposition
flz) = Z?:l gj(z — 20) ™7 + h(z) for some k > 0 and h(z) holomorphic near zy. Subtracting the
principal parts of the poles zg € C,

(1136) f(Z) = Z Zgj,n(z - Zm)_j + h(Z),

where h(z) is an entire function that possibly has a pole at co. Then by Proposition h(z) is a
polynomial.

12. MOBIUS TRANSFORMATIONS

Since the meromorphic functions from C* — C* must be rational functions, it is possible to
describe fully describe the conformal automorphisms of C*.

Definition 14. Conformal automorphisms are bijections whose inverse is also conformal.

A diffeomorphism f : Q — O between two planar domains in C is called conformal if it preserves
angles. That is, if 77 and 79 are two curves that meet at an angle a at p, then o1 = f(y1) and
o2 = f(72) meet at the same angle o at ¢ = f(p). A condition form this is that for each p € €,

(12.1) Df(p) = A(p)R(p),
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where R(p) is an orthogonal matrix. Then det Df(p) > 0 if and only if det R(p) = 1, and
det Df(p) < 0 if and only if det R(p) = —1. In the former case,

(122) R = (Gp e,

sinf  cos6

and in the latter case,
(123) i) = (
and then C'Df(p) commutes with J where

(12.4) C= (é _01>-

In this case, Cz = Z. In the former case, f is said to be orientation preserving and in the latter
case the map is orientation reversing.

cosf) sinf >

sinf —cost

Proposition 39. Given planar regions 2, O, the class of orientation-preserving conformal dif-
feomorphisms f : Q — O coincides with the class of holomorphic diffeomorphisms. The class of
orientation reversing conformal diffeomorphisms f : Q — O coincides with the class of conjugate
holomorphic diffeomorphisms.

Indeed by the fundamental theorem of algebra, P and @ both have degree < 1, where f(z) = 58 .

If Q(z) has two roots, f(z) has two points which map to infinity. On the other hand, if Q(z) has a
double root at some zg € C, then for points close to zo the map is 2-1. On the other hand, if P(z)
has degree > 2, then f(z) has two zeros.

Lemma 8. Fvery A € GL(2,C) defines a transformation

az+b a b

which is holomorphic as a map from Co, — Cs. It is called a fractional linear or Mobius transfor-
mation. The map A — T only depends on the equivalence class of A under the relation A ~ B if

and only if A = AB for some A € C*. Thus, the family of all Mébius transformations is the same
as

(12.6) PSL(2,C) = SL(2,C)/{£I}.
We have Tp o Tg = Taop and Tgl = Ty-1. In particular, every Mobius transformation is an

automorphism of Coy.

Proof. 1t is clear that each T4 is a holomorphic map C,, — C. It is also straightforward to verify
the composition law Ty o Tg = Txop. In particular, T4 has a conformal inverse and is thus an
automorphism of C. If Ty = T';, then

ad — bc ad — bé
12.7 Th(z) = —— =T%(2) = ———.
( ) A( ) (CZ+d)2 A( ) (&Z+d>2
Thus, if ad — bc = dJ—N bé =1, then (cz + d)? = (¢z + d)?. Thus, if A and A are both matrices in
SL(2,C), then A = +A. O

Combining this fact with the Schwarz lemma, we can characterize all conformal automorphisms
of the unit disk.
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Proposition 40. All holomorphic automorphisms of the disk are given by

9 Z—a
12.8 a =2~ lal <1, 6 € R}.
(12,5 {pan(s) = €2 al )
Proof. Observe that |p,.0(z)| = 1 when |z| = 1. Indeed, when |z| =1, z =271, so
z—a 1—-za
12.9 = .
( ) 1—-za ( z—a )

Therefore, if |2] = 1, pa0(2) = a,0(2) !, which implies that |¢,¢(z)] = 1. Furthermore, ¢, ¢(a) =
050 q,0(2) : D — D, and by Lemma[8] ¢4,6(z) is an automorphism.

Now suppose that ¢ € Aut(D) is holomorphic and satisfies 1)(a) = 0. Then ¢, 909" € Aut(D)
and ¢, 9 0¥ ~1(0) = 0. By the Schwarz lemma, this map is a rotation, which proves (12.8). O

Lemma 9. FEvery Mobius transformation is the composition of four elementary maps:

(1) Translations z — z + zg, 29 € C,
(2) Dilations z — Az, A > 0,

(3) Rotations z +— %2, 0 € R,

(4) Inversion z +— L.

Proof. 1f ¢ = 0 then Ta(2) = Gz + %, which is certainly a composition of translations, dilations,
and rotations. If ¢ # 0, then

_bc—ad 1 a bc—ad  a(cz+d) az+b

12.10 Ta(z ——+ - = + = .

( ) a(z) 2 z+4% ¢ clez+d) clecz+d) cz+d
O
Now consider some examples. Since the imaginary axis is the perpendicular bisector of the line
segment from —1 to 1, |z — 1| = |z + 1| for any z lying on the imaginary axis. Thus, z — i: maps
the imaginary axis to the circle of radius one. Since 1 + 0, the right half plane is taken to the
disc D = {z : |2| < 1}. We can similarly show that z — 2= maps the unit circle to itself, since if
|z| = 1 and we multiply the numerator and denominator by %, 222:; = 22;_‘21. If we think of lines as

circles that pass through oo, we have the following lemma.
Lemma 10. Fractional linear transformations take circles onto circles.

Proof. In view of the previous lemma, it suffices to show that inversions take circles to circles. Let
|z — 29| = r be a circle and let w = L. Then,

1 Re(wzp)

— 2 > 2 2 __

+ |20]2 — 2.

Now then, if |z9| = r, then
(12.12) 1 = 2Re(wzy) = 2Re(w)Re(%p) + 2Im(w)Im(z) = 2{(w, 2).

Therefore, a circle that passes through the origin is mapped to a line. Otherwise, we obtain the
equation,
2

20 r
(12.13) 0= (|z0)> = 7®)|w|* — 2Re(wzp) + 1 = (|z0]* — r*){|w — P 2 T 1

which is a circle.
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A line is given by the equation 2Re(z%y) = a, which transforms into 2Re(z9z) = alw|?. If
a = 0 then we have another line through the origin. Otherwise, we have an equation |w — zg/a|? =
|20/al*.

Remark 7. We could also prove this result using the Riemann sphere, since a stereographic projec-
tion preserves circles. The inversion z — % corresponds to a rotation of the Riemann sphere about
the x1 axis. Since such a rotation preserves circles, a fractional linear transformation does too.

Since Tz = ‘Clzzis = z is a quadratic equation for any Mobius transformation 7', T' can have at

most two fixed points, unless it is the identity. Moreover, every Mobius transformation has at least
one fixed point. Indeed, if ¢ # 0,

az+b
cz+d
is a quadratic equation, which has at least one solution. If ¢ = 0, then the left hand side is a

translation combined with a dilation and a rotation. If § # 1, we can solve §z + % =z Ifg5=1
then T'(z) = z + V', which has the fixed point of co.

(12.14)

Z,

Lemma 11. A fractional linear transformation is determined completely by its action on three
distinct points. Given z1, z2, z3 € Co, there exists a unique fractional linear transformation T with
TZ1 = O, TZQ = 1, TZg = 00.

Proof. Suppose S and T are Mobius transformations that agree at three distinct points. Then
the Mébius transformation S~! o T has three fixed points, and thus is the identity. For a second
statement, let

Z— 2129 —Z3

(12.15) Tz = :
Z— 2329 — 21

Then clearly Tz = 0, Tzo = 1, Tz3 = co. If any of these points is co, we obtain the correct formula
by passing to the limit there. (|

Now define the cross ratio of four points.

Definition 15 (Cross ratio). The cross ratio of four points zg, z1, 22, 23 € Coo is defined as
20 — 21 k2 — X3

(12.16) [20: 21 : 29 23] = .
20 —R3 22— 21

Lemma 12. The cross ratio of any four distinct points is preserved under Mébius transformations.
Moreover, four distinct points lie on a circle if and only if their cross ratio is real.

Proof. Let 21, 2, z3 be distinct points and let T'z; = w; for j =1,2,3. Then

(12.17) et S B N

w— w3 W2 — W

defines a fractional linear transformation S; such that Sjw; = 0, Sjws = 1, and Sjwz = oco. On
the other hand,
(12.18) FTA 2T &

Z—Z3 29 — 21

defines a fractional linear transformation Sy such that Spz; = 0, Sgze = 1, and Syz3 = co. Further-
more, Sfl 0.5y defines a linear transformation mapping z; — w1, 2o — ws, 23 — w3. By uniqueness
of Mobius transformations, 51_1 0S8y =T. Furthermore, w =Tz = Sl_l 0 Spz, so Syw = Spz if and
only if Tw = z.
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The second statement follows from the first. Any circle is the image of the real line under a
Mobius transformation. But for any z1, 22, 23 € R,

20 — 21 2 — %3
(12.19) T
Z0 —R3 22 — Z1
is real if and only if zo is real. Indeed, if a and b are real, a # b, 2=} = (Z°|;0a|)2(_i2;b) =
|z0|2+ab7z0bfz’0a . . — : :
S P P Since a # b, and zg is not real, zob — Zpa has a non-zero imaginary part. g

Definition 16. Let z1, 29, z3 € T, where I' C C, is a circle. We say that z and z* are symmetric
relative to T if

(12.20) [Z7z1 722723 = [2" 121 22t 23],

If I' = R, then z* is the reflection of z across the real line. Now suppose that I' is a circle of
finite radius.

Lemma 13. LetI' = {|z — 29| = r}. Then for any z € Co,
2
(12.21) 2t = + 2.

zZ—2p

Proof. First let T' = {|z| = 1} be the circle of radius 1 centered at the origin. Then

. o _ _ 1
(12.22) [z121:22:zg]:[21211:221:231}:[5:31122:23}.
_ — — -1 _ 5 -1 _ 3 -1 _ 5 555 — [5.~,—1.,—1. -1

If |z1] = |22| = |23| =1, 2] =21, 25 =1Za2,25 =2%3,80 [Z121 %22 23 =[2:% %5 :25 |. By
direct computation,
(12.23) 2—2{1 z;l—zgl_é—zfl 29 — 23 ﬂ_ézl—l 22—z3_21*% 29 — 23

’ 2—z§1 z;l—zfl 2—251 22— 21 23 Zzz—1 29— 21 23—% 29 — 21
Therefore, [2: 27" 125" i 25" = [2: 21 1 200 23]

This implies that if z* = %, (12.20)) holds. Furthermore, if T is a dilation, Tz = rz, r > 0, then
by Lemma [I2] if z1, 22, 23 are points on the unit circle,

1 1
(12.24)  [Tz:Tz :Tz29:Tz3)=[z721 :22:23) == :21:20: 23] =[T(=) : Tzy : Tzo : Tz3).

z z
Now then, if w =rz =Tz,

2
(12.25) w =" =L =1
rZ  Z

On the other hand, if Tz = z + z is a translation, T'() = 1 4+ 25 = w*. O

Returning to maps that preserve the real line, if A is a real valued matrix, A € SI(2,R), then
L 4 preserves RU {oo}. We can also write Ly = L4,, where 4; € SI(2,R) and A € GI(2,R) and
det(A) > 0. Also,

(12.26) AeSI2,R)=Ls:U—U,
where

(12.27) U={z:Im(z) > 0}.
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Then for a,b,c,d € R, if z =z + iy,
az+b  (az+b)(cz+d) aclz]* +bd+ (ad+bc)xr . ad—be

12.28 = = .
( ) cz+d  (cz+d)(cz+d) lez + dJ? Z|cz+d|2y
Therefore, Ly = L_ 4, and
(12.29) PSI(2,R) = Si(2,R) /().

Now let ¢ be the fractional linear transformation
1
(12.30) o(z) = La,(2), Ag= (1 Z?) .
Then,
L _rtily—1) e Tty —1)?

12.31 _rhiy=2) 417
(12.31) elotiy) = )~ P Tl = e e
Therefore, |p(x + iy)| < 1 if and only if y < 0. Therefore,

(12.32) o:U—D, ¢:RU{cc} = S"=0D,
where D is the unit disk
(12.33) D={z:|z| <1}
Since ¢ is bijective on C U {0}, ¢ is bijective in (12.33). Therefore,
(12.34) May=Ly 41D D.
Then for A € SI(2,R),
_ 1 fla+d)yi—b+c (a—d)i+b+c a B
1_ - N
(12.35) Ao 20 ((a—d)i—b—c (a+d)i+b—c) \8 &)
Therefore,
(12.36) ApSI(2,R)AF" = {(g g) o = |82 =1} = SU(1,1).

Proposition 41. Given the groups SI(2,R) and SU(1,1), Si(2,R) acts transitively in U and
SU(1,1) acts transitively on D.

Proof. Take p=a+1ib € U. Then, L,(z) =bz+a = bwifif’/_zl% maps i to p. Given another ¢ € U,
L,,L;1 maps ¢ to p. The conjugation 4¢S1(2, R)Aal implies that transitivity on D is equivalent to
transitivity on U. O

Proposition 42. If f : D — D is a holomorphic diffeomorphism, then f = Lp for some B €
SU(1,1), then f = Lp for some B € SU(1,1). Therefore, if F : U — U 1is a holomorphic
diffeomorphism, then F = Ly for some A € SI(2,R).

