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1. COMPLEX NUMBERS AND THE COMPLEX PLANE

The complex numbers arise naturally in the study of polynomials. For example, for the quadratic
equation
(1.1) 22 —22+5=0,
The quadratic formula yields two solutions:
2_21¢Ijm_2iwfﬁ
2 2

where 7 is an imaginary number that satisfies i? = —1.
1

(1.2)

=14 2i,
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In general, a complex number z has the form z = z+ iy, where x = Re(z) and y = I'm(z) are the
real and imaginary parts. The complex numbers can be visualized as isomorphic to the Euclidean
plane R?, where z + iy is identified with the point (z,y) € R2.

Two complex numbers may either be added or multiplied. Suppose z1 = x1+iy; and zo = zo+1iys.
Addition of complex numbers is the same as addition of two vectors in R?:

(1.3) 21+ 22 = (w1 + 22) +i(y1 + y2).
Multiplication corresponds to multiplication of 2 X 2 matrices:
(1.4) 2122 = (21 + Y1) (22 + iy2) = (2122 — y1y2) +i(T1y2 + T201).

We have already discussed how z € C may be graphed as a vector in R?. A complex number a -+ ib
may also be seen as a matrix. Indeed,

(1.5) Tr1 N T2 —( 127 Yy2 )
Y1 T1 Y2 T1Y2 + T2Y1
The operations of addition and multiplication are

(1) Commutative
(2) Associative
(3) Distributive

Returning to visualizing complex numbers as vectors in R?, the absolute value of a complex
number z will be defined as the length of the vector corresponding to z, namely,

(1.6) 2] = (22 + y*)V/2

Thus, |z| is precisely the distance from the origin to the point (z,y). In particular, the triangle
inequality holds,

(1.7) |z + w| < |z] + |w], for all z,w e C.
We also have |Re(z)| < |z|, |[Im(z)| < |z|, and for all z,w € C,

(1.8) |lz] = w]| <z — wl,

since

(1.9) |z| < |z —w|+ |wl, and |lw] < |z —w| + |z|.

The absolute value |z| also corresponds to the square root of the determinant of the matrix corre-
sponding to z, r? = 22 + y2. Then

GG E)

Doing some trigonometry, there exists 0 < 6 < 27 such that

" (3 ) (o0 ).

which is a rotation matrix.

3 lo3 e

Lemma 1. For anyt € R,
(1.12) et = cos(t) + isint.



Proof. Tt is clear that ([1.12)) holds when ¢ = 0. Furthermore,
d ,
(1.13) a(e”) =ie",

so the velocity of e’ is at a right angle to the position e’*. Thus, |¢®| = 1 for all ¢ € R. Furthermore,
(1.13) implies that e travels at speed one in a counterclockwise direction around the unit circle.
This proves (|1.12). O

Therefore, for any z # 0 there exists some 0 < r < 0o and 0 < 6 < 27 such that
(1.14) z=re",
Definition 1 (Argument). 0 is called the argument of z.
Moreover, if z = re'? and w = se™®,
(1.15) 2w = rse’0T9),
The complex conjugate of z is
(1.16) Z=ux—1y,

and is obtained by reflecting across the real axis. Therefore,

z+Zz z—Z 9

(1.17) Re(z) = 5 Im(z) = 5 |z]* = zZ.
Then if z #£ 0,
1 z
1.18 - = —.
(1.18) PR

It is also possible to see (|1.18]) from a matrix point of view. Applying the usual formula for the
inverse of a 2 X 2 matrix,

-1

T -y 1 Ty
1.1 _ .
(1.19) <y z ) x2+y2<—y x)

Thus C is a field, every element of C has an additive inverse, and every nonzero element of C has
a multiplicative inverse. 1 4 ¢0 is the multiplicative identity.

Theorem 1. The complex plane C is a complete, algebraically closed field.

Proof. The complex plane C inherits the topology of R2.

Definition 2 (Convergence). A sequence z, € C converges to w € C, that is w = limy, o0 2n, if
(1.20) |zp, —w| — 0.

This is equivalent to Re(z,) — Re(w) and Im(z,) = Im(w).

It is straightforward to show that C is complete, that is, every Cauchy sequence converges.
Suppose z, is such a sequence. Then since |Re(z,) — Re(zm)| < |2n — 2m|, If |2n — 2m| — 0 as
n,m — oo, then Re(z,) is a Cauchy sequence in R, and thus Re(z,) converges. Apply the same
argument to Im(zy,).

We can use this topology to define continuity.
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Definition 3 (Continuity). Suppose f is defined on Q C C. f is continuous at zo € Q if for all
€ > 0 there exists 6(€) > 0 such that if |z — z0| < 0 and z € Q, then

(1.21) |f(z) = f(20)| <e
This is true if and only if f is continuous as a function of x and y in R. Equivalently, if z, € §
and zp, — zo, then f(z,) = f(z0).

As in real analysis, compositions of continuous functions are themselves continuous. Thus, if f

is continuous on a set 2, then |f(z)| is also continuous on a set .

Recall from calculus that a continuous function on a closed interval attains a maximum and a
minimum. Here we wish to generalize this fact to functions on the complex plane. Closed and open
disks generalize closed and open intervals.

Definition 4. An open disk centered at zy € C of radius r is given by

(1.22) D, (20) ={2€C:|z— 2| <r}.
An open disk centered at zy with radius r is given by

(1.23) Dy(20) ={2 € C: |z — 2| <r}.
The unit disk is defined

(1.24) D={zeC:|z|] <1}.

Definition 5 (Open set). zp € Q C C is an interior point of Q if there exists r > 0 such that
D,.(z9) C Q. The interior of Q is the set of all interior points of ). A set Q is open if every point
18 an interior point.

Definition 6 (Closed set). A set 2 C C is called closed if Q¢ = C —  is an open set.

A point z € C is called a limit point of S if there exists a sequence z, € ), z, # z such that
zn — z. The closure of Q, labeled Q) is equal to the union of 0 and its limit points.

If Q= Q then Q is a closed set.

The boundary of a set is its closure minus its interior, and is labeled 02. For example,

(1.25) 0D, (20) = Cr(20) ={2€C: |z — 2| =1}

Definition 7 (Compact set). A set is bounded if there exists M > 0 such that Q@ C {z: |z| < M}.
If Q) is bounded, we may define the diameter of €,

(1.26) diam(Q) = sup |z —w|.

Z,WEN

A set is compact if it is closed and bounded.

Theorem 2. If f is a continuous function on a compact set S, then |f(z)| attains a mazimum and
a minimum on Q.

Here f attains a mazimum at zo € Q if |f(2)] < f(z0)| for every z € Q. f attains a minimum
at zo € Qif |f(2)] > |f(z0)| for every z € Q.

Proof. As in the topology on R2,

Theorem 3. A set Q C C is compact if and only if every sequence z, € Q has a subsequence that
converges to a point in 2.
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We can use this fact to show that the image of a compact set under a continuous function is
compact. 0

The fact that C is algebraically closed follows from the fundamental theorem of algebra.

Theorem 4 (Fundamental theorem of algebra). If p(z) is a non-constant polynomial with complex
coefficients, then p(z) must have a complex root.

Proof. Suppose that for some n > 1,

(1.27) p(2) = apz" + ... + a1z + ag, an # 0, a; € C V0o <j<n.
Therefore, as |z| — oo,
(1.28) p(2) = an2"(1+0(z71)),
which implies that
(1.29) lim |p(z)] = oo,
2|00

so there exists 0 < R < oo such that

(1.30) inf |p(2)| > |p(0)],
|z|>R

and therefore,

1.31 inf = inf .

(1.31) \ZIER'p(z)' inf |p(2)]

Since p is continuous, there exists zyp € D which satisfies
1.32 = inf
(1.32) [p(20)] = inf [p(2)],
where Dp refers to the disk of radius R, D = {2z € C: |z| < R}.
Lemma 2. If p(z) is a non-constant polynomial and (1.16]) holds, then p(zy) = 0.

Proof. Suppose by contradiction that p(zp) = a # 0. Since a polynomial in z can easily be rewritten
as a polynomial of the same degree in (z — zg) for any 29 € C,

(1.33) p(z0+¢)=a+4q(C), (=2z— 2z,
where ¢ is a non-constant polynomial of order n. Therefore, for some k > 1, b #£ 0,
(1.34) q(¢) = bC* + ... + b
The term bC* dominates the behavior of ¢(¢) for |¢| small,
(1.35) Q) =bC* +0(CF),  as ¢ —0.
Therefore, take S! = {w : |w| = 1}. For any fixed w € S,
(1.36) p(20 + ew) = a + bwek + O("), as € \(0.
Since a # 0 and b # 0, choose w € S* such that
b . a
(1.37) mw =Tl
Then,

(1.38) p(zo + ew) = a(l — |g|ek) + O(" 1,
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which contradicts the minimality of p(zy) when € > 0 is sufficiently small. ]
Therefore, p(z) has the root p(zg) = 0. O

Thus, the field C is algebraically complete.
O

Proposition 1 (Nested sets property). If 1 D Qo D ... is a sequence of nonempty compact sets
such that diam(§2,) — 0, then there exists a unique w € C such that w € Q,, for all n.

Proof. Make a diagonal argument. O

Definition 8 (Connected set). An open set Q C C is connected if we cannot find two nonempty
open sets such that Q1 U Qs = Q and Q1 N Oy = 0.

The definition is similar for closed sets.

An open set is connected if and only if any two points in {2 can be joined by a curve entirely in
Q.

Definition 9 (Region). A connected open set is a region.

Definition 10 (Open covering). An open covering of a set ) is a family of open sets {Uy} such
that  C UU,.

The family of open sets need not be countable.

Theorem 5. A set § is compact if and only if every open covering of 2 has a finite sub covering.

2. HOLOMORPHIC FUNCTIONS
Let €2 be an open set in C and f be a complex valued function on (2.

Definition 11 (Holomorphic function). A function f is holomorphic at zy € Q if

(2.1) }133% f(ZoJrh})L*f(Zo)

exists. Then

(2.2) F(z0) = lim L0 1) = F(z0)

h—0 h

This may be rewritten as
(2.3) f(z0+h) = f(z0) + f'(20)h + o(h).

The function f is holomorphic on Q if f is holomorphic at every point in Q. If C is closed, f is
holomorphic on C if f is holomorphic in a neighborhood of C'. If f is holomorphic on all of C, then
f is an entire function.

