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1. The complex plane C

The field C of complex numbers is obtained by adjoining i to the field R of real numbers, and
is a complete, algebraically closed field. The concept of completeness arises in real analysis. One
can easily obtain polynomials whose coefficients lie in the field of rational numbers Q, but whose
solutions do not lie in Q. Take for example the equation

(1.1) x2 = 2.

It is a well known fact that
√
2 is not a rational number, although the coefficients of (1.1) are

integers. However, it is easy to show using Newton’s method that
√
2 is the limit of a sequence of

rational numbers. Therefore, the real numbers R are defined to be the completion of the field of
rational numbers, and R is a complete field.

Definition 1. A space is called complete if every Cauchy sequence converges. That is, if {zn}∞n=1 is
a sequence such that for any ϵ > 0 there exists N(ϵ) <∞ where m,n ≥ N(ϵ) implies |zn − zm| < ϵ.

This is not the end of the story, however, since it is still possible to obtain a polynomial whose
coefficients lie in the field of real numbers, but whose solutions do not lie in R. Consider the
equation

(1.2) x2 = −1.

Since x2 ≥ 0 for every real number, (1.2) does not have any solutions in R. Therefore, define i to
be the number satisfying i2 = −1, and let C be the numbers of the form

(1.3) z = x+ iy, x, y ∈ R, x = Re(z), y = Im(z).

The complex conjugate of z is z̄ = x− iy, and we have |z|2 = zz̄. Indeed,

(1.4) (x+ iy)(x− iy) = x2 + ixy − ixy + y2 = x2 + y2,

which is the usual square of the length of a vector by the Pythagorean theorem.
The complex field easily inherits completeness from R under the topology induced by the

Pythagorean theorem. Indeed, every Cauchy sequence in R converging implies that every Cauchy
sequence in C converges under the norm |z|. Let zn = xn + iyn and z = x + iy. Then zn → z if
and only if xn → x in R and yn → y in R. Similarly, {zn}∞n=1 is Cauchy in C if and only if {xn}∞n=1

and {yn}∞n=1 are Cauchy sequences in R. Thus, C is a complete field.

More generally, let z1 = x1 + iy1 and z2 = x2 + iy2. Then,

(1.5) z1 + z2 = (x1 + x2) + i(y1 + y2), and z1z2 = x1x2 − y1y2 + i(x1y2 + x2y1).

Thus, the complex plane C is closed under multiplication and addition. These operations obey
the commutative, associative, and distributive properties. Moreover, (1.4) implies that if z ̸= 0,
1
z = z̄

|z|2 .

Returning to the Cartesian plane, it is possible to assign polar coordinates (r, θ) to z. By
definition, r = |z| and z = r(cos θ + i sin θ). Thus,

(1.6) z1z2 = |z1||z2|(cos(θ1 + θ2) + i sin(θ1 + θ2)).

This reveals the remarkable fact that complex numbers are multiplied by multiplying their lengths
and adding their angles. In particular, |z1z2| = |z1||z2|.
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The group of complex numbers can be represented by a two dimensional algebra of commuting
matrices. Observe that for c ∈ R, the operation c : v 7→ cv is represented by the dilation matrix

(1.7)

(
c 0
0 c

)
.

Next, the action of i on x+ iy is given by i(x+ iy) = −y + ix, which is a ninety degree clockwise
rotation, given by the matrix

(1.8) J =

(
0 −1
1 0

)
.

Lemma 1. A matrix commutes with (1.8) if and only if it is of the form

(1.9)

(
a −b
b a

)
.

Proof. By direct calculation,

(1.10)

(
0 −1
1 0

)(
a b
c d

)(
0 1
−1 0

)
=

(
d −c
−b a

)
.

Therefore, a matrix commutes with (1.8) if and only if a = d and b = −c. □

By the distributive property, (1.7), and (1.8), a+ ib can be represented by the matrix

(1.11)

(
a −b
b a

)
.

Indeed,

(1.12)

(
a −b
b a

)(
x
y

)
=

(
ax− by
bx+ ay

)
,

which corresponds to

(1.13) (a+ ib)(x+ iy) = (ax− by) + i(ay + bx).

Furthermore, since the column vectors in (1.9) are the vectors

(1.14)

(
a
b

)
and

(
0 −1
1 0

)(
a
b

)
,

(1.15)

(
a −b
b a

)(
x −y
y x

)
=

(
ax− by −bx− ay
bx+ ay ax− by

)
,

so the algebra of matrices of the form (1.9) corresponds to the algebra of complex numbers of the
form a+ ib.

The norm |z| also obeys the triangle inequality.

Proposition 1 (Triangle inequality).

(1.16) |z + w| ≤ |z|+ |w|.
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Proof. Calculating directly,

(1.17) z + w = z̄ + w̄, zw = z̄w̄,

which implies that

(1.18) |zw|2 = zwz̄w̄ = |z|2|w|2.
Therefore,

(1.19) |z + w|2 = (z + w)(z̄ + w̄) = |z|2 + |w|2 + zw̄ + z̄w ≤ (|z|+ |w|)2,
which implies (1.16). □

Remark 1. Note that zw̄ + z̄w is guaranteed to be a real number since

(1.20) 2Re(z) = z + z̄, and 2Im(z) = z − z̄.

Remark 2. By standard properties of limits, (1.3), and (1.4), if zn → z in C and wn → w in C,
then zn + wn → z + w and znwn → zw in C.

The fact that C is algebraically closed follows from the fundamental theorem of algebra.

Theorem 1 (Fundamental theorem of algebra). If p(z) is a non-constant polynomial with complex
coefficients, then p(z) must have a complex root.

Proof. Suppose that for some n ≥ 1,

(1.21) p(z) = anz
n + ...+ a1z + a0, an ̸= 0, aj ∈ C ∀0 ≤ j ≤ n.

Therefore, as |z| → ∞,

(1.22) p(z) = anz
n(1 +O(z−1)),

which implies that

(1.23) lim
|z|→∞

|p(z)| = ∞,

so there exists 0 < R <∞ such that

(1.24) inf
|z|>R

|p(z)| > |p(0)|,

and therefore,

(1.25) inf
|z|≤R

|p(z)| = inf
z∈C

|p(z)|.

Since p is continuous, there exists z0 ∈ DR which satisfies

(1.26) |p(z0)| = inf
z∈C

|p(z)|,

where DR refers to the disk of radius R, DR = {z ∈ C : |z| ≤ R}.

Lemma 2. If p(z) is a non-constant polynomial and (1.26) holds, then p(z0) = 0.

Proof. Suppose by contradiction that p(z0) = a ̸= 0. Since a polynomial in z can easily be rewritten
as a polynomial of the same degree in (z − z0) for any z0 ∈ C,
(1.27) p(z0 + ζ) = a+ q(ζ), ζ = z − z0,

where q is a non-constant polynomial of order n. Therefore, for some k ≥ 1, b ̸= 0,

(1.28) q(ζ) = bζk + ...+ bnζ
n.
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The term bζk dominates the behavior of q(ζ) for |ζ| small,

(1.29) q(ζ) = bζk +O(ζk+1), as ζ → 0.

Therefore, take S1 = {ω : |ω| = 1}. For any fixed ω ∈ S1,

(1.30) p(z0 + ϵω) = a+ bωkϵk +O(ϵk+1), as ϵ↘ 0.

Since a ̸= 0 and b ̸= 0, choose ω ∈ S1 such that

(1.31)
b

|b|
ωk = − a

|a|
.

Then,

(1.32) p(z0 + ϵω) = a(1− | b
a
|ϵk) +O(ϵk+1),

which contradicts the minimality of p(z0) when ϵ > 0 is sufficiently small. □

Therefore, p(z) has the root p(z0) = 0. □

Rewriting p(z) as a polynomial of order n in (z − z0), since p(z0) = 0,

(1.33) p(z) = an(z − z0)
n + ...+ ã1(z − z0).

Dividing p(z) by (z − z0) gives a polynomial of order n − 1. Using Theorem 1 and arguing by
induction implies that p(z) has n roots in C.

2. Holomorphic, analytic, and conformal functions

Suppose f is defined on the open set Ω ⊂ C. Let Ω ⊂ C be an open set. A set is called open if
for all z0 ∈ Ω, there exists ϵ0 > 0 such that

(2.1) Dϵ0(z0) = {z : |z − z0| < ϵ0} ⊂ Ω.

There are two relevant notions of derivative that will be discussed here.

Definition 2. Let f : Ω → C.

(1) We say that f ∈ C1(Ω) if there exists df , a continuous 2 × 2 matrix valued function, such
that

(2.2) f(z + h) = f(z) + df(z)(h) + r(z, h), ∀z, z + h ∈ Ω,

(2.3) lim
h→0

r(z, h)

|h|
= 0,

where df(z)(h) is the matrix df(z) acting on the vector h.

(2) We say that f is holomorphic on Ω if

(2.4) f ′(z) = lim
w→z

f(w)− f(z)

w − z
,

exists for all z ∈ Ω and is continuous on Ω. We denote this by f ∈ H(Ω). A function f ∈ H(C) is
called entire.
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Therefore, holomorphic functions are precisely those functions in C1(Ω) in the sense of (1) for
which the differential df(z) acts as a linear map via multiplication by a complex number.

Let f : R2 → R2 be a differentiable function, f(x, y) =

(
u(x, y)
v(x, y)

)
. It is known from multivariable

calculus that if f is differentiable,

(2.5) Df(x, y) =

(
∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

)
,

and furthermore,

(2.6) f(x0 + h1, y0 + h2) = f(x0, y0) +Df(x0, y0)

(
h1
h2

)
+ o(h).

Comparing (1.15) to (2.6) yields a number of important facts about holomorphic functions.

Proposition 2 (Cauchy–Riemann equations). If f : Ω → C is holomorphic, then ∂f
∂x and ∂f

∂y exist

and are continuous on Ω, and

(2.7)
∂f

∂x
=

1

i

∂f

∂y
= f ′(z).

Proposition 3. If f : Ω → C is C1 and ∂f
∂x = 1

i
∂f
∂y , then f is holomorphic.

Proof. Propositions 2 and 3 follow from (1.11). □

Proposition 4. If f ∈ C1(Ω), then f is holomorphic if and only if for all z ∈ Ω, Df(z) and J
commute.

Proof. This follows from (1.10) and (2.6). □

The Cauchy–Riemann equations are equivalent to the property that

(2.8) df =

(
∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

)
= ρA,

where ρ ≥ 0 and A ∈ SO(2,R). In other words, at each point where a holomorphic function has a
non–vanishing derivative, df is a conformal matrix: it preserves angles and the orientations between
vectors. Conversely, if f ∈ C1(Ω) has the property that df is proportional to a rotation matrix
everywhere in Ω, then f ∈ H(Ω).

Definition 3. A function f ∈ C1(Ω) is called conformal if df ̸= 0 in Ω and df preserves the angle
and orientation at each point.

Remark 3. The holomorphic functions are precisely those functions which are conformal at all
points for which df ̸= 0.

Remark 4. Observe that f(z) = z̄ is a differentiable function from R2 → R2, but

(2.9) f(x, y) =

(
x
−y

)
,

so df =

(
1 0
0 −1

)
. Thus, df preserves angles, but not orientation.
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Lemma 3. If T : V → W is an R–linear map between complex vector spaces, then there is a
unique representation T = T1 + T2, where T1 is complex linear and T2 complex anti–linear. The
latter property means that T2(λ

−→v ) = λ̄T2(
−→v ).

Proof. Uniqueness follows since a C–linear map which is simultaneously C–antilinear vanishes iden-
tically. Set

(2.10) T1 =
1

2
(T − iT i), T2 =

1

2
(T + iT i).

Then, T1i =
1
2 (Ti+iT ) =

1
2 (iT−i

2Ti) = iT1 and T2i =
1
2 (Ti+iT (−1)) = −i 12 (T+iT i) = −iT2. □

Therefore, there exist complex numbers w1(z), w2(z) such that

(2.11) df(z) = w1(z)dz + w2(z)dz̄.

To find w1 and w2 observe that since dz = dx+ idy and dz̄ = dx− idy,
(2.12)

df = ∂xfdx+∂yfdy = ∂xf ·
1

2
(dz+dz̄)+∂yf ·

1

2i
(dz−dz̄) = 1

2
(∂xf−i∂yf)dz+

1

2
(∂xf+i∂yf)dz̄ = ∂zfdz+∂z̄fdz̄.

Therefore, f ∈ H(Ω) if and only if f ∈ C1(Ω) and ∂z̄f = 0 in Ω. Thus, the Cauchy–Riemann
system (2.7) is the same as ∂z̄f = 0.

As an application of this formalism record the following crucial fact: for any f ∈ H(Ω),

(2.13) d(f(z)dz) = ∂zfdz ∧ dz + ∂z̄fdz̄ ∧ dz = 0,

which means that f(z)dz is a closed differential form. This property is equivalent to the homotopy
invariance of the Cauchy integral. We also have

(2.14) ∆ = 4
∂2

∂z∂z̄
.

3. Power series

Next, it is straightforward to verify that the function f(z) = z is holomorphic, since

(3.1)
1

h
[(z + h)− z] = 1.

On the other hand, f(z) = z̄ is not holomorphic, since

(3.2)
1

h
[f(z + h)− f(z)] =

h̄

h
.

Furthermore, since we can do algebra in C in the same way that we do algebra in R, the basic
differentiation rules like the sum, product, quotient, and chain rules continue to hold for holomorphic
functions.

Proposition 5. If f and g are holomorphic on Ω, then so are (fg)(z), f(z) + g(z), and cf(z),
where c ∈ C is a constant. Furthermore,

(3.3)
d

dz
(fg)(z) = f ′(z)g(z)+f(z)g′(z),

d

dz
(f+g)(z) = f ′(z)+g′(z),

d

dz
(cf(z)) = cf ′(z).

Proof. The proof uses the limit definition of the derivative and the usual computations from calculus.
□

A corollary of this fact is that every polynomial is holomorphic.
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Corollary 1. Every polynomial is holomorphic.

Proposition 6 (Chain rule). Let Ω, O be open sets in C. If f : Ω → C and g : O → Ω are
holomorphic, then f ◦ g : O → C is holomorphic, and

(3.4)
d

dz
f(g(z)) = f ′(g(z))g′(z).

Proof. Observe that
(3.5)
(g ◦ f)(z + h) = g(f(z) + f ′(z)h+ o(h)) = g(f(z)) + g′(f(z))(f ′(z)h+ o(h)) + o(f ′(z)h+ o(h))

= g(f(z)) + g′(f(z))f ′(z)h+ o(h).

□

We also have the chain rule

(3.6)
∂z(g ◦ f) = [(∂wg) ◦ f ]∂zf + [(∂w̄g) ◦ f ]∂z f̄ ,
∂z̄(g ◦ f) = [(∂wg) ◦ f ]∂z̄f + [(∂w̄g) ◦ f ]∂z̄ f̄ .

Combining the chain rule with the computation

(3.7)
1

z + h
− 1

z
= − h

z(z + h)
= − h

z2
+ o(h),

Proposition 7. If f : Ω → C is holomorphic, then 1
f(z) is holomorphic on Ω \ S, where S = {z ∈

Ω : f(z) = 0}, and on Ω \ S,

(3.8)
d

dz

1

f(z)
= − f ′(z)

f(z)2
.

Moving on from polynomials, next consider the power series. First, let

(3.9)

∞∑
k=0

zk

denote a series. Then define the sequence sn =
∑n

k=0 zk. The sequence sn converges as a sequence
if and only if

∑∞
k=0 zk converges.

Lemma 4. Assume that

(3.10)

∞∑
k=0

|zk| <∞.

Then sn is a Cauchy sequence.

Proof. Since
∑n

k=0 |zk| ≤ A, for any n,

(3.11) sn =

n∑
k=0

|zk|

is a bounded, monotone sequence. Since a bounded, monotone sequence converges in R, for any
ϵ > 0, there exists M(ϵ) <∞ such that for any n,

(3.12)

n∑
k=M(ϵ)

|zk| < ϵ.
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Then by the triangle inequality, (3.12) implies that for anym,n ≥M(ϵ), |sn−sm| < ϵ, and therefore
sn is a Cauchy sequence. □

Definition 4. A series that satisfies (3.10) is absolutely convergent.

A power series has the form

(3.13) f(z) =

∞∑
n=0

an(z − z0)
n.

Any such series has a radius of convergence, some 0 ≤ R ≤ ∞ such that (3.13) converges
absolutely on the disk DR(z0) = {z : |z − z0| < R} and diverges for z such that |z − z0| > R. Let

(3.14)
1

R
= lim sup

n→∞
|an|1/n,

where R = ∞ if (3.14) = 0, and R = 0 if (3.14) = ∞.

Proposition 8. The series (3.13) converges whenever |z−z0| < R and diverges whenever |z−z0| >
R, where R is given by (3.14). If R > 0, then the series converges uniformly on any DR′(z0) for
R′ < R. Thus, when R > 0, the series (3.13) defines a continuous function on DR(z0),

(3.15) f : DR(z0) → C.

Proof. When R = 0, Proposition 8 is true. Now suppose 0 < R ≤ ∞. For any R′ < R, by (3.14)
there exists ϵ > 0 and N sufficiently large such that

(3.16) sup
n≥N

|an|1/n ≤ 1

R′ + ϵ
.

Doing some algebra, for any n ≥ N ,

(3.17) |an| ≤
1

(R′ + ϵ)n
.

Therefore, for z ∈ DR′(z0),

(3.18) |an(z − z0)
n| ≤ (

R′

R′ + ϵ0
)n.

Therefore, (3.13) converges uniformly on DR′(z0).

Meanwhile, for 0 ≤ R < ∞, for any z ∈ C satisfying |z − z0| > R, there exists a subsequence
m(n) ↗ ∞ such that

(3.19) |am(n)(z − z0)
m(n)| ≥ 1,

so (3.13) fails to converge. □

Theorem 2. If the power series

(3.20) f(z) =

∞∑
k=0

ak(z − z0)
k,

converges for some z1 ̸= z0, then either (3.20) converges for all z ∈ C, or (3.20) converges on a
disk of radius 0 < R <∞.

Since ak(z1 − z0)
k → 0, there exists a constant C such that |ak(z1 − z0)| ≤ C. Therefore, the

series will converge for |z − z0| < |z1 − z0|.
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Definition 5. We say that f : Ω → C is analytic, or f ∈ A(Ω), if f is represented by a convergent
power series expansion in a neighborhood around every point of Ω.

Lemma 5.

(3.21) A(Ω) ⊂ H(Ω).

Proof. Suppose without loss of generality that z0 ∈ Ω and

(3.22) f(z) =

∞∑
n=0

an(z − z0)
n, ∀z such that |z − z0| < r(z0),

where r(z0) > 0. Suppose without loss of generality that z0 = 0 and r0 = r0(0). Fix |z| < r0 and
write

(3.23) f(z + h) = f(z) + g(z)h+ r(z, h), where g(z) =

∞∑
n=1

nanz
n−1.

Following (3.14),

(3.24) lim sup
n→∞

|nan|
1

n−1 = lim
n→∞

n
1

n−1 · lim sup
n→∞

|an|
1
n · n

n−1 =
1

R
.

Therefore, the right hand side of (3.23) converges on DR(z0) and diverges for |z − z0| > R.

Observe that the power series defining g(z) converges since n1/n → 1 as n → ∞. We need to

prove r(z,h)
|h| → 0 as h→ 0. Let

(3.25)

r(z, h) =

∞∑
n=2

anBn(z, h),

Bn(z, h) = (z + h)n − zn − nzn−1h =

n∑
k=2

(nk )h
kzn−k.

Now let |z|+ |h| < r1 < r2 < r0. Then we have |an| ≤ M
rn2

for all n ≥ 0 and some M <∞. Also,

(3.26) |Bn(z, h)| ≤ |h|2
n−2∑
k=0

(nk+2)|h|k|z|n−2−k ≤ |h|2
n−2∑
k=0

n2(n−2
k )|h|k|z|n−2−k = |h|2n2(|z|+|h|)n−2,

for any n ≥ 2. Therefore,

(3.27) |r(z, h)| ≤
∞∑

n=2

M

rn2
n2|h|2(|z|+ |h|)n−2 ≤ |h|2M

r22

∞∑
n=0

(n+ 2)2(
r1
r2

)n.

Therefore, |r(z, h)| ≤ C|h|2. Thus,

(3.28) f ′(z) =

∞∑
n=0

nan(z − z0)
n−1, ∀ |z − z0| < r(z0).

In fact, one can differentiate any number of times, and

(3.29) f (k)(z) =

∞∑
n=0

(n)kan(z − z0)
n−k, ∀|z − z0| < r(z0),
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where

(3.30) (n)k = n(n− 1) · · · (n− k + 1) =
n!

(n− k)!
.

This establishes an = f(n)(z0)
n! . □

There are several well–known examples of power series. First,

(3.31)
1

1− z
=

∞∑
n=0

zn, |z| < 1.

In this case an = 1 for all n, so R = 1.

Another example is the series

(3.32) E(z) =

∞∑
n=0

zn

n!
.

Since an = 1
n! , (an)

1/n → 0 as n → ∞. Thus, (3.32) converges for all z ∈ C. Furthermore, by the
binomial theorem,
(3.33)

E(z1 + z2) =

∞∑
n=0

1

n!
(z1 + z2)

n =

∞∑
n=0

1

n!

n∑
j=0

n!

j!(n− j)!
zj1z

n−j
2 =

∞∑
j=0

1

j!
zj1 ·

∞∑
k=0

1

k!
zk2 = E(z1)E(z2).

Therefore, E(z) ̸= 0 for any z ∈ C, since E(z)E(−z) = 1.

In general, products of convergent power series also converge.

Theorem 3. Suppose the following power series converge for |z| < R:

(3.34) f(z) =

∞∑
n=0

anz
n, g(z) =

∞∑
n=0

bnz
n.

Then for |z| < R,

(3.35) f(z)g(z) =

∞∑
n=0

cnz
n, cn =

n∑
j=0

ajbn−j .

This theorem follows directly from

Proposition 9. Given the absolutely convergent series

(3.36) A =

∞∑
n=0

αn, B =

∞∑
n=0

βn,

we have the absolutely convergent series

(3.37) AB =

∞∑
n=0

γn, γn =

n∑
j=0

αjβn−j .

Proof. Take Ak =
∑k

n=0 αn and Bk =
∑k

n=0 βn. Then

(3.38) AkBk =

k∑
n=0

γn +Rk,
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where

(3.39) Rk =
∑

m,n≤k,m+n>k

αmβn.

Therefore,

(3.40) |Rk| ≤
∑
m≤ k

2

∑
k
2≤n≤k

|αm||βn|+
∑

k
2≤m≤k

∑
n≤k

|αm||βn| ≤ Ā
∑
n≥ k

2

|βn|+ B̄
∑
m≥ k

2

|αm|,

where

(3.41) Ā =

∞∑
n=0

|αn| <∞, B̄ =

∞∑
n=0

|βn| <∞.

Therefore, Rk → 0 as k → ∞. Since the left hand side converges to AB and the right hand side
converges to

∑∞
n=0 γn, the proof is complete. □

Proposition 10. If (3.13) has a radius of convergence R > 0 and z1 ∈ DR(z0), then f(z) has a
convergent power series about z1,

(3.42) f(z) =

∞∑
k=0

bk(z − z1)
k, for |z − z1| < R− |z1 − z0|.

Proof. Suppose without loss of generality that z0 = 0. Setting fz1(ζ) = f(z1+ζ) when |ζ| < R−|z1|,
using the binomial formula,

(3.43) fz1(ζ) =

∞∑
n=0

an(z1 + ζ)n =

∞∑
n=0

n∑
k=0

an(
n
k )ζ

kzn−k
1 ,

which converges absolutely by the binomial formula. Therefore,

(3.44) fz1(ζ) =

∞∑
k=0

(

∞∑
n=k

an(
n
k )z

n−k
1 )ζk.

Therefore, (3.42) holds with

(3.45) bk =

∞∑
n=k

an(
n
k )z

n−k
1 .

□

We have used the general result.

Proposition 11. If aj,k ∈ C and
∑

j,k |ajk| <∞, then
∑

j ajk is absolutely convergent for each k,∑
k ajk is absolutely convergent for each j, and

(3.46)
∑
j

(
∑
k

ajk) =
∑
k

(
∑
j

ajk) =
∑
j,k

ajk.

Proof. From the hypothesis,
∑

j |ajk| <∞ for each k and
∑

k |ajk| <∞ for each j, and there exists
B <∞ such that

(3.47) SN =

N∑
j=0

N∑
k=0

|ajk| ≤ B, ∀N.
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The sequence SN is bounded and monotone, so there exists a limit SN ↗ A < ∞ as N ↗ ∞.
Therefore, for each ϵ > 0 there exists N(ϵ) such that

(3.48)
∑

j,k:j>Nork>N

|ajk| < ϵ.

Now then, for any M,K ≥ N ,

(3.49) |
M∑
j=0

(

N∑
k=0

ajk)−
N∑
j=0

N∑
k=0

| ≤
∑

j,k:j>Nork>N

|ajk|,

so

(3.50) |
M∑
j=0

(

∞∑
k=0

ajk)−
N∑
j=0

N∑
k=0

ajk| ≤
∑

j,k:j>Nork>N

|ajk|,

and therefore,

(3.51) |
∞∑
j=0

(

∞∑
k=0

ajk)−
N∑
j=0

N∑
k=0

ajk| ≤
∑

j,k:j>Nork>N

|ajk|.

The same is true with the order reversed, and therefore,

(3.52) |
∞∑
j=0

(

∞∑
k=0

ajk)−
∞∑
k=0

(

∞∑
j=0

ajk)| < 2ϵ.

This proves the proposition. □

Next, recall the definition of the Euler constant e. Consider the ordinary differential equation
ẏ = y, y(0) = 1, and let y(1) = e. By Picard iteration,

(3.53) y(t) = 1 +

∫ t

0

y(s)ds.

Iterating,

(3.54) y(t) = 1 +

∫ t

0

y(s)ds = 1 + t+

∫ t

0

∫ s

0

y(τ)dτds = 1 + t+

∫ t

0

y(s)(t− s)ds.

Iterating,

(3.55) =

n∑
j=0

tj

j!
+

1

n!

∫ t

0

(t− s)ny(s)ds.

Now then,

(3.56)
1

n!
|
∫ t

0

(t− s)ny(s)ds| ≤ tn+1

(n+ 1)!
max
0≤s≤t

|y(s)|.

This term vanishes as n→ ∞. Therefore, the presumed C1 solution is uniquely represented by the
infinite series

(3.57) y(t) =

∞∑
j=0

tj

j!
.
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Furthermore, the group property of flows implies

(3.58) y(t2)y(t1) = y(t1 + t2),

which proves that y(t) = et for any rational t, which by continuity implies that y(t) = et for any
t ∈ R. By the chain rule, if f(z) is a holomorphic function,

(3.59)
d

dz
ef(z) = ef(z)f ′(z).