Proof. Suppose f(0) =p € D. Then by Proposition there exists some By € SU(1,1) such that
Lg,(p) =0. Therefore, g = Lp, o f : D — D is a holomorphic diffeomorphism satisfying ¢g(0) = 0.
Therefore, h(z) = @ has a removable singularity at z = 0, as does ﬁ Also, as in the Schwarz
lemma,

(12.37) IMI <1, ==

z g(Z)‘ =t
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Therefore, |2 (Zz)| = 1 on D, which implies that @ is a constant function, hence g(z) = ¢z for some
le| = 1.
Therefore, g = Lp,, with

c 0
(12.38) By=a <0 1> .
Taking a = +c¢~'/2, B, € SU(1,1). Therefore, f = LBl—lB2 and the proof is complete. O

13. THE WINDING NUMBER

Let u(z) = log |z| be the harmonic function on C*. Recall that if we attempt to find the harmonic

conjugate of log|z| and we integrate on the curve 7,(t) = re®, do = —rsin(t)dt, dy = r cos(t)dt,
W — rsin(t) _ rcosf
Yy 2 o dx =2
2m
(13.1) j{fuydx + ugdy = / (sin?(t) + cos®(t))dt = 2m.
0

Remark 8. The differential form w = —X%dx + S5 dy pulls back to any circle as the form df. Even
though 6 is not well-defined on all of C*, but the differential d is.

Thus, the local primitive of % is log z, so integrating over a loop that encircles the origin once
creates a jump by 27. This fact motivates the definition of the winding number.

Lemma 14 (Winding number). Let «y : [0,1] — C be a closed curve. Then for any zo € C\~([0,1])
the integral

(13.2) n(7:70) = o / a

211 zZ— 2

is an integer, called the index or winding number of v relative to zg.
The winding number is a homotopy invariant relative to C\{zo}. It is constant on each connected
component of C\ v([0,1]) and vanishes on the unbounded component.

Proof. Suppose without loss of generality that zy = 0, and suppose v is an arbitrary continuous,
piecewise C! curve in C\ {0}, say,

(13.3) v :[0,1] = C\ {0}, A (t) = r(t)e®),
where 7(t) and 6(t) are continuous, piecewise O, real valued functions of ¢, and r(t) > 0. Then,
(13.4) V() = [ (t) +ir (1) (1)) ™.
Computing,
1. 1,

(135) eri /7 % - % . 1((;)) dt = % ; [:((f)) + 6/ (t)]dt.
Since r(0) = € = r(1)e?™M),

2m
(13.6) /0 Z((f; dt = logr(1) —logr(0) = 0,
and

1
(13.7) 7/0 0'(t) = 5.-16(1) ~ 6(0)] = n(7,0) € Z.
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Now suppose 7y and v; are smoothly homotopic in C\ {0}. Then,

(13.8) n(70,0) = n(71,0).
Indeed, if v5 is a smooth family of curves in C\ {0}, for 0 < s < 1, then
1
13.9 s,0)=— [ db,
(13.9) non0) =5 [

is a continuous function of s € [0, 1], taking values in Z. Hence it is constant.
Alternatively, to show constancy on components, observe that

d d d d 1
(13.10) = : :f ‘< _ - 77{ L ——]dz=0.
dzo J, 2z — 20 - (2 = 20) 5 dz 2 — 2o

To show that the winding number vanishes on the unbounded component take zy — oo in

dz
Yy z2—z0 "

Suppose 2 C C is a bounded domain with piecewise smooth boundary and f € C2%(Q) is holo-
morphic on 2, and nowhere zero on 0f). The number of zeros, counted with multiplicity, may be
expressed in terms of the behavior of f on 9Q. We say that p; € € is a zero of multiplicity &
provided,

(13.11) fOpj) =0, 0<i<k—1,  f®(p)#0.

Proposition 43. Under the hypotheses stated above, the number v(f,Y) of zeros of f in Q, counted
with multiplicity, is given by

1 f'(2)
13.12 v(f,Q) = —
( ) () 2mi Joq [f(2)
Proof. Let D; be small, disjoint disks around p; € 2. Then, by the Cauchy integral formula,

(13.13) L fE, L,

dz.

2mi Joq f(2) 2mi Jop,; f(2)
In a neighborhood Dj of pj,
(13.14) f(z) = (2= pj)™g(2),
with g(z) non-vanishing on D;. Therefore, on D;,
/ ) /

f) (z=p)  9(x)

Since % is holomorphic on Dj,

(13.16) L SE, ﬁ/ =
7]

211 Jop, fz) " 2mi D; # — Pj

O

Proposition @ has an interpretation in terms of winding numbers. Let C; denote the connected
components of 92, with proper orientation, and suppose C; is parameterized by ¢; : S — C.
Then,

(13.17) fowpj: 8t —C\{0}

parameterizes the image curve v, = f(C).



46 BENJAMIN DODSON

Proposition 44. With C; and v; as above,

1 flz), 1 dz
Proof. In general,
27
(13.19) / ROTE | e
and

w20) [ = [ ol G et = [ oS (it o

)

In particular, taking v(z) = %,
PG T o
/cj DT )y Fo W= [ Frgymy! et

- / "o oy () (03 (1))} (1)t = / =

J

(13.21)

Proposition 45 (Argument principle). If C; denote the connected components of OS2,
(13.22) v(£,Q) = n(y;,0), = f(C)).

J
That is, the total number of zeros of f in 2, counting multiplicity, is equal to the sum of the winding
numbers of f(C;) about 0.

Proof. For any Cj,

(13.23) L[ LB

2mi Jo, f(2)

dz =n(y;,0), v = f(Cy).
O

Many times, the right hand side is more readily calculable than the left hand side. For example,
a useful corollary to the above result is Rouche’s theorem.

Proposition 46 (Rouche’s theorem). Let f,g € C1(Q) be holomorphic in Q and nowhere zero on
0. Also assume that

(13.24) 1f(z) —g(2)| <|f(2),  Vzeon.
Then,
(13.25) v(f, Q) =v(g,Q).

Proof. Inequality (13.24) implies that f and g are smoothly homotopic as maps from 99 to C\ {0}.
Indeed, take

(13.26) fr(z) = f(z) = 7[f(2) —g(2)], O0<7<L
Therefore, f|c; and g|c, have the same winding numbers about 0, for each boundary component
C;. |
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Rouche’s theorem gives another proof of the fundamental theorem of algebra. Let
(13.27) f(z)=2", and 9(2) = 2" ¥ an_12""t + ... + ao.

For z sufficiently large, | f(z) —g(2)| < |f(z)|, and therefore, f and g have the same number of zeros
inside the disk {z : |z| < R}. It is clear that f has n zeros inside this disk, so g must have n zeros
as well.

Proposition 47. Suppose Q is as in Proposition and let f € CY(Q) be holomorphic on Q.
Suppose S C C is connected, and SN f(ON) = 0. Then,

(13.28) v(f—q,Q) is independent of g € S.
Proof. Define the function,
1 '(2)
13.29 (pqzyf—q,Q:—‘/ ———dz.
(13.29) (q) = v( ) =5 0 T~ 1
This function is a continuous function of ¢, so since ¢ : S — Z and S is connected, ¢ must be
constant. 0

Proposition 48 (Open mapping theorem). If Q C C is open and connected, and f : Q — C is
holomorphic and nonconstant, then f maps open sets to open sets.

Proof. Suppose p € Q and ¢ = f(p). Then we have a power series expansion
(oo}

(13.30) F)=F®)+ ) an(z—p)",
n==k

where ay # 0. Therefore, there exists a disk D,(p) such that f[p () is bounded away from gq.
Applying Proposition |47/ to S = D.(q) for some € > 0, for all ¢’ € D.(q),

(13.31) v(f =4, Dp(p)) = v(f = ¢, (p)) = k-
Therefore, such points ¢’ are contained in the range of f, and are hit exactly k times, counting
multiplicity. |

Proposition 49 (Hurwitz theorem). Assume f,, are holomorphic on each connected region Q and
fn — [ locally uniformly on Q. Assume each f, is nowhere vanishing in Q. Then f is either
nowhere vanishing or identically zero in €.

Proof. Since f,, — f locally uniformly, f is holomorphic on © and f; — f’ locally uniformly on €.
If f is not identically zero on €2, then the only zeros of f in ) are isolated. Let D be a disk in
for which f has zeros in D, but not in dD. Then f% — % locally uniformly on dD. By (13.12]),

1 fn(2)

(13.32) 27 oD fn(z)

dz =0, for all n.

Passing to the limit,

(13.33) v(f, D) = 2% /8D J;/((j; =0,

so f does not have any zeros in D. |
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14. THE GLOBAL FORM OF CAUCHY’S THEOREM
Let ¢ be a cycle. We say that z € ¢ if z lies on one of the curves that make up the cycle.

Definition 17. We say that a cycle in a region Q) is a zero—homologous cycle in §2, or relative to
Q, ifn(c;2) =0 for all z € C\ Q.

It is clear that a cycle homotopic to a point is homologous to zero. On the other hand, such a cycle
need not be homotopic to a point via a homotopy in €. For example, take the set @ = C\ {21, 22}
and the 0—homologous cycle be a figure—eight around z; and 25 followed by an outer wrap around
both points.

Theorem 16. Let ¢ be a 0—homologous cycle in 2. Then for any f € H(QY),
f(z)
14.1 ; =— ¢ —
(141) (e o) = 5 § L
for all zo € Q\ c. Conversely, if (14.1) holds for all f € H() and a fived zo € 2\ ¢, then c is a
0-homologous cycle in 2.

Proof. Define

f(2)=f(w) ;
(14.2) (2, w) = { it z#wel,

Flw) it r=weq.

By analyticity of f, ¢(z,w) is analytic in z and jointly continuous in z and w. The set

(14.3) ' ={zeC\c:nlc,z) =0},

is open. O

Theorem 17. Let ¢ be a 0-homologous cycle in . For any f € H(Q),

. _ f(z)
(14.4) n(c; z0)f(z0) = omi 07w dz
for all zo € Q\ c. Conversely, if (14.4) holds for all f € H(Q) and a fived z9 € 0\ ¢, then c is a
0-homologous cycle in Q.

i

Proof. Let
(14.5) ' ={zeC\c:n(c,z) =0}
The set £’ is open, QU Q' = C, 90 C . Let
§ o(z,w) if  2zeQ,
i ze ).
(146) o) = { $ 905, e

We show that g is well-defined and that g € ’H((C) Indeed, if z € Q,
(14.7) %q&(z,w % fw 7{ f(w dw 2mif(z)n(c z),
c —z

with n(c,z) =0 for all z € @' NQ.
The function g is holomorphic on €'. To show that g is holomorphic in €, let T' C € be a triangle

in Q. By Fubini’s theorem,

(14.8) fépg(z)dz = f}]{ujj(_w)zdwdz = ?{f(w)fér w 1_ P

dzdw = 0.
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Since g(z) — 0 as |z| — oo, then by Liouville’s theorem, g = 0 on C. Thus, for all z5 € 2\ ¢,

1 7]’(,2) dz.

2wt J. 2 — 2o
To prove the converse, fix z; € C\ Q. Then apply the left hand side of dj to f(z) = Z}ﬁ .
(14.10)

s 20)f(20) = 5 § eyt = Tyt Flm - o lde = fGantes o)~ f ol ).

2mi )z —21) 2mi z—20 zZ—21

Thus, n(c; z1) = 0. O

(14.9) n(c; z0) f(z0) =

Corollary 8. With ¢ and ) as in the previous theorem,

(14.11) j{f(z)dz =0,

for all f € H(Q). In particular, if Q is simply—connected, then (14.11|) holds for all cycles in Q and
feH().

Proof. For zy € )\ ¢, let h(z) = (2 — 20) f(2). Plugging h(z) into (14.4)),
(14.12) 0 =n(e;z0)h(z0) = ﬁ%f(z)dz

Now then, C\  is connected if and only if Q is simply connected. It is clear that

1 dz
14.13 120) = = —0 —
(14.13) ) =g f 0 e e

so if Q is simply connected then (14.13)) holds for all cycles in 2. Therefore, every cycle is 0—
homologous. O

Definition 18. If each closed curve from c1 is homotopic to exactly one closed curve from cq, then
we say that ¢y and co are homotopic.

Theorem 18. Let ¢c; and ca be two cycles in Q that are C' homotopic. Then,

(14.14) 74 F(2)dz = 74 F(2)dz,

for all f € H(Q). In particular, if ¢ is homotopic to a sum of points then § f(z)dz = 0 for all
feH().

This implies that the winding number is homotopy invariant. If a curve ¢ is O—homologous
relative to ) then any cycle homotopic to ¢ relative to €2 is also 0—homologous.

15. RESIDUE CALCULUS
Suppose f is holomorphic on an open set €2, except for isolated singularities at points p; € €.
Each p; is contained in a disk D; CC €2 on a neighborhood of which f has a Laurent series

oo

(15.1) )= Y an(p)(z—p)"

n=—oo
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Definition 19 (Residue). The coefficient a_1(p;) of (z—p;) ™" is called the residue of f at p; and
is denoted Resy, (f). Then

211

(15.2) Res,, (f) = i /{)D. f(z)dz.

If, in addition € is bounded, with piecewise smooth boundary, and f € C(Q,{p;}), assuming
{p;} is a finite set, then by the Cauchy integral formula,

(15.3) ., f(2)dz = EJ: /aDj f(2)dz = 2m§j:Respj(f)

Theorem 19 (Residue theorem). Suppose f € H(Q,{z;}]-,). If ¢ is a 0-homologous cycle in Q
which does not pass through any of the z;, then

J
(15.4) 57 7{f Zn ¢ zj)res(f;z;).
Jj=1

Proof. Let v; = n(c; z;) and define a new cycle
(15.5) d=c— Z ViYy, i (t) = zj + ce2Tit

Then n(c;w) =0 for all w € C\ Q and n(c’;2;) =0 for all 1 < j < J. Then (15.5)) follows from
Corollary O

The argument principle also holds for meromorphic functions. If f has a pole of order m; at
p;, then would give —m; for a disk of small radius around p;. If f is meromorphic on a
bounded domain 2, and C! in a neighborhood of Q. Then the number of zeros of f minus the
number of poles of f (counting multiplicity) in €2 is equal to the sum of the winding numbers of
f(C;) about 0, where the C; are connected components of 9.