It is possible to apply all the usual limit definition of a derivative rules to functions.

Proposition 2. The usual rules from calculus hold for holomorphic functions.

(1) Quotient rule.

(2) Product rule.

(3) Chain rule.

(4) Multiplication by a constant.
(5) Sum rule.

3
4
5



Also observe that if [ is holomorphic then f is continuous.

Corollary 1. Polynomials in z are holomorphic. So are rational functions of the form %, where

f and g are polynomials, when g(z) # 0.

Proof. By Proposition [2] it suffices to show that f(z) = z is holomorphic. However, that is easy
since f(z+h) — f(z) = h. O

The above computations in (2.1)—(2.3]) are deceptively simple, since holomorphic in one complex
variable is a much stronger fact than being differentiable in real variables. To see this, observe that
Z is not holomorphic. Indeed, for any h,

(2.4) f(zo0 + h})L — f(20) _

Observe that as a mapping from R? to R?, F(xz,y) = (x, —y) is differentiable with derivative

(2.5) < (1) N )

The function Z fails to be holomorphic because ([2.5) is not the matrix of a complex number.

S| S

Theorem 6 (Cauchy—Riemann equations). Let f(z) = u(z) +iv(z) be a holomorphic function, let
F(z,y) = (u(z,y),v(z,y)) and let J be the Jacobian of F(x,y),

du  Ou
(2.6) Jr(ry)={ 35 9 |-
ox Oy
Then the Jacobian Jp(x,y) must be a complex number matriz, that is of the form (1.10). That is,
Ju  Ov ou v
2.7 — == d g
(2.7) ox Oy’ an Oy ox
Proof. To see this, restrict i to the real line. Then,

fz+h)— f(2) @_F_av

(28) }lg% h “or o
while

. flz+ih) = f(z) _ Ou  Ov
(2:9) i%lg%) ih N Z@y * dy’

Since u and v are real valued functions and ({2.8]) must equal (2.9)), (2.7) must hold. O

Now define two differential operators

o 10,0
dz 20z oy’
0 10 0,
0z 20z Oy’
Corollary 2. If f is holomorphic at zg = xg + iyo then

(2.11) %(ZO) =0,

(2.10)
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9] 10 s, 9]
(2.12) % = 2575 = 6—1:(20) = 28%(20) = f'(20),
and
(2.13) det Jp(z0,90) = | f'(20)[*.

The converse is nearly, but not quite true.

Theorem 7. Suppose f(z) = u(z) + iv(z) is a complex valued function defined on an open set Q.
If uw and v are continuously differentiable and satisfy the Cauchy - Riemann equations on ), then
f is holomorphic on Q and

0
(2.14) f(z) = a—JZC
Proof. If h = hy + tho then
(2.15) u(x + hy,y + he) —u(z,y) = %hl —&—Z—Zhg—l—o(h),
and
(2.16) v( + hi,y + ha) —v(z,y) = @hl +@h2+0(h).
ox dy

Then
(2.17) Fe ) — £ = (2 2@y + o) + o).

ox dy
Therefore, f is holomorphic and

ou 0

(2.18) f(z) = 2& = Bijzt

Since the polynomials are holomorphic, it is natural to consider power series next.

Definition 12 (Power series). A power series is a series of the form

(2.19) i anz™.

n=0

Theorem 8 (Radius of convergence). Given a power series (2.19) there exists 0 < R < oo such
that

1
(2.20) B= lim sup |a, |*/",

n—oo

where we follow the convention % =00 and é = 0. Equation 1' 18 called Hadamard’s formula.
Furthermore,

(1) If |z| < R the series converges absolutely.
(2) If |z| > R the series diverges.

|z| < R is called the disk of convergence.
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Proof. Let L = . If |z| < R there exists € > 0 such that (L + €)|z| =7 < 1. Then (2.20) implies
that for n > Ny for some Ny sufficiently large,
(2.21) |an|1/n < L+e=|an|[z[" <™
Thus (2.19) is absolutely convergent since
(2.22) S lanllz* < > =
n=Ny n=Ny

Meanwhile, if |z| > R there exists € > 0 such that (L — €)|z| = r > 1. Then (2.20) implies there
exists a sequence ny such that

(2.23) |an, ||z|™F > r™ > 1.
Clearly this sequence does not converge to zero. O
Remark 1. We could have convergence or divergence on the boundary.

There are several well - known examples of power series. For example the exponential function

e on
e -
(2.24) =) -
n=0
Here the radius of convergence is R = co. Since e* = cos(z) + i sin(z),
et? + ez 0
(2.25) cos(z) = ——— = ;0(—
and
iz 2n+1

(2.26) sin(z) = ———— = Z 2n Cnr 1l

Next,

(2.27) i o=
n=0

and the radius of convergence is R = 1. Another important example comes from substituting —z2

for z in ([2.25)),
= 1
(2.28) > (=1t =

5
= 1+ 2

This series has radius of convergence R = 1, and singularities at z = +4. This is an interesting
example because a calculus two student could calculate the radius of convergence, but would not
see why the solution could not be extended along the real line past |z| < 1.

Theorem 9. The power series

(2.29) fz)=> anz"
n=0
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defines a holomorphic function in its disk of convergence. Also,
o0

(2.30) f'(z)= Znanznfl,
n=0

and f'(z) has the same radius of convergence as f.

. . 1
Proof. Since lim,,_,,,n» =1,

n 1
(2.31) lim sup |nan|ﬁ = (limsup |an|ﬁ) - ( lim nﬁ) = lim sup |an|%'ﬁ =—.
n—00 n—00 n—oo n—o00 R
Let
o0
(2.32) g(z) = Z na,z""*,
n=0
and let
N
(2.33) Sn(z) = anz",  f(z)=Sn(2)+ En(2).
n=0

By direct computation,

z0+h)— f(z Sn(zo0+h) — Sn(z
et W= JG0) () = SV AW ZS0G) gy
(2.34) En(z0+ h) — Ex(20)
2 - 2
+(S (20) = 9(20)) + (),
Since
(2.35) S (20) — g(20) = Z nanz",
n=N+1
for N (e, zp) sufficiently large,
(2.36) 1SN (20) — 9(20)| < .
Meanwhile, by the difference of powers
(2.37) a” —b" = (a—b)(a"t + ...+ "),
= (20 + h)n — 2(7)l = n n = n n
(2.38) > = = > an((zo+h)"+.42) < > nlan|(Jzo+h|"+]z0]™),
n=Np+1 n=Np+1 n=Np+1
and so when |zg|, |20 + k| < R, for Ny(e, z9) sufficiently large,
E h)—F
(2.39) w0+ }z () _
Finally, since € > 0 is arbitrary and Sy(z) is a polynomial,
S h)—S
(2.40) tim (WGP INIR) gy () o,
which proves Theorem [9] O

Corollary 3. A power series is infinitely complex differentiable in its disk of convergence. Higher
derivatives are power series obtained by term wise differentiation.
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It is also possible to have a power series centered at zg € C,
o0
(2.41) > an(z—2)"
n=0

Definition 13 (Analytic function). A function f is said to be analytic at zy € § if there exists
r > 0 such that

(2.42) f(z)= Z an(z — 20)"  Vz € Dy(20),
n=0

and Y07 s an(z — 20)™ has a positive radius of convergence.

If f is analytic at every point in §2, then f is said to be analytic in Q.

3. HARMONIC FUNCTIONS ON A PLANAR DOMAIN

The notes for this section come from [Tay19]. Suppose 2 is an open domain and f € C*(Q) is
a holomorphic function. Applying (a% + ia%) to the Cauchy—Riemann equations 1) implies
0 0., 0 0 o%f  09%f
3.1 S i) (o — i) f =+ =2 =0
(3.1) (5':c —Hay)(ax Z@y)f Ox2 * Oy? ’
on the open set 2 C C.

Such a function is called harmonic. More generally, if O is an open set in R", a function
f € C?(0) is said to be harmonic on O if Af =0 on O, where

0% f 0% f
Taking the real and imaginary parts of (3.1), f = u + v,
(3.3) Au =0, Av = 0.

(3.2) Af = =0.

Therefore, if f € C°°() is a holomorphic function, the real and imaginary parts of f are harmonic
functions on 2.

Many domains €2 C C have the property that if u € C?(f2) is a real-valued, harmonic function,
then there exists a real-valued harmonic function v € C?(Q) such that f = u + iv is holomorphic
on .

Definition 14. v is said to be the harmonic conjugate of u.

To obtain the harmonic conjugate, we define integrals along curves in C. A parameterized curve
is a function z(t) that maps a closed interval [a,b] C R to the complex plane. A parameterized
curve is smooth if 2/ (¢) exists and is continuous on [a, b], 2/(t) # 0 for ¢ € [a, b]. The quantities 2z’ (a)
and z'(b) are defined as the right—handed derivative at a and the left-handed derivative at b,

i g z(a+h)— z(a) rin e 2(b4h) — z(b)
(3.4) Z'(a) = }111{‘% B — Z'(b) = }lll;% -
A curve is called piecewise smooth if z is continuous on [a,b] and there exist a = ag < a1 < ... <

a, = b where z(t) is smooth on [aj,ar+1]. In this case the left hand derivative of z(¢) at ay need
not equal the right hand derivative there. For example, a stop sign is a piecewise smooth curve.



12 BENJAMIN DODSON

Definition 15. Two parameterizations z : [a,b] — C and Z : [¢,d] — C are equivalent if there
exists a continuously differentiable bijection s — t(s) such that t'(s) > 0 and Z(s) = z(t(s)).

The condition t'(s) > 0 says precisely that the orientation is preserved, as s travels from c to d,
t(s) travels from a to b. The family of all parameterizations that are equivalent to z(t) determines
a smooth curve v C C. We can define a curve v~ obtained from v by reversing its orientation. In
particular, take z=(t) = z(b+a —1), t € [a,b].

A closed curve is a curve that satisfies z(a) = z(b). A curve is simple if it is not self - intersecting,
that is z(t) # z(s) unless s =t or s = a and t = b.

Given a smooth curve v in C, parameterized by z : [a,b] — C, and f a continuous function on
v, we define the integral of f along v by

b
(3.5) / F(2)dz = / F(0)2 ()dt

This integral is independent of parameterization. Suppose Z is an equivalent parameterization,

b d d
(3.6) [ @) 0de= [ ) o) s = [ fE) s

If 7 is piecewise smooth then

(3.7) / fe)dz =Y / ) .
vy k=0 Y Ok

The length of the curve « is given by

(3.8) Length(y /|z )|dt = /\z NIt (s ds—/ |Z'(s)|ds.