Observe that for t ∈ R, t > 0, (3.57) implies that et > 0 for all t > 0. Since e−t = 1
et , e

t > 0 for
all t ∈ R. Also, by y′(t) = y(t), et is monotone increasing and convex. In particular,

(3.60) lim
t→∞

et = ∞, lim
t→−∞

et = 0.

Therefore,

(3.61) exp : R → (0,∞),

is smooth, one to one, and onto, so apply the inverse function theorem. Thus, there exists a smooth
inverse

(3.62) L : (0,∞) → R,

which is called the natural logarithm. Applying d
dtL(e

t) = t, by the chain rule,

(3.63) L′(et)et = 1, ⇒ L′(et) =
1

et
.

Therefore,

(3.64)
d

dt
log(t) =

1

t
.

Observe that (3.58) implies

(3.65) log xy = log x+ log y, x, y > 0.

Taking z complex gives the Euler formula

(3.66) eiθ = cos θ + i sin θ.

Indeed, by the chain rule, d
dt (e

it) = ieit, so d
dte

it is orthogonal to eit. Therefore, eit is contained in
the unit circle, and travels counterclockwise at speed 1, giving (3.66). This in turn implies

(3.67) (cos θ + i sin θ)n = cos(nθ) + i sin(nθ), for every n ≥ 1.

Then,

(3.68) z = elog r+iθ, or log z = log r + iθ.

This logarithm is not well–defined since θ and θ + 2πn both satisfy (3.68). Similarly,

(3.69) (r1/neiθ/ne2πikn)n = z, ∀ 1 ≤ k ≤ n.

This shows that there are n different possibilities for z1/n. The complex exponential may be most
naturally viewed as the covering map

(3.70) C 7→ C∗ = C \ {0}, z 7→ ez,

showing that C is the universal cover of C∗.
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The formula eit = cos(t) + i sin(t) may be used to compute the value of π. Let π be defined to
be the smallest positive number such that γ(2π) = 1. Then γ(π) = −1 and γ(π2 ) = i. Furthermore,
from trigonometry,

(3.71) γ(
π

3
) =

1

2
+

√
3

2
i, γ(

π

6
) =

√
3

2
+

1

2
i.

We can use this fact to determine the value of π. We know from the fact that | ddt (e
it)| = |ieit| = 1

that the length of γ(t) on 0 ≤ t ≤ φ is given by φ, so for 0 < φ < π
2 , parameterize this segment of

the circle by

(3.72) σ(s) = (
√
1− s2, s), 0 ≤ s ≤ τ = sinφ.

The length of this curve is given by

(3.73) l =

∫ τ

0

|σ′(s)|ds =
∫ τ

0

ds√
1− s2

= φ.

Therefore, from (3.71),

(3.74)
π

6
=

∫ 1/2

0

dx√
1− x2

.

Making a power series expansion,

(3.75)
π

6
=

∞∑
n=0

an
2n+ 1

(
1

2
)2n+1,

where an are defined recursively by

(3.76) a0 = 1, an+1 =
2n+ 1

2n+ 2
an.

4. The Riemann sphere

Now turn to the simple but important idea of extending the notion of analyticity to functions
that take the value ∞, as well as making sense of functions that are analytic at z = ∞. To do
this, define the one point compactification of C, which we denote C∞. The basis for this topology
is that open neighborhoods of ∞ are the complements of all compact sets. Thus, C∞ ∼ S2 in the
homeomorphic sense. Moreover, C ∼ S2 \ {p} in the sense of conformal equivalence, where p ∈ S2

is arbitrary.

Define the stereographic map

(4.1) Φ : S2 \ {(0, 0, 1)} → C, X = (x1, x2, x3) =
x1 + ix2
1− x3

.

Now then, it is clear how to extend the domain and range of holomorphic maps to

(4.2) f : C → C∞, f : C∞ → C, f : C∞ → C∞.

We need f to be continuous and holomorphic near points where it assumes values in the complex
plane, as well as where ∞ is attained. Near points were ∞ is attained, it is natural to consider the
function 1

f(z) .
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Definition 6. If f(z0) = ∞ for some z0 ∈ C then we say that f is holomorphic close to z0 if and
only if 1

f(z) is holomorphic around z0. Likewise, to make sense of f(z) being holomorphic at z = ∞
with values in C we require that f( 1z ) be holomorphic around z = 0. Finally, if f(∞) = ∞, then f

is holomorphic around z = ∞ if and only if 1
f( 1

z )
is holomorphic around z = 0.

Observe that z 7→ 1
z is conformal as a map from C∞ to C∞. This is a tautology in view of our

coordinate chart at z = ∞. Furthermore, if Φ(z) = x1+ix2

1−x3
, using the fact that x21 + x22 + x23 = 1,

(4.3)
1

Φ(z)
= (1− x3)

x1 − ix2
x21 + x22

=
x1 − ix2
1− x23

· (1− x3) =
x1 − ix2
1 + x3

.

Therefore, the map z 7→ 1
z corresponds to the map (x1, x2, x3) 7→ (x1,−x2,−x3).

5. Harmonic functions on a planar domain

Suppose f ∈ C∞(Ω) is a holomorphic function. Applying ( ∂
∂x + i ∂

∂y ) to the Cauchy–Riemann

equations, implies

(5.1) (
∂

∂x
+ i

∂

∂y
)(
∂

∂x
− i

∂

∂y
)f =

∂2f

∂x2
+
∂2f

∂y2
= 0,

on the open set Ω ⊂ C.
Such a function is called harmonic. More generally, if O is an open set in Rn, a function

f ∈ C2(O) is said to be harmonic on O if ∆f = 0 on O, where

(5.2) ∆f =
∂2f

∂x21
+ ...+

∂2f

∂x2n
= 0.

Taking the real and imaginary parts of (5.1), f = u+ iv,

(5.3) ∆u = 0, ∆v = 0.

Therefore, if f ∈ C∞(Ω) is a holomorphic function, the real and imaginary parts of f are harmonic
functions on Ω.

Many domains Ω ⊂ C have the property that if u ∈ C2(Ω) is a real-valued, harmonic function,
then there exists a real-valued harmonic function v ∈ C2(Ω) such that f = u + iv is holomorphic
on Ω.

Definition 7. v is said to be the harmonic conjugate of u.

Given α = a + ib and z = x + iy, let γαz denote a path from a + ib to a + iy, and then the
horizontal line from a+ iy to x+ iy. Next, let σαz denote the horizontal line segment from a+ ib
to x + ib, and then the vertical line segment from x + ib to x + iy. Let Rαz denote the rectangle
bounded for the four line segments.

Proposition 12. Let Ω ⊂ C be open, α = a+ ib ∈ Ω, and assume that the following property holds:
If z ∈ Ω, then Rαz ⊂ Ω. Let u ∈ C2(Ω) be harmonic. Then u has a harmonic conjugate v ∈ C2(Ω).

Proof. For z ∈ Ω, set

(5.4) v(z) =

∫
γαz

(−∂u
∂y
dx+

∂u

∂x
dy) =

∫ y

b

∂u

∂x
(a, s)ds−

∫ x

a

∂u

∂y
(t, y)dt.
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Also set

(5.5) ṽ(z) =

∫
σαz

(−∂u
∂y
dx+

∂u

∂x
dy) = −

∫ x

a

∂u

∂y
(t, b)dt+

∫ y

b

∂u

∂x
(x, s)ds.

By the fundamental theorem of calculus,

(5.6)
∂v

∂x
= −∂u

∂y
(z),

∂ṽ

∂y
(z) =

∂u

∂x
(z).

Furthermore, since Rαz ⊂ Ω, by Green’s theorem, since u is a harmonic function,

(5.7) ṽ(z)− v(z) =

∫
∂Rαz

(−∂u
∂y
dx+

∂u

∂x
dy) =

∫ ∫
Rαz

(
∂2u

∂x2
+
∂2u

∂y2
)dxdy = 0.

Therefore, u and v satisfy the Cauchy–Riemann equations. □

Corollary 2. Let Ω be simply connected and u a real–valued harmonic function on Ω. Then
u = Re(f) for some f ∈ H(Ω) and f is unique up to an additive imaginary constant.

Proof. We can use the argument in (5.7) for two path integrals in a simply connected domain. □

It is possible to prove this this proposition without Green’s theorem.

Proposition 13. Let Ω ⊂ C be open, α = a+ ib ∈ Ω, and assume the following property holds: If
also z ∈ Ω then γαz ⊂ C.

Let u ∈ C2(Ω) be harmonic. Then u has a harmonic conjugate v ∈ C2(Ω).

Proof. Define v as in (5.4). Then ∂v
∂x = −∂u

∂y . Also, by (5.4),

(5.8)
∂v

∂y
(z) =

∂u

∂x
(a, y)−

∫ x

a

∂2u

∂y2
(t, y)dt =

∂u

∂x
(a, y) +

∫ x

a

∂2u

∂x2
(t, y)dt =

∂u

∂x
(z).

Therefore, u and v satisfy the Cauchy–Riemann equations. □

Corollary 3. Let u be harmonic in Ω and let f : Ω0 → Ω be holomorphic, where Ω0,Ω ⊂ C. Then
u ◦ f is harmonic in Ω0.

Proof. It follows from (3.6) that

(5.9) ∂z(u ◦ f) = [(∂wu) ◦ f ]∂zf.

Now then, since ∆ = 4∂z̄∂z,

(5.10) ∆(u ◦ f) = 4∂z̄∂z(u ◦ f) = 4[(∂wu) ◦ f ]∂z̄∂zf + 4[(∂w̄∂wu) ◦ f ]|∂zf |2 = 0.

The last step uses the fact that ∆f = ∆w = 0. □

We can easily generalize this fact to simply connected domains. Returning to the question of
harmonic conjugates, suppose Ω is a simply connected domain.

Proposition 14. Let Ω ⊂ C be a simply connected domain. Then each harmonic function u ∈
C2(Ω) has a harmonic conjugate.

Proof. Choose α ∈ Ω and let γαz denote an arbitrary path from α to z. Set

(5.11) v(z) =

∫
γαz

(−∂u
∂y
dx+

∂u

∂x
dy).
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If this integral is independent of path from α to z, then set

(5.12) v(z) =

∫ z

α

(−∂u
∂y
dx+

∂u

∂x
dy).

For z = x+ iy, there exists Dr(z) ⊂ Ω, and choose ξ + iy, x+ iη ∈ Dr(z). Then

(5.13) v(z) =

∫ ξ+iy

α

(−∂u
∂y
dx+

∂u

∂x
dy) +

∫ x+iy

ξ+iy

(−∂u
∂y
dx+

∂u

∂x
dy).

Therefore,

(5.14)
∂v

∂x
(z) = −∂u

∂y
(z).

Also,

(5.15) v(z) =

∫ x+iη

α

(−∂u
∂y
dx+

∂u

∂x
dy) +

∫ x+iy

x+iη

(−∂u
∂y
dx+

∂u

∂x
dy).

Therefore,

(5.16)
∂v

∂y
(z) =

∂u

∂x
(z).

This establishes that v is the harmonic conjugate of u. □

Path independence follows from Green’s formula and the fact that u is harmonic. Indeed, if γ is
a closed curve, and Cγ is the region contained by γ,

(5.17)

∫
γ

(−∂u
∂y
dx+

∂u

∂x
dy) =

∫
Cγ

∆udxdy = 0.

Proposition 15. If u ∈ C2(Ω) is harmonic, z0 ∈ Ω, and Dr(z0) ⊂ Ω, then

(5.18) u(z0) =
1

2π

∫ 2π

0

u(z0 + reiθ)dθ.

Proof. Since u is a continuous function,

(5.19) lim
r↘0

1

2π

∫ 2π

0

u(z0 + reiθ)dθ = u(z0).

Taking the derivative with respect to r,

(5.20)
d

dr

1

2π

∫ 2π

0

u(z0 + reiθ)dθ =
1

2π

∫ 2π

0

ur(z0 + reiθ)dθ.

By Green’s theorem,

(5.21)
1

2π

∫ 2π

0

ur(z0 + reiθ)dθ =
1

2π

∫
Dr(z0)

∆udxdy = 0.

This proves (5.18). □

Writing (5.18) in polar coordinates,

(5.22) u(z0) =
1

πr2

∫ ∫
Dr(z0)

u(z)dxdy.

With this, we can establish a maximum principle for harmonic functions.
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Proposition 16. Let Ω ⊂ C be a connected open set. If u : Ω → R is harmonic on Ω, then given
z0 ∈ Ω,

(5.23) u(z0) = sup
z∈Ω

u(z) ⇒ u is constant on Ω.

If, in addition, Ω is bounded and u ∈ C(Ω̄), then

(5.24) sup
z∈Ω̄

u(z) = sup
z∈∂Ω

u(z).

Proof. Equation (5.24) follows from (5.23) if Ω is bounded, since u must achieve a maximum
somewhere on Ω̄. Thus, assume there exists z0 ∈ Ω such that the hypotheses of (5.23) hold. Set

(5.25) O = {ζ ∈ Ω : u(ζ) = u(z0)}.
Since z0 ∈ O, O is not empty. Moreover, by continuity, O is a closed subset of Ω. Moreover, by
(5.22), if there exists a a disk of radius ρ, Dρ(ζ0) ⊂ Ω, since u is the supremum, u(z) = u(ζ0) for
all z ∈ Dρ(ζ0). □

Corollary 4. If f(z) is a holomorphic function, and f ∈ C∞(Ω), given z0 ∈ Ω,

(5.26) |f(z0)| = sup
z∈Ω

|f(z)| ⇒ f is constant on Ω.

If, in addition, Ω is bounded, and f ∈ C(Ω̄), then

(5.27) sup
z∈Ω̄

|f(z)| = sup
z∈∂Ω

|f(z)|.

Proof. If f = u+ iv, and u and v are harmonic functions, by the product rule,

(5.28) ∆(u2 + v2) = |∇u|2 + |∇v|2.
Plugging this fact into the proof of Proposition 15,

(5.29) u(z0)
2 + v(z0)

2 ≤ 1

πr2

∫
Dr(z0)

(u(z)2 + v(z)2)dxdy.

Moreover, equality holds if and only if |∇u| = 0 and |∇v| = 0 on Dr(z0). □

Next, Liouville’s theorem for harmonic functions on C.

Proposition 17. If u ∈ C2(Ω) is bounded and harmonic on all of C, then u is constant.

Proof. Choose any two points p, q ∈ C. For all r > 0,

(5.30) u(p)− u(q) =
1

πr2
[

∫ ∫
Dr(p)

u(z)dxdy −
∫ ∫

Dr(q)

u(z)dxdy].

Hence,

(5.31) |u(p)− u(q)| ≤ 1

πr2

∫ ∫
∆(p,q,r)

|u(z)|dxdy,

where ∆(p, q, r) is the set of points contained in Dr(p) or Dr(q), but not both. Therefore,
∆(p, q, r) ∼ r as r → ∞. Taking r → ∞ in (5.31), since |u| is bounded, u(p)− u(q) = 0. □

Corollary 5. If f : C → C is holomorphic and bounded, and f ∈ C∞(Ω), then f is constant.

Proof. Since f is holomorphic, f = u + iv, where u and v are harmonic functions. Since |f | is
uniformly bounded, |u| and |v| are uniformly bounded, and therefore, by Proposition 17, u and v
are constant. □
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If f ∈ C∞(Ω) is a holomorphic function, then since f = u + iv, where u and v are harmonic
functions, so

(5.32) f(z0) =
1

2π

∫ 2π

0

f(z0 + reiθ)dθ.

However, it is possible to prove (5.32) without making the a priori assumption that f ∈ C∞(Ω).

Theorem 4. If f is holomorphic on the open set Ω ⊂ C, and Dr(z0) ⊂ Ω, then

(5.33) f(z0) =
1

2π

∫ 2π

0

f(z0 + reiθ)dθ =
1

2πi

∫
∂Dr(z0)

f(ζ)

ζ − z0
dζ.

Proof. As in the proof of Proposition 15,

(5.34) lim
r↘0

1

2π

∫ 2π

0

f(z0 + reiθ)dθ = f(z0).

Taking a derivative with respect to r,

(5.35)
d

dr

1

2π

∫ 2π

0

f(z0 + reiθ)dθ =
1

2π

∫ 2π

0

f ′(z0 + reiθ)eiθdθ =
1

2πir

∫
∂Dr(z0)

f ′(z0 + ζ)dζ = 0.

□

Corollary 6 (Cauchy integral formula). If f is holomorphic on Ω, then f ∈ C∞(Ω).

Proof. We can compute the derivative of (5.33) directly.

(5.36) (
d

dz
)nf(z) =

(−1)nn!

2πi

∫
∂Dr(z)

f(ζ)

(ζ − z)n+1
dζ.

This integral converges for any n. □

6. The Cauchy integral theorem

So far, we have not completely explained the definitions of the integrals in (5.33) and (5.36). For
a general curve in C, define the Cauchy integral using the fundamental theorem of calculus in one
variable.

Theorem 5. If f ∈ C1([a, b]), then

(6.1)

∫ b

a

f ′(t)dt = f(b)− f(a).

Furthermore, if g ∈ C([a, b]), then

(6.2)
d

dt

∫ t

a

g(s)ds = g(t).

In the study of the holomorphic functions on the open set Ω ⊂ C, consider the integral along the
path

(6.3) γ : [a, b] → Ω.

Then if f : Ω → C is continuous,

(6.4)

∫
γ

f(z)dz =

∫ b

a

f(γ(t))γ′(t)dt.
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Remark 5. We have already seen this definition in (5.33). There, we take z0 + reiθ = γ(θ),
0 ≤ θ ≤ 2π, γ′(θ) = rieiθ = dζ, and ζ − z0 = 1

reiθ
.

Proposition 18. If f is holomorphic on Ω and γ : [a, b] → C is a C1 path, then

(6.5)

∫
γ

f ′(z)dz = f(γ(b))− f(γ(a)).

Proof. The proof uses the following chain rule.

Proposition 19. If f : Ω → C is holomorphic and γ : [a, b] → C is C1, then for a < t < b,

(6.6)
d

dt
f(γ(t)) = f ′(γ(t))γ′(t).

Proof. This follows from the the chain rule in (3.4). □

Then by the fundamental theorem of calculus, the proof of (6.5) is complete. □

It is possible to use these computations in connection with an antiderivative.

Definition 8 (Anti-derivative). A holomorphic function g : Ω → C is said to have an anti-
derivative f on Ω provided f : Ω → C is holomorphic and f ′ = g.

Each holomorphic function g : Ω → C has an antiderivative for a class of sets Ω ⊂ C which
satisfy the following property: If a + ib ∈ Ω and x + iy ∈ Ω, then the vertical line from a + ib to
a+ iy and the horizontal line from a+ iy to x+ iy lie in Ω.

Proposition 20. If Ω ⊂ C is an open set satisfying the above property, and g : Ω → C is
holomorphic, then there exists a holomorphic f : Ω → C such that f ′ = g.

Proof. By the fundamental theorem of calculus,

(6.7)
∂f

∂x
(z) = g(z).

Also,

(6.8)
1

i

∂f

∂y
= g(a+ iy) + lim

h→0

1

ih

∫ x

a

[g(t+ iy + ih)− g(t+ iy)]dt.

Since g is holomorphic,

(6.9) (6.8) = g(x+ iy),

so f is holomorphic. □

This computation may be used to give a second proof of

Proposition 21. If R > 0, the function defined by

(6.10) f(z) =

∞∑
n=0

an(z − z0)
n

is holomorphic on DR(z0) with derivative given by

(6.11) f ′(z) =

∞∑
n=1

nan(z − z0)
n−1.
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Proof. For any k, consider

(6.12) fk(z) =

k∑
n=0

an(z − z0)
n, gk(z) =

k∑
n=1

nan(z − z0)
n−1.

Then fk → f and gk → g locally uniformly on DR(z0). Also, for each k, f ′k(z) = gk(z). Therefore,
for any z ∈ DR(z0),

(6.13) fk(z) = a0 +

∫
σz

gk(ζ)dζ,

where σz is a path from z0 to z.
Making use of local uniform convergence,

(6.14) f(z) = a0 +

∫
σz

g(ζ)dζ.

Taking σz to be a path that approaches z horizontally, z = x+ iy, z0 = x0 + iy0,

(6.15) f(z) = a0 +

∫ y

y0

g(x0 + it)idt+

∫ x

x0

g(t+ iy)dt,

(6.16)
∂f

∂x
(z) = g(z).

Meanwhile, taking σz to be a path that approaches z vertically,

(6.17) f(z) = a0 +

∫ x

x0

g(t+ iy0)dt+

∫ y

y0

g(x+ it)idt,

so therefore,

(6.18)
1

i

∂f

∂y
(z) = g(z).

Since each gk is holomorphic, and therefore by Proposition 20 the integrals of each gk are path
independent, and gk → g locally uniformly, the proof is complete. □

The existence of an anti–derivative can be used to prove the following fact.

Lemma 6. Let γr be the circle {z : |z| = r} for some r > 0 fixed, with the counter–clockwise
orientation. Then,

(6.19)

∫
γr

zndz =

{
0 if n ̸= −1,

2πi if n = −1.

Proof. By direct computation, if n ̸= 1, zn has the anti–derivative F (z) = 1
n+1z

n+1. Taking for

example the parameterization γ(t) = reit, 0 ≤ t ≤ 2π, (6.19) = 0. When n = −1, dz = ireitdt, so
in that case (6.19) = 2πi. □

Theorem 6. Let γ0, γ1 : [0, 1] → Ω be C1 curves with γ0(0) = γ1(0) and γ0(1) = γ1(1). Assume
that they are C1 homotopic in the following sense: there exists a continuous map H : [0, 1]2 → Ω
with H(t, 0) = g0(t) and H(t, 1) = γ1(t) such that H(·, s) is a C1 curve for each 0 ≤ s ≤ 1.
Moreover, H(s, 0) = γ0(0) = γ1(0) and H(s, 1) = γ0(1) = γ1(1) for any 0 ≤ s ≤ 1. Then,

(6.20)

∫
γ0

f(z)dz =

∫
γ1

f(z)dz,
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for all f ∈ H(Ω). In particular, if γ is a closed curve in Ω that is homotopic to a point, then

(6.21)

∫
γ

f(z)dz = 0.

In particular, this is the case if γ is the boundary of a subregion Ω1 ⊂ Ω such that Ω1 is diffeomorphic
to a closed disk.

Proof. Since f(z) is holomorphic, f(z)dz is a closed form. Indeed,

(6.22) d(f(z)dz) = ∂zf(z)dz ∧ dz + ∂z̄dz̄ ∧ dz = 0,

since ∂z̄f = 0. Thus, Cauchy’s theorem is a special case of the homotopy invariance of the integral
over closed forms, which follows from Stokes theorem.

First note that since a closed form is locally exact,
∫
η
f(z)dz = 0 for all closed curves that fall

into sufficiently small disks. But then we can triangulate the homotopy so that

(6.23)

∫
γ0

f(z)dz −
∫
γ1

f(z)dz =
∑
j

∫
ηj

f(z)dz = 0.

Similarly, recall Green’s formula,

(6.24)

∫
∂R

a(x, y)dx+ b(x, y)dy =

∫ ∫
R

(−ay(x, y) + bx(x, y))dxdy.

This formula extends to far more general regions as those diffeomorphic to a disk and bounded by
finitely many C1 curves. Then,
(6.25)∫
∂U

f(z)dz =

∫
∂U

udx− vdy + i(udy + vdx) =

∫ ∫
U

(−uy − vx)dxdy + i

∫ ∫
U

(−vy + ux)dxdy = 0.

The final equality sign follows from the Cauchy–Riemann equations. □

Proposition 22 (Cauchy integral theorem). Let f ∈ H(Ω), and let z0 ∈ Ω be an open set, and let
γ be a curve in Ω that contains z0 and is contractible. Then,

(6.26) f(z0) =
1

2πi

∫
γ

f(ζ)

ζ − z0
dζ.

Proof. This follows from Theorem 4 and Theorem 6. □

7. Consequences of the Cauchy integral formula

The Cauchy integral formula implies that A(Ω) = H(Ω).

Theorem 7. If f ∈ C1(Ω̄) is holomorphic, then for z ∈ Dr(z0) ⊂ Ω, f(z) has the convergent power
series expansion

(7.1) f(z) =

∞∑
n=0

an(z − z0)
n,

with

(7.2) an =
1

2πi

∫
∂Ω

f(ζ)

(ζ − z0)n+1
dζ =

f (n)(z0)

n!
.
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Proof. Suppose z ∈ Dr(z0). By Theorem 4,

(7.3) f(z) =
1

2πi

∫
∂Ω

f(ζ)

(ζ − z0)− (z − z0)
dζ.

Making the infinite series expansion, since |z − z0| < |ζ − z0|,

(7.4)
1

(ζ − z0)− (z − z0)
=

1

ζ − z0

∞∑
n=0

(
z − z0
ζ − z0

)n.

Plugging this series into (5.33) gives (7.1) and (7.2). □

Corollary 7. (1) Cauchy’s estimates. Let f ∈ H(Ω) with |f(z)| ≤M on Ω. Then,

(7.5) |f (n)(z)| ≤ Mn!

dist(z, ∂Ω)n
,

for every n ≥ 0 and z ∈ Ω.

(2) (Liouville’s theorem) If f ∈ H(C) ∩ L∞(C) then f is constant. More generally, if |f(z)| ≤
C(1 + |z|)N for some fixed integer N ≥ 0 and a finite constant C, then f is a polynomial of degree
at most N .

Proof. Equation (8.5) follows from the Cauchy integral formula. To prove Liouville’s theorem,
apply (8.5). □

It is possible to prove the fundamental theorem of algebra using the maximum principle.

Theorem 8 (Fundamental theorem of algebra). If p(z) = anz
n + ...+ a1z + a0, an ̸= 0 for some

n ≥ 1 is a polynomial of degree n, then p(z) must vanish somewhere on C.

Proof. If p(z) does not vanish on C, then f(z) = 1
p(z) is an entire function on C. Furthermore,

(7.6)
1

p(z)
=

1

zn
1

an + an−1z−1 + ...+ a0z−n
.

Then

(7.7) lim
z→∞

| 1

p(z)
|,

exists and is uniformly bounded. Then, by Liouville’s theorem, 1
p(z) is constant. □

Proposition 23 (Schwarz lemma). Suppose f is holomorphic on the unit disk D1(0). Assume
|f(z)| ≤ 1 for |z| < 1, and f(0) = 0. Then,

(7.8) |f(z)| ≤ |z|.
Furthermore, equality holds in (7.8), for some z ∈ D1(0) \ 0, if and only if f(z) = cz for some
constant of absolute value one. If f is bijective, from D onto itself, then f is a rotation.

Proof. The hypotheses imply that g(z) = f(z)
z is a holomorphic function on D1(0). Therefore,

|g(z)| ≤ 1
a for z ∈ Da(0), 0 < a < 1. Using the maximum principle, |g(z)| ≤ 1

a for all z ∈ Da(0).
Taking a↗ 1,

(7.9) |g(z)| ≤ 1, ∀z ∈ D1(0).