Proposition 50. Let ¢ be a 0—homologous cycle relative to Q. If f € M(Q) is such that no zero
or pole of f lies on c, then

(15.6) n(foc0)= > nlgz)— Y. n(gQ),
2€Q:f(2)=0 CEQF(C)=00

where zeros and poles are counted with multiplicity.

Proof. By definition,

(15.7) n(foc0)= erzf{ %U - % ];”/((5)) *

If f(2) = (2 —20)"g(2) with n # 0, g(z0) # 0, and g € H(2), then

/

(15.8) res(f7;zo) =n.
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The residue formula has a number of applications. For example, we can compute

(15.9) / T _de

oo 1+ 227

The function f(z) = (1+22)~! is a meromorphic function, with simple poles at z = #i. The residue
at ¢ may be computed

1 1
15.1 li —3 =1 = .
(15.10) lim(z =9) 57 =lm — =5

Therefore, if v is a positively oriented contour that contains 4 in its interior, but not —i, then

1
15.11 —dz = .
(15.11) L22+1dz .

In particular, let vz denote the contour from —R to R, and then the semicircle Re??, where 0 <
0 < m. Then

(15.12) / ! dz = .
gt

R 22+
Then,
R . 1
SO
R
1 1
15.14 ——dr = —).
(15.14) [R1+x2x ™+ 0()

Taking R — oo,

(15.15) / ! de =T.

oo 1+ 22
We also know the antiderivative of H%’ which is arctan(z).
Next, consider the integral
< 1
(15.16) / dx.
oo L2t
The function H—ﬁ has four simple poles, at z = e'%, eiBTﬂ, ei%, and €7 . Since
(15.17) lim 2244 =2i, and lim 22 —i=—2i,
z—e'd et d
1 11 1 mi
(15.18) lim : = — =%

(15.19) lim , = — =

Therefore, for any vg,

(15.20) / L -
v
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Since
1 > 1
> 1 ™
15.22 ——dr = —.
(15.22) | =

The evaluation of Fourier transforms provides a rich source of examples to which to apply residue
calculus. For example, consider the problem of computing

[es] eiw&
(15.23) / da.

oo 1+ 22

This integral has simple poles at z = +i. Moreover, the residue at z =7 is ¢ and the residue at

21
.. 3
z=—1 18 —%. Then for £ > 0,

61’25
(15.24) / ——dz =me ",
TR 1+ Z2
Taking R — oo,
e} i€
e
— o=
(15.25) /_OC 1+x2dm—7re .
Making the same computation for £ < 0,
o] ez’xf
— ol
(15.26) /_OO 522 dx = me 5.

16. MORE RESIDUE THEOREM COMPUTATIONS USING ALGEBRA OF PATHS

Next, consider the Fourier transform

0o i€
(16.1) A= / ¢

———dx.
x
oo 2cosh Z

Take the integral over the the contour vy(z) = x + 27é. Then compute

_ 9
(16.2) 2 cosh ———* = —(e"? yem2/?) = 2 cosh(g).
The poles of m are exactly the points where cosh(3) =0, or e*/2 = —¢7#/2 50 then e* = —1,
2
z = im + i2n7. Therefore,
> g (z — i) iz€ —¢

e z—mi)e e
16.3 1 —2m¢ / —  dr=2mi lim - —9omi— = qe ¢,
(16.3)  (I4e™™) | 2eosh " T T AN Dcosh(Z) | smh(%)

Doing some algebra,

oo pixg T
16.4 dx = .
(16.4) /oo 2cosh § Y= Cosh €

Another example of this kind is the integral

oo ma
16. B = —d
(16.5) | e
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for some 0 < a < 1. Then define z® = r®*® for 0 < § < 27. Then 2® is holomorphic on C\ R*.

Moreover, (z +iy)® has distinct boundary values when x > 0 as y \, 0 and y 0. Then let v be

the curve going from 0 to Re® along the curve re’, followed by the counterclockwise circle from

Re’ to Re!?™=9) and then from Re’(?>"~9 to zero along the path 7¢*?7=¢) r going from R to 0.
Then for any R > 1,

(16.6)
2% . 2% . z* 2T oz 270 smie ino/2__3mia/2
‘/YR dez = 27TZR€SZ:Z'(m)+2ﬂ-2R68227i(W) = 272_6 2 —271_6 2 = 7T(€ / —e / )
Next,
2m—e a 0o
R%e . i6 a—1

Also, for any R > 0 fixed,

R o iea R a
(16.8) lim A — :/ L _d
0

O Jg 1+ r2e2ie 14+ 22

Meanwhile,
R ai(2n—e)a R o
1 re _ _ 2T €
(16‘9) - l{r(l) o Wdr = —e€ A 1+ a2 dz.
Therefore, taking R — oo,
(16.10) (1 — 2™ B = q(e™i/2 _ (3mia/2),
Doing some algebra,
0
16.11 =~

( ) 2cos(%)

Remark 9. Observe that when o = 0, (16.11) agrees with (15.15). Also note that taking the
derivative of (16.11)) when o = 0 yields

]
(16.12) / 98T 4z =0.
0

1+ 22
This fact was pointed out in class by Tyler Wunder.

It is also possible to use residue calculus to evaluate integrals of the form
(16.13) /027T R(cos 6, sin 0)d6.
Indeed, if we consider the curve y(6) = e?, then
(16.14) /R Lz 1,dz
ol

For example, consider the integral

(16.15) I(r)—/%de O<r<l
’ Jo 1—2rcosf+r?’ '

Then,

1 dz dz
16.16 I = — =1 .
( ) (r) /Wl—r(z—&—i)—&—ﬂiz Z[/rz2—(l+r2)z+r
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The polynomial p(z) = rz? — (1 + r?)z + r has two roots, r and . Then

(16.17) r2> —(1+r)z+r=r(z—r)(z— %)

Therefore, for 0 < r < 1,

7 1 dz 1
16.1 I = — Z9mi

where g(z) = (z — £)~*. Therefore,

2 1 21

(16.19) I(r)z—TT_l/T: —

for O<r<l1.

Now apply residue calculus to an integrand with a double pole. For example, consider the integral

e} ezm{
16.2 = —_— R.
(16.20) we)= [ gimp g
Then,
eiz&
(16.21) Resim = ¢'(i),
where
eifz
16.22 =
(16.22) 99 = o
Then,
(16.23) q'(i) = —%(1 +€)e ¢,
Therefore, when £ > 0,
8% T
= 1 —_— = - 75
(16.24) u(§) ngnoo /W i+ 22)2dz 5 (1+¢&)e ",
Therefore, since u(£) is an even function of ¢,
LS 0 _

It is also possible to use residue calculus to compute a class of infinite series.
Proposition 51. Let P(z) and Q(z) be polynomials of degree dg > dp + 2, and let
P(z)

Q2)
Let Zg = {z € C: Q(z) = 0}, and assume that none of these roots belong to Z. Then,

(16.26) f(z) =

(16.27) Z f(k)=—= Z Resy f(z) cotmz.

k=—o00 PEZqQ
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Proof. For N € N, take
1 1
(16.28) On ={z € C: |Re(?)] <N—|—§, [Im(z)] < N + 5}

There exists K < oo such that |cot(rz)| < K for all z € 9Qy, N € N. Indeed, sin(r(N + 1)) = 1.
Therefore,

(16.29) lim (2) cot mzdz = 0.
N—o00 aQN
Meanwhile,
(16.30) (2) cot(mz)dz = 2mi Z Res, f(z) cot(nz).
90N pE(QNNZ)UZq

The residue at k is given by
1

(16.31) Resy f(z) cotmz = — f(k), vk € Z.
T

Taking N — oo yields (16.27]). ([l
For example, if p is a simple root of Q(z), and p ¢ Z, then

P(p)
Q'(p)

(16.32) Res, f(z) cot(mz) = cot(mp).

Another example would be to take
1

Then,
(16.34) i L (Resin ST 4 Res 0 S2 )~ T coth(ra)
' L k2 +a2 “22 4+ a2 224402 a '

17. ANALYTIC CONTINUATION

In this section we will discuss the subject of analytic continuation. Functions such as the gamma
function and zeta function are defined on a subdomain of the complex plane by integral or series
representations.

We begin with the Gaussian integral,
(17.1) G(z) = / et

This integral is absoltely convergent, and for each z € C, G(z) is a continuous function of z.
Furthermore, if 7y is a closed curve on C, we can use Fubini’s theorem to prove

(17.2) /G(Z)dZZ/ /e*tmzdzdt:o,
¥ —oo Jy

by the Cauchy integral theorem. Therefore, G is holomorphic on C.
For z = x real, completing the square,

_ > —tPpty g, 2l > —(t—z)? =22 R _ 22
(17.3) G(z) = e dt =eT e T2 dt = e e " dt =\/meT.

— 00 — 0o
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Therefore, by Proposition

(17.4) G(z) = /meT, z€C.
2
In particular, G(iy) = /me™ T,
(17.5) / e TGt = \frem T y € R.

This shows that the Fourier transform of the Gaussian function is the Gaussian.

Now consider the Gamma function I'(z). If Re(z) > 0, then let

(17.6) I'(z) = /OOO e~ ft7 .

Once again, by Fubini’s theorem, I'(z) is holomorphic in the right half plane Re(z) > 0. Indeed,
observe that z + t*~! = exp((z — 1)logt) is an entire function for each ¢t > 0. Furthermore, if
x = Re(z),

(17.7) / |e*ttZ*1|dt=/ e " dt,
0 0

which converges absolutely. Now let v be a closed curve in {z € C : > 0}. Since 7 is a closed
curve, there exists some A > 1 such that « lies in {0 < Al <z < A}. By Fubini’s theorem, since
t*~! is analytic for any t > 0,

(17.8) // e*ttzfldtdz:/ e*t/tzfldzdt:().
v /0 0 ¥

Therefore, by Morera’s theorem I' is holomorphic in the right half plane.
Now then, integrating by parts, for any Re(z) > 0,

(17.9) I'(z+41) = 2I'(2).
Now then, integrating by parts, since Re(z) > 0,
oo oo d (oo}
(17.10) 2T(z) = / etz dt = / et —(t*)dt = / e "tFdt =T(z +1).
0 0 dt 0
Since the right hand side is defined for all Re(z) > —1, set
r 1

(17.11) I'(z) = Q, for all ~ Re(z) > —1.
Note that z = 0 is a pole of first order. Iterating this identity yields, with k£ > 0,

Nz+k+1)

17.12 I'(z) = for all R —k—1.

( ) (2) D) R or a e(z) >

This allows one to analytically continue I'(z) as a meromorphic function to all of C, and has simple

poles at {n € Z : n < 0} with residues (—711!)”.

At this point, it is fair to ask whether or not the definition of I'(z) given by is the only
such definition which is meromorphic on C with poles at {n € Z : n < 0}. To show that this is in
fact the case, we define a chain of disks along a continuous curve, and put analytic functions on the
disks that are continuations of one another.
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Definition 20. Suppose v : [0,1] — Q is a continuous curve inside a region Q). We say that
D; = D(v(t;),r;) CQ, 0<j <Jisachain of disks along v in Q if 0 =19 <t; <ty < ..<ty=1
and ’y([tj,tJH]) CD;jNDjyq forall0<j<N-—-1.

By uniform continuity of «y, there exists such a chain of disks along v in €.

Definition 21. Let : [0,1] — Q be a continuous curve inside Q). Suppose f € H(U) and g € H(V),
where U C Q and V' C Q are neighborhoods of p = v(0) and ¢ = v(1), respectively. We say that g
is an analytic continuation of f along ~y if there exists a chain of disks D; = D(v(t;),7;) along
in Q where 0 < j < J and f; € H(D;) such that f; = fj11 on D;NDjpq and fo=f and f7 =g
around p and q Tespectively.

Analytic continuation is unique where it exists, and does not depend on the chain of disks along
v, but only on ~ itself.

Lemma 15. The analytic continuation g of f along v depends only on f and v, but not on the
specific choice of the chain of circles. In particular, it is unique.

Proof. Suppose D; and Dy, are two different chains of disks along v with underlying partitions
{t;}/_, and {sp}{_,, respectively. Denote the chain of analytic functions defined on these disks by
fj and gk

Claim 1. For any j, k with tj_1 < s, < tj,
(17.13) fi = gr on  DjN Dy.
Applying this claim to the endpoint of v yields the desired uniqueness.

We prove the claim by induction. It is clearly true when j = k = 0. In general, if t;_; < s, <5,
then y(sx) € D;j_1 and y(sg) € D;. Therefore, by Propomtlon. fi—1 = gx on Dj 1 N Dy, implies
fi=gronD;N Dy. O

A special case of the analytic continuation lemma is the anti-derivative of f € H(2). Then,
locally around every point in ) there exists an anti-derivative, or primitive. Any such primitive
can be analytically continued along an arbitrary Cl—curve v : [0, 1] — Q by integration:

(17.14) F(z) = / F(O)dc,

where (1) = z and ~(0) = 2y is kept fixed. However, this need not lead to a global primitive
F € H(Q). For example, let @ = C\ {0} and f(z) = 1. On the other hand, we can obtain a global
F if Q is simply connected.