Now then, given a = a + ib and z = z + iy, let 7, denote a path from a + b to a + iy, and
then the horizontal line from a + iy to x + iy. Next, let o,, denote the horizontal line segment
from a + ib to x 4 ib, and then the vertical line segment from x + b to x + iy. Let R,. denote the
rectangle bounded for the four line segments.

Proposition 3. Let 2 C C be open, a = a+ib € ), and assume that the following property holds:
If 2 € Q, then Ry, C Q. Letu € C?(Q) be harmonic. Then u has a harmonic conjugate v € C%(Q).

Proof. For z € (Q, set

Ju Ju Y ou ¥ Ou
(39) ’U(Z) = /az(ayd + 67d ) /b %(a, S)dS — /a %(t, y)dt
Also set
ou ou ¥ ou Y ou
1 b(z) = —dr 4 — = = .
(3.10) 3(2) /aaz( e+ Gdy) = / Sowbdt+ [ 2 s)ds
By the fundamental theorem of calculus,
ov ou o ou
A1 — = i
(3.11) =36 g6 =F0)

Furthermore, since R, C (2, by Green’s theorem, since u is a harmonic function,

(3.12) 0(z) —v(z) = /ORM(—ZZd x + —dy // 83:2 )dxdy =0.
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Therefore, u and v satisfy the Cauchy—Riemann equations. O

It is possible to prove this this proposition without Green’s theorem.

Proposition 4. Let Q C C be open, a = a + ib € Q, and assume the following property holds: If
also z € Q) then ~,, C C.
Let u € C?(2) be harmonic. Then u has a harmonic conjugate v € C%(Q).

Proof. Define v as in 1| Then % = _%' Also, by lb

v ou T 0% ou T 9%u ou
.1 — = — . —(t,y)dt = — —(t,y)dt = —(2).
(3.13) ay(Z) 5 (B Y) ’ 6y2( )t = ——(a,y) + ) 2 (by)dt = 5-(2)
Therefore, v and v satisfy the Cauchy—Riemann equations. |

Proposition 5 (Mean value theorem for harmonic functions). If u € C?(Q) is harmonic, 2z € 2,

and Dy (z0) C Q, then

2
(3.14) u(zp) = 7/ u(zo 4 re'®)do.
2T 0
Proof. Since u is a continuous function,
1 27 )
(3.15) Th\r"% o /0 u(zo + Tew)de = u(zp).

Taking the derivative with respect to r,

(3.16) a1 /% u(zo + re'?)df = S /%u (20 4 re'?)db
' dr 27 Jo 0 Tor ), TV '
By Green’s theorem,
1 27 0 1
(3.17) — up(z9 +re’?)dd = — Audzdy = 0.
2r 0 2w D.(z0)

This proves ((3.14)). O

Writing (3.14)) in polar coordinates,

(3.18) u(zo)—ﬂiz//D( )u(z)dxdy.

With this, we can establish a maximum principle for harmonic functions.

Proposition 6. Let Q C C be a connected open set. If u : Q — R is harmonic on §Q, then given
20 € Q,

(3.19) u(zp) = sup u(z) = u is constant on Q.
z€Q

If, in addition, Q is bounded and u € C(S2), then

(3.20) supu(z) = sup u(z).
2€Q z€00N
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Proof. Equation (3.20]) follows from if ©Q is bounded, since u must achieve a maximum
somewhere on €. Thus assume there ex1sts 29 € ) such that the hypotheses of (3.19 - hold. Set

(3.21) O={¢Ce:ul) =u(z)}

Since zg € O, O is not empty. Moreover, by continuity, O is a closed subset of 2. Moreover, by
(3.18), if there exists a a disk of radius p, D,(¢o) C , since u is the supremum, u(z) = u((p) for
all z € D,(¢o). O

Corollary 4. If f(2) is a holomorphic function, and f € C*°(Q), given zy € Q,

(3.22) |f(2z0)| = sup|f(2)] = f is constant on Q.
z€Q

If, in addition, Q) is bounded, and f € C(QQ), then
(3.23) sup [ f(2)| = sup [f(z)].

z€Q z€00

Proof. If f =u 4+ iv, and v and v are harmonic functions, by the product rule,
(3.24) A(u? 4 v?) = |Vul* + |Vol?.

Plugging this fact into the proof of Proposition

1
(3.25) u(20)? 4 v(20)% < — (|Vu(2)]? + |Vo(2)]?)dzdy.
r DT(ZO)
Moreover, equality holds if and only if [Vu| =0 and |Vv| =0 on D,(z). a

Next, Liouville’s theorem for harmonic functions on C.
Proposition 7. If u € C?(Q) is bounded and harmonic on all of C, then u is constant.

Proof. Choose any two points p,q € C. For all r > 0,

(3.26) u(p) ~ule) = — / /D )y /D ()],

Hence,

(3.27) Ju(p) — u(g)] < — / / 2)\dedy,
mr A(pqr)

where A(p,q,r) is the set of points contained in D, (p) or D,(gq), but not both. Therefore,
A(p,q,7) ~ 1 as r — oco. Taking r — oo in (9.6)), since |u| is bounded, u(p) — u(q) = 0. O

Corollary 5. If f: C — C is holomorphic and bounded, and f € C*(QY), then f is constant.

Proof. Since f is holomorphic, f = u + v, where u and v are harmonic functions. Since |f]| is
uniformly bounded, |u| and |v| are uniformly bounded, and therefore, by Proposition |7, v and v
are constant. |
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4. CAUCHY INTEGRAL FORMULA (THREE LECTURES)

The Cauchy integral formula is a consequence of the mean value theorem for harmonic functions,
Proposition 5] Indeed, if f € C°°(€2) is a holomorphic function, then since f = u+ iv, where u and
v are harmonic functions, so
(4.1)

1 27 ) 1 2m ) 1 2m )
Fleo) = uCeo) + iv(a0) = 5 [l re)a0 i [ vt treydd = 5 [ faa e,
However, it is possible to prove (4.1) without making the a priori assumption that f € C*(Q2). To
do so, define the primitive of a function.

Definition 16 (Primitive). A primitive for f on the region S is a function F(2) that is holomorphic
on Q and such that F'(z) = f(2) for all z € Q.

Remark 2. A function may only have a primitive on a subset C but not all of C. For example,
the function f(z) = 1 has a primitive on the region Re(z) > 0, for ezample.

Theorem 10. If f is a continuous function with primitive F in ), and v is a curve in Q that
begins at w1 and ends at ws, then

(4.2) / f(2)dz = F(wy) — F(wy).
v
Proof. Let z(t) be some parameterization of v with z(a) = wy and 2z(b) = ws. Then

b b
(43) [ s = [ @@= [ GG = FE®) - Pe@)

A similar argument could be made for a piecewise smooth curve. ]

Corollary 6. If v is a closed curve in an open set Q) and f is continuous and also has a primitive
in S, then

(4.4) / f(2)dz = 0.

Corollary 7. If f is holomorphic in a region Q2 and f'(z) = 0 on this region, then f is constant.

Proof. For any w € { take a path connecting wy and w. |

Theorem 11 (Cauchy integral formula). If f is holomorphic on the open set Q C C, and D, (zp) C
Q, then

B 1 27 0 . 1 f(C)
(4.5) f(z0) = o J, flzo+re’)df = i oD, (o) € — 20

Proof. As in the proof of Proposition

dc.

27

(4.6) lim x f(z0 +7e%)do = f(20).

Taking a derivative with respect to r,

d 1 27 1 2m 1

(4.7) o f(zo + re')do f'(z0 + re?)e?do =
0

- ! d¢ =0.
2m Jo 2mir ADT(ZU) flz+ )¢
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To see why the last equality in (4.7)) is true, observe a parameterization with positive orientation
of the circle of radius r centered at zg,

(4.8) Cr(z0) ={2€C:|z—2z| =71}
would be the parameterization
(4.9) 2(t) = zo + re’, 0<t<2m,

and a parameterization with a negative orientation would be the parameterization

(4.10) 2(t) = 20 +re” ", 0<t<2n.

Corollary 8. If f is holomorphic on §, then f € C*°(Q).
Proof. We can compute the derivative of (4.10) directly. Indeed,

fz+h)—f(z) 1 f(©) 3 f(©)
(4.11) h B h[/am(z) (C—(=+ h))dC /8Dr(z+h) (- Z)].
Now then, for |h| < r sufficiently small,
f(©) _ f(©)

(12 Jrosoun TG o TG
Taking the limit definition of the derivative,
(4.13) lim l[ L g |dh = 1

' h=0h (= (z2+h) (C—2) (C—2)*
Therefore, arguing by induction,

d., — 1) f(¢

(4.14) ()" f(2) = % /BDT(Z) (C_(Z))n-&-ldc'

This integral converges for any n.
Equality (4.12)) holds due to the fact that a holomorphic function has a primitive in a disk. O

Theorem 12 (Cauchy’s theorem for a disk). A function that is holomorphic in an open disk has
a primitive in that disk.

Proof. Without loss of generality suppose that the open disk is centered at the origin. Then for
any z = = + iy in the disk, let 7, be the contour traveling from the origin to z, and then on to
2 + ty. Then let

(4.15) F(z)= [ f(w)dw.

’Yz
The function F(z) is holomorphic in D and F’(z) = f(z). Indeed, by the fundamental theorem of
calculus, since d{ = idy on the contour from z to z + iy,

4.16 - = .
(116) S50 = 1)
Meanwhile, by the Cauchy—Riemann equations, since f is holomorphic,

OF of

i) =iyt [ i = s rin+ [

o By (z+is)ds = f(z).
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Therefore, F satisfies the Cauchy—Riemann equations and F’(z) = f(z), so F' is holomorphic. [
In particular, Theorem [12| implies that if f is holomorphic in a disk,

(4.18) /f(z)dz =

It is possible to extend Theorem [[1] and Corollary [§] to a general open set 2. The first step is
to use Goursat’s theorem to show that the integral of a holomorphic function on a closed curve,
where f is holomorphic in the interior, is zero. The proof of Goursat’s theorem uses the following
elementary facts about the integral,

Proposition 8. Integration of continuous functions over curves satisfies the following properties:
(1) If a, 8 € C then
(4.19) /(af()+ﬁg z—a/f dz—l—ﬁ/
v

(2) If v~ is v with the reverse orientation then

(4.20) L F(2)dz = — A ().