Therefore, (7.8) holds. Next, suppose that |f(z0)| = |z0| at some z0 ∈ D1(0) \ 0. Then g attains a
maximum at z0, which implies g(z) is constant on D1(0), so f(z) = cz.
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Finally, suppose that f is invertible. Then we can apply the same reasoning to f−1, which
implies |f−1(w)| ≤ |w|, which is equivalent to |f(z)| ≥ |z|. Therefore, |f(z)| = |z| for all z, so f is
a rotation. □

The Cauchy integral formula yields a locally uniform convergence result.

Proposition 24. Let Ω ⊂ C be an open set and let fν : Ω → C be holomorphic. Assume fν → f
locally uniformly (i.e. uniformly on each compact subset of Ω). Then f : Ω → C is holomorphic,
and f ′ν → f ′ locally uniformly on Ω.

Proof. Let K ⊂ Ω be a compact set. Then choose a smoothly bounded O such that K ⊂ O ⊂ Ō ⊂
Ω. Then, by the Cauchy integral formula,

(7.10) fν(z) =
1

2πi

∫
∂O

fν(ζ)

ζ − z
dζ,

(7.11) f ′ν(z) =
1

2πi

∫
∂O

fν(ζ)

(ζ − z)2
dζ.

Since fν → f locally uniformly on ∂O, the integrands in (8.8) and (7.11) converge uniformly on Ō.
Therefore, for any z ∈ O,

(7.12) f(z) =
1

2πi

∫
∂O

f(ζ)

ζ − z
dζ, ∀z ∈ O,

so f is holomorphic on O, and

(7.13) f ′(z) =
1

2πi

∫
∂O

f(ζ)

(ζ − z)2
dζ,

so f ′ν → f ′ locally uniformly on O. □

8. Square roots, logs, and other inverse functions

Now turn to inverse functions. Recall the inverse function theorem for functions from Rn to Rn.

Theorem 9. Let Ω ⊂ Rn be open and let f : Ω → Rn be a C1 map. Take p ∈ Ω and assume
Df(p) is an invertible linear transformation on Rn. Then there exists a neighborhood O of p
and a neighborhood U of q = f(p) such that f : O → U is one-to-one and onto, the inverse
g = f−1 : U → O is C1, and for x ∈ O, y = f(x),

(8.1) Dg(y) = Df(x)−1.

This result has the following consequence for holomorphic functions.

Theorem 10. Let Ω ⊂ C be open and let f : Ω → C be holomorphic. Take p ∈ Ω and assume
f ′(p) ̸= 0. Then there exists a neighborhood O of p and a neighborhood U of q = f(p) such that
f : O → U is one-to-one and onto, the inverse g = f−1 : U → O is holomorphic, and, for z ∈ O,
w = f(z),

(8.2) g′(w) =
1

f ′(z)
.
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Proof. Taking the matrix representation of the derivative, Df(x) is of the form

(8.3)

(
a −b
b a

)
.

The inverse of this matrix is given by

(8.4)
1

a2 + b2

(
a b
−b a

)
,

which satisfies (8.2). □

If a holomorphic function is 1–1 on a set, it is possible to produce an integral for the inverse of
a holomorphic map.

Proposition 25. Suppose f is holomorphic and one-to-one on a neighborhood of Ω̄, the closure of
a piecewise, smoothly bounded domain Ω ⊂ C. Set g = f−1 : f(Ω) → Ω. Then

(8.5) g(w) =
1

2πi

∫
∂Ω

zf ′(z)

f(z)− w
dz, ∀w ∈ f(Ω).

Proof. Set ζ = g(w), so that h(z) = f(z)−w has one zero in Ω̄, at z = ζ, and h′(ζ) ̸= 0. Indeed, if
h has a zero of order k at z0, then

(8.6) h(z) = (z − z0)
kφ(z)k

for some holomorphic function φ(z) that is nonvanishing in a neighborhood of Ω̄. Therefore, if f is
one to one, then f(z) − w = (z − z0)φ(z) for some holomorphic function φ(z) on a neighborhood
of Ω̄. Therefore,

(8.7)
1

2πi

∫
∂Ω

z
h′(z)

h(z)
dz =

1

2πi

∫
∂Ω

z(
1

z − z0
+
φ′(z)

φ(z)
)dz = ζ.

□

The reason we require k = 1 is due to the existence of k–th roots. Let h(z) = (z − z0)φ(z)
1/k.

By the product rule,

(8.8)
d

dz
((z − z0)φ(z)

1/k)|z=z0 = φ(z0)
1/k + (z − z0)

1

k
φ(z)1/k−1φ′(z)|z=z0 = φ(z0)

1/k ̸= 0,

and therefore, by the implicit function theorem, h(z) maps a neighborhood Ω of z0 1–1 and onto
a disk Dϵ(0). Therefore, (z − z0)

kφ(z) maps Ω onto the disk Dϵk(0), and every point in this disk
̸= 0 has k–preimages.

Proposition 26. Let Ω ⊂ C be a simply connected domain. Assume f : Ω → C is holomorphic
and nowhere vanishing. Then there exists a holomorphic function g on Ω such that

(8.9) eg(z) = f(z), ∀z ∈ Ω.

Proof. Fix z0 ∈ Ω and let eg(z0) = f(z0). Since f(z0) ̸= 0 this is always possible. Then for any
z ∈ Ω, define

(8.10) g(z) =

∫ z

z0

f ′(ζ)

f(ζ)
dζ.
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Note that since f ̸= 0, f ′(ζ)
f(ζ) is analytic on Ω. Since Ω is simply connected, this integral is well–

defined. Furthermore,

(8.11)
g(z + h)− g(z)

h
=

∫ 1

0

f ′(z + th)

f(z + th)
dt→ f ′(z)

f(z)
,

as h → 0. Therefore, g ∈ H(Ω) and (fe−g)′ = 0, which implies that eg = cf for some constant
c ̸= 0.

Furthermore, observe that we can define the roots fn(z) = eg(z)/n. Then (fn(z))
n = eg(z) = f(z),

as desired. □

Consider for example the function f(z) = z2. In polar coordinates, if z = reiθ, z2 = r2e2iθ.
Therefore, f(z) maps the right half plane

(8.12) H = {z ∈ C : Re(z) > 0},
bijectively onto C\R−. Since f ′(z) = 2z vanishes only at the origin, we have a holomorphic inverse

(8.13) Sqrt : C \ R− → H,

which is given by

(8.14) Sqrt(reiθ) = r1/2eiθ/2, r > 0, −π < θ < π.

We can also write

(8.15)
√
z = z1/2 = Sqrt(z).

Next, consider the inverse of the exponential function exp(z) = ez. Consider the strip

(8.16) Σ = {x+ iy : x ∈ R, −π < y < π}.
Since ex+iy = exeiy, we have a bijective map

(8.17) exp : Σ → C \ R−.

Since d
dz e

z = ez is nowhere vanishing, (8.17) has a holomorphic inverse denoted as log.

(8.18) log : C \ R− → Σ.

Taking log 1 = 0 and since

(8.19)
d

dz
ez = ez ⇒ d

dz
log z =

1

z
.

Thus,

(8.20) log z =

∫ z

1

1

ζ
dζ,

where the integral is along any path from 1 to z in C \ R−.
Then, given a ∈ C, define

(8.21) za = Powa(z), Powa : C \ R− → C,
by

(8.22) za = ea log z.

Since eu+v = euev,

(8.23) za+b = zazb.
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In particular, (8.23) implies that for any n ∈ Z, n ̸= 0,

(8.24) (z1/n)n = z.

Then by (8.19),

(8.25)
d

dz
za = aza−1.

Now prove a global inverse function theorem.

Theorem 11. Suppose Ω ⊂ C is convex. Assume f is holomorphic in Ω, and there exists a ∈ C
such that

(8.26) Re(af ′(z)) > 0, on Ω.

Then f maps Ω one to one onto its image f(Ω).

Proof. Take two distinct points z0, z1 ∈ Ω. By convexity, σ(t) = (1 − t)z0 + tz1 lies in Ω for all
t ∈ [0, 1]. Then

(8.27) a
f(z1)− f(z0)

z1 − z0
=

∫ 1

0

af ′((1− t)z0 + tz1)dt.

Then by (8.26), (8.27) ̸= 0. □

For example, consider the strip

(8.28) Σ̃ = {x+ iy : −π
2
< x <

π

2
, y ∈ R}.

Take f(z) = sin z, f ′(z) = cos z. Then for z ∈ Σ̃,

(8.29) Re cos z = cosx cosh y for z ∈ Σ̃.

Therefore, f maps Σ̃ one to one onto its image.

Theorem 12. The function sin maps Σ̃ one-to-one onto the set

(8.30) C \ {(−∞,−1] ∪ [1,∞)}.

Proof. To see this, observe that sin(z) = g(eiz), where g(ζ) = 1
2i (ζ −

1
ζ ). Observe that the image of

Σ̃ under the map z 7→ eiz is the right half plane H. Next, the image of H under g is

(8.31) C \ {(−∞,−1] ∪ [1,∞)}.

Proposition 27. Let

(8.32) h(ζ) = g(iζ) =
1

2
(ζ +

1

ζ
).

Since g(ζ) = h(−iζ),

(8.33) h(−iζ) = 1

2
(
ζ

i
+

1

−iζ
) =

1

2i
(ζ − 1

ζ
).

The function h given by (8.32) maps both the upper half plane U = {ζ : Imζ > 0} and the lower
half plane U∗ = {ζ : Im(ζ) > 0} one-to-one and onto

(8.34) C \ {(−∞,−1] ∪ [1,∞)}.
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Proof. Observe that h : C \ 0 → C, and

(8.35) h(
1

ζ
) = h(ζ).

Solving for h(ζ) = w, if ζ ̸= 0,

(8.36) ζ2 − 2wζ + 1 = 0,

which has the solutions

(8.37) ζ = w ±
√
w2 − 1.

Then for each w ∈ C, there are two solutions, except for w = ±1.
Then h maps R \ 0 onto (−∞, 1] ∪ [1,∞) two to one, except at x = ±1. This takes care of

the two images on the real line with |x| ≥ 1. Therefore, given ζ ∈ C \ 0, h(ζ) = w belongs to
(−∞,−1] ∪ [1,∞) if and only if ζ ∈ R.

Therefore, if w ∈ C \ {(−∞,−1] ∪ [1,∞)}, then h(ζ) = w has two solutions, both in C \ R.
Furthermore, the two solutions are reciprocals of each other, so given ζ ∈ C \ R, ζ ∈ U ⇔ 1

ζ ∈ U∗.

□

The inverse function is denoted

(8.38) sin−1 : C \ {(−∞,−1] ∪ [1,∞)} → Σ̃.

For z ∈ Σ̃, sin2(z) ∈ C \ [1,∞), and therefore,

(8.39) cos(z) = (1− sin2 z)1/2, z ∈ Σ̃.

Therefore, by the inverse function theorem, g(z) = sin−1 z satisfies,

(8.40) g′(z) = (1− z2)−1/2, z ∈ C \ {(−∞,−1] ∪ [1,∞)}.

Therefore,

(8.41) sin−1 z =

∫ z

0

(1− ζ2)−1/2dζ,

where the integral is along any path from 0 to z in C \ {(−∞,−1] ∪ [1,∞)}. □

9. Morera’s theorem, Schwarz reflection principle, and Goursat’s theorem

Let Ω be a connected open set in C. If f : Ω → C is holomorphic, then the Cauchy integral
formula and Cauchy integral theorem hold for f . Here, we establish a converse of the Cauchy
integral theorem, Morera’s theorem.

Theorem 13. Assume g : Ω → C is continuous and

(9.1)

∫
γ

g(z)dz = 0,

whenever γ = ∂R, where R is a rectangle with sides parallel to the real and imaginary axes. Then
g is holomorphic.
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Proof. Holomorphicity is a local property, so assume without loss of generality that Ω is a rectangle.
Fix α = a+ ib in Ω. Given z ∈ Ω, let γαz and σαz be piecewise linear paths from α to z. Then

(9.2) f(z) =

∫
γαz

g(ζ)dζ = i

∫ y

b

g(a+ is)ds+

∫ x

a

g(t+ iy)dt,

and

(9.3) f(z) =

∫
σαz

g(ζ)dζ =

∫ x

a

g(s+ ib)ds+ i

∫ y

b

g(x+ it)dt.

By (9.1), (9.2) and (9.3) are equal. Therefore,

(9.4)
∂f

∂x
(z) =

1

i

∂f

∂y
(z) = g(z).

Thus, f : Ω → C is C1 and satisfies the Cauchy–Riemann equations, so f is holomorphic. Therefore,
g is holomorphic. □

Morera’s theorem may be used to prove the Schwarz reflection principle. Assume Ω ⊂ C is an
open set that is symmetric across the real axis,

(9.5) z ∈ Ω ⇒ z̄ ∈ Ω.

Set L = Ω ∩ R and set Ω± = {z ∈ Ω : ±Im(z) > 0}.

Proposition 28. Assume f : Ω+ ∪ L → C is continuous, holomorphic in Ω+, and real valued on
L. Then define g : Ω → C by

(9.6) g(z) = f(z), z ∈ Ω+ ∪ L, g(z) = f(z̄), z ∈ Ω−.

Then g is holomorphic on Ω.

Proof. It can be verified that g is C1 on Ω− and satisfies the Cauchy–Riemann equations, so g is
holomorphic on Ω \ L. Also, g is continuous on Ω.

To show that g is holomorphic on all of Ω, g satisfies (9.1) when γ = ∂R, and R ⊂ Ω+. The
same is also true if R ⊂ Ω−. Finally, if R intersects L, it is possible to split the integral on ∂R into
two integrals on rectangles. □

Next, prove Goursat’s theorem, which shows that if f is merely complex differentiable, f is
holomorphic.

Theorem 14. If f : Ω → C is complex differentiable at each point of Ω, then f is holomorphic, so
f ∈ C1(Ω), and in fact f ∈ C∞(Ω).

Proof. It is enough to show that the hypotheses yield

(9.7)

∫
∂R

f(z)dz = 0,

for every rectangle R ⊂ Ω.
Given a rectangle R ⊂ Ω, set a =

∫
∂R
f(z)dz. Divide R into four rectangles of equal size. The

integral over R is equal to the sum of the integrals over all four rectangles. Therefore, there must
exist one rectangle R1 such that

(9.8) |
∫
∂R1

f(z)dz| ≥ |a|
4
.
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Then, divide R1 into four equal rectangles. One of them, R2, must have the property that

(9.9) |
∫
∂R2

f(z)dz| ≥ 4−2|a|.

Thus, there exists a sequence of nested rectangles Rk with perimeter ∂Rk of length 2−kl(∂R) = 2−kb
such that

(9.10) |
∫
∂Rk

f(z)dz| ≥ 4−k|a|.

The rectangles shrink to a point p ∈ Ω. Since f is complex differentiable,

(9.11) f(z) = f(p) + f ′(p)(z − p) + o(|z − p|).

Now then,

(9.12)

∫
∂Rk

f(p)dz =

∫
∂Rk

f ′(p)(z − p)dz = 0.

Therefore,

(9.13) |
∫
∂Rk

f(z)dz| ≤ Cδk2
−k2−k.

Plugging (9.13) into (9.10), a = 0. □

10. Singularities

Goursat’s theorem allows us to classify singularities of a function. Suppose now that f is holo-
morphic on a region Ω, except at a point z0 ∈ Ω. For example, the function f(z) = 1

z is holomorphic
on C \ {0} and has a singularity at z = 0.

Definition 9 (Isolated singularity). A point p ∈ C is an isolated singularity if there is a neighbor-
hood U of p such that f is holomorphic on U \ {p}.

Remark 6. Other kinds of singularities are branch singularities. For example, z1/2 and log z are
branch singularities.

For example, 0 is an isolated singularity for f(z) = 1
z . An isolated singularity is said to be

removable if there exists a function f̃ holomorphic on U , where f̃ = f on U \ {p}. If p is a
removable singularity, then f is bounded near p. The converse is also true.

Theorem 15. If p ∈ Ω and f is holomorphic on Ω \ {p} and bounded, then p is a removable
singularity.

Proof. Consider the function g : Ω → C defined by

(10.1) g(z) = (z − p)2f(z), z ∈ Ω \ {p}, g(p) = 0.

Since f is bounded, g is continuous on Ω. Also, g is complex differentiable at each point of Ω, since

(10.2) g′(z) = 2(z − p)f(z) + (z − p)2f ′(z), z ∈ Ω \ {p}, g′(p) = 0.

Observe that since f is bounded, the Cauchy integral formula implies

(10.3) |f ′(z)| ≤
supz∈Ω |f(z)|

|z − p|
, so |z − p|2|f ′(z)| ≤ C|z − p|.
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Therefore, by Goursat’s theorem, g is holomorphic on Ω, so on a neighborhood U of p, g has the
convergent power series

(10.4) g(z) =

∞∑
n=0

an(z − p)n, z ∈ U.

Since g(p) = g′(p) = 0, a0 = a1 = 0, so

(10.5) g(z) = (z − p)2h(z), h(z) =

∞∑
n=0

an+2(z − p)n, z ∈ U.

Comparing (10.5) to (10.1), h(z) = f(z) on U \ {p}, so set

(10.6) f̃(z) = f(z), z ∈ Ω \ {p}, f̃(p) = h(p).

□

Furthermore, the function f̃(z) is unique.

Proposition 29. Let Ω ⊂ C be open and connected, and let f : Ω → C be holomorphic, f ∈ H(Ω).
The following are equivalent:

(1) f ≡ 0,
(2) For some z0 ∈ Ω, f (n)(z0) = 0 for all n ≥ 0,
(3) The set {z ∈ Ω : f(z) = 0} has an accumulation point in Ω.

Proof. It is clear that item number one implies item number two and item number three. Further-
more, since H(Ω) = A(Ω), if item number two is true, then the set of zeros of f must have an
accumulation point in Ω. Therefore, it only remains to prove that item number three implies item
number one.

To that end, let p ∈ Ω be an accumulation point of f(zn) = 0. Observe that there exists R > 0
such that the disk DR(p) ⊂ Ω and f has a convergent power series on DR(p),

(10.7) f(z) =

∞∑
n=0

an(z − p)n.

If an = 0 for all n, then f = 0 on DR(p). Otherwise, suppose aj is the first nonzero entry of (10.7).
Then,

(10.8) f(z) = (z − p)jg(z), g(z) =

∞∑
n=0

aj+n(z − p)n.

Since g(p) = aj ̸= 0, g must be nozero on a small neighborhood of p, which contradicts the fact
that p is an accumulation point for the set of zeros.

Therefore, if S♯ is the set of accumulation points in Ω of the zeros of f , then S♯ is open. Since
S♯ is closed, S♯ = ∅ or S♯ = Ω. Since S♯ is not empty, S♯ = Ω, so f = 0 on Ω. □

Definition 10 (Pole). An isolated singularity p is said to be a pole if |f(z)| → ∞ as z → p.

If p is a pole, there exists a neighborhood U centered at p such that |f(z)| ≥ 1 on U \ {p}. Thus,
g(z) = 1

f(z) is holomorphic on U \ {p}, and g(z) → 0 as z → p, so g has a removable singularity on

U . Therefore, g has a convergent power series expansion on U ,

(10.9) g(z) =

∞∑
n=k

an(z − p)n,
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where ak is the first nonzero coefficient in the power series. Therefore,

(10.10) g(z) = (z − p)kh(z), h(p) = ak ̸= 0,

with h holomorphic on U . Therefore, we have proved,

Proposition 30. If f is holomorphic on Ω \ {p} with a pole at p, then there exists k ∈ Z+ such
that

(10.11) f(z) = (z − p)−kF (z),

on Ω \ {p}, with F holomorphic on Ω, and F (p) ̸= 0.

Definition 11 (Simple pole). If k = 1, f has a simple pole at p.

Proposition 31. If f : C → C is holomorphic and |f(z)| → ∞ as |z| → ∞, then f(z) is a
polynomial.

Proof. Define the function g : C \ {0} → C defined by

(10.12) g(z) = f(
1

z
).

Since |g(z)| → ∞ as z → ∞, g has a pole at 0. Then, by Proposition 30,

(10.13) g(z) = z−kG(z),

on C \ {0} for some k ∈ Z+, with G holomorphic on C and G(0) ̸= 0. Then,

(10.14) G(z) =

k−1∑
j=0

gjz
j + zkh(z),

and therefore,

(10.15) g(z) =

k−1∑
j=0

gjz
j−k + h(z).

Therefore,

(10.16) f(z) =

k−1∑
j=0

gjz
k−j + h(

1

z
),

so

(10.17) f(z)−
k−1∑
j=0

gjz
k−j ,

is holomorphic on C, and approaches h(0) as |z| → ∞. Therefore, by Liouville’s theorem, the
difference is constant, so f(z) is a polynomial. □

Definition 12 (Meromorphic functions). A function holomorphic on Ω except for a set of poles is
said to be meromorphic on Ω. One example of such a function is

(10.18) tan z =
sin z

cos z
,

which is meromorphic on C, with poles at {(k + 1
2 )π : k ∈ Z}.
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Definition 13 (Essential singularity). An isolated singularity of a function that is not a pole or a
removable singularity is called an essential singularity.

An example of an essential singularity is the function f(z) = e
1
z .

Proposition 32 (Casorati-Weierstrass theorem). Suppose f : Ω \ {p} → C has an essential singu-
larity at p. Then for any neighborhood U of p, the image of U \ {p} is dense in C.

Proof. Suppose there exists a neighborhood U of p such that the image of U \ {p} omits a neigh-
borhood of w0 ∈ C. Replacing f(z) by f(z) − w0, suppose without loss of generality w0 = 0.
Then

(10.19) g(z) =
1

f(z)

is holomorphic and bounded on U \ {p}, so g(z) has a removable singularity at p, so g̃(z) has a
holomorphic extension on U . If g̃(p) ̸= 0, then p is a removable singularity for f . If g̃(p) = 0, then
p is a pole of f . □

11. Laurent series

The Laurent series is a generalization of the power series expansion, which works for functions
holomorphic in an annulus. Let

(11.1) A = {z ∈ C : r0 < |z − z0| < r1}
be such an annulus, where 0 < r0 < r1 <∞. Let γj be the counterclockwise circles {|z− z0| = rj},
so that ∂A = γ1 − γ0. Then for any f ∈ C1(A) holomorphic in A, the Cauchy integral formula
implies that for z ∈ A,

(11.2) f(z) =
1

2πi

∫
γ1

f(ζ)

ζ − z
dζ − 1

2πi

∫
γ0

f(ζ)

ζ − z
dζ.

Now then, for ζ ∈ γ1, since |z − z0| < |ζ − z0|,

(11.3)
1

ζ − z
=

1

(ζ − z0)− (z − z0)
=

1

ζ − z0

∞∑
j=0

(
z − z0
ζ − z0

)j .

Meanwhile, for ζ ∈ γ0, since |ζ − z0| < |z − z0|,

(11.4)
1

ζ − z
= − 1

(z − z0)− (ζ − z0)
=

−1

z − z0

∞∑
j=0

(
ζ − z0
z − z0

)j .

Therefore,

(11.5) f(z) =

∞∑
n=−∞

an(z − z0)
n, z ∈ A,

where for n ≥ 0,

(11.6) an =
1

2πi

∫
γ1

f(ζ)

(ζ − z0)n+1
dζ,

and for n < 0,

(11.7) an =
1

2πi

∫
γ0

f(ζ)(ζ − z0)
−n−1dζ.
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Therefore,

Proposition 33. Given 0 ≤ r0 < r1 ≤ ∞, let A be the annulus (11.1). If f : A → C is holomorphic,
then it is given by the absolutely convergent series (11.5), with

(11.8) an =
1

2πi

∫
γ

f(ζ)

(ζ − z0)n+1
dζ, n ∈ Z,

where γ is any counterclockwise oriented circle centered at z0 of radius r0 < r < r1.

Proof. The preceding argument can be applied to any annulus

(11.9) Ab = {z ∈ C : r′0 < |z − z0| < r′1},

where r0 < r′0 < r′1 < r1. Since f is holomorphic on Ab, the integrals on γ0 and γ1 can be moved
to γ. □

When f has an isolated singularity at z0, we can take r0 = 0.

Proposition 34. Suppose f is holomorphic on DR(z0) \ {z0}, with Laurent expansion (11.5), then
f has a pole at z0 if and only if an = 0 for all but finitely many n < 0, and an ̸= 0 for some n < 0.
Therefore, f has an essential singularity at z0 if and only if an ̸= 0 for infinitely many n < 0.

Proof. By Proposition 30, f has a pole at z0 if and only if an = 0 for all but finitely many n < 0,
and an ̸= 0 for some n < 0. Conversely, if f has an essential singularity at z0 then an ̸= 0 for
infinitely many n. □

For example, consider the function

(11.10) f(z) =
1

z − 1
,

on the regions

(11.11) {z : |z| < 1} and {z : |z| > 1}.

On the region {z : |z| < 1},

(11.12) f(z) =
−1

1− z
= −

∞∑
k=0

zk.

On the region {z : |z| > 1},

(11.13) f(z) =
1

z − 1
=

1

z

1

1− 1
z

=
1

z

∞∑
n=0

(
1

z
)n =

−1∑
n=−∞

zn.

Similarly, consider the function

(11.14) g(z) =
1

z − 2
.

For the region {z : |z| < 2},

(11.15) g(z) =
−1

2

1

1− z
2

= −1

2

∞∑
n=0

(
z

2
)n.
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Meanwhile, for the region {z : |z| > 2},

(11.16) g(z) =
1

z − 2
=

1

z

1

1− 2
z

=
1

2

∞∑
n=0

(
2

z
)n+1.

Many of the same computations that we have done for convergent power series may also be
utilized for convergent Laurent series.

Proposition 35. Assume f(z) is given by the series (11.5) converging for z ∈ A, for r0 < |z−z0| <
r1. Then f is holomorphic on A, and

(11.17) f ′(z) =

∞∑
n=−∞

nan(z − z0)
n−1, z ∈ A.

Proof. Choose R1 such that

(11.18)
1

R1
= lim sup

n→∞
|an|1/n,

and

(11.19)
1

R0
= lim sup

n→∞
|a−n|−1/n.

As before,

(11.20)

∞∑
n=0

an(z − z0)
n,

converges absolutely for |z − z0| < R1 and diverges for |z − z0| > R1, and

(11.21)

−1∑
n=−∞

an(z − z0)
n,

converges absolutely for |z−z0| > R0 and diverges for |z−z0| < R0. Once again, since limn→∞ n1/n =
1, the same computations may be made on A.

Taking

(11.22) fν(z) =

ν∑
n=−ν

an(z − z0)
n,

fν → f locally uniformly on A, so the limit f is holomorphic on A, and f ′ν converges locally
uniformly to f ′. □

Laurent series can be multiplied on annuli on which f and g have convergent series.