Theorem 20 (Monodromy theorem). Suppose vy and y; are two homotopic curves relative to some
region ) C C with the same initial point p and endpoint q. Let U be a neighborhood of p and assume
further that f € H(U) can be analytically continued along every curve of the homotopy. Then the
analytic continuation of f along v;, j = 0,1 agree locally around q.

Proof. Let H :[0,1]?> — Q be the homotopy between vy and ; that fixes the two endpoints. Thus,
H = H(t,s) where vo(t) = H(¢,0) and v1(¢) = H(¢,1), respectively. Let g, denote the continuation
of f along H(-,s) by gs.

Fix any so € [0,1] and suppose {D;}7_, is a chain of circles along 7,, with underlying partition
0=ty <ty <..<ty=1and functions f; on D; defining the analytic continuation of f along s, .
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Claim 2. Let D;(s) denote the largest disk centered at v(t;) which is contained in D;. There
exists € > 0 such that for all s € [0,1], |s — so| <€, the Dj(s) form a chain of disks along ~s.

By Lemmawe can use the same f; for all |s — sg| < €, so the g5 agree with g, locally around
q.

To prove the claim, we use uniform continuity of the homotopy H. O

Within a simply connected region, any two curves with the same initial and end points are
homotopic. Suppose for a simply connected region 2, and f is holomorphic on some disk included
in 2. Then suppose we may analytically continue f to any point in € along any path. Then, there
exists a necessarily unique, analytic function F' on  that agrees with f on the original disk. In
other words, if there is no local obstruction to analytic continuation anywhere in €2, then we may
obtain a global analytic function on €2 from the germ f.

For example, the logarithm may be defined on a simply connected domain.

Remark 10. Any domain 0 carries analytic functions which cannot be continued beyond any
portion of the boundary 0. Let {z, 52, be dense in O and define

(17.15) () = i gn_1

b
zZ— zZn

which is analytic on Q. A power series with finite and positive radius of convergence also cannot
be analytically continued across the entire circle of its convergence.

18. THE GAMMA FUNCTION
The Gamma function arises in the computation of the natural Laplace transform,
(18.1) fit)=t""1= Lf(s) =T(2)s 7,
for Re(z) > 0, with

(18.2) I'(z) = / et 1at, Re(z) > 0.
0
Indeed, by a change of variables, if Re(s) > 0,
(18.3) / et = s*z/ e S (st)*Lsdt = s7°T(2).
0 0
We may develop more properties for this special function. Observe that integrating by parts,
o0 o0 d
(18.4) I(z+1)= / et dt = 7/ —(e7Ht*dt = 2T(2).
Since I'(1) = 1, for any integer k > 1,
(18.5) Tk)y=(k-1)I'k-1)= (k-1

The integral (18.2)) converges for Re(z) > 0, so then by (18.4]), I'(2) is well defined for Re(z) > —1,
and using ((18.4)), T'(z) is meromorphic on {z : Re(z) > —1}, with a simple pole at z = 0. Iterating,
using ((18.4)), T'(z) can be extended to be meromorphic on C, with simple poles at z =0,—1,—2, ....

Proposition 52. For z € C\ Z, we have
™

(18.6) Tzl —2) =

sin(mz)’
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Proof. It suffices to establish the identity for 0 < Re(z) < 1. In this case,

(18.7) L(2)I(1— z) / / ~ls+t) =242 gt
Making the change of variables u = s +t, v =
(18.8) = / / e P (1 4 v)_ldudv = /00(1 +v) "t L.
Taking v = €*, the last iOnteg(lal is equal to ’
(18.9) /C>O (1+e") e da,
which is holomorphic on 0 < Re(z) < 1. Evaluating on the strip z = %—&—if, £ eR, by ,
e x ; ™
(18.10) = [w(Q Cosh(i))*le”fdx = cosh(7E)"
Since
™ ™
(18.11) sin(r(L +i€))  cosh(m€)’
Then by unique analytic continuation, the proof is complete. O

Remark 11. One could also use a contour integral to show that

(18.12) /ooxald T 0 < Re(a) < 1
. X = el .
0o l4+=z sin(rar)’

Corollary 9. The function I'(z) has no zeros, so ﬁ is an entire function.
Next, compute the following estimate.

Lemma 16. Forn > 4,
(18.13) 0<e"—(1--)"< =€, 0<t<n.

Proof. To show that e™¥ — (1 — y) > 0, observe that f(0) = 0 when f(y) = e ¥ — (1 —y), and
flly)=—e¥+1>0for0<y<1.
For the second inequality, using the Taylor series, write

(18.14) log(1— L) = nlog(1— Ly = 1 — x here x= ity
. - )" = ——)=—t— wher =—(=4+=—+...).
& n it n ’ n'2 3n
Therefore, (1 — £)" = e!=% so for 0 <t < n, since x — (1 —e™%) >0,

t
(18.15) el (1—)"=(1—-eX)e ! < Xe .
n

It is clear from (|18.14)) that X < % if ¢ < 5. On the other hand, if ¢ > n/2 and n > 4, then

t2/n>1,s0 et < (t?/n)e ", O
This fact yields the result of Euler,
Proposition 53. For Re(z) > 0, we have

1-2..-n
18.1 T'(z) =1 z .
(18.16) (2) = lim n Gt (z1n)
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Proof. For Re(z) > 0,

n t 1
18.17 [(z) = li 1— =)ttt = lim n* | (1—s)"s" 'ds.
(18.17) ()= Jm [a-5) Jm o [0 asas
Indeed,
(18.18)
o] n n t n t2
I'(z2) :/ e '*7ldt = lim e 't dt = lim [ [ (1— 7)”tz_1dt+0(/ —e 2 at)).
0 n—oo [ n—oo o n o n
The last term clearly goes to zero as n — co. Repeatedly integrating by parts,
1-2... 1
(18.19) [(z) = lim n® n / s n=1gs.
nooo  z(z4+1)---(z+n-—-1) Jy
O
Meanwhile, using (18.4]),
r 1 1 1-2.-.
(18.20) I'(z) = Le+1) = lim n*t!'= " , for Re(z) > —1.
z n—o0 z2(z+1)--(z+1+mn)

Therefore, (18.16) can be extended to Re(z) > —1, and one may use (18.4) to obtain further

extensions.

Rewriting (18.16]),
18.21 T(z) = lim n®2~ (1 +2) 1+ 2)" e (1+ 2)L
(18.21) ()= Jim w7 (14 2) 7 (1427 (14 D)
Now define the Euler constant

. 1 1

(18.22) F:nll)rréo(l+§+"'+ﬁ —logn).
Then (|18.21]) is equivalent to
(18.23) I(z) = lim e ettt (14 o) (14 %)*1.

This leads to the Euler product expansion
Proposition 54. For all z € C, we have
(18.24) L _ o ﬁ(l + Z)e=z/m,
I(z) n

n=1

Now then, observe that ﬁﬁ has the product expansion

(18.25) m _— 11(1 - %).

Since I'(2)I'(1 — and I'(1 — 2) = 2I'(—=2),

Z) = sinzr‘n'z)
o0 22
(18.26) sin(mz) =z [[(1 - 55).

2
n
n=1
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Next, observe that (18.6)) implies that I'(3)? = & Since I'(3) > 0, this means that I'(1) = /7.
Meanwhile, by a change of variables,

> 1 [~ 1.1
(18.27) / e de = 5/ e 'Vt = ZT(2) = ﬁ7
0

2 "2 2
0
. . . 1 _
which again gives I'(5) = /7. Now then, by 1D
1 1 3 1
(18.28) Ik + 5) =m(k— 5)(/g - 5) .. (5).

The area of a sphere may be computed by relating Gaussian integrals to the Gamma function.
Indeed, observe that

(18.29) / el dy = (/ e_g”zdx)” =7"/2,

— 00

On the other hand, using spherical polar coordinates and a change of variables,

oo 1 o
(18.30) / el = AH/ ey = 5Anfl/ et /2 1 dt,
n 0 0

The last integral is I'(%), so

(18.31) Ap_y =

The following is a useful representation of ﬁ

Proposition 55. Take p > 0 and let o be the path that goes from —oco — i0 to —p — i0, then
counterclockwise from —p — i0 to —p + i0 along the circle |(| = p, and then from —p + i0 to
—o0 +10. Then,

(18.32) 1“2(7:) = / eS¢*d¢,  VzeC.

Proof. Let I(z) denote the right hand side of (18.32). The right hand side is independent of the
choice of p, since (% = e~#(108(0)) is defined by a branch cut. Both sides are holomorphic in z € C,
so it suffices to establish the identity for z = x € (0,1). In this case, as p — 0, the contribution of
the circle integral vanishes, so at the limit,

271
I(x)
The last identity uses (|18.6]). |

(18.33) I(z) = / et e dt — / e 't e ™ dt = 2i(sin(rx))T(1 — x) =
0 0

Remark 12. Read the Legendre duplication formula appendix.

19. THE RIEMANN ZETA FUNCTION

The Riemann zeta function is defined by

(19.1) ¢(s) = ans, Re(s) > 1.
n=1

4

Special cases include ((2) = %2 and ((4) = 55.
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Proposition 56 (Euler’s product formula). Let {p; : j > 1} = {2,3,5, ...} denote the set of prime
numbers in N. Then for Re(s) > 1,

(19.2) ()= [T -p)"

Proof. Expanding out the right hand side of (19.2]),

(19 3)
ITo- = LL0wy 000 = 1+ZPJ T2 )T Y (Papipi) e
Jj=1 Jj=1 J1<J2 J1<j2<7Js
Then by the prime number theorem, ((19.3)) = (19.1)). O
From (19.1), as s \ 1, {(s) / 400, so therefore,
(19.4) [[a-»"=o0.
j=1

This gives the quantitative strengthening of Euler’s result that there are infinitely many primes,

since (|19.4) implies

1
19.5 —
(19.5) 25,
In fact, since z < log ﬁ < 2z,
=1
(19.6) logC Z — <log((s v s> 1.
1

Therefore, p; — oo somewhat faster than j, but as fast as j(log j)' T for some a > 0.
Also by the product formula,

(19.7) ¢(s) #0, for Re(s) > 1.

Proposition 57. The function ((s) extends to a meromorphic function on C, with one simple pole
at s =1. In fact,

(19.8) C(s) — —=

extends to an entire function of s.

First, relate the Riemann zeta function to the function

(19.9) gty =3 e

Indeed, by a change of variables,

(19.10) /oo Htdt = Zn*% *S/ e t5 Tt = C(28)m T (s).
0
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Using the Jacobi identity,

oo

1
19.11 77rl2 —nk? /‘r
(19.11) Z:OO = Z e
we have
1 (o9}
(19.12) —7'l'l2 \/> Z e—‘ﬂ'kz/t
l_—oo t
Therefore,
1l e 1_1\F SN 1_\f 1 1\f 1
(19.13) g(t) = 22_:00@ 5=3 tn;me 5=\ 795 5073
Now then, from (19.10)), for Re(s) > 1
o] 1 0
(19.14) r(g)fs/%(s) = / gt /> tdt = / g()t>/>7 dt + / g(t)ts/* L.
0 0 1
Using (19.13)),
1 1 [e'S)
1 1 1
(19.15) r(f)fs/%(s):/ (—7+7t’1/2)t5/2*1dt+/ g(f)ts/2’3/2dt+/ g(t)ts/*Lat.
2 o 22 o Nt .
Therefore,
1 1 *
(19.16) D(2)yr=s/2¢(s) = - = +/ [t5/2 + t1=9)/2)g (1)t L at.
2 s—1 s 1
Since g(t) < Ce™™ for t € [1,00), the integral on the right hand side of (19.16) defines an entire
function of s. Since ﬁ is entire, with simple zeros at s = 0, —2, —4, .... Therefore, ((s) is continued

as a meromorphic function on C with one simple pole at s = 1. Furthermore, F(%) =72 so j
is regular at s = 1.
Note that (|19.16]) is invariant upon replacing s by 1 — s. Therefore,

Proposition 58 (Riemann’s functional equation). For s # 1,

1—
(19.17) r(g)rs/%(s) = F(T‘S)fﬂ*s)/%a — ).
Remark 13. This formula is an important strengthening of (19.7)).
Proposition 59. For all real t # 0, (1 +it) # 0. Hence,

(19.18) C(s) #0, for Re(s) > 1

Lemma 17. Forallo >1,t € R,

(19.19) C(0)%¢(o +it)|[*|¢(o + 2it)| > 1.

Proof. Equation is equivalent to

(19.20) 3log (o) + 4Relog (o + it) + Relog(¢ + 2it) > 0.
Then by ,

(19.21) log{(s) = Z /1
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where P is the set of prime numbers in N. Therefore,
a(n)
19.22 1 = >0 fi .
( ) og ((s) nil et a(n) > 0, or any n

Therefore, the left hand side of m is given by

(19.23) Z Re 34 4n~ 4 p7 %),

Taking 6,, = tlogn,
(19.24) Re(3+4n~" +n=2") =3 + 4cosb, + cos20,, = 2 + 4cos b, + 2cos? 0, = 2(1 + cosf,,).
This term is > 0 for each n, which implies the lemma. ]

Proof of Proposition[59 Recall that since ¢(s)— ﬁ is an entire function, if ¢ # 0 and {(1+4t) = 0,
then

(19.25) lel\rnl % =('(1+1t).