3)
(4.21) | / f(2)dz] < sup |£(2)] - length(y).

zey

Theorem 13 (Goursat’s theorem). If 2 is an open set in C and T C Q is a triangle whose interior
that is also contained in 2, then

(4.22) /Tf(z)dz =

whenever f is holomorphic on Q.

Proof. Let T be the original triangle with positive orientation. Partition the triangle into four
smaller triangles Tl(l), T2(1), Tg(l) and T4(4). Then there exists 1 < j < 4 such that

)

(4.23) [ r@d<al [ sl
T T
Tterating, there exists a unique
(n)
(4.24) 20 € MoT.

For z near zg,

(4.25) f(2) = f(z0) + f'(20)(z = 20) + o(]z = 20]).

Since 1 and z — zp have a primitive,
(4.26) |/( ) z)dz| = \/( ) o(|z — z0])dz| <47 "0, (1).

J(") J(n)
Now by (4.23),
(4.27) | f(z)dz| < 4n|/( | f(2)dz] < on(1).
T(0) n

J(n)
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Taking n — oo proves the theorem. O

Corollary 9. If f is holomorphic in an open set () that contains a rectangle R in its interior, then
(4.28) / f(z)dz = 0.
R

The Cauchy integral formula actually holds for any z in a disk D, (z9) = D.

Theorem 14. Suppose f is holomorphic on an open set that contains Q, where Q is an open set
with compact closure. Let 0X) be the boundary of Q) with positive orientation. Then for any z € €,

(4.29) £() = ﬁ /C €f (_C)ng.

Proof. For a fixed z € Q, there exists some €(z) > 0 sufficiently small such that D.(z) C Q. Then
by Theorem [T1]

f(©)
4.30 d¢ = .
(4.30) /6135(,3) C(—z (=1
If 0D (z) and 9D were constructed out of sides of rectangles, then
f(©) f©)
4.31 —=d¢ — —=d¢ = 0.
(31) /(9D€(Z)C_ZC /apC—ZC

This is not quite true, however, for a fixed € > 0, if f is continuous on a closed curve ~, the difference
between a curve constructed out of the sides of rectangles of length at most h and the curve =, call
it Ry,

(4.32) £Q)¢ = [ Q)¢ = ona s
Rp ¥

Taking h — 0 proves the theorem. |

Corollary 10. If f is holomorphic in an open set Q) then f has infinite many complex derivatives
in Q. Moreover, if C' C ) is a closed contour whose interior is contained in €2, then

(4.33) () = 2 /C @f(f))de’

T 2mi
for all z in the interior of C.

Proof. We compute the difference quotient. Let D be the region in the interior of C.

L (SR i (S /)
(439 et Less= [ e mme g

Taking h \, 0, since D is a compact set,

(4.35) =

Now, by induction, suppose

(4.36) FD(z) = (n—})!L(Cf(C) a“.

f(©)
(€ —=2)?

dc.




19

Taking a difference quotient,

1(n—1)! O[O
Tl e S W

- (n—l)' f(g) _anl — (2 n—1
- e e (€A e (= Gy

(4.37)

Taking the limit as h \, 0,

(4.38) f™(z) = b /C Ldg.

S 2mi Jo (¢ — 2)n Tt
This proves by induction. O
Remark 3. This also implies that holomorphic functions are smooth.
Also, by direct computation,

Corollary 11. If f is holomorphic in an open set that contains the closure of a disk centered at zg
and of radius R, then

(4.39) £z < e

where

(4.40) [fllc = sup|f(z)].
zeC

The Cauchy integral formula gives a new proof of the fundamental theorem of algebra.
Theorem 15 (Fundamental theorem of algebra). Every non constant polynomial
(4.41) P(z)=apz"+ ...+ ao
has a root in C.
Proof. If P(z) has no roots, then ﬁz) is a bounded, holomorphic function. Indeed,

P
(4.42) PE)
ZTL
as |z| = oo. Therefore, |P(z)| > C|z|™ when |z| > R. Since ﬁ is holomorphic, this implies %
is bounded on C, and therefore constant.

The integral representation formula gives a power series expansion.

Theorem 16. Suppose [ is holomorphic in an open set Q. If D is a disk centered at zo with
D C Q, then f has a power series expansion

_ J" (20)

n!

(4.43) fz)= Z an(z — 20)", for all z€D, ay
n=0

Thus, if f is holomorphic on an open set Q C C, then f is analytic on Q C C, that is, f has a
power series representation that converges. By Theorem[9] the converse also holds.
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Proof. Take the integral representation

1 f©)
4.44 =— dac.
(1.44) 1) = g [ ke
Computing,
1 1 1
4.45 = = .
(145 (=2 C-2—(2-2) (¢(-2)1-E2)
There exists some 0 < r < 1 such that |2:Z° | < r for any ¢ € C, so the series
z — ZO
4.46 — =
(4.46) ; —)

converges uniformly for ¢ € C. Therefore,

(4.47)
Z 2m/ - n+1 d)-(z=20)" = ;(27”/0 (¢ — zo)nH! dC) 0 Z

Thus if f is entire then the power series expansion converges on C.

Recall that in general, smooth functions need not have a convergent power series expansion. For
example, consider the classical example

0 ifz <0
4.48 = =
( ) f(@) { e if x> 0.
This function is smooth, but f(™(0) = 0 for every n, so the power series fails to converge for any
x > 0. Theorem 16| prevents this for holomorphic functions.

Theorem 17. Suppose f is a holomorphic function in a region ) that vanishes on a sequence of
distinct points with a limit point in Q2. Then f = 0.

Proof. Proof: Suppose zo € € is a limit point for {wy}72,. Make a power series expansion of f in a
disk around zg. If f is not identically zero there exists a smallest m such that a,, # 0, and a,, =0
for 0 < n < m. Then

(4.49) f(2) = am(z = 20)™ (1 + g(z — 20)),

where g(z — z9) — 0 as z — zp. But then for all k, a,,(wr — 20)™ # 0 and 1 + g(wg — 2z0) # 0 but
f(wr) = 0.

Now let U be the interior of the set of points such that f(z) = 0. U is both open and closed. If

zn — 2, then z € U. Then f vanishes in a neighborhood of z. Solet V. =Q —w. U and V are open
and disjoint, Q@ = U U V. Then  connected implies that either U or V is empty. (]

Corollary 12. Suppose f and g are holomorphic in a region 2 and f(z) = g(z) for all z in a non -
empty, open subset of Q, or for z in some sequence of disjoint points with a limit point in 2. Then
f(z) = g(2) throughout Q.

Definition 17 (Analytic continuation). Suppose f and F are analytic in regions Q and ', Q C V.
If f = F on Q we say that F 1is an analytic continuation of f into . By corollary the
continuation of F is uniquely determined by f.
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5. APPLICATIONS OF THE CAUCHY INTEGRAL FORMULA (TWO LECTURES)
Now we will discuss some more applications of the Cauchy integral formula.

Theorem 18 (Morera’s theorem). Suppose f is a continuous function in an open disk D such that
for any triangle T' contained in D,

(5.1) / f(z)dz = 0.
T

Then f is holomorphic.

Proof. Let

(5.2) Fz) = / F(s)ds.
Then since f is continuous,
! h
(5.3) F(z+h) — F(z) = /0 e+ s = F()h+ of0).

Then F'(z) = f(z), so F is holomorphic, and therefore f is holomorphic. a

Morera’s theorem may be used to prove the Schwarz reflection principle. The Schwarz reflection
principle enables extending holomorphic functions on certain regions to holomorphic functions in
larger regions. Suppose 2 C C is an open set that is symmetric across the real line, that is,

(5.4) 2€0Q &z

Let I = Q C R. I is the interior of the part of the boundary of Q% and 2~ that lies on the real
axis.

Theorem 19 (Symmetry principle). If f7(z) and f~(z) are holomorphic functions in Q* and Q™
that extend continuously to I, and f+(x) = f~(x) for all x € I, then

fH( if z € QF,
(5.5) fle)=4 (%) if z€Q7,
ff2)=f"(2) ifzel

N
~

is holomorphic on all of ).

Proof. By Morera’s theorem, it suffices to show that
(5.6) / F(2)dz =0
T

for any triangle T C Q. If a triangle lies above or below the real axis, then holds since f*(z)
and f~(z) are holomorphic. If T has a side or a vertex on the real axis, then (5.6) holds because
by continuity, may be approximated by integrals on triangles slightly above or below the real
axis. If T overlaps the real axis, then T may be split into three triangles whose edges lie along the
real axis. (Il

Theorem 20 (Schwarz reflection principle). Suppose that f is a holomorphic function on Q% that
extends continuously to I, and that f is real valued on I. Then there exists F(z) that is holomorphic
on Q such that F(z) = f(z) on QF.
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Proof. For z € Q™ let
(5.7) F(2) = (3.

Since f(z) is real valued on I, f(z) = f(x) for all x € I. To prove F~(z) is holomorphic on Q~,
suppose 29 € Q7. Then there exists 7 > 0 such that if |z — zo| < 7,

(5.8) F(2) = an(z = 2)",

n=0

so for |Z — Zg| < 1,

(5.9) F7(2) = f(2) = ) an(z - 20)",
n=0

which proves F~(z) is holomorphic for |z — Zy| < r. Then by the symmetry principle, the proof is
complete. 0

Morera’s theorem implies holomorphicity for uniform limits of holomorphic functions.

Theorem 21 (Sequence of holomorphic functions). If {f,}22; is a sequence of holomorphic func-

tions that converges uniformly to a function f on every compact subset of 2, then f is holomorphic
on €.

Proof. If T C Q is a triangle then for any n,

(5.10) /Tfn(z)dz =0.

Since f,, — f uniformly on any compact set,

(5.11) /Tf(z)dz =0.
([

Theorem 22. Under the hypotheses of Theorem the sequence of derivatives {f}}°2, converges
uniformly to f' on every compact subset of Q.