Proposition 36. Suppose f and g are given by Laurent series

(11.23) f(z) =

∞∑
n=−∞

an(z − z0)
n,

(11.24) g(z) =

∞∑
n=−∞

bn(z − z0)
n,
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which converge on the annulus (11.1). Moreover, the product is given by

(11.25) f(z)g(z) =

∞∑
n=−∞

cn(z − z0)
n, cn =

∞∑
k=−∞

akbn−k,

which converges on A.

Proof. This fact follows directly from a convergence result.

Proposition 37. Given absolutely convergent series

(11.26) A =

∞∑
n=−∞

αn, B =

∞∑
n=−∞

βn,

we have the absolutely convergent series

(11.27) AB =

∞∑
n=−∞

γn, γn =

∞∑
k=−∞

αkβn−k.

Indeed, for any ϵ > 0 there exists N(ϵ) sufficiently large such that |A −
∑N

2

n=−N
2

αn| ≤ ϵ and

|B −
∑N

2

n=−N
2

βn| ≤ ϵ. Then,

(11.28) AB = (

N
2∑

n=−N
2

αn)(

N
2∑

k=−N
2

βk) +O(ϵ).

For |n| > N ,

(11.29)
∑

|n|≥N

γn ≤ A
∑

|n|≥N
2

βn +B
∑

|n|≥N
2

βn = O(ϵ).

For |n| ≤ N ,

(11.30) γn =
∑
k

αkβn−k =
∑

|k|>N
2

αkβn−k +
∑

|n−k|>N
2

αkβn−k +
∑

|k|≤N
2 ,|n−k|≤N

2

αkβn−k.

Since

(11.31)

N∑
n=−N

∑
|k|>N

2

αkβn−k = O(ϵ),

and

(11.32)

N∑
n=−N

∑
|n−k|>N

2

αkβn−k = O(ϵ),

(11.33)

N∑
n=−N

γn = AB +O(ϵ).

This proves Proposition 37. □
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Proposition 38. The conformal automorphisms of the plane are precisely the invertible linear
conformal maps, i.e.,

(11.34) {az + b| a, b ∈ C, a ̸= 0}.

Proof. It is clear that each such map is an automorphism. Now suppose f ∈ Aut(C) with f(0) = 0,
by translation. Then f(z) is the entire function represented by a power series

(11.35) f(z) =

∞∑
n=1

anz
n, ∀z ∈ C.

Then g(w) = f( 1
w ) exhibits an isolated singularity at w = 0. By the Casorati–Weierstrass theorem,

g cannot be essential. Indeed, since f is a homeomorphism, |f(z)| ≥ 1 for all |z| > R > 0. Therefore,
the image of 0 < |w| < 1

R under g is not dense in the plane. Therefore, the Laurent series of g
around w is finite, which implies that f is a polynomial. Since f is an automorphism, f ′ ̸= 0, so f ′

must be constant. □

Lemma 7. The analytic maps C∞ → C∞, which are not identically equal to ∞ are precisely the
rational functions, i.e., all maps of the form P

Q with P , Q polynomials over C with Q not identically

equal to 0. In particular, the automorphism group of the Riemann sphere are all Möbius transforms.

Proof. It is clear that all rational maps are analytic from the extended plane to itself. Conversely,
suppose f(z) ∈ C for all z ∈ C∞. Then f is entire and bounded on C∞, by compactness of C∞,
and thus constant. Therefore, assume that f(z0) = ∞ for some z0 ∈ C∞. Observe that f(z) is only
equal to infinity at finitely many points. Indeed, if f(z) = ∞ at infinitely many points, then there
must be an accumulation point for zeros of 1

f(z) in C∞, and thus 1
f(z) ≡ 0.

Now suppose f(z0) = ∞ for some z0 ∈ C. Then f has a pole at z0, so by Proposition 34,

f(z) =
∑k

j=1 gj(z − z0)
−j + h(z) for some k > 0 and h(z) holomorphic near z0. Subtracting the

principal parts of the poles z0 ∈ C,

(11.36) f(z) =

n∑
m=1

kn∑
j=1

gj,n(z − zm)−j + h(z),

where h(z) is an entire function that possibly has a pole at ∞. Then by Proposition 31, h(z) is a
polynomial. □

12. Möbius transformations

Since the meromorphic functions from C∗ → C∗ must be rational functions, it is possible to
describe fully describe the conformal automorphisms of C∗.

Definition 14. Conformal automorphisms are bijections whose inverse is also conformal.

A diffeomorphism f : Ω → O between two planar domains in C is called conformal if it preserves
angles. That is, if γ1 and γ2 are two curves that meet at an angle α at p, then σ1 = f(γ1) and
σ2 = f(γ2) meet at the same angle α at q = f(p). A condition form this is that for each p ∈ Ω,

(12.1) Df(p) = λ(p)R(p),
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where R(p) is an orthogonal matrix. Then detDf(p) > 0 if and only if detR(p) = 1, and
detDf(p) < 0 if and only if detR(p) = −1. In the former case,

(12.2) R(p) =

(
cos θ − sin θ
sin θ cos θ

)
,

and in the latter case,

(12.3) R(p) =

(
cos θ sin θ
sin θ − cos θ

)
,

and then CDf(p) commutes with J where

(12.4) C =

(
1 0
0 −1

)
.

In this case, Cz = z̄. In the former case, f is said to be orientation preserving and in the latter
case the map is orientation reversing.

Proposition 39. Given planar regions Ω, O, the class of orientation-preserving conformal dif-
feomorphisms f : Ω → O coincides with the class of holomorphic diffeomorphisms. The class of
orientation reversing conformal diffeomorphisms f : Ω → O coincides with the class of conjugate
holomorphic diffeomorphisms.

Indeed by the fundamental theorem of algebra, P andQ both have degree≤ 1, where f(z) = P (z)
Q(z) .

If Q(z) has two roots, f(z) has two points which map to infinity. On the other hand, if Q(z) has a
double root at some z0 ∈ C, then for points close to z0 the map is 2–1. On the other hand, if P (z)
has degree ≥ 2, then f(z) has two zeros.

Lemma 8. Every A ∈ GL(2,C) defines a transformation

(12.5) TA(z) =
az + b

cz + d
, A =

(
a b
c d

)
.

which is holomorphic as a map from C∞ → C∞. It is called a fractional linear or Möbius transfor-
mation. The map A 7→ TA only depends on the equivalence class of A under the relation A ∼ B if
and only if A = λB for some λ ∈ C∗. Thus, the family of all Möbius transformations is the same
as

(12.6) PSL(2,C) = SL(2,C)/{±I}.
We have TA ◦ TB = TA◦B and T−1

A = TA−1 . In particular, every Möbius transformation is an
automorphism of C∞.

Proof. It is clear that each TA is a holomorphic map C∞ → C∞. It is also straightforward to verify
the composition law TA ◦ TB = TA◦B . In particular, TA has a conformal inverse and is thus an
automorphism of C∞. If TA = TÃ, then

(12.7) T ′
A(z) =

ad− bc

(cz + d)2
= T ′

Ã
(z) =

ãd̃− b̃c̃

(c̃z + d̃)2
.

Thus, if ad− bc = ãd̃− b̃c̃ = 1, then (cz + d)2 = (c̃z + d̃)2. Thus, if A and Ã are both matrices in

SL(2,C), then A = ±Ã. □

Combining this fact with the Schwarz lemma, we can characterize all conformal automorphisms
of the unit disk.
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Proposition 40. All holomorphic automorphisms of the disk are given by

(12.8) {φa,θ(z) = eiθ
z − a

1− zā
: |a| < 1, θ ∈ R}.

Proof. Observe that |φa,θ(z)| = 1 when |z| = 1. Indeed, when |z| = 1, z̄ = z−1, so

(12.9)
z − a

1− zā
= (

1− zā

z − a
).

Therefore, if |z| = 1, φa,θ(z) = φa,θ(z)
−1, which implies that |φa,θ(z)| = 1. Furthermore, φa,θ(a) =

0 so φa,θ(z) : D → D, and by Lemma 8, φa,θ(z) is an automorphism.

Now suppose that ψ ∈ Aut(D) is holomorphic and satisfies ψ(a) = 0. Then φa,θ ◦ψ−1 ∈ Aut(D)
and φa,θ ◦ ψ−1(0) = 0. By the Schwarz lemma, this map is a rotation, which proves (12.8). □

Lemma 9. Every Möbius transformation is the composition of four elementary maps:

(1) Translations z 7→ z + z0, z0 ∈ C,
(2) Dilations z 7→ λz, λ > 0,
(3) Rotations z 7→ eiθz, θ ∈ R,
(4) Inversion z 7→ 1

z .

Proof. If c = 0 then TA(z) = a
dz +

b
d , which is certainly a composition of translations, dilations,

and rotations. If c ̸= 0, then

(12.10) TA(z) =
bc− ad

c2
1

z + d
c

+
a

c
=

bc− ad

c(cz + d)
+
a(cz + d)

c(cz + d)
=
az + b

cz + d
.

□

Now consider some examples. Since the imaginary axis is the perpendicular bisector of the line
segment from −1 to 1, |z− 1| = |z+1| for any z lying on the imaginary axis. Thus, z 7→ z−1

z+1 maps
the imaginary axis to the circle of radius one. Since 1 7→ 0, the right half plane is taken to the
disc D = {z : |z| < 1}. We can similarly show that z 7→ 2z−1

2−z maps the unit circle to itself, since if

|z| = 1 and we multiply the numerator and denominator by z̄
z̄ ,

2z−1
2−z = 2−z̄

2z̄−1 . If we think of lines as
circles that pass through ∞, we have the following lemma.

Lemma 10. Fractional linear transformations take circles onto circles.

Proof. In view of the previous lemma, it suffices to show that inversions take circles to circles. Let
|z − z0| = r be a circle and let w = 1

z . Then,

(12.11) 0 = |z|2 − 2Re(z̄z0) + |z0|2 − r2 =
1

|w|2
− 2

Re(wz0)

|w|2
+ |z0|2 − r2.

Now then, if |z0| = r, then

(12.12) 1 = 2Re(wz0) = 2Re(w)Re(z̄0) + 2Im(w)Im(z̄0) = 2⟨w, z̄0⟩.
Therefore, a circle that passes through the origin is mapped to a line. Otherwise, we obtain the
equation,

(12.13) 0 = (|z0|2 − r2)|w|2 − 2Re(wz0) + 1 = (|z0|2 − r2){|w − z̄0
|z0|2 − r2

|2 − r2

(|z0|2 − r2)2
},

which is a circle.
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A line is given by the equation 2Re(zz̄0) = a, which transforms into 2Re(z0z) = a|w|2. If
a = 0 then we have another line through the origin. Otherwise, we have an equation |w− z0/a|2 =
|z0/a|2. □

Remark 7. We could also prove this result using the Riemann sphere, since a stereographic projec-
tion preserves circles. The inversion z 7→ 1

z corresponds to a rotation of the Riemann sphere about
the x1 axis. Since such a rotation preserves circles, a fractional linear transformation does too.

Since Tz = az+b
cz+d = z is a quadratic equation for any Möbius transformation T , T can have at

most two fixed points, unless it is the identity. Moreover, every Möbius transformation has at least
one fixed point. Indeed, if c ̸= 0,

(12.14)
az + b

cz + d
= z,

is a quadratic equation, which has at least one solution. If c = 0, then the left hand side is a
translation combined with a dilation and a rotation. If a

d ̸= 1, we can solve a
dz +

b
d = z. If a

d = 1
then T (z) = z + b′, which has the fixed point of ∞.

Lemma 11. A fractional linear transformation is determined completely by its action on three
distinct points. Given z1, z2, z3 ∈ C∞, there exists a unique fractional linear transformation T with
Tz1 = 0, Tz2 = 1, Tz3 = ∞.

Proof. Suppose S and T are Möbius transformations that agree at three distinct points. Then
the Möbius transformation S−1 ◦ T has three fixed points, and thus is the identity. For a second
statement, let

(12.15) Tz =
z − z1
z − z3

z2 − z3
z2 − z1

.

Then clearly Tz1 = 0, Tz2 = 1, Tz3 = ∞. If any of these points is ∞, we obtain the correct formula
by passing to the limit there. □

Now define the cross ratio of four points.

Definition 15 (Cross ratio). The cross ratio of four points z0, z1, z2, z3 ∈ C∞ is defined as

(12.16) [z0 : z1 : z2 : z3] =
z0 − z1
z0 − z3

· z2 − z3
z2 − z1

.

Lemma 12. The cross ratio of any four distinct points is preserved under Möbius transformations.
Moreover, four distinct points lie on a circle if and only if their cross ratio is real.

Proof. Let z1, z2, z3 be distinct points and let Tzj = wj for j = 1, 2, 3. Then

(12.17)
w − w1

w − w3
· w2 − w3

w2 − w1
,

defines a fractional linear transformation S1 such that S1w1 = 0, S1w2 = 1, and S1w3 = ∞. On
the other hand,

(12.18)
z − z1
z − z3

· z2 − z3
z2 − z1

defines a fractional linear transformation S0 such that S0z1 = 0, S0z2 = 1, and S0z3 = ∞. Further-
more, S−1

1 ◦S0 defines a linear transformation mapping z1 7→ w1, z2 7→ w2, z3 7→ w3. By uniqueness
of Möbius transformations, S−1

1 ◦ S0 = T . Furthermore, w = Tz = S−1
1 ◦ S0z, so S1w = S0z if and

only if Tw = z.
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The second statement follows from the first. Any circle is the image of the real line under a
Möbius transformation. But for any z1, z2, z3 ∈ R,

(12.19)
z0 − z1
z0 − z3

· z2 − z3
z2 − z1

,

is real if and only if z0 is real. Indeed, if a and b are real, a ̸= b, z0−a
z0−b = (z0−a)(z̄0−b)

|z0|2+b2 =
|z0|2+ab−z0b−z̄0a

|z0|2+b2 . Since a ̸= b, and z0 is not real, z0b− z̄0a has a non–zero imaginary part. □

Definition 16. Let z1, z2, z3 ∈ Γ, where Γ ⊂ C∞ is a circle. We say that z and z∗ are symmetric
relative to Γ if

(12.20) [z : z1 : z2 : z3] = [z∗ : z1 : z2 : z3].

If Γ = R, then z∗ is the reflection of z across the real line. Now suppose that Γ is a circle of
finite radius.

Lemma 13. Let Γ = {|z − z0| = r}. Then for any z ∈ C∞,

(12.21) z∗ =
r2

z̄ − z̄0
+ z0.

Proof. First let Γ = {|z| = 1} be the circle of radius 1 centered at the origin. Then

(12.22) [z : z1 : z2 : z3] = [z̄ : z−1
1 : z−1

2 : z−1
3 ] = [

1

z̄
: z1 : z2 : z3].

If |z1| = |z2| = |z3| = 1, z−1
1 = z̄1, z

−1
2 = z̄2, z

−1
3 = z̄3, so [z : z1 : z2 : z3] = [z̄ : z−1

1 : z−1
2 : z−1

3 ]. By
direct computation,

(12.23)
z̄ − z−1

1

z̄ − z−1
3

· z
−1
2 − z−1

3

z−1
2 − z−1

1

=
z̄ − z−1

1

z̄ − z−1
3

· z2 − z3
z2 − z1

· z1
z3

=
z̄z1 − 1

z̄z3 − 1
· z2 − z3
z2 − z1

=
z1 − 1

z̄

z3 − 1
z̄

· z2 − z3
z2 − z1

.

Therefore, [z̄ : z−1
1 : z−1

2 : z−1
3 ] = [ 1z̄ : z1 : z2 : z3].

This implies that if z∗ = 1
z̄ , (12.20) holds. Furthermore, if T is a dilation, Tz = rz, r > 0, then

by Lemma 12, if z1, z2, z3 are points on the unit circle,

(12.24) [Tz : Tz1 : Tz2 : Tz3] = [z : z1 : z2 : z3] = [
1

z̄
: z1 : z2 : z3] = [T (

1

z̄
) : Tz1 : Tz2 : Tz3].

Now then, if w = rz = Tz,

(12.25) w∗ =
r2

rz̄
=
r

z̄
= Tz∗.

On the other hand, if Tz = z + z0 is a translation, T ( 1z̄ ) =
1
z̄ + z0 = w∗. □

Returning to maps that preserve the real line, if A is a real valued matrix, A ∈ Sl(2,R), then
LA preserves R ∪ {∞}. We can also write LA = LA1

, where A1 ∈ Sl(2,R) and A ∈ Gl(2,R) and
det(A) > 0. Also,

(12.26) A ∈ Sl(2,R) ⇒ LA : U → U ,

where

(12.27) U = {z : Im(z) > 0}.
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Then for a, b, c, d ∈ R, if z = x+ iy,

(12.28)
az + b

cz + d
=

(az + b)(cz̄ + d)

(cz + d)(cz̄ + d)
=
ac|z|2 + bd+ (ad+ bc)x

|cz + d|2
+ i

ad− bc

|cz + d|2
y.

Therefore, LA = L−A, and

(12.29) PSl(2,R) = Sl(2,R)/(±I).
Now let φ be the fractional linear transformation

(12.30) φ(z) = LA0(z), A0 =

(
1 −i
1 i

)
.

Then,

(12.31) φ(x+ iy) =
x+ i(y − 1)

x+ i(y + 1)
⇒ |φ(x+ iy)|2 =

x2 + (y − 1)2

x2 + (y + 1)2
.

Therefore, |φ(x+ iy)| < 1 if and only if y < 0. Therefore,

(12.32) φ : U → D, φ : R ∪ {∞} → S1 = ∂D,

where D is the unit disk

(12.33) D = {z : |z| < 1}.
Since φ is bijective on C ∪ {∞}, φ is bijective in (12.33). Therefore,

(12.34) MA = LA0AA−1
0

: D → D.

Then for A ∈ Sl(2,R),

(12.35) A0AA
−1
0 =

1

2i

(
(a+ d)i− b+ c (a− d)i+ b+ c
(a− d)i− b− c (a+ d)i+ b− c

)
=

(
α β
β̄ ᾱ

)
.

Therefore,

(12.36) A0Sl(2,R)A−1
0 = {

(
α β
β̄ ᾱ

)
: |α|2 − |β|2 = 1} = SU(1, 1).

Proposition 41. Given the groups Sl(2,R) and SU(1, 1), Sl(2,R) acts transitively in U and
SU(1, 1) acts transitively on D.

Proof. Take p = a+ ib ∈ U . Then, Lp(z) = bz+a = b1/2z+b−1/2a
b−1/2 maps i to p. Given another q ∈ U ,

LpL
−1
q maps q to p. The conjugation A0Sl(2,R)A−1

0 implies that transitivity on D is equivalent to
transitivity on U . □

Proposition 42. If f : D → D is a holomorphic diffeomorphism, then f = LB for some B ∈
SU(1, 1), then f = LB for some B ∈ SU(1, 1). Therefore, if F : U → U is a holomorphic
diffeomorphism, then F = LA for some A ∈ Sl(2,R).

Proof. Suppose f(0) = p ∈ D. Then by Proposition 41, there exists some B1 ∈ SU(1, 1) such that
LB1

(p) = 0. Therefore, g = LB1
◦ f : D → D is a holomorphic diffeomorphism satisfying g(0) = 0.

Therefore, h(z) = g(z)
z has a removable singularity at z = 0, as does z

g(z) . Also, as in the Schwarz

lemma,

(12.37) |g(z)
z

| ≤ 1, | z

g(z)
| ≤ 1.
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Therefore, | g(z)z | ≡ 1 on D, which implies that g(z)
z is a constant function, hence g(z) = cz for some

|c| = 1.
Therefore, g = LB2 , with

(12.38) B2 = a

(
c 0
0 1

)
.

Taking a = ±c−1/2, B2 ∈ SU(1, 1). Therefore, f = LB−1
1 B2

and the proof is complete. □

13. The winding number

Let u(z) = log |z| be the harmonic function on C∗. Recall that if we attempt to find the harmonic
conjugate of log |z| and we integrate on the curve γr(t) = reit, dx = −r sin(t)dt, dy = r cos(t)dt,

uy = r sin(t)
r2 , ux = r cos θ

r2 ,

(13.1)

∮
−uydx+ uxdy =

∫ 2π

0

(sin2(t) + cos2(t))dt = 2π.

Remark 8. The differential form ω = − y
r2 dx+

x
r2 dy pulls back to any circle as the form dθ. Even

though θ is not well-defined on all of C∗, but the differential dθ is.

Thus, the local primitive of 1
z is log z, so integrating over a loop that encircles the origin once

creates a jump by 2π. This fact motivates the definition of the winding number.

Lemma 14 (Winding number). Let γ : [0, 1] → C be a closed curve. Then for any z0 ∈ C\γ([0, 1])
the integral

(13.2) n(γ; z0) =
1

2πi

∫
γ

dz

z − z0

is an integer, called the index or winding number of γ relative to z0.
The winding number is a homotopy invariant relative to C\{z0}. It is constant on each connected

component of C \ γ([0, 1]) and vanishes on the unbounded component.

Proof. Suppose without loss of generality that z0 = 0, and suppose γ is an arbitrary continuous,
piecewise C1 curve in C \ {0}, say,

(13.3) γ : [0, 1] → C \ {0}, γ(t) = r(t)eiθ(t),

where r(t) and θ(t) are continuous, piecewise C1, real valued functions of t, and r(t) > 0. Then,

(13.4) γ′(t) = [r′(t) + ir(t)θ′(t)]eiθ(t).

Computing,

(13.5)
1

2πi

∫
γ

dz

z
=

1

2πi

∫ 1

0

γ′(t)

γ(t)
dt =

1

2πi

∫ 1

0

[
r′(t)

r(t)
+ iθ′(t)]dt.

Since r(0) = eiθ(0) = r(1)eiθ(1),

(13.6)

∫ 2π

0

r′(t)

r(t)
dt = log r(1)− log r(0) = 0,

and

(13.7)
1

2π

∫ 1

0

θ′(t) =
1

2πi
[θ(1)− θ(0)] = n(γ, 0) ∈ Z.
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Now suppose γ0 and γ1 are smoothly homotopic in C \ {0}. Then,
(13.8) n(γ0, 0) = n(γ1, 0).

Indeed, if γs is a smooth family of curves in C \ {0}, for 0 ≤ s ≤ 1, then

(13.9) n(γs, 0) =
1

2π

∫
γs

dθ,

is a continuous function of s ∈ [0, 1], taking values in Z. Hence it is constant.
Alternatively, to show constancy on components, observe that

(13.10)
d

dz0

∮
γ

dz

z − z0
=

∮
γ

dz

(z − z0)2
= −

∮
γ

d

dz
[

1

z − z0
]dz = 0.

To show that the winding number vanishes on the unbounded component take z0 → ∞ in
∮
γ

dz
z−z0

.

□

Suppose Ω ⊂ C is a bounded domain with piecewise smooth boundary and f ∈ C2(Ω̄) is holo-
morphic on Ω, and nowhere zero on ∂Ω. The number of zeros, counted with multiplicity, may be
expressed in terms of the behavior of f on ∂Ω. We say that pj ∈ Ω is a zero of multiplicity k
provided,

(13.11) f (l)(pj) = 0, 0 ≤ l ≤ k − 1, f (k)(pj) ̸= 0.

Proposition 43. Under the hypotheses stated above, the number ν(f,Ω) of zeros of f in Ω, counted
with multiplicity, is given by

(13.12) ν(f,Ω) =
1

2πi

∫
∂Ω

f ′(z)

f(z)
dz.

Proof. Let Dj be small, disjoint disks around pj ∈ Ω. Then, by the Cauchy integral formula,

(13.13)
1

2πi

∫
∂Ω

f ′(z)

f(z)
dz =

1

2πi

∫
∂Dj

f ′(z)

f(z)
dz.

In a neighborhood D̄j of pj ,

(13.14) f(z) = (z − pj)
mjg(z),

with g(z) non-vanishing on D̄j . Therefore, on D̄j ,

(13.15)
f ′(z)

f(z)
=

mj

(z − pj)
+
g′(z)

g(z)
.

Since g′(z)
g(z) is holomorphic on D̄j ,

(13.16)
1

2πi

∫
∂Dj

f ′(z)

f(z)
dz =

mj

2πi

∫
∂Dj

dz

z − pj
= mj .

□

Proposition 43 has an interpretation in terms of winding numbers. Let Cj denote the connected
components of ∂Ω, with proper orientation, and suppose Cj is parameterized by φj : S1 → Cj .
Then,

(13.17) f ◦ φj : S
1 → C \ {0}

parameterizes the image curve γj = f(Cj).
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Proposition 44. With Cj and γj as above,

(13.18)
1

2πi

∫
Cj

f ′(z)

f(z)
dz =

1

2πi

∫
γj

dz

z
.

Proof. In general,

(13.19)

∫
Cj

u(z)dz =

∫ 2π

0

u(φj(t))φ
′
j(t)dt,

and

(13.20)

∫
γj

v(z)dz =

∫ 2π

0

v(f(φj(t)))
d

dt
f ◦ φj(t)dt =

∫ 2π

0

v(f(φj(t)))f
′(φj(t))φ

′
j(t)dt.

In particular, taking v(z) = 1
z ,

(13.21)

∫
Cj

f ′(z)

f(z)
dz =

∫ 2π

0

f ′(φj(t))

f(φj(t))
φ′
j(t)dt =

∫ 2π

0

1

f(φj(t))
f ′(φj(t))φ

′
j(t)dt

=

∫ 2π

0

v(f(φj(t)))f
′(φj(t))φ

′
j(t)dt =

∫
γj

1

z
dz.

□

Proposition 45 (Argument principle). If Cj denote the connected components of ∂Ω,

(13.22) ν(f,Ω) =
∑
j

n(γj , 0), γj = f(Cj).

That is, the total number of zeros of f in Ω, counting multiplicity, is equal to the sum of the winding
numbers of f(Cj) about 0.

Proof. For any Cj ,

(13.23)
1

2πi

∫
Cj

f ′(z)

f(z)
dz = n(γj , 0), γj = f(Cj).

□

Many times, the right hand side is more readily calculable than the left hand side. For example,
a useful corollary to the above result is Rouche’s theorem.

Proposition 46 (Rouche’s theorem). Let f, g ∈ C1(Ω̄) be holomorphic in Ω and nowhere zero on
∂Ω. Also assume that

(13.24) |f(z)− g(z)| < |f(z)|, ∀z ∈ ∂Ω.

Then,

(13.25) ν(f,Ω) = ν(g,Ω).

Proof. Inequality (13.24) implies that f and g are smoothly homotopic as maps from ∂Ω to C\{0}.
Indeed, take

(13.26) fτ (z) = f(z)− τ [f(z)− g(z)], 0 ≤ τ ≤ 1.

Therefore, f |Cj
and g|Cj

have the same winding numbers about 0, for each boundary component
Cj . □
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Rouche’s theorem gives another proof of the fundamental theorem of algebra. Let

(13.27) f(z) = zn, and g(z) = zn + an−1z
n−1 + ...+ a0.

For z sufficiently large, |f(z)−g(z)| < |f(z)|, and therefore, f and g have the same number of zeros
inside the disk {z : |z| ≤ R}. It is clear that f has n zeros inside this disk, so g must have n zeros
as well.