Now then,

(19.26) 19.19) = ((0 — 1)4(@)%@)%@ — 1)¢(o + 2it)].
However,

(19.27) ;i\ml(a —1)¢(0) =1,

so if (|19.25)) holds, then (19.26) converges to zero as o \, 1, which contradicts (19.19). |

The trivial zeros of ((s) are the zeros at the points s € {—2,—4,..}. It also follows from
Proposition [59| that all the other zeros of {(s) lie in the critical strip

(19.28) Q={se€C:0< Re(s) <1}.
The Riemann hypothesis is the famous conjecture that all zeros in Q of {(s) lie on the critical line
{L+it:teR}.

Now then, we would like to prove a quantitative refinement of Proposition To do this, it is

useful to obtain a representation of ((s) that is valid beyond Re(s) > 1. Indeed, observe that for
Re(s) > 1

(19.29) OEDY ni - /Ooo = dv(x),

where
(19.30) v(z)=[z] =n, for x € [n,n+1).
The equation is a Stieltjes integral. Then for any N € N,
N1 =1 L1 > N1 >
()= —+ D E:ZEJF/N dv(r) =) —+ | aTdv(a)
(19.31) neh N =t =t



65

The last equality follows by integrating by parts. Now note that N ~*v(N) = N'~7*. Adding and
subtracting

(19.32) s/ 5 adr = LNl_s7

N s—1
for Re(s) > 1

N oz — [z Ni=s
1 . = —— .
(19.33) ¢(s) ;n s/N o —

The integral on the right hand side is holomorphic on Re(s) > 0, so
Proposition 60. For each N € N, the identity (19.33) holds for Re(s) > 0.

Proof. Both sides are holomorphic on {s € C : Re(s) > 0}, except for a pole at s = 1, and the
identity holds for Re(s) > 1. O

20. THE PRIME NUMBER THEOREM

Proposition 61. There exists K < oo such that

(20.1) C(s)] < Klogt, |¢'(s)] < K(logt)?,
fors=o+it,c>1,t>e.

Proof. If Re(s) > 2, then it follows from

o0
(20.2) ((s) =) _mn~
n=1

that |¢(s)| < ¢(2) and |{'(s)| < |¢’(2)|. Therefore, assume 1 < o < 2 and ¢ > e. In that case,

1 1
20. < t <2t -1 >t — < -
(203) <ort<n -l o<
Then by (|19.33)),

N N
1 e8] 1—0' 1 2% Nl—o‘
20.4 <Ny — 42t ~(othg — :
@04) <3 [ e =3 e
Now take N = [t] so that N <t < N 4 1 and log(n) < log(¢) if n < N. Therefore,
2t N +1 N'=2 N 1
. <2—— = ——.
(20.5) e S 2 N and ; NG
Therefore,
1
(20.6) () =00 ~)+0(1) = O(log N) + O(1) = O(log ).
n=1

To compute ¢'(s ) from (|19.33)),

"(s) = logn “x—[a] © x — [x] N1-s Nl-s
(20.7) ('(s) = —Z > +s/N — (logx)dx—/N —Tdr — ——(log N) - r—

Applying the above argument to ¢’(s) and picking up an extra factor of log N = O(logt) proves
the proposition. O

n=1
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Proposition 62. There is a constant C < co such that

L ost)7
(208) o) = Cliog)”

fors=oc+it,c>1,t>e.

Proof. For Re(s) > 1,

(20.9) SN i B ) € {—1,0.1).
Indeed, from ,
(20.10) L [1a- i)

so by the prime number theorem, (20.9) holds, where u(n) = 0 if n contains a square, otherwise
u(n) = (—1)™, where m is the number of prime factors of n. Therefore, for Re(s) > 2,

1 — 1
(20.11) C— Z =
Now suppose that o € [1,2] and ¢ > e. In this case, by (19.19)), for o > 1, t € R,

(20.12) s < C(@)*/ ¢ (o + 2it)| V1.

1
|C( +it)
Since (0 — 1)¢(0) is bounded for o € [1,2] and (o + 2it) = O(logt),

1 < (logt)'/4
[Clo+it)] = (o= 1)3/%
Equivalently, for 1 <o <2 and t > e,

(20.13)

' (U _ 1)3/4
20.14 t)| > B—5—.
(20.14) o+ > BE—s
Now take @ € (1,2). If 1 <o < a and t > ¢, by Proposition
(20.15) (o +it) — ((a+1it)] < / ¢ (u +it)|du < K (o — o) (logt)?,
so by the triangle inequality,
. . . . (Oé - 1)3/4 2
(20.16) [C(o +it)| > |C(a+it)] — |¢(o +it) — {(a+it)] > B~—L— — K(a — 1)(logt)*.
(log#)1 72
This estimate also holds for o € [a, 2] since (o — 1)3/% > (a — 1)3/4, so for any a € (1,2),
. (a— 1)3/4 2
(20.17) |¢(o +it)] > BW — K(a—1)(logt)?.
Choose
B 1
20.1 =1+ (=)
(20.18) =1+ ) Togip
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Clearly, a > 1. Also, there exists Ty > e such that a < 2 if « is given by (20.18)). Plugging (20.18])
into (20.16)), for all t > Tj,

(20.19) I¢(o +it)] > K(a—1)(logt)? = Vo € [1,2].

_C
(logt)™’
Therefore, 1) holds for all t > e, since ﬁ is holomorphic. [l

Corollary 10. There ezists C' < oo such that

(20.20) g((j)) | < C(logt)?,

fors=oc+it,o>1,t>e.

Now take the prime counting function
(20.21) n(z) =t{peP:p <z},
where P is the set of positive integers that are primes.

Theorem 21 (Prime number theorem). The prime counting function w(x) has the property that
x

(20.22) m(x) ~ Tog(@)’ as T — oo.

To prove this theorem, recall that for Re(s) > 1,

oo 1 0o
(20.23) log¢(s) = — Z log(l—p~ %) = Z %p_ks = / x=%dJ (z),
pEP pEP k=1 0
where
1

(20.24) J(x)=> Ew(xl/’“).

For each x, the sum contains at most log, x terms, so applying % to (20.23)),

(20.25) —g((;) = /0 " (log )= (x).
Then introduce ¥(z) so that
(20.26) dy(z) = (logx)dJ(x).
Equivalently,
(2027 v(o) = [ Qogn)ds ) = Goga)sw) - [T Way
Equivalently, dJ(z) = (@)dd)(z), S0
SN O B R .0
(20.28) () = /0 Eodbla) = o+ /0 Ty

Also by (20.26)), integrating by parts,

_Se) _ OO:FS x)=s h x)z " tdx
(20.29) o= [ e = [ i@,
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Proposition 63. If one shows that ¥ (x) ~ x as x — oo, it follows that J(x) ~ ez 05 T — 00.
This in turn implies the prime number theorem.

Proof. Suppose (z) = xz + E(x), where E(z) = o(z) as x — oo. Then by (20.28)),
x E(x) Tody /Oo 1 E(y) x
20.30 J(x) = — dy ~ .
(2030) (z) logz ' loga +/2 (logy)? )y Togy? y /" logw
To deduce the prime number theorem, observe that (20.24)) implies

(20.31) m(x) < J(z) < 7(x) + 7w (z'/?) Z % < w(x) + 7(z'/?) log(log, x).
1<k<log, ()
Since m(z'/?) < 21/2,
(20.32) J(z) — n(z) = O(z'/?log(log, x)).
O
Now bring in the function
(20.33) @) = [

Proposition 64. Let 1 : [0,00) — [0,00) be an increasing function and set 1 (x) = [ ¥(y)dy.
Taking B € (0,00), « € [1,00), then

(20.34) 1(x) ~ Bz®, as x — 00, = Y(z) ~ aBz* 1, as T — 00.
Therefore, to complete the proof of the prime number theorem, it suffices to show that

Proposition 65. The function i1 satisfies

(20.35) lim @) _ L

z—oo 2 2

Proof. Make the crude estimate v (z) < 222 log(x). Therefore,

(20.36) _Cgl((j)) = 8/100 Yy (2)r™ 5 de = s(s + 1) /100 Yy (z)x 5 2d.
Now then, for Re(s) > 1,
(20.37) /1 x”%dr = P
Therefore,
T I 1
(20.38) 5/1 (1- ;) x%dx = GoDsGr D)
Therefore,
1 ¢'(s) L [T(z) 1 1 s

(20.39) 78(8-1—1)(((8) +5—1)7/1 [ x2 75(175)2@ 4z,
is holomorphic in Re(s) > 0.

Now set

1 1

(20.40) a(@) = (1 21— D o).
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Making a change of variables, let x = e¥ and set s = 1+ 0 +it, 0 > 0, the right hand side of (20.39))
is given by

(20.41) / B(e¥)e Ve Wy, o> 0.

Since |®(z)| < Clog(2 + |z|),
(20.42) | (e¥)| < B(1+[y])“.

Also, since ®(e¥) =0 for y < 0, ®(e¥)e 7Y is integrable for each o > 0. For o > 0, rewrite the left
hand side as

1 (C’(S) 1 T
s(s+1)'¢(s) s—1 s=ltotit:

Lemma 18. There exists C' < oo such that for 0 >0, t € R,

(20.43) U, (t) =

(20.44) 0o (0)] < 5 o2 + 1)

Therefore, |¥,| is uniformly bounded by a function that is integrable on R. Moreover, (20.39))
gives

(20.45) U, (t) = / d(e¥)e Ve Wdy, Vo >0,

with the integrand supported on R*. Since ¥ is integrable in ¢, applying the Fourier inversion
formula,

1 (o)

(20.46) P(e¥)e Y = o U, (t)e¥dt.
™ —0o0
Passing to the limit o 0,
1 [ ,
(20.47) B(e¥) = ° / o (t)e'™dt.
a — 00

By the Riemann-Lebesgue lemma, ®(e¥) — 0 as y — oo, which is equivalent to ®(z) — 0 as
x — 00. Then by (20.40]), this proves the proposition. O

21. NORMAL FAMILIES

Suppose {2 is a locally compact metric space, that is, 2 is a metric space and each p € ) has a
closed neighborhood that is compact. Suppose S is a complete metric space and C(£2,.59) is the set
of continuous maps f:Q — S.

Definition 22 (Normal family). A subset F C C(£2,5) is a normal family with respect to (€, S)
if and only if every sequence f, € F has a locally uniformly convergent subsequence f,, — f €

c(Q, S).

Proposition 66 (Arzela-Ascoli theorem). Let X andY be compact metric spaces and fiz a modulus
of continuity w(d). Then

(21.1) Co ={f € C(X,Y) :d(f(2), f(y)) Sw(d(z,y)),  Va,ye X},

is a compact subset of C(X,Y), hence a normal family.
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The defining condition

(21.2) d(f(z), f(y) Swld(z,y)), Vz,yeX, [fEeF,
is called equicontinuity of F.

Proposition 67. Assume there exists a countable family {K;} of compact subsets of Q such that
any compact K C Q is contained in some finite union of K;. Consider a family F C C(£,5).
Suppose that for each j, there exist compact L; C S such that f : Kj — Lj; for all f € F and that
{flk, : f € F} is equicontinuous. Then F is a normal family.

Proof. Let f, be a sequence in F. By Proposition there is a uniformly convergent subsequence
fue : K1 — Ly. This has a further subsequence converging uniformly on K5, and so on, making a
diagonal argument. O

Proposition 68 (Montel’s little theorem). Let 2 C C be open. A family F of holomorphic functions
foa : @ = C is normal with respect to (2, C) if and only if this family is uniformly bounded on each
compact subset of ().

Proof. Write Q = U;D; for a countable family of closed disks D; C 2 and satisfy the hypotheses of
Proposition @ Suppose dist(z,08) > 2¢; > 0 for all z € Dj. Let the disk Dj be concentric with
D; and have radius €; greater. The local uniform bounds imply

(21'3) ‘fa| SAJ on Dj7 Vfa € F.

Therefore, by Cauchy’s estimate,

A _
(214) |fclx| < ?Jv on Dja vfoz e F.
J
Therefore,
A; _
(21.5) [fa(2) = falw)l < e —wl,  VzweDj  fa€F
J
The reverse implication is straightforward. (]

It is also possible to prove an analogue of Proposition [67] for meromorphic functions.

Theorem 22. Let F be a family of meromorphic functions in § such that for each zo € €, there
is a neighborhood U(zy) C Q and a constant M (zo) such that either
1

(21.6) |f(2)] < M(z0), or 7@ < M (zp), forall  zeU(z), feF.

Then F is normal.

Proof. If f(z) satisfies % < M (#p) in some neighborhood U (z), then by Propositionsand
f%(z) has a convergent subsequence that converges to g € H(Q). If g = 0, then f(z) is a function

that is identically co. Otherwise, f is a meromorphic function. |
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22. THE HYPERBOLIC PLANE AND THE POINCARE DISK

Mobius transformations give an important connection to geometry. Consider the half-plane
model of the hyperbolic plane given by

dx? + dy? dzdz
v (Im(2)

The subgroup of PSL(2,C) that preserves the upper half plane is precisely PSL(2,R). Indeed,

(22.1) H={z¢€C:Im(z) >0}, ds* =

az+b
H

22.2
( ) cz+d

preserves Roo =R U {0},

if and only if a,b,c,d € AR for some A € C*.

The group PSL(2,R) preserves the upper half-plane, whereas matrices with negative determi-
nant interchange the upper and lower half plane. The group PSL(2,R) operates transitively on H
and preserves the metric.

az+b N dwdw  dzdz
cz+d T (Im(w))?2  (Im(2))?