Proof. Suppose f,(z) converges uniformly on every compact subset of Q. Let Qs be the set of
points that are distance 6 > 0 from the boundary of €,
(5.12) Qs = {Z eN: Dg(z) C Q}

For every z € Qs, if F'(z) is holomorphic and Ds(z) C €, then

1 F(¢) 1 IF(Q 1 1
5.13 F'z:—,/ d¢ < — d¢| < =— sup |F(2)]|=2m0.
(5.13) (=) 2mi Jey(z) (€= 2)? 21 Josez) \C—Z|2| | 2m CEC’g(z)| ( )|52
Therefore,
1
(5.14) sup ()] < + sup [P
CEQs e

In particular, if f,,(z) — f(z) uniformly on any compact subset of 2, then
(5.15) lim [£1(2) — £/()] = 0.

This same analysis may be applied to the other derivatives of f,(z). |
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One particular example of this is the power series expansion of functions. Showing that a
power series converges on some disk implies that the power series is a holomorphic function. More
generally, one may construct a holomorphic function

(5.16) F(z2) = ful2).
n=1
A function may also be defined as an integral. Suppose

b
(5.17) () = / F(z, 5)ds,

where for any s, F(z,s) is holomorphic in z and continuous in s. Making a change of variables,
suppose a = 0 and b = 1.

Theorem 23. Let F(z,s) be defined for (z,s) € Q x [0,1], where Q is an open set in C. Suppose
(1) F(z,s) is holomorphic in z for each s.
(2) F is continuous on § x [0,1].

Then the function

(5.18) F(2) = /0 F(z,5)ds,

is holomorphic.

Proof. Suppose T is a triangle in D C €2, where D is a disk. It suffices to show that for any such
triangle,

(5.19) /T/ol F(z,s)dsdz = 0.

Approximating an integral with a Riemann sum, let

1< k
5.20 n(z) = — F(z,—).
(5.20) ) = 5 P )

Then for any n, f,(z) is holomorphic. Now since D x [0, 1] is compact, for any € > 0 there exists
§ > 0 such that if |(z,s) — (2, £)| < 6, then

(5.21) |F(z,s) — F(z, §)| < e
Then,
622 10E - 1@ =1Y [ Fe D - resn <Y [ e D) - P <
k=1 n k=1 n
so | [ f(z)dz| < € -length(T). Therefore f,(z) = f(z) uniformly on D. O

Now recall the Weierstrass approximation theorem that any continuous function on a compact
interval may be approximated uniformly by polynomials. One means of doing this is by the power
series approximation. However, Morera’s theorem implies that this is not enough on the complex
plane. For example, consider the function f(z) = %, where K is the unit circle. Then

(5.23) /K f(z)dz = 2mi,
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but for any polynomial p(z),

(5.24) /Kp(z)dz =0.

Therefore, Runge’s approximation theorem includes the rational functions,

(5.25) f(z) = —

(z — 20)"
Theorem 24 (Runge’s approximation theorem). Any function holomorphic in a neighborhood of
a compact set K can be approximated uniformly on K by rational functions whose singularities are
in K°.

If K¢ is connected, any function holomorphic in a neighborhood of K can be approximated uni-
formly on K by polynomials.

The proof of Theorem [24] uses an integral representation formula.

Lemma 3. Suppose f is holomorphic on an open set Q and K C Q is compact. Then there exists
finitely many segments 71, ..., yn in Q@ — K such that

(—=z

Proof. Make a grid of side length d = ¢-dist(K, Q¢) with ¢ < % with sides parallel to the axes. Let
Q = {Q1,...,Qr} be the collection of squares that intersect K, and give the boundaries positive
orientations. Let v, be the boundaries of the squares.

Each v, does not intersect K. So if z € (; and is not on the boundary, then

N
(5.26) fl) =Y zim/ 1) d¢.

1 f(©)
5.27 — d¢ =
(5.27) swi L= 1)
and for all m # j,

1 f(©)

5.28 — d¢ =0
(>:2%) 2mi anC—ZC ’
and therefore ([5.26]) holds. By continuity (5.26)) also holds for z on the boundary. O

Lemma 4. For any line segment vy contained entirely in Q — K, there exists a sequence of rational
functions with singularities on 7y that approrimate the integral

(5.29) / Cf(gldc ;

uniformly on K.

Proof. If v(t) : [0,1] — C is a parameterization for -, then

1
(5.30) / g(_ozdg— 0 j(g(i))zy/(t)dt.
Now take
(5.31) Fat) = L00)
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Because v(t) does not intersect K, F(z,t) is jointly continuous on K x [0,1]. Also since K is
compact, for any € > 0 there exists 6 > 0 such that

(532) |t1—t2‘ <= |F(Z,t1)—F(Z,t2)| < €.
Each of the Riemann sums is a rational function with singularities on 7, which implies Lemma
@ O

Observe that Lemmas [3] and [4] imply the first part of Theorem [24] To prove the second part of
the theorem,

Lemma 5. If K¢ is connected and zy ¢ K, then the function ﬁ can be approximated uniformly
0
on K by polynomials.

Proof. Choose z; to be outside a disk containing K and let z € K. Then,
e n

1 1 1 z

4
Z—2 211—2 =

1 . . . .
It suffices to prove that =5, ay be approximated on K uniformly by a polynomial in

Indeed, if

(5.34) o i by

1
z—z1"

(z — 20) _m:O (z—2z1)™
then
(5.35) —n = cm(f) S
(z = 20)" = (z—z)™

and truncating to Z%:o (z_b;';),,”

for M large gives the estimate.

Now suppose ~(¢) is a curve in K¢ that connects zg to z1, with y(0) = z9 and (1) = z;. Let
p = 3dist(K,~) > 0, since 7y and K are compact.
Now choose a sequence of points 0 < j < [ such that wg = 29, w; = 21, and for 0 < j <1 —1,

|lw;j —wjq1| < p. Now if z € K and |w — w’| < p, then Z_lw can be approximated uniformly on K

by polynomials in Z_l Note that

(5.36) ot 1 /:i(w—w’)"

z—w  z—w 1 LW (z —w/)ntl’
zZ—w n=0

This sum converges uniformly for z € K, which proves the claim. Iterating this argument, one may
walk back from zy to z; in finitely many steps. This proves the lemma. O
6. ZEROS AND SINGULARITIES

Definition 18 (Point singularity). A point singularity is zg € C such that f is defined in a
neighborhood of zy, but not at the point zy. Such a singularity is also called an isolated singularity.

All the point singularities are divided into three parts: the removable singularities, the poles,
and the essential singularities.

Definition 19 (Removable singularity). If there exists ¢ € C such that g(z) = f(2) for z # z9 and
9(z) = ¢ when z = 2y is holomorphic at zg, then [ has a removable singularity at zg.
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For example, take the function f(z) = z when z # 0, but f is not defined at 0. If p is a removable
singularity, then f is bounded near p. The converse is also true.

Theorem 25 (Riemann’s theorem on removable singularities). If zo € Q and f is holomorphic on
O\ {20} and bounded, then zy is a removable singularity.

Proof. Consider the function g : Q — C defined by

(6.1) 9(2) = (z = 2)*f(2),  2€Q\{20},  g(2)=0.
Since f is bounded, g is continuous on 2. Also, g is complex differentiable at each point of €2, since
(6.2) 9'(2) =2(z = 20)f(2) + (2 = 20)*f'(2),  2€Q\ {20}, ¢ (20)=0.

Therefore, by Goursat’s theorem, g is holomorphic on €2, so on a neighborhood U of zy, ¢ has the
convergent power series

(6.3) g(z) = Z an(z — 20)", zel.
n=0
Since ¢(z0) = ¢'(20) =0, ap = a1 =0, so
(6.4) 9(2) = (2 — 20)?h(2), h(z) = Z ant2(z — 20)", zeU.
n=0
Comparing to (6.1), h(z) = f(z) on U \ {20}, so set
(6.5) f(z) = f(2), z € Q\{z}, f(z0) = h(z0) = as.
]

Definition 20 (Pole). If the function

B 12 ifo<|z—zl<r
(6.6) g(2) = { 07 e

is holomorphic in a neighborhood of zy, then f has a pole at zy.

For example take f(z) = % Observe that a necessary condition for to be true is that

f(z) = o0 as z — 0. This is also a sufficient condition, because if f(z) — oo as z — zg, then
there exists a neighborhood near zy for which |f(z)| > 1, and therefore ﬁ is holomorphic. Also,

ﬁ — 0 if and only if |f(2)| — oc.

Examining , it is apparent that the study of poles and the study of zeros of holomorphic
functions is very closely intertwined.

Theorem 26. Suppose that f is holomorphic in a connected set, has a zero at a point zy € §2, and
is not identically zero. Then there exists an open neighborhood of zo € U C §Q such that g(z) is a
non - vanishing holomorphic function on U, and there exists a positive integer n such that

(6.7) f(z)=(z—20)"g(2) Vz e U.

Proof. By analytic continuation, the points where f(z) = 0 are isolated unless f = 0. If f(z9) =0
then either f = 0 or there exists an open set zo € U such that f(z) # 0 for all z € Q, z # 2.
Therefore,
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Make a power series expansion about zg,
o0
(6.8) f(z) = Z an(z — z0)".
n=0

This power series converges absolutely on some open neighborhood zy € U. Since f is not identically
zero there exists a smallest n such that a,, # 0, and

(6.9) f(z) = (2= 20)"[an + an+1(2 — 20) + ..] = (2 — 20)"g(2).

This n is unique. Indeed, suppose there exists m # n such that

(6.10) f(z) = (2= 20)"9(z) = (z = 20)"h(2),  g(20) #0,  h(z0) #O0.

If m > n then

(6.11) 9(z) = (2 — 20)" "h(2).

Letting z — 2o, we have g(zp) = 0, which gives a contradiction. Thus m = n and g(z) = h(z). n is
called the order of the zero at zg. O

Definition 21 (Multiplicity). If f has a zero of order n at zy then n is called the multiplicity of
the zero at zg. If f has a zero of order one at zy then it is a simple zero.

We can apply this analysis to poles at zy in a deleted neighborhood of zj.

Definition 22 (Deleted neighborhood of zp). The deleted neighborhood of zy is the open disk
centered at zg minus the point zg,

(6.12) {z:0< |z — 2| <r}.

Theorem 27. If f has a pole at zg € §, then in a neighborhood of the point, there exists a non—
vanishing holomorphic function h and a unique positive integer n such that in a deleted neighborhood

of zo,

(6.13) f(z)=(z—20)""h(2).

The number n is called the order of multiplicity of the pole. If n = 1 the pole is called a simple pole.
The order of the pole describes the rate the function grows as z — zg.