Proposition 47. Suppose Ω is as in Proposition 43 and let f ∈ C1(Ω̄) be holomorphic on Ω.
Suppose S ⊂ C is connected, and S ∩ f(∂Ω) = ∅. Then,

(13.28) ν(f − q,Ω) is independent of q ∈ S.

Proof. Define the function,

(13.29) φ(q) = ν(f − q,Ω) =
1

2πi

∫
∂Ω

f ′(z)

f(z)− q
dz.

This function is a continuous function of q, so since φ : S → Z and S is connected, φ must be
constant. □

Proposition 48 (Open mapping theorem). If Ω ⊂ C is open and connected, and f : Ω → C is
holomorphic and nonconstant, then f maps open sets to open sets.

Proof. Suppose p ∈ Ω and q = f(p). Then we have a power series expansion

(13.30) f(z) = f(p) +

∞∑
n=k

an(z − p)n,

where ak ̸= 0. Therefore, there exists a disk Dρ(p) such that f |Dρ(p) is bounded away from q.
Applying Proposition 47 to S = Dϵ(q) for some ϵ > 0, for all q′ ∈ Dϵ(q),

(13.31) ν(f − q′, Dρ(p)) = ν(f − q,ρ (p)) = k.

Therefore, such points q′ are contained in the range of f , and are hit exactly k times, counting
multiplicity. □

Proposition 49 (Hurwitz theorem). Assume fn are holomorphic on each connected region Ω and
fn → f locally uniformly on Ω. Assume each fn is nowhere vanishing in Ω. Then f is either
nowhere vanishing or identically zero in Ω.

Proof. Since fn → f locally uniformly, f is holomorphic on Ω and f ′n → f ′ locally uniformly on Ω.
If f is not identically zero on Ω, then the only zeros of f in Ω are isolated. Let D be a disk in Ω
for which f has zeros in D, but not in ∂D. Then 1

fn
→ 1

f locally uniformly on ∂D. By (13.12),

(13.32)
1

2πi

∫
∂D

f ′n(z)

fn(z)
dz = 0, for all n.

Passing to the limit,

(13.33) ν(f,D) =
1

2πi

∫
∂D

f ′(z)

f(z)
= 0,

so f does not have any zeros in D. □
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14. The global form of Cauchy’s theorem

Let c be a cycle. We say that z ∈ c if z lies on one of the curves that make up the cycle.

Definition 17. We say that a cycle in a region Ω is a zero–homologous cycle in Ω, or relative to
Ω, if n(c; z) = 0 for all z ∈ C \ Ω.

It is clear that a cycle homotopic to a point is homologous to zero. On the other hand, such a cycle
need not be homotopic to a point via a homotopy in Ω. For example, take the set Ω = C \ {z1, z2}
and the 0–homologous cycle be a figure–eight around z1 and z2 followed by an outer wrap around
both points.

Theorem 16. Let c be a 0–homologous cycle in Ω. Then for any f ∈ H(Ω),

(14.1) n(c; z0)f(z0) =
1

2πi

∮
f(z)

z − z0
dz,

for all z0 ∈ Ω \ c. Conversely, if (14.1) holds for all f ∈ H(Ω) and a fixed z0 ∈ Ω \ c, then c is a
0–homologous cycle in Ω.

Proof. Define

(14.2) ϕ(z, w) =

{
f(z)−f(w)

z−w if z ̸= w ∈ Ω,

f ′(w) if z = w ∈ Ω.

By analyticity of f , ϕ(z, w) is analytic in z and jointly continuous in z and w. The set

(14.3) Ω′ = {z ∈ C \ c : n(c, z) = 0},
is open. □

Theorem 17. Let c be a 0–homologous cycle in Ω. For any f ∈ H(Ω),

(14.4) n(c; z0)f(z0) =
1

2πi

∮
f(z)

z − z0
dz,

for all z0 ∈ Ω \ c. Conversely, if (14.4) holds for all f ∈ H(Ω) and a fixed z0 ∈ Ω \ c, then c is a
0–homologous cycle in Ω.

Proof. Let

(14.5) Ω′ = {z ∈ C \ c : n(c, z) = 0}.
The set Ω′ is open, Ω ∪ Ω′ = C, ∂Ω ⊂ Ω′. Let

(14.6) g(z) =

{ ∮
ϕ(z, w)dw if z ∈ Ω,∮ f(w)
w−z dw if z ∈ Ω′.

We show that g is well–defined and that g ∈ H(C). Indeed, if z ∈ Ω,

(14.7)

∮
c

ϕ(z, w)dw =

∮
f(w)− f(z)

w − z
dw =

∮
c

f(w)

w − z
dw − 2πif(z)n(c; z),

with n(c, z) = 0 for all z ∈ Ω′ ∩ Ω.

The function g is holomorphic on Ω′. To show that g is holomorphic in Ω, let T ⊂ Ω be a triangle
in Ω. By Fubini’s theorem,

(14.8)

∮
T

g(z)dz =

∮
T

∮
c

f(w)

w − z
dwdz =

∮
c

f(w)

∮
T

1

w − z
dzdw = 0.
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Since g(z) → 0 as |z| → ∞, then by Liouville’s theorem, g ≡ 0 on C. Thus, for all z0 ∈ Ω \ c,

(14.9) n(c; z0)f(z0) =
1

2πi

∮
c

f(z)

z − z0
dz.

To prove the converse, fix z1 ∈ C \ Ω. Then apply the left hand side of (14.4) to f(z) = 1
z−z1

.

(14.10)

n(c; z0)f(z0) =
1

2πi

∮
c

1

(z − z0)(z − z1)
dz =

f(z0)

2πi

∮
c

[
1

z − z0
− 1

z − z1
]dz = f(z0)n(c; z0)−f(z0)n(c; z1).

Thus, n(c; z1) = 0. □

Corollary 8. With c and Ω as in the previous theorem,

(14.11)

∮
c

f(z)dz = 0,

for all f ∈ H(Ω). In particular, if Ω is simply–connected, then (14.11) holds for all cycles in Ω and
f ∈ H(Ω).

Proof. For z0 ∈ Ω \ c, let h(z) = (z − z0)f(z). Plugging h(z) into (14.4),

(14.12) 0 = n(c; z0)h(z0) =
1

2πi

∮
f(z)dz.

Now then, C \ Ω is connected if and only if Ω is simply connected. It is clear that

(14.13) n(γ; z0) =
1

2πi

∮
γ

dz

z − z0
→ 0, as |z| → ∞,

so if Ω is simply connected then (14.13) holds for all cycles in Ω. Therefore, every cycle is 0–
homologous. □

Definition 18. If each closed curve from c1 is homotopic to exactly one closed curve from c2, then
we say that c1 and c2 are homotopic.

Theorem 18. Let c1 and c2 be two cycles in Ω that are C1 homotopic. Then,

(14.14)

∮
c1

f(z)dz =

∮
c2

f(z)dz,

for all f ∈ H(Ω). In particular, if c is homotopic to a sum of points then
∮
f(z)dz = 0 for all

f ∈ H(Ω).

This implies that the winding number is homotopy invariant. If a curve c is 0–homologous
relative to Ω then any cycle homotopic to c relative to Ω is also 0–homologous.

15. Residue calculus

Suppose f is holomorphic on an open set Ω, except for isolated singularities at points pj ∈ Ω.
Each pj is contained in a disk Dj ⊂⊂ Ω on a neighborhood of which f has a Laurent series

(15.1) f(z) =

∞∑
n=−∞

an(pj)(z − pj)
n.
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Definition 19 (Residue). The coefficient a−1(pj) of (z− pj)
−1 is called the residue of f at pj and

is denoted Respj (f). Then

(15.2) Respj
(f) =

1

2πi

∫
∂Dj

f(z)dz.

If, in addition Ω is bounded, with piecewise smooth boundary, and f ∈ C(Ω̄, {pj}), assuming
{pj} is a finite set, then by the Cauchy integral formula,

(15.3)

∫
∂Ω

f(z)dz =
∑
j

∫
∂Dj

f(z)dz = 2πi
∑
j

Respj
(f).

Theorem 19 (Residue theorem). Suppose f ∈ H(Ω, {zj}Jj=1). If c is a 0–homologous cycle in Ω
which does not pass through any of the zj, then

(15.4)
1

2πi

∮
c

f(z)dz =

J∑
j=1

n(c; zj)res(f ; zj).

Proof. Let νj = n(c; zj) and define a new cycle

(15.5) c′ = c−
J∑

j=1

νjγj , γj(t) = zj + ϵe2πit.

Then n(c′;w) = 0 for all w ∈ C \ Ω and n(c′; zj) = 0 for all 1 ≤ j ≤ J . Then (15.5) follows from
Corollary 8. □

The argument principle also holds for meromorphic functions. If f has a pole of order mj at
pj , then (13.16) would give −mj for a disk of small radius around pj . If f is meromorphic on a
bounded domain Ω, and C1 in a neighborhood of ∂Ω. Then the number of zeros of f minus the
number of poles of f (counting multiplicity) in Ω is equal to the sum of the winding numbers of
f(Cj) about 0, where the Cj are connected components of ∂Ω.

Proposition 50. Let c be a 0–homologous cycle relative to Ω. If f ∈ M(Ω) is such that no zero
or pole of f lies on c, then

(15.6) n(f ◦ c; 0) =
∑

z∈Ω:f(z)=0

n(c; z)−
∑

ζ∈Ω:f(ζ)=∞

n(c; ζ),

where zeros and poles are counted with multiplicity.

Proof. By definition,

(15.7) n(f ◦ c; 0) = 1

2πi

∮
f◦c

dw

w
=

1

2πi

∮
f ′(z)

f(z)
dz.

If f(z) = (z − z0)
ng(z) with n ̸= 0, g(z0) ̸= 0, and g ∈ H(Ω), then

(15.8) res(
f ′

f
; z0) = n.

□
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The residue formula has a number of applications. For example, we can compute

(15.9)

∫ ∞

−∞

dx

1 + x2
.

The function f(z) = (1+z2)−1 is a meromorphic function, with simple poles at z = ±i. The residue
at i may be computed

(15.10) lim
z→i

(z − i)
1

z2 + 1
= lim

z→i

1

z + i
=

1

2i
.

Therefore, if γ is a positively oriented contour that contains i in its interior, but not −i, then

(15.11)

∫
γ

1

z2 + 1
dz = π.

In particular, let γR denote the contour from −R to R, and then the semicircle Reiθ, where 0 ≤
θ ≤ π. Then

(15.12)

∫
γR

1

z2 + 1
dz = π.

Then,

(15.13)

∫ π

0

R

1 +R2e2iθ
ieiθdθ = O(

1

R
),

so

(15.14)

∫ R

−R

1

1 + x2
dx = π +O(

1

R
).

Taking R→ ∞,

(15.15)

∫ ∞

−∞

1

1 + x2
dx = π.

We also know the antiderivative of 1
1+x2 , which is arctan(x).

Next, consider the integral

(15.16)

∫ ∞

−∞

1

1 + x4
dx.

The function 1
1+z4 has four simple poles, at z = ei

π
4 , ei

3π
4 , ei

5π
4 , and ei

7π
4 . Since

(15.17) lim
z→ei

π
4

z2 + i = 2i, and lim
z→ei

3π
4

z2 − i = −2i,

(15.18) lim
z→ei

π
4

1

(z2 + i)(z + ei
π
4 )

=
1

4i

1

ei
π
4
=

1

4
e−

3πi
4 ,

(15.19) lim
z→ei

3π
4

1

(z2 − i)(z + ei
3π
4 )

=
−1

4i

1

ei
π
4
=

1

4
e−

πi
4 .

Therefore, for any γR,

(15.20)

∫
γR

1

z4 + 1
dz =

π√
2
.
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Since

(15.21)

∫
1

1 +R4e4iθ
Rieiθdθ = O(

1

R3
),

(15.22)

∫ ∞

−∞

1

1 + x4
dx =

π√
2
.

The evaluation of Fourier transforms provides a rich source of examples to which to apply residue
calculus. For example, consider the problem of computing

(15.23)

∫ ∞

−∞

eixξ

1 + x2
dx.

This integral has simple poles at z = ±i. Moreover, the residue at z = i is e−ξ

2i and the residue at

z = −i is − eξ

2i . Then for ξ ≥ 0,

(15.24)

∫
γR

eizξ

1 + z2
dz = πe−ξ.

Taking R→ ∞,

(15.25)

∫ ∞

−∞

eixξ

1 + x2
dx = πe−ξ.

Making the same computation for ξ ≤ 0,

(15.26)

∫ ∞

−∞

eixξ

1 + x2
dx = πe−|ξ|.

16. More residue theorem computations using algebra of paths

Next, consider the Fourier transform

(16.1) A =

∫ ∞

−∞

eixξ

2 cosh x
2

dx.

Take the integral over the the contour γ(x) = x+ 2πi. Then compute

(16.2) 2 cosh
x− 2πi

2
= −(ex/2 + e−x/2) = −2 cosh(

x

2
).

The poles of 1
2 cosh z

2
are exactly the points where cosh( z2 ) = 0, or ez/2 = −e−z/2, so then ez = −1,

z = iπ + i2nπ. Therefore,

(16.3) (1 + e−2πξ)

∫ ∞

−∞

eixξ

2 cosh x
2

dx = 2πi lim
z→πi

(z − πi)eizξ

2 cosh( z2 )
= 2πi

e−ξ

sinh(πi2 )
= πe−ξ.

Doing some algebra,

(16.4)

∫ ∞

−∞

eixξ

2 cosh x
2

dx =
π

coshπξ
.

Another example of this kind is the integral

(16.5) B =

∫ ∞

0

xα

1 + x2
dx,
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for some 0 < α < 1. Then define zα = rαeiαθ for 0 < θ < 2π. Then zα is holomorphic on C \ R+.
Moreover, (x+ iy)α has distinct boundary values when x > 0 as y ↘ 0 and y ↗ 0. Then let γR be
the curve going from 0 to Reiϵ along the curve reiϵ, followed by the counterclockwise circle from
Reiϵ to Rei(2π−ϵ), and then from Rei(2π−ϵ) to zero along the path rei(2π−ϵ), r going from R to 0.

Then for any R > 1,
(16.6)∫
γR

zα

1 + z2
dz = 2πiResz=i(

zα

1 + z2
)+2πiResz=−i(

zα

1 + z2
) =

2πi

2i
eiα

π
2 −2πi

2i
e

3πiα
2 = π(eiπα/2−e3πiα/2).

Next,

(16.7)

∫ 2π−ϵ

ϵ

Rαeiθα

1 +R2e2iθ
Rieiθdθ = O(Rα−1).

Also, for any R > 0 fixed,

(16.8) lim
ϵ↘0

∫ R

0

rαeiϵα

1 + r2e2iϵ
eiϵdr =

∫ R

0

xα

1 + x2
dx.

Meanwhile,

(16.9) − lim
ϵ↘0

∫ R

0

rαei(2π−ϵ)α

1 + r2e2i(2π−ϵ)
dr = −e2πiα

∫ R

0

xα

1 + x2
dx.

Therefore, taking R→ ∞,

(16.10) (1− e2πiα)B = π(eπiα/2 − e3πiα/2).

Doing some algebra,

(16.11) B =
π

2 cos(πα2 )
.

Remark 9. Observe that when α = 0, (16.11) agrees with (15.15). Also note that taking the
derivative of (16.11) when α = 0 yields

(16.12)

∫ ∞

0

log x

1 + x2
dx = 0.

This fact was pointed out in class by Tyler Wunder.

It is also possible to use residue calculus to evaluate integrals of the form

(16.13)

∫ 2π

0

R(cos θ, sin θ)dθ.

Indeed, if we consider the curve γ(θ) = eiθ, then

(16.14)

∫
γ

R(
z

2
+

1

2z
,
z

2i
− 1

2iz
)
dz

iz
.

For example, consider the integral

(16.15) I(r) =

∫ 2π

0

dθ

1− 2r cos θ + r2
, 0 < r < 1.

Then,

(16.16) I(r) =

∫
γ

1

1− r(z + 1
z ) + r2

dz

iz
= i

∫
γ

dz

rz2 − (1 + r2)z + r
.
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The polynomial p(z) = rz2 − (1 + r2)z + r has two roots, r and 1
r . Then

(16.17) rz2 − (1 + r2)z + r = r(z − r)(z − 1

r
).

Therefore, for 0 < r < 1,

(16.18) I(r) =
i

r

∫
γ

1

z − 1/r

dz

z − r
=
i

r
2πig(r),

where g(z) = (z − 1
r )

−1. Therefore,

(16.19) I(r) = −2π

r

1

r − 1/r
=

2π

1− r2
, for 0 < r < 1.

Now apply residue calculus to an integrand with a double pole. For example, consider the integral

(16.20) u(ξ) =

∫ ∞

−∞

eixξ

(1 + x2)2
dx, ξ ∈ R.

Then,

(16.21) Resi
eizξ

(1 + z2)2
= g′(i),

where

(16.22) g(z) =
eiξz

(z + i)2
.

Then,

(16.23) g′(i) = − i

4
(1 + ξ)e−ξ.

Therefore, when ξ > 0,

(16.24) u(ξ) = lim
R→∞

∫
γR

eiξz

(1 + z2)2
dz =

π

2
(1 + ξ)e−ξ.

Therefore, since u(ξ) is an even function of ξ,

(16.25)

∫ ∞

−∞

eixξ

(1 + x2)2
dx =

π

2
(1 + |ξ|)e−|ξ|, ∀ξ ∈ R.

It is also possible to use residue calculus to compute a class of infinite series.

Proposition 51. Let P (z) and Q(z) be polynomials of degree dQ ≥ dP + 2, and let

(16.26) f(z) =
P (z)

Q(z)
.

Let ZQ = {z ∈ C : Q(z) = 0}, and assume that none of these roots belong to Z. Then,

(16.27)

∞∑
k=−∞

f(k) = −π
∑
p∈ZQ

Respf(z) cotπz.
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Proof. For N ∈ N, take

(16.28) ΩN = {z ∈ C : |Re(z)| < N +
1

2
, |Im(z)| ≤ N +

1

2
}.

There exists K <∞ such that | cot(πz)| ≤ K for all z ∈ ∂ΩN , N ∈ N. Indeed, sin(π(N + 1
2 )) = 1.

Therefore,

(16.29) lim
N→∞

∫
∂ΩN

f(z) cotπzdz = 0.

Meanwhile,

(16.30)

∫
∂ΩN

f(z) cot(πz)dz = 2πi
∑

p∈(ΩN∩Z)∪ZQ

Respf(z) cot(πz).

The residue at k is given by

(16.31) Reskf(z) cotπz =
1

π
f(k), ∀k ∈ Z.

Taking N → ∞ yields (16.27). □

For example, if p is a simple root of Q(z), and p /∈ Z, then

(16.32) Respf(z) cot(πz) =
P (p)

Q′(p)
cot(πp).

Another example would be to take

(16.33) f(z) =
1

z2 + a2
, a ∈ C \ iZ.

Then,

(16.34)

∞∑
k=−∞

1

k2 + a2
= −π(Resia

cotπz

z2 + a2
+Res−ia

cotπz

z2 + a2
) =

π

a
coth(πa).

17. Analytic continuation

In this section we will discuss the subject of analytic continuation. Functions such as the gamma
function and zeta function are defined on a subdomain of the complex plane by integral or series
representations.

We begin with the Gaussian integral,

(17.1) G(z) =

∫ ∞

−∞
e−t2+tzdt.

This integral is absoltely convergent, and for each z ∈ C, G(z) is a continuous function of z.
Furthermore, if γ is a closed curve on C, we can use Fubini’s theorem to prove

(17.2)

∫
γ

G(z)dz =

∫ ∞

−∞

∫
γ

e−t2+tzdzdt = 0,

by the Cauchy integral theorem. Therefore, G is holomorphic on C.
For z = x real, completing the square,

(17.3) G(x) =

∫ ∞

−∞
e−t2+txdt = e

x2

4

∫ ∞

−∞
e−(t− x

2 )
2

dt = e
x2

4

∫ ∞

−∞
e−t2dt =

√
πe

z2

4 .
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Therefore, by Proposition 29,

(17.4) G(z) =
√
πe

z2

4 , z ∈ C.

In particular, G(iy) =
√
πe−

y2

4 ,

(17.5)

∫ ∞

−∞
e−t2+itydt =

√
πe−

y2

4 , y ∈ R.

This shows that the Fourier transform of the Gaussian function is the Gaussian.

Now consider the Gamma function Γ(z). If Re(z) > 0, then let

(17.6) Γ(z) =

∫ ∞

0

e−ttz−1dt.

Once again, by Fubini’s theorem, Γ(z) is holomorphic in the right half plane Re(z) > 0. Indeed,
observe that z 7→ tz−1 = exp((z − 1) log t) is an entire function for each t > 0. Furthermore, if
x = Re(z),

(17.7)

∫ ∞

0

|e−ttz−1|dt =
∫ ∞

0

e−ttx−1dt,

which converges absolutely. Now let γ be a closed curve in {z ∈ C : x > 0}. Since γ is a closed
curve, there exists some A > 1 such that γ lies in {0 < A−1 ≤ x ≤ A}. By Fubini’s theorem, since
tz−1 is analytic for any t > 0,

(17.8)

∫
γ

∫ ∞

0

e−ttz−1dtdz =

∫ ∞

0

e−t

∫
γ

tz−1dzdt = 0.

Therefore, by Morera’s theorem Γ is holomorphic in the right half plane.

Now then, integrating by parts, for any Re(z) > 0,

(17.9) Γ(z + 1) = zΓ(z).

Now then, integrating by parts, since Re(z) > 0,

(17.10) zΓ(z) =

∫ ∞

0

e−tztz−1dt =

∫ ∞

0

e−t d

dt
(tz)dt =

∫ ∞

0

e−ttzdt = Γ(z + 1).

Since the right hand side is defined for all Re(z) > −1, set

(17.11) Γ(z) =
Γ(z + 1)

z
, for all Re(z) > −1.

Note that z = 0 is a pole of first order. Iterating this identity yields, with k ≥ 0,

(17.12) Γ(z) =
Γ(z + k + 1)

z(z + 1) · · · (z + k)
, for all Re(z) > −k − 1.

This allows one to analytically continue Γ(z) as a meromorphic function to all of C, and has simple

poles at {n ∈ Z : n ≤ 0} with residues (−1)n

n! .

At this point, it is fair to ask whether or not the definition of Γ(z) given by (17.11) is the only
such definition which is meromorphic on C with poles at {n ∈ Z : n ≤ 0}. To show that this is in
fact the case, we define a chain of disks along a continuous curve, and put analytic functions on the
disks that are continuations of one another.
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Definition 20. Suppose γ : [0, 1] → Ω is a continuous curve inside a region Ω. We say that
Dj = D(γ(tj), rj) ⊂ Ω, 0 ≤ j ≤ J is a chain of disks along γ in Ω if 0 = t0 < t1 < t2 < ... < tN = 1
and γ([tj , tj+1]) ⊂ Dj ∩Dj+1 for all 0 ≤ j ≤ N − 1.

By uniform continuity of γ, there exists such a chain of disks along γ in Ω.

Definition 21. Let γ : [0, 1] → Ω be a continuous curve inside Ω. Suppose f ∈ H(U) and g ∈ H(V ),
where U ⊂ Ω and V ⊂ Ω are neighborhoods of p = γ(0) and q = γ(1), respectively. We say that g
is an analytic continuation of f along γ if there exists a chain of disks Dj = D(γ(tj), rj) along γ
in Ω where 0 ≤ j ≤ J and fj ∈ H(Dj) such that fj = fj+1 on Dj ∩Dj+1 and f0 = f and fJ = g
around p and q respectively.

Analytic continuation is unique where it exists, and does not depend on the chain of disks along
γ, but only on γ itself.

Lemma 15. The analytic continuation g of f along γ depends only on f and γ, but not on the
specific choice of the chain of circles. In particular, it is unique.

Proof. Suppose Dj and D̃k are two different chains of disks along γ with underlying partitions
{tj}Jj=1 and {sk}Kk=1, respectively. Denote the chain of analytic functions defined on these disks by
fj and gk.

Claim 1. For any j, k with tj−1 ≤ sk ≤ tj,

(17.13) fj = gk, on Dj ∩ D̃k.

Applying this claim to the endpoint of γ yields the desired uniqueness.

We prove the claim by induction. It is clearly true when j = k = 0. In general, if tj−1 ≤ sk ≤ tj ,

then γ(sk) ∈ Dj−1 and γ(sk) ∈ Dj . Therefore, by Proposition 29, fj−1 = gk on Dj−1 ∩ D̃k implies

fj = gk on Dj ∩ D̃k. □

A special case of the analytic continuation lemma is the anti–derivative of f ∈ H(Ω). Then,
locally around every point in Ω there exists an anti–derivative, or primitive. Any such primitive
can be analytically continued along an arbitrary C1–curve γ : [0, 1] → Ω by integration:

(17.14) F (z) =

∫
γ

f(ζ)dζ,

where γ(1) = z and γ(0) = z0 is kept fixed. However, this need not lead to a global primitive
F ∈ H(Ω). For example, let Ω = C \ {0} and f(z) = 1

z . On the other hand, we can obtain a global
F if Ω is simply connected.

Theorem 20 (Monodromy theorem). Suppose γ0 and γ1 are two homotopic curves relative to some
region Ω ⊂ C with the same initial point p and endpoint q. Let U be a neighborhood of p and assume
further that f ∈ H(U) can be analytically continued along every curve of the homotopy. Then the
analytic continuation of f along γj, j = 0, 1 agree locally around q.

Proof. Let H : [0, 1]2 → Ω be the homotopy between γ0 and γ1 that fixes the two endpoints. Thus,
H = H(t, s) where γ0(t) = H(t, 0) and γ1(t) = H(t, 1), respectively. Let gs denote the continuation
of f along H(·, s) by gs.

Fix any s0 ∈ [0, 1] and suppose {Dj}Jj=1 is a chain of circles along γs0 with underlying partition
0 = t0 < t1 < ... < tN = 1 and functions fj on Dj defining the analytic continuation of f along γs0 .
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Claim 2. Let Dj(s) denote the largest disk centered at γs(tj) which is contained in Dj. There
exists ϵ > 0 such that for all s ∈ [0, 1], |s− s0| < ϵ, the Dj(s) form a chain of disks along γs.

By Lemma 15 we can use the same fj for all |s− s0| < ϵ, so the gs agree with gs0 locally around
q.

To prove the claim, we use uniform continuity of the homotopy H. □

Within a simply connected region, any two curves with the same initial and end points are
homotopic. Suppose for a simply connected region Ω, and f is holomorphic on some disk included
in Ω. Then suppose we may analytically continue f to any point in Ω along any path. Then, there
exists a necessarily unique, analytic function F on Ω that agrees with f on the original disk. In
other words, if there is no local obstruction to analytic continuation anywhere in Ω, then we may
obtain a global analytic function on Ω from the germ f .

For example, the logarithm may be defined on a simply connected domain.