(22.3) w =
Since the metric does not depend on z, the vertical lines are geodesics. Now consider the stabilizer
of i, the Mobius transformations that fix 7. Thus,

az‘eri
ci+d

(22.4)
Then a = d and b = —c. Since a® +b*> =1, a + bi = ¢*’. But then

1 4

22.5 T'(0) = ——— = 7,

( ) ) (ci + d)?

acts as a rotation in the tangent space of H at zg = 7. This property carries over to other zg € H.
Since isometries preserve geodesics, the latter are precisely all circles that intersect the real line at
a right angle, with vertical lines counting as circles of infinite radius.

Theorem 23. Let T be a geodesic triangle with angles oy, as, ag. Then Area(T) = 7 — (a1 +
ag + a3).

Remark 14. This is a special case of the Gauss—Bonnet theorem.

Proof. Let us start with a geodesic triangle with exactly two vertices belonging to R,,. Suppose
without loss of generality that one vertex coincides with 1 and the projection of the second finite
vertex onto the real axis is xg. Then,

(22.6) Area(T / /OO dmdy / / _deos(9) =g =7 — Q.
y(@ \/1—962 /1 —cos?(¢
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23. THE RIEMANN MAPPING THEOREM

The Riemann mapping theorem proves that any simply connected domain is conformally equiv-
alent to the disk. Since the disk is simply connected and simple connectivity is homeomorphism
invariant, it is clear that imposing this condition is necessary. Furthermore, by Liouville’s theorem,
there can be no isomorphism from the disk onto C. Thus, the Riemann mapping theorem shows
that these well-known restrictions are the only restrictions.

Proposition 69. If Q) C C is simply connected and Q2 # C, then there is a holomorphic diffeomor-
phism f:Q — O, where O C C is a bounded, simply connected domain.

Proof. Choose p € C\ Q and define a holomorphic branch on 2 of

(23.1) g(z) = (= —p)'/>.

Now then, g is one-to-one on {2 and maps €2 diffeomorphically to a simply connected region Q that
has the property that z € Q implies that —z ¢ Q. Therefore, there is a disk D C C\ 2. Composing
with inversion across 0D gives the desired holomorphic diffeomorphism. (Il

Theorem 24. Assume 2 C C is a simply connected domain, and that Q # C. Then there exists a
holomorphic diffeomorphism

(23.2) f:Q=D
of Q onto the unit disk D = {z € C: |z| < 1}.

Recall that from Proposition the domain 2 is conformally equivalent to a bounded domain
in C, so suppose without loss of generality that ) is bounded. Fix p € Q.

Definition 23. Let F be the set of holomorphic maps g : 0 — D that have the following three
properties:

(1) g is one-to-one, univalent.
(2) g(p) =0,
(3) ¢'(p) > 0.
Observe that g being one-to-one implies that ¢’ is nowhere zero on Q. For 2 C C bounded,

b(z — p) belongs to F for b > 0 sufficiently small, so F is nonempty.
If R = dist(p,09), then the Cauchy integral formula implies

1
(23.3) l9'(p)| < = V9EF,
so set

(23.4) A=sup{g'(p): g € F},

and A < oo. Now choose g, € F such that g/, (p) — A as v — co. Since F is a normal family, there
exists a subsequence g, — f locally uniformly on 2, and

(23.5) f:Q—=D,

is holomorphic and satisfies

(23.6) fp)=0,  f(p)=A
Lemma 19. The function f in is one-to-one.
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Proof. Suppose there exist distinct 21,z € Q such that f(z1) = f(22) =w € D and let U C € be
a smoothly bounded region such that z1, zo € U and f(v) is disjoint from w, where v = 9U.

By the argument principle, f(v) winds twice around w. However, each g, (v) winds only once
around w, so since g, — f uniformly on ~, this is a contradiction. O

Lemma 20. The function f in (23.5) is onto.

Proof. Let O = f(Q) and suppose that O is not all of D. In other words, for some ¢ € D, O C D
is open and simply connected, 0 € O, ¢ € D, but ¢ ¢ O.
Now define the Koebe transformation

(23.7) K=Kopg,:0—=D.
First define F': O — D by

_ A7 4 _
(23.8) F(z) = i pq(2).
For any |b] < 1,
-b e?—yp e —p
23.9 0)=—=-b — = —
(23.9) wo(0) = ~ S e e

so therefore ¢, : D — D. Also note that ¢,(b) = 0. Since ¢y, is a fractional linear transformation,
p is one-to-one and onto.

Furthermore, ¢,(z) # 0 for z € O, so since O is simply connected, there is a holomorphic
function F on O that satisfies , once one specifies F(0) = (—¢q)'/2.

Now define K in by
F'(0
(23.10) k() = o e ().

Observe that ¢, (b) = 0 for any b € D, so K(0) = 0.

Proposition 70. The Koebe transformation is one-to-one and satisfies K(0) =0 and K'(0) > 1.

Given Proposition we have the following proof of Lemma If f is not onto in D, then
O = f(Q) C D satisfies O C D is open and simply connected, 0 € O, and ¢ € D but ¢ ¢ O for
some q¢ € D. Then

(23.11) g=Kof:Q—D,

is one-to-one, g(p) = 0, since f(p) = 0 and K(0) = 0, and by the chain rule,

(23.12) g'(p) = K'(0)f'(p) = K'(0)A > A.

This contradicts (23.4)), which implies Lemma O

Proof of Proposition[T0 It is straightforward that K is one-to-one. Next,

(2313) k') = o ol (PGNP ),

and therefore,

(23.14) K'(0) = [F"(0) |0y (£(0))-
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Therefore, for b € D,

1— |b)? 1
(23.15) op(2) = (ll_)z|)27 SO @y (b) = TP Pp(0) =1 — [b]?,
SO
F'(0)]
23.16 K'(0) = — O
(23.16) O =T rop
Next, by (23.8),
1 ~ ©q(2)
/ _ - 1/2 1 _ rq

(23.17) F'(2) = 5q(2)7 /7 (2) 2P ()’
SO

1— 2 1— 2
(23.18) F(0) = 1214 _1-l

= |F'(0)| = ,
ar0) O e
since |F(0)| = |q|'/2. Therefore,

L—]g* 1 1+ q|
23.19 K'(0) = . = .
(23:19) 0= S To7q = g
Therefore,
1— |q|1/2)2
23.20 K'(0)=1 <7 > 1.
( ) (0) + STRE

Remark 15. Read the remarks at the end of section 5.4 of [Tay19].

Let the f in the above theorem be denoted a Riemann map. This Riemann map is unique once
we require f(zp) = 0 and f'(z0) > 0 for some fixed zy € Q. Now consider the boundary behavior of
a Riemann map.

Definition 24. We say that zg € 90 is regular provided there exists ro(zo) such that, for all
O<r< 7’0(2’0),

(23.21) QN{ze€C:|z—2| =71} ={20+7e?:0,(r) <0< 0s(r)},

for some 01(r) < 63(r), which are continuous in r. That is, 0D(zo,r) is an arc for r > 0 small.
We say that Q is reqular provided all points of 02 are regular.

Theorem 25. Suppose ) is bounded, simply—connected, and regular. Then any conformal homeo-
morphism as in Theorem extends to a homeomorphism  — D.

Proof. Let f:Q — D be a Riemann map.
Claim 3. lim,_,,, f(z) exists for all zg € IR, the limit being taken from within 2.

Proof of Claim. If this fails for some zy € 9f, there exist sequences {z,}52; and {(,}52, in
converging to zg and such that

(2322) f(Zn) — W1, f(Cn) — W2, w1 # Wy € oD.



75

Let 1 be a continuous curve that connects the points {f(2,)}52; and let 72 be a continuous curve
that connects the points {f(¢,)}32,. Now let n; = f~* o~;. The n; are continuous curves both
converging to zgp. Let

(23.23) zr € 0D(z0,7) N1y, ¢r € 0D(20,7) N2
By regularity of zg, there exists an arc ¢, C QN ID(zp,r) with

(23.24) f(zr) = f(G) = /f
Thus,

02(r) ] 02(r) 4
(23.25)  |f(z) = F(GHIP < | / f'(2)dz]” < ( / | (re?®)|rdf)? < 2mr /9 | (re’®)|?rdo.

01(r) 1(r)
Dividing by r and integrating over 0 < r < ro(zp),

ro(20)
(23.26) /0 |f(z) — T(Q)|2% < 27r//Q |f'(2)|Pdady = 27 Area(D) < oco.

This contradicts the fact that f(z,) — wy and f((,) — w2, where wy # wy. Therefore, lim,_, ., f(z)
does exist. 0

Letting F(z0) = lim,_,., f(2), F : Q@ — D defines a continuous extension of f. To see why F'
is continuous, if it were not, there would have to exist some zy € 992 and a sequence z, € 9 so
that F(z,) does not converge to F(zp) as n — oo. However, this would imply that there exist
zl € Q, 2z, — zp, but f(z],) does not converge to F(z9). However, this contradicts the fact that
lim, ., f(z) exists.

Finally, since D is regular, and any sequence z, € 2 converging to zy € 92 can be connected
by a continuous curve inside {2 (using the continuity of 61(r) and 62(r)), we can apply the same

argument to f~!. Therefore, f~! extends to a continuous map G : D — Q. Since F o G = idp and
G o F = idg, the proof is complete. O

The same statement applies to unbounded €2. In that case, we can regard (2 as a region in C,
and call oo regular if 0 is regular for Q7! = {71 : 2 € Q}.

Lemma 21. Any region Q2 C C so that Q is a C'-manifold with boundary and corners is regular.
This means that for every zy € O there exists a C'—diffeomorphism ¢ of a neighborhood U of zg
onto a disk D(0,r1) for some r1 = r1(20) > 0 and such that

(23.27) dQNU) = {re” :0<r<r,0<60 <6, <2r}.

One example of such regions are polygons. In that case the conformal maps are given by the
Schwarz—Christoffel formulas. For example, the map

dg
takes the upper half plane onto the half-strip
(23.29) {z€ C:Re(z) >0,0 < Im(z) <},
where 0 and 1 are mapped to the two finite vertices of the half-strip. Similarly,
(23.30) Zl—>/0 C1/2(<_1)1/2(<_2)1/2d(, Im(z) > 0,
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maps the upper half plane onto a rectangle with 0, 1, and 2 mapped onto three of the vertices and
the fourth vertex being the image of co. The square roots (z —a)'/? here are defined to be positive
when z > a and to take the upper half plane to itself.

24. INFINITE PRODUCTS

In addition to represented holomorphic functions as an infinite sum of functions, it is also useful
to represent a function as an infinite product of functions.
First, consider the product of numbers

(24.1) ﬁ 1+ ak

Disregarding the case when a = —1 for some k, convergence of Hi\il(l +ag) as M — oo amounts
to the convergence of

N
(24.2) lim (1+ax) =1, uniformly in N > M.

M—o0

In particular, we require ar — 0 as k — oo.
Writing out the product

N N
(243) (1+ak) =1+ Z aj+ Z Aj, Qjy +..+ap--an,
k=M j=M M<j1<j2<N
N N
(24.4) [T +an) =11 < [T @+ laxl) -
k=M k=M
Now then,
N
(24.5) log H (14 |ag]) = Z log(1 + |ax).
k=M =

Since z > 0 implies log(1 + x) z,and 0 <z <1 1mphes log(l +x) > 3,

(24.6) - Z lag| < log H (1+]ax]) < Z |ag.

k: M k=M

Therefore, limp;_ o0 HkN:M(l + |ak]) = 1 uniformly for N > M, if and only if ZkN:M lax| — 0
uniformly in M — oo.
Another consequence is the following,

(24.7) If 14a,#0, forall k  then Z\ak\<oo:>H1+ak7éO
k=1

Now replace the sequence (ax) of complex numbers by a sequence (fx) of holomorphic functions.

Proposition 71. Let fi : Q@ — C be holomorphic. Assume that for each compact set K C () there
exist My (K) such that

(24.8) sup | fi(2)] < My (K), and ZMk(K < oo
zeEK



s

Then we have a convergent infinite product

(24.9) [T+ (2) = Fz).
k=1
In fact,
(24.10) H(l + fx(2)) = F(2), as n — 0o,

k=1
uniformly on compact subsets of Q). Therefore, F is holomorphic on Q. If zg € Q and 1+ fr(z0) # 0
for all k, then F(zp) # 0.

Now assume that fx, gr : @ — C are holomorphic, and assume in addition that supy |gx| <
M, (K). Then one has the convergent infinite product

oo

(24.11) [T +a(2) = G2,

k=1
with G holomorphic on €. Now then,
(24.12) (1 + fe(2) (1 + g (2)) = 1+ fi(2) + gk(2) + [ (2)gr(2),
(24.13) | fe(2) + gr(2) + fe(2)gr(2)] < 2My(K) + My (K)?.
Therefore,
(24.14) [T +h(z)) = H=),

k=1

is a convergent infinite product, with H(z) holomorphic on Q. Moreover, for any n,

n

(24.15) [T+ () +gk(2) = [T+ fo(2) - JTQ + gx(2)),
k=1 k=1

k=1

so therefore,
(24.16) F(2)G(z) = H(2).

Consider the infinite product

o0 22
(24.17) S(z) =z - ﬁ)
k=1

If K is contained in the set {z : |z| < R}, My(K) < k27 so S(z) is holomorphic on all of C.
Furthermore, S(z) = 0 if and only if z € Z. Also, all zeros of S(z) are simple.
A familiar function which has the same zeros as S(z) is sin(wz). Since

(24.18) lim S()

z2—0 2

compare S(z) to

(24.19) s(z) = - sin(mz).
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Lemma 22. For S(z) as in (24.17),
(24.20) S(z—1)=-5(2).