Theorem 28. If f has a pole of order n at zy, then

o a_p A—n+1 a—1 .
(6.14) flz)= =z + = 2)" 0 +.. 4 G2 + G(z),

where G(z) is holomorphic in a neighborhood of z.

Proof. By Theorem

(6.15) f(z) = (z = 20) " "h(2).
Making a power series expansion of h(z) near zg,
(616) h(Z) = AO + Al (Z - Z()) + ceey

which proves the theorem. |
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Definition 23 (Principal part). The sum

a_p a_1
(61 Gmar TGy

is called the principal part of f at the pole zy.

Definition 24 (Residue). The constant a_; is the residue of f at the pole,

(6.18) res, f=a_1.

If n > 1 then (z(:g)" has a primitive in a deleted neighborhood of zy. Therefore, if P(z) is the
principal part of f, and C' is a circle centered at zp, then

1

1 — dz =a_1.
(6.19) 571 /. (2)dz=a_
If f has a simple pole at zy then
(6.20) res,, f = lim (z — z0) f(2).

Z—r20

More generally,

Theorem 29. If f has a pole of order n at 2y, then
1 d

(6.21) reszf = lim m(@)”fl(z —20)" f(2).
Proof. By 7
(6.22) (2= 20)"f(2) = a_n +a_pi1(2 — 20) + . Fa_1(z — 20)" 1+ G(2)(z — 20)™.

O

Proposition 9. If f : C — C is holomorphic and |f(z)] — oo as |z| = oo, then f(z) is a
polynomial.

Proof. Define the function g : C\ {0} — C defined by

1
(6.23) 9(z) = f(0).
Since |g(z)| — oo as z — 00, g has a pole at 0. Then, by Theorem [27]
(6.24) 9(z) = G (2),
on C\ {0} for some k € Z", with G holomorphic on C and G(0) # 0. Then,
k—1
(6.25) G(2) = g;7 +2"h(2),
j=0
and therefore,
k=1
(6.26) g(z) = Zgjzj_k + h(z).
j=0

Therefore,

k—1
(6.27 F2) = Y 2 +h(2),
j=0
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SO
k-1
(6.28) F(2) =) g2,
3=0
is holomorphic on C, and approaches h(0) as |z| — oco. Therefore, by Liouville’s theorem, the

difference is constant, so f(z) is a polynomial. |

If an isolated singularity is not a removable singularity or a pole, then it is an essential singularity.
An essential singularity will have a_, # 0 for infinitely many n > 0. One example of this is
h(z) = e'/#. Observe that if z — 0 along the positive real axis then h(z) — co. If z — 0 along the
negative real axis then h(z) — 0.

Proposition 10 (Casorati-Weierstrass theorem). Suppose f : Q\ {20} — C has an essential
singularity at zo. Then for any neighborhood U of zg, the image of U \ {20} is dense in C.

Proof. Suppose there exists a neighborhood U of zp such that the image of U \ {7z} omits a
neighborhood of wy € C. Replacing f(z) by f(z) — wog, suppose without loss of generality wy = 0.
Then

(6.29) 9(z) = %

is holomorphic and bounded on U \ {zo}, so g(z) has a removable singularity at zg, so §(z) has a
holomorphic extension on U. If §(zp) # 0, then zp is a removable singularity for f. If §(zo) = 0,
then z¢ is a pole of f. O

Remark 4. In fact, with at most one exception f takes on every complex value infinitely often.
7. THE RESIDUE FORMULA (TWO LECTURES)

Theorem 30. Suppose that f is holomorphic in an open set containing a circle C' and its interior,
except for a pole at zy inside C. Then

(7.1) / f(2)dz = 2mi - res,, f(2).
c
Proof. By , for some 0 < n < oo,
. a_p a_ny1 a—1
(7.2) FE) = o+ G e oy +6)

Since G/(z) is holomorphic, G has a primitive, so [, G(z)dz = 0. Also, forn > 1,n € Z, (z — z) ™"

has the primitive —W. Therefore,

1 a_q

dZ =a_1 = L f(Z)dZ,

7.3 —

which proves the Theorem. O

Corollary 13. Suppose that f is holomorphic in an open set containing a circle C' and its interior,
except for z1, ..., zny inside C. Then

21

1 N
(7.4) — /C f(z)dz = ’;reszkf(z).

Proof. We can prove this by deforming the contour to small circles around z1, ..., zn. |
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Corollary 14. Suppose that f is holomorphic in an open set containing a toy contour v and its
interior, except for poles at the points z1, ..., zn inside v. Then

N
1
(7.5) 5 L f(z)dz = Zreszk 7
k=1
Definition 25 (Residue formula). Equation (7.5)) is called the residue formula.

The classic application of the residue formula is the computation of the integral of H% Of

course, by trig substitution we can show that this integral has the anti-derivative tan=!(x).

Lemma 6.

(7.6) | igde=n

o 1 +a7
Proof. Since the integral is absolutely convergent,
1 B
7.7 ——dr = 1i ——dz.
(7.7) /_001+x2x e _Rl—i—xQx

Now define a contour yg that travels along the real line from —R to R, and then is a semicircle of
radius R. Then,

(7.8) /Rld —/ 1 /ﬂéR' “ap
’ _pl+2? T on 1422 i o 1+ R2e20 e '

Then for large R,

T 1 - 1
7.9 —— _Rie"dh = O(=).
(7.9) /0 1+ Rze2i® ° (%)
By the residue formula,
R
1 1 1 1 1 1
7.10 ——dr =27 -res,—i—— +0(=) =27 - —+0(=) = O(=).
(7.10) [R1+x2x miressmig s T O(R) = 2w+ 0(g) =7+ 0(g)
Taking the limit as R — oo proves the theorem. (]
Lemma 7. For0<a <1,
o ax
(7.11) / ¢ dr=-—T .
oo Lt € sin(ma)
Proof. For 0 < a < 1, integral ((7.11)) converges absolutely, so
o0 ax R azx
(7.12) / © _dr= lim c
oo L+ €% R—oo J_pl+e®

Now let vr be a contour traveling along the real axis from —R to R, then vertically to R+ 27, then
traveling along a line from R + 27i to —R + 27i, and then down to —R. By the residue formula

e? e eﬂ'i{l .
7.13 dz = [ — _ — _¢eima
( ) AR T+ e 7= TeSi=miy P o e

Computing the contour integral,

27 a(R+is) 2
€ . T _ R(a—1)
(7.14) /O T ids < =gy = Ole ),
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0 a(—R+is) 2
€ . ™ _ —aR
(715) Lﬂ mlds S eaiR = O(@ ),
and
—R a(2mi+s) ) R as
(716) / 67035 = —627”(1/ € dS
R 1+ e(2mi+s) R 1+4es
Therefore, by (713)-(710),
) 1 az 1 — g2mia R ax
(7.17) —e'm = — / € _dr= < / © _dr+ O(efa=Dy L O(e™F).
21 )y, 14 €7 2mi _pl+e*
Doing some algebra and taking the limit as R — oo,
o et egira —24 T
7.18 ——dxr = —27i - — = . — = .
(7.18) /_OO 1+e® o T Zeemia — T gmina _ gima sin(ma)
This proves the lemma. O

Lemma 8.

oo —2mix€
(7.19) / ¢ e

oo COShTx - cosh(m§)’

—x

_ &+
Here cosh(z) = %5

Proof. Again by absolute convergence,

7.20 LA
(7.20) /Oocosh(ﬂ'x) S e _g cosh(rz) i

Now let vg be a contour traveling along the real line from —R to R, then up to R + 2, then over
to —R + 2i, and then down to —R. Now by some algebra, |e™| = [e~"*| implies Re(z) = 0. Then

€™ + e~ = cos(ms), so the poles lie on z = £ and z = 3£, Therefore,
—2miz€ —2miz€ —27iz€
/ eidz = 277 - Teszziei + 27 - reszzﬁei
(7.21) v cosh(mz) 2 cosh(rz) 2 cosh(mz)
’ 7€ 3ng
= omi- S —2mi S = 2(e™ — ¢8™¢) = —4¢2™ sinh(r€).
i i
Computing (7.21) explicitly,
27 —2mi(R+is)§ 4 1
e T
7.22 T ds< L~ 0(—),
(7.22) /0 cosh(m(R + z's))z 5= orR (e”R)
0 —2mi(R+is)§ 4 1
e T
7.23 T ds< L~ 0(—),
(7:23) /27T cosh(m(R + is))z 5= orR (e”R)
and
R —2mi(2i+s)€ R —2mist
e e
7.24 ‘ _ds = — 4“5/ —d
(7.24) /,R 1 (em(s420) 4 e—m(s+2i) ° ¢ _p cosh(ms) y
Therefore,
snt R e—27rim§ ome ¢ ¢ R
7.25 1—e*" dr) = —2e“"s (™ — e ™ O(e™ ™).
(7.25) (=) [ odn) = 26 =) 0
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Doing some algebra, using the difference of squares, and letting R — oo,

oo —2mixg -9 € _ ,—7E 2 1
(7.26) / ¢ _ZAem e ™) __ ,

_oo COS(T) e=2mE — e27¢ e +e 7 cosh(nf)
This proves the lemma. O
Theorem 31.

1 —cosz T

7.27 ———dx = —.
(727) | =]

Proof. Since 1 — cosx = O(x?) when z is near zero, this integral is well - defined, and because the
integrand is symmetric across the origin,

- 1 R Ry
(7.28) | g g [ T e [
0 T 2 R—oo J_p T 1 T
R
Now then, because sin x is an odd function,
1 .
1 TR ] — e R 1 — ¢
(7.29) 7.28) = = lim [/ e +/ ~—da].
2 R—o R T % X

Now for any R let Ar be the contour traveling along the real axis from —R to —%, then traveling

along the semicircle %ew, with @ traveling from —7 to 0, then traveling along the real axis from &

/ R
to R, and finally traveling along the semicircle Re?, with 6 traveling from 0 to .

Because 1 Z‘Zu is holomorphic when z # 0, for any R,

1— iz
(7.30) / ~dz=0.
Ar

Now then, for z near the origin,

1 —e? —iz 1
7.31 = — —).
(731) 2= el
To simplify notation let r = %.