Remark 10. Any domain Ω carries analytic functions which cannot be continued beyond any
portion of the boundary ∂Ω. Let {zn}∞n=1 be dense in ∂Ω and define

(17.15) f(z) =

∞∑
n=1

2−n 1

z − zn
,

which is analytic on Ω. A power series with finite and positive radius of convergence also cannot
be analytically continued across the entire circle of its convergence.

18. The Gamma function

The Gamma function arises in the computation of the natural Laplace transform,

(18.1) f(t) = tz−1 ⇒ Lf(s) = Γ(z)s−z,

for Re(z) > 0, with

(18.2) Γ(z) =

∫ ∞

0

e−ttz−1dt, Re(z) > 0.

Indeed, by a change of variables, if Re(s) > 0,

(18.3)

∫ ∞

0

e−sttz−1dt = s−z

∫ ∞

0

e−st(st)z−1sdt = s−zΓ(z).

We may develop more properties for this special function. Observe that integrating by parts,

(18.4) Γ(z + 1) =

∫ ∞

0

e−ttzdt = −
∫ ∞

0

d

dt
(e−t)tzdt = zΓ(z).

Since Γ(1) = 1, for any integer k ≥ 1,

(18.5) Γ(k) = (k − 1)Γ(k − 1) = (k − 1)!.

The integral (18.2) converges for Re(z) > 0, so then by (18.4), Γ(z) is well defined for Re(z) > −1,
and using (18.4), Γ(z) is meromorphic on {z : Re(z) > −1}, with a simple pole at z = 0. Iterating,
using (18.4), Γ(z) can be extended to be meromorphic on C, with simple poles at z = 0,−1,−2, ....

Proposition 52. For z ∈ C \ Z, we have

(18.6) Γ(z)Γ(1− z) =
π

sin(πz)
.
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Proof. It suffices to establish the identity for 0 < Re(z) < 1. In this case,

(18.7) Γ(z)Γ(1− z) =

∫ ∞

0

∫ ∞

0

e−(s+t)s−ztz−1dsdt.

Making the change of variables u = s+ t, v = t
s ,

(18.8) =

∫ ∞

0

∫ ∞

0

e−uvz−1(1 + v)−1dudv =

∫ ∞

0

(1 + v)−1vz−1dv.

Taking v = ex, the last integral is equal to

(18.9)

∫ ∞

−∞
(1 + ex)−1exzdx,

which is holomorphic on 0 < Re(z) < 1. Evaluating (18.9) on the strip z = 1
2 + iξ, ξ ∈ R, by (16.4),

(18.10) =

∫ ∞

−∞
(2 cosh(

x

2
))−1eixξdx =

π

cosh(πξ)
.

Since

(18.11)
π

sin(π( 12 + iξ))
=

π

cosh(πξ)
.

Then by unique analytic continuation, the proof is complete. □

Remark 11. One could also use a contour integral to show that

(18.12)

∫ ∞

0

xα−1

1 + x
dx =

π

sin(πα)
, 0 < Re(α) < 1.

Corollary 9. The function Γ(z) has no zeros, so 1
Γ(z) is an entire function.

Next, compute the following estimate.

Lemma 16. For n ≥ 4,

(18.13) 0 ≤ e−t − (1− t

n
)n ≤ t2

n
e−t, 0 ≤ t ≤ n.

Proof. To show that e−y − (1 − y) ≥ 0, observe that f(0) = 0 when f(y) = e−y − (1 − y), and
f ′(y) = −e−y + 1 ≥ 0 for 0 ≤ y ≤ 1.

For the second inequality, using the Taylor series, write

(18.14) log(1− t

n
)n = n log(1− t

n
) = −t−X, where X =

t2

n
(
1

2
+

1

3

t

n
+ ...).

Therefore, (1− t
n )

n = et−X , so for 0 ≤ t ≤ n, since x− (1− e−x) ≥ 0,

(18.15) e−t − (1− t

n
)n = (1− e−X)e−t ≤ Xe−t.

It is clear from (18.14) that X ≤ t2

n if t ≤ n
2 . On the other hand, if t ≥ n/2 and n ≥ 4, then

t2/n ≥ 1, so e−t ≤ (t2/n)e−t. □

This fact yields the result of Euler,

Proposition 53. For Re(z) > 0, we have

(18.16) Γ(z) = lim
n→∞

nz
1 · 2 · · ·n

z(z + 1) · · · (z + n)
.
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Proof. For Re(z) > 0,

(18.17) Γ(z) = lim
n→∞

∫ n

0

(1− t

n
)ntz−1dt = lim

n→∞
nz
∫ 1

0

(1− s)nsz−1ds.

Indeed,
(18.18)

Γ(z) =

∫ ∞

0

e−ttz−1dt = lim
n→∞

∫ n

0

e−ttz−1dt = lim
n→∞

[

∫ n

0

(1− t

n
)ntz−1dt+O(

∫ n

0

t2

n
e−ttz−1dt)].

The last term clearly goes to zero as n→ ∞. Repeatedly integrating by parts,

(18.19) Γ(z) = lim
n→∞

nz
1 · 2 · · ·n

z(z + 1) · · · (z + n− 1)

∫ 1

0

sz+n−1ds.

□

Meanwhile, using (18.4),

(18.20) Γ(z) =
Γ(z + 1)

z
= lim

n→∞
nz+1 1

z

1 · 2 · · ·n
(z + 1) · · · (z + 1 + n)

, for Re(z) > −1.

Therefore, (18.16) can be extended to Re(z) > −1, and one may use (18.4) to obtain further
extensions.

Rewriting (18.16),

(18.21) Γ(z) = lim
n→∞

nzz−1(1 + z)−1(1 +
z

2
)−1 · · · (1 + z

n
)−1.

Now define the Euler constant

(18.22) Γ = lim
n→∞

(1 +
1

2
+ ...+

1

n
− log n).

Then (18.21) is equivalent to

(18.23) Γ(z) = lim
n→∞

e−γzez(1+
1
2+...+ 1

n )z−1(1 + z)−1 · · · (1 + z

n
)−1.

This leads to the Euler product expansion

Proposition 54. For all z ∈ C, we have

(18.24)
1

Γ(z)
= zeγz

∞∏
n=1

(1 +
z

n
)e−z/n.

Now then, observe that 1
Γ(z)

1
Γ(−z) has the product expansion

(18.25)
1

Γ(z)Γ(−z)
= −z2

∞∏
n=1

(1− z2

n2
).

Since Γ(z)Γ(1− z) = π
sin(πz) and Γ(1− z) = zΓ(−z),

(18.26) sin(πz) = πz

∞∏
n=1

(1− z2

n2
).
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Next, observe that (18.6) implies that Γ(12 )
2 = π. Since Γ( 12 ) > 0, this means that Γ( 12 ) =

√
π.

Meanwhile, by a change of variables,

(18.27)

∫ ∞

0

e−x2

dx =
1

2

∫ ∞

0

e−tt−1/2dt =
1

2
Γ(

1

2
) =

√
π

2
,

which again gives Γ( 12 ) =
√
π. Now then, by (18.4),

(18.28) Γ(k +
1

2
) =

√
π(k − 1

2
)(k − 3

2
) · · · (1

2
).

The area of a sphere may be computed by relating Gaussian integrals to the Gamma function.
Indeed, observe that

(18.29)

∫
Rn

e−|x|2dx = (

∫ ∞

−∞
e−x2

dx)n = πn/2.

On the other hand, using spherical polar coordinates and a change of variables,

(18.30)

∫
Rn

e−|x|2 = An−1

∫ ∞

0

e−r2rn−1dr =
1

2
An−1

∫ ∞

0

e−ttn/2−1dt.

The last integral is Γ(n2 ), so

(18.31) An−1 =
2πn/2

Γ(n2 )
.

The following is a useful representation of 1
Γ(z) .

Proposition 55. Take ρ > 0 and let σ be the path that goes from −∞ − i0 to −ρ − i0, then
counterclockwise from −ρ − i0 to −ρ + i0 along the circle |ζ| = ρ, and then from −ρ + i0 to
−∞+ i0. Then,

(18.32)
2πi

Γ(z)
=

∫
σ

eζζ−zdζ, ∀z ∈ C.

Proof. Let I(z) denote the right hand side of (18.32). The right hand side is independent of the
choice of ρ, since ζ−z = e−z(log(ζ)) is defined by a branch cut. Both sides are holomorphic in z ∈ C,
so it suffices to establish the identity for z = x ∈ (0, 1). In this case, as ρ → 0, the contribution of
the circle integral vanishes, so at the limit,

(18.33) I(x) =

∫ ∞

0

e−tt−xeπixdt−
∫ ∞

0

e−tt−xe−πixdt = 2i(sin(πx))Γ(1− x) =
2πi

Γ(x)
.

The last identity uses (18.6). □

Remark 12. Read the Legendre duplication formula appendix.

19. The Riemann zeta function

The Riemann zeta function is defined by

(19.1) ζ(s) =

∞∑
n=1

n−s, Re(s) > 1.

Special cases include ζ(2) = π2

6 and ζ(4) = π4

90 .
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Proposition 56 (Euler’s product formula). Let {pj : j ≥ 1} = {2, 3, 5, ...} denote the set of prime
numbers in N. Then for Re(s) > 1,

(19.2) ζ(s) =

∞∏
j=1

(1− p−s
j )−1.

Proof. Expanding out the right hand side of (19.2),
(19.3)
∞∏
j=1

(1−p−s
j )−1 =

∞∏
j=1

(1+p−s
j +p−2s

j +p−3s
j +...) = 1+

∑
j

p−s
j +

∑
j1≤j2

(pj1pj2)
−s+

∑
j1≤j2≤j3

(pj1pj2pj3)
−s+...

Then by the prime number theorem, (19.3) = (19.1). □

From (19.1), as s↘ 1, ζ(s) ↗ +∞, so therefore,

(19.4)

∞∏
j=1

(1− p−1
j ) = 0.

This gives the quantitative strengthening of Euler’s result that there are infinitely many primes,
since (19.4) implies

(19.5)

∞∑
j=1

1

pj
= ∞.

In fact, since x ≤ log 1
1−x ≤ 2x,

(19.6)
1

2
log ζ(s) ≤

∞∑
j=1

1

psj
≤ log ζ(s), ∀ s > 1.

Therefore, pj → ∞ somewhat faster than j, but as fast as j(log j)1+a for some a > 0.
Also by the product formula,

(19.7) ζ(s) ̸= 0, for Re(s) > 1.

Proposition 57. The function ζ(s) extends to a meromorphic function on C, with one simple pole
at s = 1. In fact,

(19.8) ζ(s)− 1

s− 1
,

extends to an entire function of s.

First, relate the Riemann zeta function to the function

(19.9) g(t) =

∞∑
n=1

e−n2πt.

Indeed, by a change of variables,

(19.10)

∫ ∞

0

g(t)ts−1dt =

∞∑
n=1

n−2sπ−s

∫ ∞

0

e−tts−1dt = ζ(2s)π−sΓ(s).
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Using the Jacobi identity,

(19.11)

∞∑
l=−∞

e−πl2τ =

√
1

τ

∞∑
k=−∞

e−πk2/τ ,

we have

(19.12)

∞∑
l=−∞

e−πl2t =

√
1

t

∞∑
k=−∞

e−πk2/t.

Therefore,

(19.13) g(t) =
1

2

∞∑
n=−∞

e−n2πt − 1

2
=

1

2

√
1

t

∞∑
n=−∞

e−n2π/t − 1

2
=

√
1

t
g(

1

t
) +

1

2

√
1

t
− 1

2
.

Now then, from (19.10), for Re(s) > 1,

(19.14) Γ(
s

2
)π−s/2ζ(s) =

∫ ∞

0

g(t)ts/2−1dt =

∫ 1

0

g(t)ts/2−1dt+

∫ ∞

1

g(t)ts/2−1dt.

Using (19.13),

(19.15) Γ(
s

2
)π−s/2ζ(s) =

∫ 1

0

(−1

2
+

1

2
t−1/2)ts/2−1dt+

∫ 1

0

g(
1

t
)ts/2−3/2dt+

∫ ∞

1

g(t)ts/2−1dt.

Therefore,

(19.16) Γ(
s

2
)π−s/2ζ(s) =

1

s− 1
− 1

s
+

∫ ∞

1

[ts/2 + t(1−s)/2]g(t)t−1dt.

Since g(t) ≤ Ce−πt for t ∈ [1,∞), the integral on the right hand side of (19.16) defines an entire
function of s. Since 1

Γ( s
2 )

is entire, with simple zeros at s = 0,−2,−4, .... Therefore, ζ(s) is continued

as a meromorphic function on C with one simple pole at s = 1. Furthermore, Γ(12 ) = π1/2, so (19.8)
is regular at s = 1.

Note that (19.16) is invariant upon replacing s by 1− s. Therefore,

Proposition 58 (Riemann’s functional equation). For s ̸= 1,

(19.17) Γ(
s

2
)π−s/2ζ(s) = Γ(

1− s

2
)π−(1−s)/2ζ(1− s).

Remark 13. This formula is an important strengthening of (19.7).

Proposition 59. For all real t ̸= 0, ζ(1 + it) ̸= 0. Hence,

(19.18) ζ(s) ̸= 0, for Re(s) ≥ 1.

Lemma 17. For all σ > 1, t ∈ R,
(19.19) ζ(σ)3|ζ(σ + it)|4|ζ(σ + 2it)| ≥ 1.

Proof. Equation (19.19) is equivalent to

(19.20) 3 log ζ(σ) + 4Re log ζ(σ + it) +Re log(ζ + 2it) ≥ 0.

Then by (19.2),

(19.21) log ζ(s) =
∑
p∈P

∞∑
k=1

1

k

1

pks
,
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where P is the set of prime numbers in N. Therefore,

(19.22) log ζ(s) =
∑
n≥1

a(n)

ns
, a(n) ≥ 0, for any n.

Therefore, the left hand side of (19.20) is given by

(19.23)

∞∑
n=1

a(n)

nσ
Re(3 + 4n−it + n−2it).

Taking θn = t log n,

(19.24) Re(3 + 4n−it + n−2it) = 3 + 4 cos θn + cos 2θn = 2 + 4 cos θn + 2 cos2 θn = 2(1 + cos θn)
2.

This term is ≥ 0 for each n, which implies the lemma. □

Proof of Proposition 59: Recall that since ζ(s)− 1
s−1 is an entire function, if t ̸= 0 and ζ(1+it) = 0,

then

(19.25) lim
σ↘1

ζ(σ + it)

σ − 1
= ζ ′(1 + it).

Now then,

(19.26) (19.19) = ((σ − 1)ζ(σ))3(
|ζ(σ + it)|
σ − 1

)4|(ζ − 1)ζ(σ + 2it)|.

However,

(19.27) lim
σ↘1

(σ − 1)ζ(σ) = 1,

so if (19.25) holds, then (19.26) converges to zero as σ ↘ 1, which contradicts (19.19). □

The trivial zeros of ζ(s) are the zeros at the points s ∈ {−2,−4, ...}. It also follows from
Proposition 59 that all the other zeros of ζ(s) lie in the critical strip

(19.28) Ω = {s ∈ C : 0 < Re(s) < 1}.
The Riemann hypothesis is the famous conjecture that all zeros in Ω of ζ(s) lie on the critical line
{ 1
2 + it : t ∈ R}.
Now then, we would like to prove a quantitative refinement of Proposition 59. To do this, it is

useful to obtain a representation of ζ(s) that is valid beyond Re(s) > 1. Indeed, observe that for
Re(s) > 1,

(19.29) ζ(s) =
∞∑

n=1

1

ns
=

∫ ∞

0

x−sdν(x),

where

(19.30) ν(x) = [x] = n, for x ∈ [n, n+ 1).

The equation (19.29) is a Stieltjes integral. Then for any N ∈ N,

(19.31)

ζ(s) =

N∑
n=1

1

ns
+

∞∑
n=N+1

1

ns
=

N∑
n=1

1

ns
+

∫ ∞

N

x−sdν(x) =

N∑
n=1

1

ns
+

∫ ∞

N

x−sdν(x)

=

N∑
n=1

1

ns
+ s

∫ ∞

N

x−s−1[x]dx−N−sν(N).
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The last equality follows by integrating by parts. Now note that N−sν(N) = N1−s. Adding and
subtracting

(19.32) s

∫ ∞

N

x−s−1xdx =
s

s− 1
N1−s,

for Re(s) > 1,

(19.33) ζ(s) =

N∑
n=1

1

ns
− s

∫ ∞

N

x− [x]

xs+1
dx+

N1−s

s− 1
.

The integral on the right hand side is holomorphic on Re(s) > 0, so

Proposition 60. For each N ∈ N, the identity (19.33) holds for Re(s) > 0.

Proof. Both sides are holomorphic on {s ∈ C : Re(s) > 0}, except for a pole at s = 1, and the
identity holds for Re(s) > 1. □

20. The prime number theorem

Proposition 61. There exists K <∞ such that

(20.1) |ζ(s)| ≤ K log t, |ζ ′(s)| ≤ K(log t)2,

for s = σ + it, σ ≥ 1, t ≥ e.

Proof. If Re(s) ≥ 2, then it follows from

(20.2) ζ(s) =

∞∑
n=1

n−s,

that |ζ(s)| ≤ ζ(2) and |ζ ′(s)| ≤ |ζ ′(2)|. Therefore, assume 1 ≤ σ ≤ 2 and t ≥ e. In that case,

(20.3) |s| ≤ σ + t ≤ 2t, |s− 1| ≥ t,
1

|s− 1|
≤ 1

t
.

Then by (19.33),

(20.4) |ζ(s)| ≤
N∑

n=1

1

nσ
+ 2t

∫ ∞

N

x−(σ+1)dx+
N1−σ

t
=

N∑
n=1

1

nσ
+

2t

σNσ
+
N1−σ

t
.

Now take N = [t] so that N ≤ t ≤ N + 1 and log(n) ≤ log(t) if n ≤ N . Therefore,

(20.5)
2t

σNσ
≤ 2

N + 1

N
, and

N1−σ

t
=
N

t

1

Nσ
.

Therefore,

(20.6) |ζ(s)| = O(

N∑
n=1

1

n
) +O(1) = O(logN) +O(1) = O(log t).

To compute ζ ′(s) from (19.33),

(20.7) ζ ′(s) = −
N∑

n=1

log n

ns
+ s

∫ ∞

N

x− [x]

xs+1
(log x)dx−

∫ ∞

N

x− [x]

xs+1
dx− N1−s

s− 1
(logN)− N1−s

(s− 1)2
.

Applying the above argument to ζ ′(s) and picking up an extra factor of logN = O(log t) proves
the proposition. □
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Proposition 62. There is a constant C <∞ such that

(20.8) | 1

ζ(s)
| ≤ C(log t)7,

for s = σ + it, σ ≥ 1, t ≥ e.

Proof. For Re(s) > 1,

(20.9)
1

ζ(s)
=

∞∑
n=1

µ(n)

ns
, µ(n) ∈ {−1, 0, 1}.

Indeed, from (19.2),

(20.10)
1

ζ(s)
=

∞∏
j=1

(1− 1

psj
),

so by the prime number theorem, (20.9) holds, where µ(n) = 0 if n contains a square, otherwise
µ(n) = (−1)m, where m is the number of prime factors of n. Therefore, for Re(s) ≥ 2,

(20.11) | 1

ζ(s)
| ≤

∞∑
n=1

1

n2
= ζ(2).

Now suppose that σ ∈ [1, 2] and t ≥ e. In this case, by (19.19), for σ > 1, t ∈ R,

(20.12)
1

|ζ(σ + it)|
≤ ζ(σ)3/4|ζ(σ + 2it)|1/4.

Since (σ − 1)ζ(σ) is bounded for σ ∈ [1, 2] and ζ(σ + 2it) = O(log t),

(20.13)
1

|ζ(σ + it)|
≤ C

(log t)1/4

(σ − 1)3/4
.

Equivalently, for 1 ≤ σ ≤ 2 and t ≥ e,

(20.14) |ζ(σ + it)| ≥ B
(σ − 1)3/4

(log t)1/4
.

Now take α ∈ (1, 2). If 1 ≤ σ ≤ α and t ≥ e, by Proposition 61,

(20.15) |ζ(σ + it)− ζ(α+ it)| ≤
∫ α

σ

|ζ ′(u+ it)|du ≤ K(α− σ)(log t)2,

so by the triangle inequality,

(20.16) |ζ(σ + it)| ≥ |ζ(α+ it)| − |ζ(σ + it)− ζ(α+ it)| ≥ B
(α− 1)3/4

(log t)1/4
−K(α− 1)(log t)2.

This estimate also holds for σ ∈ [α, 2] since (σ − 1)3/4 ≥ (α− 1)3/4, so for any α ∈ (1, 2),

(20.17) |ζ(σ + it)| ≥ B
(α− 1)3/4

(log t)1/4
−K(α− 1)(log t)2.

Choose

(20.18) α = 1 + (
B

2K
)4

1

(log t)9
.
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Clearly, α > 1. Also, there exists T0 > e such that α < 2 if α is given by (20.18). Plugging (20.18)
into (20.16), for all t ≥ T0,

(20.19) |ζ(σ + it)| ≥ K(α− 1)(log t)2 =
C

(log t)7
, ∀σ ∈ [1, 2].

Therefore, (20.7) holds for all t ≥ e, since 1
ζ(s) is holomorphic. □

Corollary 10. There exists C <∞ such that

(20.20) |ζ
′(s)

ζ(s)
| ≤ C(log t)9,

for s = σ + it, σ ≥ 1, t ≥ e.

Now take the prime counting function

(20.21) π(x) = ♯{p ∈ P : p ≤ x},

where P is the set of positive integers that are primes.

Theorem 21 (Prime number theorem). The prime counting function π(x) has the property that

(20.22) π(x) ∼ x

log(x)
, as x→ ∞.

To prove this theorem, recall that for Re(s) > 1,

(20.23) log ζ(s) = −
∑
p∈P

log(1− p−s) =
∑
p∈P

∞∑
k=1

1

k
p−ks =

∫ ∞

0

x−sdJ(x),

where

(20.24) J(x) =
∑
k≥1

1

k
π(x1/k).

For each x, the sum contains at most log2 x terms, so applying d
ds to (20.23),

(20.25) −ζ
′(s)

ζ(s)
=

∫ ∞

0

(log x)x−sdJ(x).

Then introduce ψ(x) so that

(20.26) dψ(x) = (log x)dJ(x).

Equivalently,

(20.27) ψ(x) =

∫ x

0

(log y)dJ(y) = (log x)J(x)−
∫ x

0

J(y)

y
dy.

Equivalently, dJ(x) = ( 1
log x )dψ(x), so

(20.28) J(x) =

∫ x

0

1

log x
dψ(x) =

ψ(x)

log x
+

∫ x

0

1

(log y)2
ψ(y)

y
dy.

Also by (20.26), integrating by parts,

(20.29) −ζ
′(s)

ζ(s)
=

∫ ∞

1

x−sdψ(x) = s

∫ ∞

1

ψ(x)x−s−1dx.
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Proposition 63. If one shows that ψ(x) ∼ x as x → ∞, it follows that J(x) ∼ x
log x as x → ∞.

This in turn implies the prime number theorem.

Proof. Suppose ψ(x) = x+ E(x), where E(x) = o(x) as x→ ∞. Then by (20.28),

(20.30) J(x) =
x

log x
+
E(x)

log x
+

∫ x

2

dy

(log y)2
+

∫ ∞

2

1

(log y)2
E(y)

y
dy ∼ x

log x
.

To deduce the prime number theorem, observe that (20.24) implies

(20.31) π(x) < J(x) < π(x) + π(x1/2)
∑

1≤k≤log2(x)

1

k
≤ π(x) + π(x1/2) log(log2 x).

Since π(x1/2) ≤ x1/2,

(20.32) J(x)− π(x) = O(x1/2 log(log2 x)).

□

Now bring in the function

(20.33) ψ1(x) =

∫ x

0

ψ1(y)dy.

Proposition 64. Let ψ : [0,∞) → [0,∞) be an increasing function and set ψ1(x) =
∫ x

0
ψ(y)dy.

Taking B ∈ (0,∞), α ∈ [1,∞), then

(20.34) ψ1(x) ∼ Bxα, as x→ ∞, ⇒ ψ(x) ∼ αBxα−1, as x→ ∞.

Therefore, to complete the proof of the prime number theorem, it suffices to show that

Proposition 65. The function ψ1 satisfies

(20.35) lim
x→∞

ψ1(x)

x2
=

1

2
.

Proof. Make the crude estimate ψ1(x) ≤ 2x2 log(x). Therefore,

(20.36) −ζ
′(s)

ζ(s)
= s

∫ ∞

1

ψ′
1(x)x

−s−1dx = s(s+ 1)

∫ ∞

1

ψ1(x)x
−s−2dx.

Now then, for Re(s) > 1,

(20.37)

∫ ∞

1

x−sdx =
1

s− 1
.

Therefore,

(20.38)
1

2

∫ ∞

1

(1− 1

x
)2x−sdx =

1

(s− 1)s(s+ 1)
.

Therefore,

(20.39) − 1

s(s+ 1)
(
ζ ′(s)

ζ(s)
+

1

s− 1
) =

∫ ∞

1

[
ψ1(x)

x2
− 1

2
(1− 1

x
)2]x−sdx,

is holomorphic in Re(s) > 0.
Now set

(20.40) Φ(x) = [
ψ1(x)

x2
− 1

2
(1− 1

x
)2]χ[1,∞)(x).
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Making a change of variables, let x = ey and set s = 1+σ+ it, σ > 0, the right hand side of (20.39)
is given by

(20.41)

∫ ∞

−∞
Φ(ey)e−σye−itydy, σ > 0.

Since |Φ(x)| ≤ C log(2 + |x|),

(20.42) |Φ(ey)| ≤ B(1 + |y|)C .

Also, since Φ(ey) = 0 for y ≤ 0, Φ(ey)e−σy is integrable for each σ > 0. For σ > 0, rewrite the left
hand side as

(20.43) Ψσ(t) = − 1

s(s+ 1)
(
ζ ′(s)

ζ(s)
+

1

s− 1
)|s=1+σ+it.

Lemma 18. There exists C <∞ such that for σ ≥ 0, t ∈ R,

(20.44) |Ψσ(t)| ≤
C

1 + t2
(log(2 + |t|))9.

Therefore, |Ψσ| is uniformly bounded by a function that is integrable on R. Moreover, (20.39)
gives

(20.45) Ψσ(t) =

∫ ∞

−∞
Φ(ey)e−σye−itydy, ∀σ > 0,

with the integrand supported on R+. Since Ψ is integrable in t, applying the Fourier inversion
formula,

(20.46) Φ(ey)e−σy =
1

2π

∫ ∞

−∞
Ψσ(t)e

itydt.

Passing to the limit σ ↘ 0,

(20.47) Φ(ey) =
1

2π

∫ ∞

−∞
Ψ0(t)e

itydt.