Proof. Since S(z) = limy,_,00 Sy (2), where

Suz) ==~z ==[a- D+
(24.21) " . . k=t k=t
— I 5 = e nG - nt b= e )
k=1 ’

Plugging in z — 1,

(=™ z—n—1

24.22 1) = 1) (z—n)--- _9 1=

@12) S, D= TR 1o n) b= - ) = T )
Taking n — oo,

(24.23) S(z—1)=-5(z).

(|
Since sin(w(z — 1)) = —sin(nz), s(z — 1) = —s(z). Now take
1 1

24.24 = — .

(24.24) 6= 55~ 59

This function is holomorphic on C\ Z and satisfies f(z — 1) = —f(z). Furthermore,

(24.25) S(z) = zH(z), s(z) = zh(z),
with H and h holomorphic on C, with H(0) = h(0) = 1. Therefore, on some neighborhood O of 0,

1 1
24.2 =1 A — =1
Consequently, on O\ 0,
1 1 1 1
(24.27) — (14 zA(2)) (14 za(z)) = A(z) — a(z).

S)  s(z) = Tz
Thus, f(z) has a removable singularity at z = 0, setting f(0) = A(0) — a(0). Setting f(—k) =

(—1)*[A(0) — a(0)] for each k € Z,

(24.28) f:C—=C, holomorphic.
Lemma 23. We have f(z) — 0 as |z| = oo, uniformly on the set
(24.29) {z € C:0< Re(z) <1}.
Proof. Since

(24.30) sin(x + iy) = %(e‘y“x — eV,
|sin(z + iy)| — oo as |y| — co. Meanwhile, for S(z),

(24.31) |1—/§\21+y2k_2x2 z1+y2kgl,

so |Re(z)| <1 and |Im(z)| > 1 implies |S(z)| > |z|. Therefore, |S(z)] — oo as |z| — oo. O
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Therefore, f(z) is bounded. Since f is holomorphic on C, f is constant. Finally, since f(z) — 0
as |z| = 00, 0 < Re(z) <1, f(z) =0. Therefore,

Proposition 72. For z € C,
(24.32) sinmz =mz- [J(1- 7).

25. MORE INFINITE PRODUCTS

Now we seek a holomorphic function f(z) that has zeros that precisely are N = {1,2,3,...}, all
simple. We cannot take

(25.1) [Ta-2).
k>1
because fails to satisfy (24.8)) for fi(2) = —%. This can be fixed by taking
(25.2) Gz)=JJa- z)ez/k.
k=1
Indeed, writing out the Taylor expansion of e*/*,
95 3 zlzoolzj 122 Z =127
5. 1-2 z —y =124 0-5HY =2
(25.3) (=7 +k+;j!k1) Eha k);j!kf
Therefore,
z
(25.4) |fr(2)] < O|%|27

for |z| < k. Therefore,
(25.5) G(z) =0, keN,

and all zeros of G(z) are simple.

Remark 16.
(25.6) S(z) = 2G(2)G(—=2).

Write

n k‘
I _ My z/k
(25.7) G(z) = nh_)ngo Gn(2), Gn(z) = kl:[l(l Z)e .
Then,
z 1 1—-=2 n—z 1
25. —(1=2)--(1 = D)+t 3) — p e 24 )
(55)  Gu2)=(-2) (1= LI
. —z k+1—(z—1

Since kk = %,
(25.9) Go(z) = ——1 G (z—1)e (il)

' s —p—1 " ka:lk;'
Therefore,

-1

(25.10) Gnlz) = —— Gz —1)e.
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At the limit, v, — -y, where ~y is the Euler constant
1
(25.11) nl;ngoz = —log(n+1).
k=1
The constant « is called Euler’s constant.
The factor (1 — z)e* is the first in a sequence of factors that figure into more general infinite
product expansions. Let F(z,0) =1 — z, and for p € N,

(25.12) E(z,p) = (1 — 2)exp( zp: %
k=1

Since log 72~ = 377, %

ok
(25.13) log E(z,p) Z ?,
for |z| < 1. Therefore,
(25.14) E(z,p) — 1= 0.
Indeed, by direct computation,

d 22 2P

(25.15) a(le(z,p)) :z”exp(z+5+...+;).

This function has a power series whose coefficients are all > 0. Therefore, the same also holds for
the holomorphic function,

Therefore, sup,<1 [p(2)] = ¢(1) = 1.
Proposition 73. Let z; be a sequence in C\ 0. Assume that |zi| — oo, and furthermore that

(25.17) >z TP < oo,

for some p € Z>y. Then

z
(25.18) f& =11 B(_p);

k
converges locally uniformly to a holomorphic function on C. The zeros of f are precisely the points
zk. The multiplicity of the zero w of f is equal to the number of k’s such that zx = w.

There are some examples for which E(z,2) plays a role. Choose a, § € C which are linearly
independent over R, and consider the lattice

(25.19) I'={ma+nB:m,neZ}cCC.

Then consider

(25.20) Hiz)=z [] E(gﬂ).
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By (25.14),

z |2°
. — = < (C——=
(25.21) EC2)=1+46),  IfEI<O0E
and since
(25.22) > w7 < o0,
weA\0

the product (25.20]) defines a holomorphic function.

Lemma 24. Let (z;) be a sequence in C\{0}. Assume |z| — oo and that py, € Z" has the property
that

(25.23) YISt <o, VE>0.
k1 ok
Then the product
z
(25.24) 7o) = [T B pe).
1 ok

converges locally uniformly on C to a holomorphic function whose zeros are given by zj.

Proof. By (25.14), if |z| < |z,
(25.25) B(=pr) — 1] < [ [P+
Zk 2k
Since |zx| — 00, R < |z for all but finitely many k. O
The product on the right hand side of (25.24)) is called a Weierstrass product.

Proposition 74 (Weierstrass product theorem). If (z) is a sequence in C such that |z| — oo,
then there exists an entire function f with {z} as its set of zeros, counted with multiplicity.

Proof. Ouly finitely many z;, are zero, let’s say m, so that |z;| > 0 for K > m+ 1. For R > 0, there
exists K > m such that |z;| > 2R for each k > K. Therefore,

o0

z
(25.26) DI el
k=m+1 K

converges uniformly on {z : |z| < R}. Therefore, by Lemma

m z

2k
k>m+1

converges. 0O

We can also prove the Weierstrass factorization theorem for entire functions.

Proposition 75. Let f : C — C be entire and not identically zero. Let f have a zero of order m at
z =0, and let (zx) be the sequence of other zeros of f, counted with multiplicity. Then there exist
pr € N and a holomorphic function h : C — C such that

(25.28) f(z) = M=) m H E(i,pk).
ks1 ok

Here, py; can be any sequence for which (25.23)) holds.
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Proof. By Proposition we have a holomorphic function with the required set of zeros, call it

g(z). This means that g 8 is an entire function that is nowhere vanishing, and thus has the form

") for some entire function h(z). O

Remark 17. Read pages 104-105 of [Tay19] at home.
26. FOURIER SERIES AND THE POISSON INTEGRAL
Let f: S' — C be an integrable function. Identifying S' with T = R/(27Z), we desire to write

(26.1) fO)= 3 fk)er.

k=—o00

If f is written in the form 1) where f (k) converges in some sense, using

(26.2) 2i edh =0, if  1#0, 1, it =0,
™ —T
then
~ 1 ™ .
(26.3) k) =5 / f(0)e"*0dp.

The series in || is called the Fourier series of f. If f is given by 1) and 1D holds, lj

is called the Fourier inversion formula.
For 0 <r <1, set

(26.4) J.f(0) = i f(ke)r!Fl ko,
k=—oc0

Since

(26.5) fwl < o2 [ 15,

so the series (26.4) is absolutely convergent for each r € [0,1). By Fubini’s theorem,

(26.6) Jf(0)= > flk)rMe? = ;Tk-zoork /4 eik(a*el)f(ﬁ’)dﬂ’:él F(0)pr(0 —0)do',

k=—o0
where
(26.7)
1 «— , 1 = , : 1 1 1 1 1—r?
L (0) = — |k|zk9:71 k ik6 k,—ikO0\] _ — : 1l = — )
pr(0) 2771@770071 ¢ 271'[ —|—I;(r et 27r[1—re“’ 1—re= ] 21 1 — 2rcos + r?

Both the numerator and denominator of p,.(6) are positive, so p,.(6) > 0 for each r € [0,1). Also,

_ 1 " k| ik6 _
(26.8) /SlpT(G)dG— %/ > rlkletkodg = 1,

and p,.(0) = 0asr ~1if e # 1.
Proposition 76. If f € C(S1), then
(26.9) Jof=f uniformly on St as r /1.
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Proof. Since f is continuous on S* and S! is compact, f is uniformly continuously on S*. Therefore,
there exists some 0 > 0 such that if |6 — 6’| < &, |f(0) — f(¢')| < e. Therefore,
(26.10)

[r@wo-o= [ om0 |

[0—0"|<6

FO)—F(0)]p, (0—0)d0' + / F(0)p, (9—0')d6'.

[0—0"|>6

The first integral converges to f(6), and the second two converge to zero, uniformly as r /1. O

Proposition 77. Assume f € C(S'). If the Fourier coefficients form a summable series,

o0

(26.11) > 1)) < o,

k=—oc0
then the identity (26.1) holds for each 6 € S*.
Proof. If 3, |ax| < oo, then

S i Mg, —

(26.12) Zk: ap = 9,= }1}111 Xk: r®lag = 5.

To see this, observe that for any fixed &, (26.12)) holds. Therefore, choose N (¢) sufficiently large so
that >, |ax| < €, so the proof is complete. O

Condition (26.11]) holds for piecewise C? functions that are continuous on S'. Integrating by
parts,

(26.13) k) = % /_ f(e)%%(e—ike)de.
Therefore,
(26.14) 1 < 5o [ 17 @),

Taking a second derivative and integrating by parts, \f(k)| < ﬁ ffﬂ | (0)|d6.

Proposition 78. Let f be continuous and piecewise C2 on S*. Then |f (k)| < kTC-;-l

Given f € C(S1), let us say

(26.15) feAS) e |fk) < oo
:
Proposition 79. Given f € A(S!),
(26.16) SIfwE =5, [ e,
More generally, if g € A(SY), then
(26.17) S F03 = 5= [ f0)a.
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Proof. By Fubini’s theorem,

1 — 1 BT (- 2iNT
o18) 5o [ 5@ =5 [ S FGFRe I 4 = S k)30,
2 St 2w St Tk &
O
Define the L? norm of f,
1
(26.19) 191 = 55 [ 17(@)Pds
m™Jst1
This space is an inner product space, where the inner product is given by
1 __
(26.20) (f,9)1= = o (0)g(6)do.
m™Jst
Thus, if f € A(S?), (26.16) states that
(26.21) DU EP =172,
and (26.17) states that
(26.22) > fk)ak) = (f,9)r2-

The [2 norm on sequences can be defined by the inner product ((26.22). Both the L? norm and I?
norm are Banach norms, and satisfy the triangle inequality.
Now consider a general square integrable function f on S', f need not lie in A(S*). Let

(26.23) Snf= > f(k)e*.
|k|<N

Then split

(26.24) f=S~nf+RnN/[.

By (26.23),

(26.25) (f,Snf)r2 = (Snf, SN f) L2,

SO

(26.26) (Snf,Rnf)r2 =0.

Equivalently,

(26.27) 1£Z2 = 1SN flIZ2 + [IBN flIZ2 > 1SN fIIZe-

Proposition 80. Let f, f, be square integrable on S*. Assume

(26.28) Jim |[f = fullL2 =0,

and for each v,

(26.29) Am I fo = Snfullrz =0.

Then

(26.30) lim ||f — Snflr2=0.
N—oo
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In this case,

(26.31) 11172 =Y 1F (k).

Proof. The limit may be proved by splitting

(26.32) If = Snfllez < IIf = follez + 11fu — Snfullee + 1SN (f — f)ll Lz

Since ||Sn f||2: = 2oikl<N | (k) 2, also holds. O
For f € C(S"), Proposition [76] implies that J,.f —f uniformly as r 1. Since f, € A(S),

(26.33) fec(SHY=8xf—f in L% IR =117

Using Lebesgue integration, one may go further, and prove
Proposition 81. Given f € L*(SY), there exists f, € C(S') such that f, — f in L2

Proposition 82. If (f,) is a Cauchy sequence in L?, there exists f € L? such that f, — f in the
L? norm.

The Fourier series connects with the theory of harmonic functions. Taking z = re®?,

oo o0

(26.34) T f(0) =" fk)z" + > f(—k)Z*.

k=0 k=1
Rewriting this as
(26.35) (PIf)(2) = (PL, f)(z) + (PI_f)(2),

PI is the sum of a holomorphic function and a conjugate holomorphic function. For |w| = 1 and
2] <1,

(26.36) 1—2rcos(6 —0") +r% =|w— 2|2,
SO

_ 1z f(w)
(26.37) PIf(z) = o /51 o — Z|2ds(w).

Applying this fact to the Dirichlet boundary value problem,

Proposition 83. If D C C is an open disk and f € C(9D) is given, there exists a unique u €
C(D)N C?(D) satisfying

(26.38) Au=0 on D, ulop = f.
Remark 18. Read pages 148, 149, 150 of [Tay19|.

27. THE FOURIER TRANSFORM

Suppose f is a function that is integrable on R, that is,

(27.1) mm®:/ |F(@))dz < .

Then define the Fourier transform of f to be

(27.2) f&) = F16) = = / T @ dn,  ccR,
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and set

(27.3) Ff(€) = \/% [ h f(x)e ™ da.

Proposition 84. If f is integrable on R, then f is bounded and continuous on R.