1 [0 ret? T
Also,
% o(r)
Also, since sin(6) > 0,
Tl—eile c [T 1
Therefore, combining ((7.30)—(7.34)),
1
s 1 1 [TB1—cosz 1 [B1—cosz

R

Taking R — oo proves the theorem. ]
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8. MEROMORPHIC FUNCTIONS

Definition 26. A function f on an open set ) is meromorphic if there exists a sequence of points
{20, 21, 22, ...} that has no limit points in Q0 such that

(1) f is holomorphic on Q\ {z0, 21, 22, .-},

(2) f has poles at {zg, 21, 22, ... }-

Suppose f is holomorphic for large values of z. That is, F((z) = f (%) which is holomorphic in a
deleted neighborhood of the origin.

Definition 27. We say that f has a pole at oo if F(z) has a pole at the origin. The same for
an essential singularity or a removable singularity. A function f that is meromorphic in C that is
holomorphic at oo or has a pole at 0o is said to be meromorphic in the extended complex plane.

Theorem 32. The functions that are meromorphic in the extended complex plane are the rational
functions.

Proof. Suppose f is meromorphic in the extended complex plane. Then f (%) has either a pole or a
removable singularity at zero. In either case f(21) is holomorphic in D,.(0) \ {0} which proves that
f has only finitely many poles in C, say {z1, ..., 2n }.

Near each pole z; split f(z) into a principal part fi and the holomorphic part,
(8.1) f(z) = fr(2) + gr(2).

Since f has a pole at zg, fr is a polynomial in ﬁ Similarly, for the singularity at zero,

1 ~
(8.2) f(;) = foo(2) + goo(2)-
Then joo(2) is holomorphic in a neighborhood of the origin and fu(z) is a polynomial in i
~ 1
(8.3) foo(2) = fOO(;)v

where f; is a polynomial.

Claim 1. The function,
(84) H(z) = f(2) = foo(2) = D fu(2),
k=1

is entire and bounded. Thus, H is constant.

Proof of claim. Near each pole z; we have subtracted the principal part, and have a removable
singularity. The same is true for H (%) near zero. Then by Liouville’s theorem H is constant, which
implies that f is a rational function. O

Therefore, f(z) is equal to a polynomial plus a sum of rational functions. Thus a rational function
is uniquely determined up to multiplicative constant by prescribing the locations and multiplicities
of its zeros and poles. O

The Riemann sphere is a helpful representation of the extended complex plane. For any point
(X,Y, Z) on the sphere, the stenographic projection is

X Y

Yy=——"7>

(8.5) T = T 7
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and

2 2
x Y Tt +y

8.6 X=——— Y =—"—— 7 =—".

(8.6) % +y? +1 z?+y?+1 % +y?+1

This is also called the one point compactification. Under this representation the image of a pole is

N. A function which is meromorphic in the extended complex plane maps the Riemann sphere to

itself.

For a meromorphic function, it is possible to count the number of zeros minus the number of
poles using the argument principle. If z = re'? then

(8.7) In(z) = In(r) + 6.
In general,
(8.8) In f(z) = In[f(z)| +iarg f(z).

The function arg f(z) is only determined up to 27n, so it is convenient to take the derivative of
In f(z). Then,

!
(8.9) / I,
5 f(2)
may be interpreted as the change in the argument of f along the curve 7. Moreover, in general,
while

(8.10) In(f1f2) # In(f1) +In(f2),
by the product rule,

(ffe) _ fifethfs A 15
(®.11) hfs—  hfe h * f2

More generally,

! N /
(8.12) [ s

Now if f is holomorphic and has a zero of order n at zg, that is

(8.13) f(z) = (2 = 20)"g(2),
then,
f'(2) n 9'(2)

. = G G(z) = .
(514 fo) rma T CE=00
Thus if f has a zero of order n at zgy, then fTI has a simple pole with residue n at zg. Meanwhile, if

— -n f,(z) _ n . h/(z)

B15) =G, G et rHe, 1=

Theorem 33 (Argument principle). Suppose f is meromorphic in an open set containing a circle
C and its interior. If f has no poles and never vanishes on C, then

(8.16) % ; J]L:((,:)) dz = t{ zeros of f inside C'} — #{ poles of f inside C},

where zeros and poles are counted with their multiplicities.
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Corollary 15. This result also holds for toy contours.

Theorem 34 (Rouché’s theorem). Suppose that f and g are holomorphic in an open set containing
a circle C and its interior. If | f(2)| > |g(2)| for all z € C, then f and f + g have the same number
of zeros inside the circle C.

Proof. For any t € [0, 1] define
(8.17) fi(2) = f(2) +t9(2),  fol2) = f(2),  fi(2) = F(2) + 9(2).

Then since |f(z)| > |g(z)|, for all z € C, ¢ € [0,1], then f; has no zeros on the circle C. Now let n;
be the number of zeros inside the circle C.

(8.18) ne = % i ﬁgd

To prove the theorem it suffices to prove that n,; is constant. This follows from the fact that n; is
an integer and n; is continuous in . Since fzgg is jointly continuous for ¢ € [0,1] and z € C, this

proves the theorem. Therefore ng = ny. O

Definition 28 (Open mapping). A mapping is open if it maps open sets to open sets.

Theorem 35 (Open mapping theorem). If f is holomorphic and non—constant in a region ), then
f is open.

Proof. Suppose wg belongs to the image of f, that is, wg = f(2¢). Now suppose w is close to wy
and define

(8.19) 9(2) = f(z) —w = (f(2) —wo) + (wo —w) = F(z) + G(z).

Now choose § > 0 so that {z : |z — z9] < 0} C Q and f(z) # wg on |z — 29| = J. Then because
{z : |z — 20| = ¢} is compact, there is some € > 0 such that |f(z) — wo| > € on |z — 2| = §. Then if
|lw—wo| <€, |F(z)| >|G(z)| on {z: |z — z0| = §}. Since F has a zero inside C, F 4+ G has a zero
as well, and therefore there exists z € Q such that g(z) = w. O

Definition 29 (Maximum). The mazimum of f is the mazimum of the absolute value of f, |f]|,
on €.

Theorem 36 (Maximum modulus principle). If f is a non—constant holomorphic function in a
region §2 then f cannot attain a mazimum in €.

Proof. This follows by the open mapping theorem. O

Corollary 16. Suppose Q is a region with compact closure Q. If f is holomorphic on Q and
continuous on ), then

(8.20) sup [f(2)| < sup [f(2)].
z€Q z€Q\Q

Remark 5. This result does not hold if Q0 is not compact. For example consider the function
F(z) =e™"= on the open first quadrant.
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9. HOMOTOPIES AND SIMPLY CONNECTED DOMAINS

The study of primitives is closely related to the study of homotopy. Suppose that vy and v, are
two curves, 7o, 71 : [a,b] = C with vo(a) = y1(a) = « and ~o(b) = 1 (b) = 5.

Definition 30 (Homotopic). Suppose 2 C C is a domain. Two curves in S are said to be homotopic
in Q if for each 0 < s <1 there exists vs C Q such that for all s, vs(a) = a, vs(b) = B,

(91) Ws(t)|s:0 = ’70(1&); Ws(t)ls:1 =N (t)7
and ~ys(t) is continuous in s and t.

Theorem 37. If f is holomorphic in Q2 and vy and v1 are homotopic in §2, then

(9.2) / f)dz= | f(z)dz

Proof. For any 0 < s < 1, let F(s,t) = () be continuous on [0,1] x [a,b], F(0,t) = o(¢) and
F(1,t) = 1(t). Thus, the image by F of [0,1] X [a, ] is compact. Therefore there exists ¢ > 0 such
that every disk of radius 3e centered at a point in the image of F' is contained in €.

Now choose 6(¢) > 0 such that

(93) sup h/sl (t) — Vs2 (t>| <6 V‘Sl - 52| < 0.

tela,b]
Cover the curves 7;, and 7,, with disks of radius 2¢, ¢ > 0. Furthermore, choose consecutive points
{20, -y Znt1} on v, and {wy, ..., wp41} on 7, such that the union of these disks covers both curves
and z;, Zi+1, Wi, wip1 € D;. Also let zg = wg be the common beginning end—point and z,,+1 = wy 41
the common ending end—point.

For each disk D; let F;(z) be the primitive of f. On the intersection D; N D;y1, F; and F;y; are
two primitives of the same function, so they differ by a constant. Thus,

(9.4) Fip1(ziv1) = Fi(zi41) = Fipr(wig1) — Fi(wiga).
Doing some algebra,

(9.5) Fip1(zip1) — Fipr(wi1) = Fi(2i41) — Fi(wiv).
Thus,

I

= Fi(ziq1) = Fi(wit1) — Fi(2:) + Fi(wi) = Fu(z2n41) — Fa(wni1) — Fo(20) + Fo(wo).
=0

- 1= Z (i) = Fi(e)] = S IR (i) - Fi(w)]

- 5o i=0

(9.6)

Since wy 11 = 2ny1 and wg = zg, we have proved that fﬂ/ f= fv f. Subdividing [0, 1] into finitely
51 52

many subintervals [s;, s;41] proves the theorem. a

Definition 31 (Simply connected). A region  is simply connected if any two curves in Q with
the same endpoints are homotopic.
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Example: Any open convex set is simply connected. Take

(9.7) Vs(t) = (1 = s)v0(t) + s71 ().
Example: If Q = C\ {(—o0,0]} then

(9.8) () = 15 (1)e? D),
so take
(9.9) rs(t) = (1= s)ro(t) + sri(t), 0s(t) = (1 — s)0p(t) + sb1(¢).

Then 7,(t) C Q whenever 0 < s < 1.

Example: More generally, the interior of a toy contour is simply connected.
Theorem 38. Any holomorphic function in a simply connected domain has a primitive.

Proof. Suppose 7 is a curve joining zy and z, and let

(9.10) F(z) :/f(w)dw.

Then,
(9.11) F(z+h)—F(z) = /f(w)dw,
1
where [ is the line joining z to z + h. Then,
. F(z+h)-F(z2)
(9.12) }111% — = f(2).

Corollary 17. If f is holomorphic in a simply connected region §) then
(9.13) / F(2)dz =0
¥

for any closed curve vy in Q.

It is possible to use homotopy theory to define the complex logarithm. Recalling properties of
the logarithm from calculus one, it would be attractive to define the logarithm of z = re®,

(9.14) log(z) = log(r) + 46,

where log(r) refers to the standard logarithm of > 0. The problem with this definition is that for
any integer n, "™ =1, so

(9.15) log(z) = log(r) + 0 + 2nmi.

Thus to define the logarithm, we must restrict to a subset of C, called a branch, or sheet.