By the Riemann–Lebesgue lemma, Φ(ey) → 0 as y → ∞, which is equivalent to Φ(x) → 0 as
x→ ∞. Then by (20.40), this proves the proposition. □

21. Normal families

Suppose Ω is a locally compact metric space, that is, Ω is a metric space and each p ∈ Ω has a
closed neighborhood that is compact. Suppose S is a complete metric space and C(Ω, S) is the set
of continuous maps f : Ω → S.

Definition 22 (Normal family). A subset F ⊂ C(Ω, S) is a normal family with respect to (Ω, S)
if and only if every sequence fν ∈ F has a locally uniformly convergent subsequence fνk

→ f ∈
C(Ω, S).

Proposition 66 (Arzela-Ascoli theorem). Let X and Y be compact metric spaces and fix a modulus
of continuity ω(δ). Then

(21.1) Cω = {f ∈ C(X,Y ) : d(f(x), f(y)) ≤ ω(d(x, y)), ∀x, y ∈ X},

is a compact subset of C(X,Y ), hence a normal family.
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The defining condition

(21.2) d(f(x), f(y)) ≤ ω(d(x, y)), ∀x, y ∈ X, f ∈ F ,

is called equicontinuity of F .

Proposition 67. Assume there exists a countable family {Kj} of compact subsets of Ω such that
any compact K ⊂ Ω is contained in some finite union of Kj. Consider a family F ⊂ C(Ω, S).
Suppose that for each j, there exist compact Lj ⊂ S such that f : Kj → Lj for all f ∈ F and that
{f |Kj

: f ∈ F} is equicontinuous. Then F is a normal family.

Proof. Let fν be a sequence in F . By Proposition 66, there is a uniformly convergent subsequence
fνk

: K1 → L1. This has a further subsequence converging uniformly on K2, and so on, making a
diagonal argument. □

Proposition 68 (Montel’s little theorem). Let Ω ⊂ C be open. A family F of holomorphic functions
fα : Ω → C is normal with respect to (Ω,C) if and only if this family is uniformly bounded on each
compact subset of Ω.

Proof. Write Ω = ∪jD̄j for a countable family of closed disks D̄j ⊂ Ω and satisfy the hypotheses of

Proposition 67. Suppose dist(z, ∂Ω) ≥ 2ϵj > 0 for all z ∈ D̄j . Let the disk D̃j be concentric with
D̄j and have radius ϵj greater. The local uniform bounds imply

(21.3) |fα| ≤ Aj on D̃j , ∀fα ∈ F .

Therefore, by Cauchy’s estimate,

(21.4) |f ′α| ≤
Aj

ϵj
, on D̄j , ∀fα ∈ F .

Therefore,

(21.5) |fα(z)− fα(w)| ≤
Aj

ϵj
|z − w|, ∀z, w ∈ D̄j , fα ∈ F .

The reverse implication is straightforward. □

It is also possible to prove an analogue of Proposition 67 for meromorphic functions.

Theorem 22. Let F be a family of meromorphic functions in Ω such that for each z0 ∈ Ω, there
is a neighborhood U(z0) ⊂ Ω and a constant M(z0) such that either

(21.6) |f(z)| < M(z0), or
1

|f(z)|
< M(z0), for all z ∈ U(z0), f ∈ F .

Then F is normal.

Proof. If f(z) satisfies 1
|f(z)| < M(z0) in some neighborhood U(z0), then by Propositions 67 and 68,

1
fn(z)

has a convergent subsequence that converges to g ∈ H(Ω). If g ≡ 0, then f(z) is a function

that is identically ∞. Otherwise, f is a meromorphic function. □
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22. The hyperbolic plane and the Poincare disk

Möbius transformations give an important connection to geometry. Consider the half–plane
model of the hyperbolic plane given by

(22.1) H = {z ∈ C : Im(z) > 0}, ds2 =
dx2 + dy2

y2
=

dz̄dz

(Im(z))2
.

The subgroup of PSL(2,C) that preserves the upper half plane is precisely PSL(2,R). Indeed,

(22.2) z 7→ az + b

cz + d
preserves R∞ = R ∪ {∞},

if and only if a, b, c, d ∈ λR for some λ ∈ C∗.

The group PSL(2,R) preserves the upper half–plane, whereas matrices with negative determi-
nant interchange the upper and lower half plane. The group PSL(2,R) operates transitively on H
and preserves the metric.

(22.3) w =
az + b

cz + d
⇒ dw̄dw

(Im(w))2
=

dz̄dz

(Im(z))2
.

Since the metric does not depend on x, the vertical lines are geodesics. Now consider the stabilizer
of i, the Möbius transformations that fix i. Thus,

(22.4)
ai+ b

ci+ d
= i.

Then a = d and b = −c. Since a2 + b2 = 1, a+ bi = eiθ. But then

(22.5) T ′(θ) =
1

(ci+ d)2
= e2iθ,

acts as a rotation in the tangent space of H at z0 = i. This property carries over to other z0 ∈ H.
Since isometries preserve geodesics, the latter are precisely all circles that intersect the real line at
a right angle, with vertical lines counting as circles of infinite radius.

Theorem 23. Let T be a geodesic triangle with angles α1, α2, α3. Then Area(T ) = π − (α1 +
α2 + α3).

Remark 14. This is a special case of the Gauss–Bonnet theorem.

Proof. Let us start with a geodesic triangle with exactly two vertices belonging to R∞. Suppose
without loss of generality that one vertex coincides with 1 and the projection of the second finite
vertex onto the real axis is x0. Then,

(22.6) Area(T ) =

∫ 1

x0

∫ ∞

y(x)

dxdy

y2
=

∫ 1

x0

dx√
1− x2

=

∫ 0

α0

d cos(ϕ)√
1− cos2(ϕ)

= α0 = π − α1.

□
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23. The Riemann mapping theorem

The Riemann mapping theorem proves that any simply connected domain is conformally equiv-
alent to the disk. Since the disk is simply connected and simple connectivity is homeomorphism
invariant, it is clear that imposing this condition is necessary. Furthermore, by Liouville’s theorem,
there can be no isomorphism from the disk onto C. Thus, the Riemann mapping theorem shows
that these well–known restrictions are the only restrictions.

Proposition 69. If Ω ⊂ C is simply connected and Ω ̸= C, then there is a holomorphic diffeomor-
phism f : Ω → O, where O ⊂ C is a bounded, simply connected domain.

Proof. Choose p ∈ C \ Ω and define a holomorphic branch on Ω of

(23.1) g(z) = (z − p)1/2.

Now then, g is one-to-one on Ω and maps Ω diffeomorphically to a simply connected region Ω̃ that
has the property that z ∈ Ω̃ implies that −z /∈ Ω̃. Therefore, there is a disk D ⊂ C \ Ω̃. Composing
with inversion across ∂D gives the desired holomorphic diffeomorphism. □

Theorem 24. Assume Ω ⊂ C is a simply connected domain, and that Ω ̸= C. Then there exists a
holomorphic diffeomorphism

(23.2) f : Ω → D

of Ω onto the unit disk D = {z ∈ C : |z| < 1}.

Recall that from Proposition 69, the domain Ω is conformally equivalent to a bounded domain
in C, so suppose without loss of generality that Ω is bounded. Fix p ∈ Ω.

Definition 23. Let F be the set of holomorphic maps g : Ω → D that have the following three
properties:

(1) g is one-to-one, univalent.
(2) g(p) = 0,
(3) g′(p) > 0.

Observe that g being one-to-one implies that g′ is nowhere zero on Ω. For Ω ⊂ C bounded,
b(z − p) belongs to F for b > 0 sufficiently small, so F is nonempty.

If R = dist(p, ∂Ω), then the Cauchy integral formula implies

(23.3) |g′(p)| ≤ 1

R
, ∀g ∈ F ,

so set

(23.4) A = sup{g′(p) : g ∈ F},

and A <∞. Now choose gν ∈ F such that g′ν(p) → A as ν → ∞. Since F is a normal family, there
exists a subsequence gν → f locally uniformly on Ω, and

(23.5) f : Ω → D,

is holomorphic and satisfies

(23.6) f(p) = 0, f ′(p) = A.

Lemma 19. The function f in (23.5) is one-to-one.
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Proof. Suppose there exist distinct z1, z2 ∈ Ω such that f(z1) = f(z2) = w ∈ D and let Ū ⊂ Ω be
a smoothly bounded region such that z1, z2 ∈ U and f(γ) is disjoint from w, where γ = ∂U .

By the argument principle, f(γ) winds twice around w. However, each gν(γ) winds only once
around w, so since gν → f uniformly on γ, this is a contradiction. □

Lemma 20. The function f in (23.5) is onto.

Proof. Let O = f(Ω) and suppose that O is not all of D. In other words, for some q ∈ D, O ⊂ D
is open and simply connected, 0 ∈ O, q ∈ D, but q /∈ O.

Now define the Koebe transformation

(23.7) K = KO,q : O → D.

First define F : O → D by

(23.8) F (z) =

√
z − q

1− q̄z
=
√
φq(z).

For any |b| < 1,

(23.9) φb(0) =
−b
1

= −b, eiθ − b

1− b̄eiθ
= e−iθ e

iθ − b

e−iθ − b̄
,

so therefore φb : D → D. Also note that φb(b) = 0. Since φb is a fractional linear transformation,
φb is one-to-one and onto.

Furthermore, φq(z) ̸= 0 for z ∈ O, so since O is simply connected, there is a holomorphic

function F on O that satisfies (23.8), once one specifies F (0) = (−q)1/2.
Now define K in (23.7) by

(23.10) K(z) =
|F ′(0)|
F ′(0)

φF (0)(F (z)).

Observe that φb(b) = 0 for any b ∈ D, so K(0) = 0.

Proposition 70. The Koebe transformation is one-to-one and satisfies K(0) = 0 and K ′(0) > 1.

Given Proposition 70, we have the following proof of Lemma 20. If f is not onto in D, then
O = f(Ω) ⊂ D satisfies O ⊂ D is open and simply connected, 0 ∈ O, and q ∈ D but q /∈ O for
some q ∈ D. Then

(23.11) g = K ◦ f : Ω → D,

is one-to-one, g(p) = 0, since f(p) = 0 and K(0) = 0, and by the chain rule,

(23.12) g′(p) = K ′(0)f ′(p) = K ′(0)A > A.

This contradicts (23.4), which implies Lemma 20. □

Proof of Proposition 70. It is straightforward that K is one-to-one. Next,

(23.13) K ′(z) =
|F ′(0)|
F ′(0)

φ′
F (0)(F (z))F

′(z),

and therefore,

(23.14) K ′(0) = |F ′(0)|φ′
F (0)(F (0)).
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Therefore, for b ∈ D,

(23.15) φ′
b(z) =

1− |b|2

(1− b̄z)2
, so φ′

b(b) =
1

1− |b|2
, φ′

b(0) = 1− |b|2,

so

(23.16) K ′(0) =
|F ′(0)|

1− |F (0)|2
.

Next, by (23.8),

(23.17) F ′(z) =
1

2
φq(z)

−1/2φ′
q(z) =

φ′
q(z)

2F (z)
,

so

(23.18) F ′(0) =
1− |q|2

2F (0)
⇒ |F ′(0)| = 1− |q|2

2|q|1/2
,

since |F (0)| = |q|1/2. Therefore,

(23.19) K ′(0) =
1− |q|2

2|q|1/2
· 1

1− |q|
=

1 + |q|
2|q|1/2

.

Therefore,

(23.20) K ′(0) = 1 +
(1− |q|1/2)2

2|q|1/2
> 1.

□

Remark 15. Read the remarks at the end of section 5.4 of [Tay19].

Let the f in the above theorem be denoted a Riemann map. This Riemann map is unique once
we require f(z0) = 0 and f ′(z0) > 0 for some fixed z0 ∈ Ω. Now consider the boundary behavior of
a Riemann map.

Definition 24. We say that z0 ∈ ∂Ω is regular provided there exists r0(z0) such that, for all
0 < r < r0(z0),

(23.21) Ω ∩ {z ∈ C : |z − z0| = r} = {z0 + reiθ : θ1(r) < θ < θ2(r)},

for some θ1(r) < θ2(r), which are continuous in r. That is, ∂D(z0, r) is an arc for r > 0 small.
We say that Ω is regular provided all points of ∂Ω are regular.

Theorem 25. Suppose Ω is bounded, simply–connected, and regular. Then any conformal homeo-
morphism as in Theorem 24 extends to a homeomorphism Ω̄ → D̄.

Proof. Let f : Ω → D be a Riemann map.

Claim 3. limz→z0 f(z) exists for all z0 ∈ ∂Ω, the limit being taken from within Ω.

Proof of Claim. If this fails for some z0 ∈ ∂Ω, there exist sequences {zn}∞n=1 and {ζn}∞n=1 in Ω
converging to z0 and such that

(23.22) f(zn) → w1, f(ζn) → w2, w1 ̸= w2 ∈ ∂D.
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Let γ1 be a continuous curve that connects the points {f(zn)}∞n=1 and let γ2 be a continuous curve
that connects the points {f(ζn)}∞n=1. Now let ηj = f−1 ◦ γj . The ηj are continuous curves both
converging to z0. Let

(23.23) zr ∈ ∂D(z0, r) ∩ η1, ζr ∈ ∂D(z0, r) ∩ η2.
By regularity of z0, there exists an arc cr ⊂ Ω ∩ ∂D(z0, r) with

(23.24) f(zr)− f(ζr) =

∫
cr

f ′(z)dz.

Thus,

(23.25) |f(zr)− f(ζr)|2 ≤ |
∫
cr

f ′(z)dz|2 ≤ (

∫ θ2(r)

θ1(r)

|f ′(reiθ)|rdθ)2 ≤ 2πr

∫ θ2(r)

θ1(r)

|f ′(reiθ)|2rdθ.

Dividing by r and integrating over 0 < r < r0(z0),

(23.26)

∫ r0(z0)

0

|f(zr)− r(ζr)|2
dr

r
≤ 2π

∫ ∫
Ω

|f ′(z)|2dxdy = 2πArea(D) <∞.

This contradicts the fact that f(zr) → w1 and f(ζr) → w2, where w1 ̸= w2. Therefore, limz→z0 f(z)
does exist. □

Letting F (z0) = limz→z0 f(z), F : Ω̄ → D̄ defines a continuous extension of f . To see why F
is continuous, if it were not, there would have to exist some z0 ∈ ∂Ω and a sequence zn ∈ ∂Ω so
that F (zn) does not converge to F (z0) as n → ∞. However, this would imply that there exist
z′n ∈ Ω, z′n → z0, but f(z

′
n) does not converge to F (z0). However, this contradicts the fact that

limz→z0 f(z) exists.

Finally, since D is regular, and any sequence zn ∈ Ω converging to z0 ∈ ∂Ω can be connected
by a continuous curve inside Ω (using the continuity of θ1(r) and θ2(r)), we can apply the same
argument to f−1. Therefore, f−1 extends to a continuous map G : D̄ → Ω̄. Since F ◦G = idD̄ and
G ◦ F = idΩ̄, the proof is complete. □

The same statement applies to unbounded Ω. In that case, we can regard Ω as a region in C∞,
and call ∞ regular if 0 is regular for Ω−1 = {z−1 : z ∈ Ω}.

Lemma 21. Any region Ω ⊂ C so that Ω̄ is a C1–manifold with boundary and corners is regular.
This means that for every z0 ∈ ∂Ω there exists a C1–diffeomorphism ϕ of a neighborhood U of z0
onto a disk D(0, r1) for some r1 = r1(z0) > 0 and such that

(23.27) ϕ(Ω ∩ U) = {reiθ : 0 < r < r1, 0 < θ < θ1 < 2π}.

One example of such regions are polygons. In that case the conformal maps are given by the
Schwarz–Christoffel formulas. For example, the map

(23.28) z 7→ dζ

ζ1/2(ζ − 1)1/2
dζ, Im(z) > 0,

takes the upper half plane onto the half–strip

(23.29) {z ∈ C : Re(z) ≥ 0, 0 < Im(z) < π},
where 0 and 1 are mapped to the two finite vertices of the half–strip. Similarly,

(23.30) z 7→
∫ z

0

dζ

ζ1/2(ζ − 1)1/2(ζ − 2)1/2
dζ, Im(z) > 0,
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maps the upper half plane onto a rectangle with 0, 1, and 2 mapped onto three of the vertices and
the fourth vertex being the image of ∞. The square roots (z− a)1/2 here are defined to be positive
when z > a and to take the upper half plane to itself.

24. Infinite products

In addition to represented holomorphic functions as an infinite sum of functions, it is also useful
to represent a function as an infinite product of functions.

First, consider the product of numbers

(24.1)

∞∏
k=1

(1 + ak).

Disregarding the case when ak = −1 for some k, convergence of
∏M

k=1(1+ ak) as M → ∞ amounts
to the convergence of

(24.2) lim
M→∞

N∏
k=M

(1 + ak) = 1, uniformly in N > M.

In particular, we require ak → 0 as k → ∞.
Writing out the product

(24.3)

N∏
k=M

(1 + ak) = 1 +

N∑
j=M

aj +
∑

M≤j1<j2≤N

aj1aj2 + ...+ aM · · · aN ,

(24.4) |
N∏

k=M

(1 + ak)− 1| ≤
N∏

k=M

(1 + |ak|)− 1.

Now then,

(24.5) log

N∏
k=M

(1 + |ak|) =
N∑

k=M

log(1 + |ak|).

Since x ≥ 0 implies log(1 + x) ≤ x, and 0 ≤ x ≤ 1 implies log(1 + x) ≥ x
2 ,

(24.6)
1

2

N∑
k=M

|ak| ≤ log

N∏
k=M

(1 + |ak|) ≤
N∑

k=M

|ak|.

Therefore, limM→∞
∏N

k=M (1 + |ak|) = 1 uniformly for N > M , if and only if
∑N

k=M |ak| → 0
uniformly in M → ∞.

Another consequence is the following,

(24.7) If 1 + ak ̸= 0, for all k, then
∑
k

|ak| <∞,⇒
∞∏
k=1

(1 + ak) ̸= 0.

Now replace the sequence (ak) of complex numbers by a sequence (fk) of holomorphic functions.

Proposition 71. Let fk : Ω → C be holomorphic. Assume that for each compact set K ⊂ Ω there
exist Mk(K) such that

(24.8) sup
z∈K

|fk(z)| ≤Mk(K), and
∑
k

Mk(K) <∞.
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Then we have a convergent infinite product

(24.9)

∞∏
k=1

(1 + fk(z)) = F (z).

In fact,

(24.10)

n∏
k=1

(1 + fk(z)) → F (z), as n→ ∞,

uniformly on compact subsets of Ω. Therefore, F is holomorphic on Ω. If z0 ∈ Ω and 1+fk(z0) ̸= 0
for all k, then F (z0) ̸= 0.

Now assume that fk, gk : Ω → C are holomorphic, and assume in addition that supK |gk| ≤
Mk(K). Then one has the convergent infinite product

(24.11)

∞∏
k=1

(1 + gk(z)) = G(z),

with G holomorphic on Ω. Now then,

(24.12) (1 + fk(z))(1 + gk(z)) = 1 + fk(z) + gk(z) + fk(z)gk(z),

so

(24.13) |fk(z) + gk(z) + fk(z)gk(z)| ≤ 2Mk(K) +Mk(K)2.

Therefore,

(24.14)

∞∏
k=1

(1 + hk(z)) = H(z),

is a convergent infinite product, with H(z) holomorphic on Ω. Moreover, for any n,

(24.15)

n∏
k=1

(1 + fk(z))(1 + gk(z)) =

n∏
k=1

(1 + fk(z)) ·
n∏

k=1

(1 + gk(z)),

so therefore,

(24.16) F (z)G(z) = H(z).

Consider the infinite product

(24.17) S(z) = z

∞∏
k=1

(1− z2

k2
).

If K is contained in the set {z : |z| ≤ R}, Mk(K) ≤ R2

k2 , so S(z) is holomorphic on all of C.
Furthermore, S(z) = 0 if and only if z ∈ Z. Also, all zeros of S(z) are simple.

A familiar function which has the same zeros as S(z) is sin(πz). Since

(24.18) lim
z→0

1

z
S(z) = 1,

compare S(z) to

(24.19) s(z) =
1

π
sin(πz).
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Lemma 22. For S(z) as in (24.17),

(24.20) S(z − 1) = −S(z).

Proof. Since S(z) = limn→∞ Sn(z), where

(24.21)

Sn(z) = z

n∏
k=1

(1− z2

k2
) = z

n∏
k=1

(1− z

k
)(1 +

z

k
)

= z

n∏
k=1

(
k − z

k
) · (k + z

k
) =

(−1)n

(n!)2
(z − n)(z − n+ 1) · · · (z + n− 1)(z + n).

Plugging in z − 1,

(24.22) Sn(z − 1) =
(−1)n

(n!)2
(z − 1− n)(z − n) · · · (z + n− 2)(z + n− 1) =

z − n− 1

z + n
Sn(z).

Taking n→ ∞,

(24.23) S(z − 1) = −S(z).
□

Since sin(π(z − 1)) = − sin(πz), s(z − 1) = −s(z). Now take

(24.24) f(z) =
1

S(z)
− 1

s(z)
.

This function is holomorphic on C \ Z and satisfies f(z − 1) = −f(z). Furthermore,

(24.25) S(z) = zH(z), s(z) = zh(z),

with H and h holomorphic on C, with H(0) = h(0) = 1. Therefore, on some neighborhood O of 0,

(24.26)
1

H(z)
= 1 + zA(z),

1

h(z)
= 1 + za(z),

Consequently, on O \ 0,

(24.27)
1

S(z)
− 1

s(z)
=

1

z
(1 + zA(z))− 1

z
(1 + za(z)) = A(z)− a(z).

Thus, f(z) has a removable singularity at z = 0, setting f(0) = A(0) − a(0). Setting f(−k) =
(−1)k[A(0)− a(0)] for each k ∈ Z,
(24.28) f : C → C, holomorphic.

Lemma 23. We have f(z) → 0 as |z| → ∞, uniformly on the set

(24.29) {z ∈ C : 0 ≤ Re(z) ≤ 1}.

Proof. Since

(24.30) sin(x+ iy) =
1

2i
(e−y+ix − ey−ix),

| sin(x+ iy)| → ∞ as |y| → ∞. Meanwhile, for S(z),

(24.31) |1− z2

k2
| ≥ 1 +

y2 − x2

k2
≥ 1 +

y2 − 1

k2
,

so |Re(z)| ≤ 1 and |Im(z)| ≥ 1 implies |S(z)| ≥ |z|. Therefore, |S(z)| → ∞ as |z| → ∞. □
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Therefore, f(z) is bounded. Since f is holomorphic on C, f is constant. Finally, since f(z) → 0
as |z| → ∞, 0 ≤ Re(z) ≤ 1, f(z) = 0. Therefore,

Proposition 72. For z ∈ C,

(24.32) sinπz = πz ·
∞∏
k=1

(1− z2

k2
).

25. More infinite products

Now we seek a holomorphic function f(z) that has zeros that precisely are N = {1, 2, 3, ...}, all
simple. We cannot take

(25.1)
∏
k≥1

(1− z

k
),

because fails to satisfy (24.8) for fk(z) = − z
k . This can be fixed by taking

(25.2) G(z) =

∞∏
k=1

(1− z

k
)ez/k.

Indeed, writing out the Taylor expansion of ez/k,

(25.3) (1− z

k
)(1 +

z

k
+

∞∑
j=2

1

j!

zj

kj
) = 1− z2

k2
+ (1− z

k
)

∞∑
j=2

1

j!

zj

kj
.

Therefore,

(25.4) |fk(z)| ≤ C| z
k
|2,

for |z| ≤ k. Therefore,

(25.5) G(z) = 0,⇔ k ∈ N,
and all zeros of G(z) are simple.

Remark 16.

(25.6) S(z) = zG(z)G(−z).

Write

(25.7) G(z) = lim
n→∞

Gn(z), Gn(z) =

n∏
k=1

(1− k

z
)ez/k.

Then,

(25.8) Gn(z) = (1− z) · · · (1− z

n
)ez(1+...+ 1

n ) = n!
1− z

1
· · · n− z

n
ez(1+...+ 1

n ).

Since k−z
k = k+1−(z−1)

k ,

(25.9) Gn(z) =
z − 1

z − n− 1
Gn(z − 1) exp(

n∑
k=1

1

k
).

Therefore,

(25.10) Gn(z) = − z − 1

n+ 1− z
Gn(z − 1)eγn .
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At the limit, γn → γ, where γ is the Euler constant

(25.11) lim
n→∞

n∑
k=1

1

k
− log(n+ 1).

The constant γ is called Euler’s constant.
The factor (1 − z)ez is the first in a sequence of factors that figure into more general infinite

product expansions. Let E(z, 0) = 1− z, and for p ∈ N,

(25.12) E(z, p) = (1− z) exp(

p∑
k=1

zk

k
).

Since log 1
1−z =

∑∞
k=1

zk

k ,

(25.13) logE(z, p) = −
∞∑

k=p+1

zk

k
,

for |z| < 1. Therefore,

(25.14) E(z, p)− 1 = O(zp+1).

Indeed, by direct computation,

(25.15)
d

dz
(1− E(z, p)) = zp exp(z +

z2

2
+ ...+

zp

p
).

This function has a power series whose coefficients are all ≥ 0. Therefore, the same also holds for
the holomorphic function,

(25.16) φ(z) =
1− E(z, p)

zp+1
.

Therefore, sup|z|≤1 |φ(z)| = φ(1) = 1.

Proposition 73. Let zk be a sequence in C \ 0. Assume that |zk| → ∞, and furthermore that

(25.17)
∑
k

|zk|−(p+1) <∞,

for some p ∈ Z≥0. Then

(25.18) f(z) =
∏
k

E(
z

zk
, p),

converges locally uniformly to a holomorphic function on C. The zeros of f are precisely the points
zk. The multiplicity of the zero w of f is equal to the number of k’s such that zk = w.

There are some examples for which E(z, 2) plays a role. Choose α, β ∈ C which are linearly
independent over R, and consider the lattice

(25.19) Γ = {mα+ nβ : m,n ∈ Z} ⊂ C.

Then consider

(25.20) H(z) = z
∏

ω∈Γ\0

E(
z

ω
, 2).
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By (25.14),

(25.21) E(
z

ω
, 2) = 1 + fω(z), |fω(z)| ≤ C

|z|3

|ω|3
,

and since

(25.22)
∑

ω∈Λ\0

|ω|−3 <∞,

the product (25.20) defines a holomorphic function.

Lemma 24. Let (zk) be a sequence in C\{0}. Assume |zk| → ∞ and that pk ∈ Z+ has the property
that

(25.23)
∑
k≥1

| r
zk

|pk+1 <∞, ∀r > 0.

Then the product

(25.24) f(z) =
∏
k≥1

E(
z

zk
, pk),

converges locally uniformly on C to a holomorphic function whose zeros are given by zk.

Proof. By (25.14), if |z| ≤ |zk|,

(25.25) |E(
z

zk
, pk)− 1| ≤ | z

zk
|pk+1.

Since |zk| → ∞, R ≤ |zk| for all but finitely many k. □

The product on the right hand side of (25.24) is called a Weierstrass product.