Proof. Since [e"*¢| = 1,

27.4 )|dex.
ey o< 7 1)
Then for € > 0, there exists N(e) < oo such that
(27.5) / f(2)|de < e.
|z|>N

Therefore, for £,n € R,

. . N
(27.6) |f(&) = f(n)] §26+E”f”L1(]R)|£*T7|;
which proves continuity of f (€), since € > 0 is arbitrary. |

The Fourier inversion formula asserts that

1 * QT
(27.7) f@) = <= / fleeas

depending on the nature of f. For € > 0, set

(27.8) Jof(x E)e~ € e e

m/f

Then for f € L'(R), by Fubini’s theorem,

(27.9) //f eV dydg = / f)He(z — y)dy,

where

1 o0 2, . 1 2
27.10 Ho(z) = 7/ o—eEiint ge _ oo e
( ) (@) 21 ) ¢ Ve

Proposition 85. Assume f is integrable on R. Then

(27.11) Jef(x) = f(2),
whenever f is continuous at x. If, in additon, [ is continuous on R and f(x) — 0 as |z| = oo,

then Jcf(x) — f(z) uniformly on R.

Corollary 11. Assume that f is bounded and continuous on R, and that f andf are integrable on
R. Then (27.7) holds for all z € R.

Proof. If f € L*(R), then f is bounded and continuous. If f € L' also holds, then f*f is also
continuous. Furthermore, since F*f € L!,

(27.12) Jof(x) — F* f(x), as e— 0.

Therefore, f(z) = F* f(x). O
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Now set
(27.13) A(R) = {f € L*(R) : f is bounded and continuous, feL*(R)}.

As in the case of the Fourier series, Integrating by parts,

(27.14) \/% /jo 9 (z)e™ 8 de = (i€)7 f(€),
SO
(27.15) Cs(R) C A(R).

28. L? FUNCTIONS AND INNER PRODUCT SPACES

We now attempt to show that the Fourier transform on A(R) has a continuous extension to
L?(R). Consider functions in LP(R). For example, L*(R) functions are the general class of such
functions is the class of Lebesgue measurable functions for which (27.1)) holds. We say that f; ~ fa
if fi = f» almost everywhere. The space of L' functions satisfies the triangle inequality,

(28.1) If +gller < Il + Mgl

We say that f, — f in L if || f, — f|lz» — 0. The L' functions are a complete metric space.

Proposition 86. (1) Given f € L*(R) and k € N, there exist f,, € C¥(R) such that f, — f in L'.
(2) If (f,) is a Cauchy sequence in L'(R), there exists f € L*(R) such that f, — f in L.

Next, consider the L? norm

(282 1% = [ 17@)Pds <.
The L? norm satisfies the triangle inequality

(28.3) 1f+gllcz < I fllzz + llgll L=
This follows from the fact that

(28.4) £z = (f, f)r2,
where

(28.5) (fohe = | falglods

Proposition 87. (1) Given f € L*(R) and k € N, there ezist f,, € CE(R) such that f, — f in L?.
(2) If (f,) is a Cauchy sequence in L*(R), there exists f € L*(R) such that f, — f in L2

Since f € L', then the Fourier inversion formula holds for all f € A(R). It follows from this that
fe AR) = f € A(R). Also, note that

(28.6) AR) C L*(R),
since
(287 113 = [ @)l < spls@- [ If@lde < =l flal e

Checking (27.2)) and [27.3), if f,g € A(R),

(28.8) (Ffr9) = (f,F"9)-
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Then by Corollary

(28.9) f.9€ AR) = (Ff,Fg) = (F"Ff.9) = (f9)

The same holds with F replaced by F*. Therefore, for f € A(R),

(28.10) IFflZ2 = IF* fllz2 = Ifll72-

Proposition 88. The maps F and F* have unique continuous linear extensions from
(28.11) F,F*: AR) — AR),

to

(28.12) F,F*: L*(R) — L*(R),

with the identities

(28.13) FFf=f  FFf=F]

The identities (28.10) also hold for any f € L*(R).

Proof. By Proposition there exists a sequence f, € A(R) such that f, — f in L?. Then by
, Ff, is a Cauchy sequence in L?(R), and therefore, Ff, converges in L?. Label the limit
F f. This limit is independent of the choice of f,, since for a different sequence f,, || f, — fullLz = 0
as i, v — oo. Furthermore,

(28.14) IFfu = FFllie, 1F* fu = F* fllzz — 0.

|
In particular, Proposition [8§ implies
(28.15) Xrmrf—f i L2 as R — oo.
Proposition 89. Define Si by
R

(28.16) Snf(@) == [ fleesi.

Then

(28.17) feL*R)= Spf — f, in  L*(R),

as R — oo.

Proposition 90. There is the inclusion

(28.18) Cy(R) C A(R).

Proof. This follows from the fact that if g = f’, then

(28.19) (&) = i&f (&)

Then use the Cauchy—Schwartz inequality. O

Proposition 91. Let f, € A(R) and f € C(R) N LY(R). Assume that
(28.20) fo—=f i LY and  ||flln <A,
for some A < co. Then f € AR).
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Proof. Since f, — f in L%, f,, — f uniformly on R. Therefore, for each R < oo,

R ~ A
(28.21) / Fo6) — F(€)lde 0,
-R
SO
R ~
(28.22) / F©)de < A,
-R
for any R < oo. ]

Let V' be a complex vector space, that is, a space on which

(28.23) frgeV=f+geV,
and
(28.24) a€C, feV=afeV

Moreover, the commutative, associative, and distributive properties must hold.
(28.25) f+ag=g9+1, (f+9)+h=[f+(g+h), f+0=1, f+(=f)=0,

for multiplication by scalars,

(28.26) a(bf) = (ab)f, L-f=1
and
(28.27) a(f+9)=af+ag,  (a+b)f =af +bf.

An inner product on a complex vector space V assigns to elements f, g € V the quantity (f,g) € C
in a fashion that obeys three rules:

(a1f1 +azf2,9) = a1(f1,9) + a2(f2,9),

(28.28) (f,9) = (9: /),
(f, f) >0, unless f=0.

For example,

(25.29) (19) = 5= [ £O)a0a0

defines an inner product on C(S'). Similarly,
(25.30) (fo)= | fagloids

defines an inner product on A(R).
Another example is to let [ consist of sequences (ax)rez such that

(28.31) D anl* < o

k=—o0

There the inner product is given by

o0

(28.32) ((an), (b)) = D arbs.

k=—o0
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Definition 25 (Norm). A norm on a vector space V is a function f — || f]| satisfying,

(28.33) lafl =lallfl, a€C, — feV,
(28.34) 71l >0, unless f=0,
and which satisfies the triangle inequality,
(28.35) If+ gl <A1+ lgll
A norm on a vector space V makes V' a metric space. Indeed, for any f,g € V, define
(28.36) d(f,9) = Ilf —gll-
Then clearly, d(f,g) = d(g, f), and d(f,g) = 0 if and only if f = g. Finally,
(28.37) d(f,n) = f =l < If = gl + llg — bl = d(f,9) + d(g, h).

Theorem 26. An inner product space is a metric space.

Proof. Define the norm

(28.38) 1= v/ (£5 F)-

It is straightforward to verify that (28.28) implies that (28.33]) and (28.34)) hold. To prove that the
triangle inequality holds, observe that

(28.39) I +gl? = 1£1% + llgl? + 2Re(f, 9).-
Therefore, the triangle inequality is equivalent to showing
(28.40) Re(f,9) < [Iflllgll-
Indeed, since 0 < ||f — g||?,
(28.41) 1 = gll* = IfII* = 2Re(f, 9) + llg]* = 0,
implies that
(28.42) 2Re(f,9) < | fII” + llgll*.
Next, multiplying f by ¢t and ¢ by %,
1

(28.43) 2Re(f,9) < E[IfI* + 5llgll*.
Minimizing the right hand side of (28.43|) over all ¢ > 0, take t? = M. Then,
(28.44) Re(f,9) < [flllgll-

O

In fact,

Proposition 92. For any inner product on a vector space V,
(28.45) Ll <Ifllgl, VgV
Proof. Multiplying f by some €, (f,g) is real and positive, so (28.44) implies
(28.46) [l < gl

O

Definition 26. An inner product space V' is called a Hilbert space if it is a complete metric space.
The completion of both C(S') and A(R) is the L? space.
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29. LAPLACE TRANSFORMS AND MELLIN TRANSFORMS

Suppose f: RT — C that is integrable on [0, R] for all R < co and satisfies
(29.1) /000 |f(t)|e”*dt < oo, Ya > A,
for some —oco < A < 0o. Then define the Laplace transform of f by
(29.2) Lf(s) = /000 f(t)e stdt, Re(s) > A.

This integral is absolutely convergent for all s in the half plane H4 = {z € C : Re(z) > A}, and
defines a continuous function

(29.3) Lf:Hy— C.
Also, if v is a closed curve in H 4, we can change the order of integration to see that
(29.4) /Ef(s)ds = // f(t)e stdtds :/ /f(t)e_“dsdt =0.
v v 70 0 v
Therefore, by Morera’s theorem, Lf is holomorphic on H 4. Also,
d
(29.5) ﬁﬁf(s) = Lg(s), where g(t) = —tf(t).
Meanwhile, if f € C'([0,00)) and fooo |f/(t)|e”%dt < oo for all @ > A, then integrating by parts,
(29.6) Lf'(s) = / e St f'(t)dt = sLf(s) — f(0).
0
Making a similar calculation for higher order derivatives,
(29.7) LfF(s) =s"Lf(s)—s"1F(0) — ... — fE1(0).
Therefore, if f satisfies an ODE of the form
(29.8) en fO () + ena fOTV(W) 4 a0 f (1) = (1),
for t > 0, with initial data
(29.9) £(0) = ag, ... f"7(0) = an_1,
then
(20.10) p(S)LS(5) = Lg(s) +a(s),
where
(29.11) p(s) = cps"™ + ... + co, q(s) = cpags" ' + ...+ an_1) + ... + crao.

Therefore, if all the roots of p(s) satisfy Re(s) < B,
Lg(s) +q(s)
p(s)

We are therefore motivated to seek an inverse Laplace transform. This can be obtained by
relating the Laplace transform to the Fourier transform. Indeed, if (29.1)) holds and B > A, then

(29.12) Lf(s) = , s € He, C = max{A, B}.

(29.13) Lf(B+ i) = /e*Bte*“gf(t)dt = V2mp(¢),
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where
(29.14) o(x) = f(x)e B, x>0, p(x) =0, z <0.
Now then, since
(20.15) o)== [ plensas
V21 ) o
(29.16) ft) = 62—?: /_Z Lf(B+i¢)etd¢ = ;ilﬁf(s)e“ds,

where v is the vertical line y(§) = B + £, —o00 < £ < 0.
Proposition 93. If f1 and fo are integrable on [0, R] for all R < co and satisfy (29.1)), then

(29.17) Lf1(s) = Lfa(s), Vs € Hy = f1 = fo, on  RT.
Proof. By (29.17)), L(f1 — f2) =0 for all s € H4. Since Lf(s) is analytic on Ha, L(f1 — f2) =0
everywhere. O

Next introduce the Mellin transform.
(29.18) {(z) = / f)r=tat.
0

This function is defined and holomorphic on A < Re(z) < B, provided f(¢)t*~! is integrable for
real z € (A, B). Making a change of variables,

(29.19) Mf(z) = / T b e es .
For 0 € (A, B), for 2 on the imaginary axis, h
(20.20) M = [ s an= [ peessan
Using the Fourier inversion formula, 0 -
(2021 fe) = 5 [ en@e s
0
(20.22) =5 [ @
Also, by Plancherel’s theorem,
(2029 | ireran= o [ ssopas

so by a change of variables,

DO 21 L[ 2
(29.24) |1 = oo [ s P
0 T J -0
We can also treat n x n first order systems of differential equations of the form

(29.25) f&)=Kft)+g(t),  f(0)=a,
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where K is an n x n matrix. Let e’® denote the matrix exponential

(o9}

1 . .
tK __
(29.26) e =" ﬁtJKJ.
j=0
Let Ex(t) = et¥. Then
(29.27) Ex(s) :/ ee=sta,
0

which is valid whenever Re(s) > || K]|.
Assuming that g and f have Laplace transforms,

(29.28) sLf(s) —a=KLf(s)+ Lg(s),
(29.29) Lf(s) = (s — K) Ya+ Lg(s)).

Therefore, it remains to identify the right hand side of (29.29)) as the Laplace transform of a function.
First observe that

(29.30) LEk(s) = (s — K)™*.
Indeed, by the fundamental theorem of calculus,
T
(29.31) L/ e that =1 - TE
0
so if L satisfies |[e7*X|| < ce™% for all £ > 0, then fOT e tEdt = L~!. Taking L = sI — K,
(29.32) [ oD || = et R etR
so therefore,
(29.33) (sI — K) 'a = L(Ega)(s).
Now let f * g denote the convolution
t
(29.34) f*g(t)= / flr)g(t —7)dr.
0
Then,
(29.35) L(f*g)(s) = Lf(s) Ly(s),
since
oo t oo [e3}
(29.36) / e s / f(D)g(t —1)drdt = / e S f(t)dt - / e "g(r)dr.
0 0 0 0
Therefore,
(29.37) (sI — K)"'Lg(s) = L(Ek * g)(s),
where

(29.38) Exk xg(t) = /0 Ex(t—7)g(r)dr = /0 e(tiT)Kg(T)dT.
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This gives Duhamel’s formula,
t
(29.39) ft)=eTa+ / K (1) dr.
0
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