Proposition 74 (Weierstrass product theorem). If (zk) is a sequence in C such that |zk| → ∞,
then there exists an entire function f with {zk} as its set of zeros, counted with multiplicity.

Proof. Only finitely many zk are zero, let’s say m, so that |zk| > 0 for k ≥ m+1. For R > 0, there
exists K > m such that |zk| > 2R for each k > K. Therefore,

(25.26)

∞∑
k=m+1

| z
zk

|k,

converges uniformly on {z : |z| ≤ R}. Therefore, by Lemma 24,

(25.27) zm
∏

k≥m+1

E(
z

zk
, pk), pk = k − 1,

converges. □

We can also prove the Weierstrass factorization theorem for entire functions.

Proposition 75. Let f : C → C be entire and not identically zero. Let f have a zero of order m at
z = 0, and let (zk) be the sequence of other zeros of f , counted with multiplicity. Then there exist
pk ∈ N and a holomorphic function h : C → C such that

(25.28) f(z) = eh(z)zm
∏
k≥1

E(
z

zk
, pk).

Here, pk can be any sequence for which (25.23) holds.
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Proof. By Proposition 74, we have a holomorphic function with the required set of zeros, call it

g(z). This means that f(z)
g(z) is an entire function that is nowhere vanishing, and thus has the form

eh(z) for some entire function h(z). □

Remark 17. Read pages 104–105 of [Tay19] at home.

26. Fourier series and the Poisson integral

Let f : S1 → C be an integrable function. Identifying S1 with T1 = R/(2πZ), we desire to write

(26.1) f(θ) =

∞∑
k=−∞

f̂(k)eikθ.

If f is written in the form (26.1), where f̂(k) converges in some sense, using

(26.2)
1

2π

∫ π

−π

eilθdθ = 0, if l ̸= 0, 1, if l = 0,

then

(26.3) f̂(k) =
1

2π

∫ π

−π

f(θ)e−ikθdθ.

The series in (26.1) is called the Fourier series of f . If f̂ is given by (26.3), and (26.1) holds, (26.1)
is called the Fourier inversion formula.

For 0 < r < 1, set

(26.4) Jrf(θ) =

∞∑
k=−∞

f̂(k)r|k|eikθ.

Since

(26.5) |f̂(k)| ≤ 1

2π

∫ π

−π

|f(θ)|dθ,

so the series (26.4) is absolutely convergent for each r ∈ [0, 1). By Fubini’s theorem,

(26.6) Jrf(θ) =

∞∑
k=−∞

f̂(k)r|k|eikθ =
1

2π

∞∑
k=−∞

r|k|
∫ π

−π

eik(θ−θ′)f(θ′)dθ′ =

∫
S1

f(θ′)pr(θ − θ′)dθ′,

where
(26.7)

pr(θ) =
1

2π

∞∑
k=−∞

r|k|eikθ =
1

2π
[1+

∞∑
k=1

(rkeikθ+rke−ikθ)] =
1

2π
[

1

1− reiθ
+

1

1− re−iθ
−1] =

1

2π

1− r2

1− 2r cos θ + r2
.

Both the numerator and denominator of pr(θ) are positive, so pr(θ) > 0 for each r ∈ [0, 1). Also,

(26.8)

∫
S1

pr(θ)dθ =
1

2π

∫ π

−π

∑
r|k|eikθdθ = 1,

and pr(θ) → 0 as r ↗ 1 if eiθ ̸= 1.

Proposition 76. If f ∈ C(S1), then

(26.9) Jrf → f uniformly on S1 as r ↗ 1.
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Proof. Since f is continuous on S1 and S1 is compact, f is uniformly continuously on S1. Therefore,
there exists some δ > 0 such that if |θ − θ′| < δ, |f(θ)− f(θ′)| < ϵ. Therefore,
(26.10)∫
S1

f(θ′)pr(θ−θ′)dθ′ =
∫
|θ−θ′|<δ

f(θ)pr(θ−θ′)dθ′+
∫
|θ−θ′|<δ

[f(θ)−f(θ′)]pr(θ−θ′)dθ′+
∫
|θ−θ′|>δ

f(θ′)pr(θ−θ′)dθ′.

The first integral converges to f(θ), and the second two converge to zero, uniformly as r ↗ 1. □

Proposition 77. Assume f ∈ C(S1). If the Fourier coefficients form a summable series,

(26.11)

∞∑
k=−∞

|f̂(k)| <∞,

then the identity (26.1) holds for each θ ∈ S1.

Proof. If
∑

k |ak| <∞, then

(26.12)
∑
k

ak = S,⇒ lim
r↗1

∑
k

r|k|ak = S.

To see this, observe that for any fixed k, (26.12) holds. Therefore, choose N(ϵ) sufficiently large so
that

∑
k |ak| < ϵ, so the proof is complete. □

Condition (26.11) holds for piecewise C2 functions that are continuous on S1. Integrating by
parts,

(26.13) f̂(k) =
1

2π

∫ π

−π

f(θ)
i

k

∂

∂θ
(e−ikθ)dθ.

Therefore,

(26.14) |f̂(k)| ≤ 1

2π|k|

∫ π

−π

|f ′(θ)|dθ.

Taking a second derivative and integrating by parts, |f̂(k)| ≤ 1
2πk2

∫ π

−π
|f ′′(θ)|dθ.

Proposition 78. Let f be continuous and piecewise C2 on S1. Then |f̂(k)| ≤ C
k2+1 .

Given f ∈ C(S1), let us say

(26.15) f ∈ A(S1) ⇔
∑
k

|f̂(k)| <∞.

Proposition 79. Given f ∈ A(S1),

(26.16)
∑
k

|f̂(k)|2 =
1

2π

∫
S1

|f(θ)|2dθ.

More generally, if g ∈ A(S1), then

(26.17)
∑
k

f̂(k)ĝ(k) =
1

2π

∫
S1

f(θ)g(θ)dθ.
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Proof. By Fubini’s theorem,

(26.18)
1

2π

∫
S1

f(θ)g(θ)dθ =
1

2π

∫
S1

∑
j,k

f̂(j)ĝ(k)e−i(j−k)θdθ =
∑
k

f̂(k)ĝ(k).

□

Define the L2 norm of f ,

(26.19) ∥f∥2L2 =
1

2π

∫
S1

|f(θ)|2dθ.

This space is an inner product space, where the inner product is given by

(26.20) (f, g)L2 =
1

2π

∫
S1

f(θ)g(θ)dθ.

Thus, if f ∈ A(S1), (26.16) states that

(26.21)
∑

|f̂(k)|2 = ∥f∥2L2 ,

and (26.17) states that

(26.22)
∑

f̂(k)ĝ(k) = (f, g)L2 .

The l2 norm on sequences can be defined by the inner product (26.22). Both the L2 norm and l2

norm are Banach norms, and satisfy the triangle inequality.
Now consider a general square integrable function f on S1, f need not lie in A(S1). Let

(26.23) SNf =
∑

|k|≤N

f̂(k)eikθ.

Then split

(26.24) f = SNf +RNf.

By (26.23),

(26.25) (f, SNf)L2 = (SNf, SNf)L2 ,

so

(26.26) (SNf,RNf)L2 = 0.

Equivalently,

(26.27) ∥f∥2L2 = ∥SNf∥2L2 + ∥RNf∥2L2 ≥ ∥SNf∥2L2 .

Proposition 80. Let f , fν be square integrable on S1. Assume

(26.28) lim
ν→∞

∥f − fν∥L2 = 0,

and for each ν,

(26.29) lim
N→∞

∥fν − SNfν∥L2 = 0.

Then

(26.30) lim
N→∞

∥f − SNf∥L2 = 0.
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In this case,

(26.31) ∥f∥2L2 =
∑

|f̂(k)|2.

Proof. The limit (26.30) may be proved by splitting

(26.32) ∥f − SNf∥L2 ≤ ∥f − fν∥L2 + ∥fν − SNfν∥L2 + ∥SN (f − fν)∥L2 .

Since ∥SNf∥2L2 =
∑

|k|≤N |f̂(k)|2, (26.31) also holds. □

For f ∈ C(S1), Proposition 76 implies that Jrf →f uniformly as r ↗ 1. Since fν ∈ A(S1),

(26.33) f ∈ C(S1) ⇒ SNf → f in L2,
∑

|f̂(k)|2 = ∥f∥2L2 .

Using Lebesgue integration, one may go further, and prove

Proposition 81. Given f ∈ L2(S1), there exists fν ∈ C(S1) such that fν → f in L2.

Proposition 82. If (fν) is a Cauchy sequence in L2, there exists f ∈ L2 such that fν → f in the
L2 norm.

The Fourier series connects with the theory of harmonic functions. Taking z = reiθ,

(26.34) Jrf(θ) =

∞∑
k=0

f̂(k)zk +

∞∑
k=1

f̂(−k)z̄k.

Rewriting this as

(26.35) (PIf)(z) = (PI+f)(z) + (PI−f)(z),

P I is the sum of a holomorphic function and a conjugate holomorphic function. For |w| = 1 and
|z| < 1,

(26.36) 1− 2r cos(θ − θ′) + r2 = |w − z|2,
so

(26.37) PIf(z) =
1− |z|2

2π

∫
S1

f(w)

|w − z|2
ds(w).

Applying this fact to the Dirichlet boundary value problem,

Proposition 83. If D ⊂ C is an open disk and f ∈ C(∂D) is given, there exists a unique u ∈
C(D̄) ∩ C2(D) satisfying

(26.38) ∆u = 0 on D, u|∂D = f.

Remark 18. Read pages 148, 149, 150 of [Tay19].

27. The Fourier transform

Suppose f is a function that is integrable on R, that is,

(27.1) ∥f∥L1(R) =

∫ ∞

−∞
|f(x)|dx <∞.

Then define the Fourier transform of f to be

(27.2) f̂(ξ) = Ff(ξ) = 1√
2π

∫ ∞

−∞
f(x)e−ixξdx, ξ ∈ R,
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and set

(27.3) F∗f(ξ) =
1√
2π

∫ ∞

−∞
f(x)eixξdx.

Proposition 84. If f is integrable on R, then f̂ is bounded and continuous on R.

Proof. Since |eixξ| = 1,

(27.4) |f̂(ξ)| ≤ 1√
2π

∫ ∞

−∞
|f(x)|dx.

Then for ϵ > 0, there exists N(ϵ) <∞ such that

(27.5)

∫
|x|≥N

|f(x)|dx ≤ ϵ.

Therefore, for ξ, η ∈ R,

(27.6) |f̂(ξ)− f̂(η)| ≤ 2ϵ+
N√
2π

∥f∥L1(R)|ξ − η|,

which proves continuity of f̂(ξ), since ϵ > 0 is arbitrary. □

The Fourier inversion formula asserts that

(27.7) f(x) =
1√
2π

∫ ∞

−∞
f̂(ξ)eixξdξ,

depending on the nature of f . For ϵ > 0, set

(27.8) Jϵf(x) =
1√
2π

∫ ∞

−∞
f̂(ξ)e−ϵξ2eixξdξ.

Then for f ∈ L1(R), by Fubini’s theorem,

(27.9) Jϵf(x) =
1

2π

∫ ∫
f(y)ei(x−y)ξe−ϵξ2dydξ =

∫ ∞

−∞
f(y)Hϵ(x− y)dy,

where

(27.10) Hϵ(x) =
1

2π

∫ ∞

−∞
e−ϵξ2+ixξdξ =

1√
4πϵ

e−x2/4ϵ.

Proposition 85. Assume f is integrable on R. Then

(27.11) Jϵf(x) → f(x),

whenever f is continuous at x. If, in additon, f is continuous on R and f(x) → 0 as |x| → ∞,
then Jϵf(x) → f(x) uniformly on R.

Corollary 11. Assume that f is bounded and continuous on R, and that f and f̂ are integrable on
R. Then (27.7) holds for all x ∈ R.

Proof. If f ∈ L1(R), then f̂ is bounded and continuous. If f̂ ∈ L1 also holds, then F∗f̂ is also

continuous. Furthermore, since F∗f̂ ∈ L1,

(27.12) Jϵf(x) → F∗f̂(x), as ϵ→ 0.

Therefore, f(x) = F∗f̂(x). □
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Now set

(27.13) A(R) = {f ∈ L1(R) : f is bounded and continuous, f̂ ∈ L1(R)}.
As in the case of the Fourier series, Integrating by parts,

(27.14)
1√
2π

∫ ∞

−∞
f (j)(x)e−ixξdx = (iξ)j f̂(ξ),

so

(27.15) C2
0 (R) ⊂ A(R).

28. L2 functions and inner product spaces

We now attempt to show that the Fourier transform on A(R) has a continuous extension to
L2(R). Consider functions in Lp(R). For example, L1(R) functions are the general class of such
functions is the class of Lebesgue measurable functions for which (27.1) holds. We say that f1 ∼ f2
if f1 = f2 almost everywhere. The space of L1 functions satisfies the triangle inequality,

(28.1) ∥f + g∥L1 ≤ ∥f∥L1 + ∥g∥L1 .

We say that fν → f in L1 if ∥fν − f∥L1 → 0. The L1 functions are a complete metric space.

Proposition 86. (1) Given f ∈ L1(R) and k ∈ N, there exist fν ∈ Ck
0 (R) such that fν → f in L1.

(2) If (fν) is a Cauchy sequence in L1(R), there exists f ∈ L1(R) such that fν → f in L1.

Next, consider the L2 norm

(28.2) ∥f∥2L2 =

∫ ∞

−∞
|f(x)|2dx <∞.

The L2 norm satisfies the triangle inequality

(28.3) ∥f + g∥L2 ≤ ∥f∥L2 + ∥g∥L2 .

This follows from the fact that

(28.4) ∥f∥2L2 = (f, f)L2 ,

where

(28.5) (f, g)L2 =

∫ ∞

−∞
f(x)g(x)dx.

Proposition 87. (1) Given f ∈ L2(R) and k ∈ N, there exist fν ∈ Ck
0 (R) such that fν → f in L2.

(2) If (fν) is a Cauchy sequence in L2(R), there exists f ∈ L2(R) such that fν → f in L2.

Since f̂ ∈ L1, then the Fourier inversion formula holds for all f ∈ A(R). It follows from this that

f ∈ A(R) ⇒ f̂ ∈ A(R). Also, note that

(28.6) A(R) ⊂ L2(R),

since

(28.7) ∥f∥2L2 =

∫
|f(x)|2 ≤ sup |f(x)| ·

∫
|f(x)|dx ≤ 1√

2π
∥f̂∥L1∥f∥L1 .

Checking (27.2) and (27.3), if f, g ∈ A(R),

(28.8) (Ff, g) = (f,F∗g).
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Then by Corollary 11,

(28.9) f, g ∈ A(R) ⇒ (Ff,Fg) = (F∗Ff, g) = (f, g).

The same holds with F replaced by F∗. Therefore, for f ∈ A(R),

(28.10) ∥Ff∥2L2 = ∥F∗f∥2L2 = ∥f∥2L2 .

Proposition 88. The maps F and F∗ have unique continuous linear extensions from

(28.11) F ,F∗ : A(R) → A(R),

to

(28.12) F ,F∗ : L2(R) → L2(R),

with the identities

(28.13) F∗Ff = f, FF∗f = f.

The identities (28.10) also hold for any f ∈ L2(R).

Proof. By Proposition 87, there exists a sequence fν ∈ A(R) such that fν → f in L2. Then by
(28.10), Ffν is a Cauchy sequence in L2(R), and therefore, Ffν converges in L2. Label the limit
Ff . This limit is independent of the choice of fν , since for a different sequence fµ, ∥fν −fµ∥L2 → 0
as µ, ν → ∞. Furthermore,

(28.14) ∥Ffν −Ff∥L2 , ∥F∗fν −F∗f∥L2 → 0.

□

In particular, Proposition 88 implies

(28.15) χ[−R,R]f̂ → f̂ , in L2, as R→ ∞.

Proposition 89. Define SR by

(28.16) SRf(x) =
1√
2π

∫ R

−R

f̂(ξ)eixξdξ.

Then

(28.17) f ∈ L2(R) ⇒ SRf → f, in L2(R),

as R→ ∞.

Proposition 90. There is the inclusion

(28.18) C1
0 (R) ⊂ A(R).

Proof. This follows from the fact that if g = f ′, then

(28.19) ĝ(ξ) = iξf̂(ξ).

Then use the Cauchy–Schwartz inequality. □

Proposition 91. Let fν ∈ A(R) and f ∈ C(R) ∩ L1(R). Assume that

(28.20) fν → f in L1, and ∥f̂ν∥L1 ≤ A,

for some A <∞. Then f ∈ A(R).
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Proof. Since fν → f in L1, f̂ν → f̂ uniformly on R. Therefore, for each R <∞,

(28.21)

∫ R

−R

|f̂ν(ξ)− f̂(ξ)|dξ → 0,

so

(28.22)

∫ R

−R

|f̂(ξ)|dξ ≤ A,

for any R <∞. □

Let V be a complex vector space, that is, a space on which

(28.23) f, g ∈ V ⇒ f + g ∈ V,

and

(28.24) a ∈ C, f ∈ V ⇒ af ∈ V.

Moreover, the commutative, associative, and distributive properties must hold.

(28.25) f + g = g + f, (f + g) + h = f + (g + h), f + 0 = f, f + (−f) = 0,

for multiplication by scalars,

(28.26) a(bf) = (ab)f, 1 · f = f,

and

(28.27) a(f + g) = af + ag, (a+ b)f = af + bf.

An inner product on a complex vector space V assigns to elements f, g ∈ V the quantity (f, g) ∈ C
in a fashion that obeys three rules:

(28.28)

(a1f1 + a2f2, g) = a1(f1, g) + a2(f2, g),

(f, g) = (g, f),

(f, f) > 0, unless f = 0.

For example,

(28.29) (f, g) =
1

2π

∫
S1

f(θ)g(θ)dθ,

defines an inner product on C(S1). Similarly,

(28.30) (f, g) =

∫ ∞

−∞
f(x)g(x)dx

defines an inner product on A(R).
Another example is to let l2 consist of sequences (ak)k∈Z such that

(28.31)

∞∑
k=−∞

|ak|2 <∞.

There the inner product is given by

(28.32) ((ak), (bk)) =

∞∑
k=−∞

akbk.
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Definition 25 (Norm). A norm on a vector space V is a function f 7→ ∥f∥ satisfying,

(28.33) ∥af∥ = |a|∥f∥, a ∈ C, f ∈ V,

(28.34) ∥f∥ > 0, unless f = 0,

and which satisfies the triangle inequality,

(28.35) ∥f + g∥ ≤ ∥f∥+ ∥g∥.
A norm on a vector space V makes V a metric space. Indeed, for any f, g ∈ V , define

(28.36) d(f, g) = ∥f − g∥.
Then clearly, d(f, g) = d(g, f), and d(f, g) = 0 if and only if f = g. Finally,

(28.37) d(f, h) = ∥f − h∥ ≤ ∥f − g∥+ ∥g − h∥ = d(f, g) + d(g, h).

Theorem 26. An inner product space is a metric space.

Proof. Define the norm

(28.38) ∥f∥ =
√
(f, f).

It is straightforward to verify that (28.28) implies that (28.33) and (28.34) hold. To prove that the
triangle inequality holds, observe that

(28.39) ∥f + g∥2 = ∥f∥2 + ∥g∥2 + 2Re(f, g).

Therefore, the triangle inequality is equivalent to showing

(28.40) Re(f, g) ≤ ∥f∥∥g∥.
Indeed, since 0 ≤ ∥f − g∥2,
(28.41) ∥f − g∥2 = ∥f∥2 − 2Re(f, g) + ∥g∥2 ≥ 0,

implies that

(28.42) 2Re(f, g) ≤ ∥f∥2 + ∥g∥2.
Next, multiplying f by t and g by 1

t ,

(28.43) 2Re(f, g) ≤ t2∥f∥2 + 1

t2
∥g∥2.

Minimizing the right hand side of (28.43) over all t > 0, take t2 = ∥g∥
∥f∥ . Then,

(28.44) Re(f, g) ≤ ∥f∥∥g∥.
□

In fact,

Proposition 92. For any inner product on a vector space V ,

(28.45) |(f, g)| ≤ ∥f∥∥g∥, ∀f, g ∈ V.

Proof. Multiplying f by some eiθ, (f, g) is real and positive, so (28.44) implies

(28.46) |(f, g)| ≤ ∥f∥∥g∥.
□

Definition 26. An inner product space V is called a Hilbert space if it is a complete metric space.
The completion of both C(S1) and A(R) is the L2 space.
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29. Laplace transforms and Mellin transforms

Suppose f : R+ → C that is integrable on [0, R] for all R <∞ and satisfies

(29.1)

∫ ∞

0

|f(t)|e−atdt <∞, ∀a > A,

for some −∞ < A <∞. Then define the Laplace transform of f by

(29.2) Lf(s) =
∫ ∞

0

f(t)e−stdt, Re(s) > A.

This integral is absolutely convergent for all s in the half plane HA = {z ∈ C : Re(z) > A}, and
defines a continuous function

(29.3) Lf : HA → C.

Also, if γ is a closed curve in HA, we can change the order of integration to see that

(29.4)

∫
γ

Lf(s)ds =
∫
γ

∫ ∞

0

f(t)e−stdtds =

∫ ∞

0

∫
γ

f(t)e−stdsdt = 0.

Therefore, by Morera’s theorem, Lf is holomorphic on HA. Also,

(29.5)
d

ds
Lf(s) = Lg(s), where g(t) = −tf(t).

Meanwhile, if f ∈ C1([0,∞)) and
∫∞
0

|f ′(t)|e−atdt <∞ for all a > A, then integrating by parts,

(29.6) Lf ′(s) =
∫ ∞

0

e−stf ′(t)dt = sLf(s)− f(0).

Making a similar calculation for higher order derivatives,

(29.7) Lf (k)(s) = skLf(s)− sk−1f(0)− ...− f (k−1)(0).

Therefore, if f satisfies an ODE of the form

(29.8) cnf
(n)(t) + cn−1f

(n−1)(t) + ...+ c0f(t) = g(t),

for t ≥ 0, with initial data

(29.9) f(0) = a0, ..., f
(n−1)(0) = an−1,

then

(29.10) p(s)Lf(s) = Lg(s) + q(s),

where

(29.11) p(s) = cns
n + ...+ c0, q(s) = cn(a0s

n−1 + ...+ an−1) + ...+ c1a0.

Therefore, if all the roots of p(s) satisfy Re(s) ≤ B,

(29.12) Lf(s) = Lg(s) + q(s)

p(s)
, s ∈ HC , C = max{A,B}.

We are therefore motivated to seek an inverse Laplace transform. This can be obtained by
relating the Laplace transform to the Fourier transform. Indeed, if (29.1) holds and B > A, then

(29.13) Lf(B + iξ) =

∫
e−Bte−itξf(t)dt =

√
2πφ̂(ξ),
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where

(29.14) φ(x) = f(x)e−Bx, x ≥ 0, φ(x) = 0, x < 0.

Now then, since

(29.15) φ(x) =
1√
2π

∫ ∞

−∞
φ̂(ξ)eixξdξ,

(29.16) f(t) =
eBt

2π

∫ ∞

−∞
Lf(B + iξ)eiξtdξ =

1

2πi

∫
γ

Lf(s)estds,

where γ is the vertical line γ(ξ) = B + iξ, −∞ < ξ <∞.

Proposition 93. If f1 and f2 are integrable on [0, R] for all R <∞ and satisfy (29.1), then

(29.17) Lf1(s) = Lf2(s), ∀s ∈ HA ⇒ f1 = f2, on R+.

Proof. By (29.17), L(f1 − f2) = 0 for all s ∈ HA. Since Lf(s) is analytic on HA, L(f1 − f2) = 0
everywhere. □

Next introduce the Mellin transform.

(29.18) {(z) =
∫ ∞

0

f(t)tz−1dt.

This function is defined and holomorphic on A < Re(z) < B, provided f(t)tx−1 is integrable for
real x ∈ (A,B). Making a change of variables,

(29.19) Mf(z) =

∫ ∞

−∞
f(ex)ezxdx.

For 0 ∈ (A,B), for z on the imaginary axis,

(29.20) M♯f(ξ) =

∫ ∞

0

f(t)tiξ−1dt =

∫ ∞

−∞
f(ex)eixξdx.

Using the Fourier inversion formula,

(29.21) f(ex) =
1

2π

∫ ∞

−∞
(M♯f)(ξ)e−ixξdξ,

so

(29.22) f(t) =
1

2π

∫ ∞

−∞
(M♯f)(ξ)t−iξdξ.

Also, by Plancherel’s theorem,

(29.23)

∫ ∞

−∞
|f(ex)|2dx =

1

2π

∫ ∞

−∞
|M♯f(ξ)|2dξ,

so by a change of variables,

(29.24)

∫ ∞

0

|f(t)|2 1
t
dt =

1

2π

∫ ∞

−∞
|M♯f(ξ)|2dξ.

We can also treat n× n first order systems of differential equations of the form

(29.25) f ′(t) = Kf(t) + g(t), f(0) = a,
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where K is an n× n matrix. Let etK denote the matrix exponential

(29.26) etK =

∞∑
j=0

1

j!
tjKj .

Let EK(t) = etK . Then

(29.27) EK(s) =

∫ ∞

0

etKe−stdt,

which is valid whenever Re(s) > ∥K∥.
Assuming that g and f have Laplace transforms,

(29.28) sLf(s)− a = KLf(s) + Lg(s),

so

(29.29) Lf(s) = (sI −K)−1(a+ Lg(s)).

Therefore, it remains to identify the right hand side of (29.29) as the Laplace transform of a function.
First observe that

(29.30) LEK(s) = (sI −K)−1.

Indeed, by the fundamental theorem of calculus,

(29.31) L

∫ T

0

e−tLdt = I − e−TL,

so if L satisfies ∥e−tL∥ ≤ ce−δt for all t > 0, then
∫ T

0
e−tLdt = L−1. Taking L = sI −K,

(29.32) ∥et(K−sI)∥ = e−tRe(s)∥etK∥,

so therefore,

(29.33) (sI −K)−1a = L(EKa)(s).

Now let f ∗ g denote the convolution

(29.34) f ∗ g(t) =
∫ t

0

f(τ)g(t− τ)dτ.

Then,

(29.35) L(f ∗ g)(s) = Lf(s) · Lg(s),

since

(29.36)

∫ ∞

0

e−ts

∫ t

0

f(τ)g(t− τ)dτdt =

∫ ∞

0

e−tsf(t)dt ·
∫ ∞

0

e−τsg(τ)dτ.

Therefore,

(29.37) (sI −K)−1Lg(s) = L(EK ∗ g)(s),

where

(29.38) EK ∗ g(t) =
∫ t

0

EK(t− τ)g(τ)dτ =

∫ t

0

e(t−τ)Kg(τ)dτ.
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This gives Duhamel’s formula,

(29.39) f(t) = etKa+

∫ t

0

e(t−τ)Kg(τ)dτ.
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