Theorem 39. Suppose that Q is simply connected with 1 € Q and 0 ¢ Q. Then in Q there is a
branch of the logarithm F(z) = logq(2) so that

(1) F is holomorphic in Q,
(2) ') =z for all z € Q,
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(3) F(r) =log(r) whenever r is a real number near 1.

Proof. Construct F' as a primitive of l. Since 0 ¢ Q, f(z) = % is holomorphic in 2. Now define

(9.16) logq (2 / flw

where «y is any curve connecting 1 and z. Since ) is simply connected, (9.16) is independent of

path. Then F is a holomorphic function and F'(z) = %
Next,
d
(917) a(ze_F(Z)) — e_F(Z) _ ZF/(Z)(E_F(Z) — (1 _ ZF/(Z))e—F(z) = 0.

—F(z)

Since (2 is connected, ze is constant. Then since F(1) = 0, ze~¥*) = 1. Finally, if 7 is real

and close to 1,

(9.18) F(r)= : dj log(r).

O

For example, take the set Q = C\ {(—00,0]}. This gives the principal branch of the logarithm,

(9.19) log(z) = log(r) + 4.
Indeed,

ire't .
(9.20) log(z / / o —dt = log(r) + 0.

However, in general,

(9.21) log(z122) # log(z1) + log(22).

2mi

Take for example z; = 20 = €75 .

Lemma 9. For the principal branch of the logarithm,

oo

’I'LG
(9.22) log(1+2) =Y (~1) —, for <l
n=1

Proof. When |Z\ <1,

D) ~ —1)" n—1 _ -1 n—1,n—-1 _ )
(9.23) dz Z n Z( )z Z( )y 1+=2

n=1 n=1 n=1

Thus, the left and right hand sides of (9.22)) differ by a constant. Plugging z = 0 into both shows
that the constant is zero. O

It is possible to use the logarithm to define z® in a simply connected domain for any o € C. If Q2
is simply connected with 1 € Q, 0 ¢ Q, choose the branch of the logarithm with log(1) = 0. Then
define

(9.24) 2% = e1o8(2)
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so 1% = 1. Ifa:%then

(9.25) CRADK H T log(2) — Xy log(2) — glog(z) —

so z1/™ defines the n—th root of z.

Theorem 40. If f is a nowhere vanishing holomorphic function in a simply connected region €,
then there exists a holomorphic function g on Q such that f(z) = e9). In this case, g(z) = log(f(2))
determines a branch of the logarithm of f.

Proof. Fix zg € © and define a function

(9.26) g(z) = / J;/((ZUU)) dw + co,

where v is a curve connecting zp to z, and ¢y € C is such that e® = f(zp). This definition is

independent of . So then, g is holomorphic and ¢'(z) = ! (( )) Thus,

d
(9.27) —(f(R)e?®) =0,
so f(2)e=9() is constant. Then f(zp)e~® = 1 implies the theorem. O

10. FOURIER SERIES AND THE POISSON INTEGRAL

Many important integrals in complex analysis arise from the study of the Fourier series and
Fourier transform. These notes come from [Tay19], although see also [SS09]. We begin with a
function that is 2r—periodic.

Let f: S' — C be an integrable function. Identifying S with T! = R/(27Z), we desire to write

(10.1) JO)= 3 fet.

k=—o00
If f is written in the form , where f (k) converges in some sense, using
(10.2) % _: edp =0, if 140, 1, if  1=0,
then
P 1
(10.3) fk)y=o- | f( Je~*0dg.

The series in is called the Fourier series of f If f is given by , and - holds,

is called the Fourler inversion formula.
For 0 < r <1, set

(10.4) RAO) = 3 FEHe.
k=—o00

Since

(10,5 fwl <o [ 15,

—Tr
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the series ((10.4)) is absolutely convergent for each r € [0,1). By Fubini’s theorem,

(10.6) J,.f(0) = i F(k)rlklgikd — Z ‘k‘/ e O=0) £(0")do' = /f ) (0 — 0")do’,

k=—o0
where
(10.7)

1 = , 1 > 1 1 1 1 1 —r2
— g Z lelezke — %[14_2( zk9+rke—zk9)] _ 4 _ _1] -
k=1

27r[17re“’ 1 —re—t 211 —2rcosf 4+ r2’
k=—o0

Both the numerator and denominator of p,.(6) are positive, so p,.(8) > 0 for each r € [0,1). Also,

1 ™ .
_ |k| ik6 _
(10.8) /S pr(0)d6 = o [ﬂ S rletfap = 1,

and p,.(0) = 0asr ~1if e # 1.
Proposition 11. If f € C(S!), then
(10.9) Jf=f uniformly on St as r /1.

Proof. Since f is continuous on S and S is compact, f is uniformly continuous on S!. Therefore,
there exists some § > 0 such that if |0 — 0’| < 4, |f(6) — f(8")] < €. Therefore,

160~ 8100 = [ 0.0 - 0t
(10.10) s lo=0r|<s

+ /|96’|<5[f(0) - f(al)]pT(e - 9’)d9’ + /lt9 f(g’)pr(e _ 9/)d9/

—0'|>6
The first integral converges to f(6), and the second two converge to zero, uniformly as r S 1. O
The Fourier series connects with the theory of harmonic functions. Observe that by (3.1), z, as

well as powers of Z, are harmonic functions. Taking z = re®?, let

o0

(10.11) T f0) =" f(k)2"+ > f(-

k=0 k=1
Rewriting this as
(10.12) (P1f)(z) = (PL.f)(2) + (PI-f)(2),

where PI is the sum of a holomorphic function and a conjugate holomorphic function. For |w| =1
and |z| < 1,

(10.13) 1—2rcos(6 —0") +r% =|w— z|?,
SO

_ 12 f(w)
(10.14) PIf(z) = o /Sl o — z|2ds(w).

Applying this fact to the Dirichlet boundary value problem,

Proposition 12. If D C C is an open disk and f € C(9D) is given, there exists a unique u €
C(D)N C?(D) satisfying

(10.15) Au=0 on D, ulop = f.
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Proof. Uniqueness follows from the mean value theorem for harmonic functions. Observe that for
any f € C(0D), defines a smooth, harmonic function with radius of convergence < 1.
Furthermore, it follows from that v € C(D) and ulgp = f. To see this, choose r close to 1
and 6 close to #. Then, since f is uniformly continuous on C(D), | f(8) — f(8)| < € for |0 —8] < (e)
sufficiently small, and for r(€) sufficiently close to 1, |u(r,8) — f(0)| < € for any 6 € S*. O

The Fourier series is extremely useful to many branches of analysis, in large part because a class
of functions form a Hilbert space, a generalization of finite dimensional inner product spaces.

Proposition 13. Assume f € C(S'). If the Fourier coefficients form a summable series,

oo

(10.16) > 1£(k)| < oo,

k=—o00
then the identity ({10.1)) holds for each 6 € S*.
Proof. If 3, |ax| < oo, then

10.17 ap =9, implies lim rlFlg, = 8.
( ) zk: E p T/I%: k

To see this, observe that for any fixed k, (10.17)) holds. Therefore, choose N (¢) sufficiently large so
that ), |ax| < €, so the proof is complete. O

Condition ((10.17) holds for piecewise C? functions that are continuous on S'. Integrating by
parts,

P 0 ke
(10.18) f(k) = o f(G)E%(e )db.
Therefore,
A 1 4
(10.19) F®) < 5o [ 1)
2rlk| J_r
Taking a second derivative and integrating by parts, |f(k)| < 55z [ _[f"(6)|d6.
Proposition 14. Let f be continuous and piecewise C* on S*. Then |f(k)| < kQLH

Given f € C(S!), let us say

(10.20) feASh) e |fk) < oo
k
Proposition 15. Given f € A(S?),
(10.21) SIfE = 5- [ 5P,
k
More generally, if g € A(S), then

(10.22) S F03 = 5= [ fo)ai.
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Proof. By Fubini’s theorem,

1 —_— 1 VRS —i(i— r ~
(10.23) 5= [ F0)90)d0 = / > Fiak)e " =R0ag =" f(k)g(k).-
™ S1 27T St gk k
O
Define the L? norm of f,
1
(10.24) 1918 = 55 [ 17@)Pds
m™Jst
This space is an inner product space, where the inner product is given by
1 -
(10.25) (fs9)e2 = o [ f(0)g(0)do.
™ Js1
Thus, if f € A(S?), (10.23) states that
(10.26) DI ®P = 11£1172,
and
(10.27) > F(k)§(k) = (f.9)L2-

The {? norm on sequences can be defined by the inner product (10.27). Both the L? norm and [?
norm are Banach norms, and satisfy the triangle inequality.

Now consider a general square integrable function f on S*, f need not lie in A(S'). Let

(10.28) Snf=Y_ f(k)e™.
|k|<N
Then split
(10.29) f=Svf+RnSf
By ([10.28),
(10.30) (f,Snf)r2 = (SN f. SN )Lz,
SO
(10.31) (Snf,Rnf)r2 =0.
Equivalently,
(10.32) 1122 = 1SN fliZ2 + 1BN flIZ2 2 1SN f1Ze-
Proposition 16. Let f, f, be square integrable on S*. Assume
(10.33) lim || f — fullL2 =0,
V—00
and for each v,
(10.34) lim ||f, — Svfullzz =0.
N —oc0

Then
(10.35) lim | f— Sy fllzz =0.
N—o0
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In this case,

(10.36) 1172 =Y 1F (k)%
Proof. The limit (10.35) may be proved by splitting
(10.37) If = Snfllee < WIf = follee + 1fo = Snfollez + 1158 (f = fu)llz2-

Since [|Sn f|7. = Dokl<N |f (k)% also holds. O
For f € C(S1), Proposition implies that J,.f —f uniformly as r 1. Since f, € A(S!),
(10.38) fecshY=snf—f i LA SR =111z
Using Lebesgue integration, one may go further, and prove
Proposition 17. Given f € L*(SY), there exists f, € C(S') such that f, — f in L2

Proposition 18. If (f,) is a Cauchy sequence in L?, there exists f € L* such that f, — f in the
L? norm.

11. THE FOURIER TRANSFORM

If f is a function on R that satisfies appropriate regularity and decay conditions, then its Fourier
transform is defined by

(1L1) = [ swertn, cer

and its counterpart, the Fourier inversion formula holds,

(11.2) flz) = / h f(e)e*™=tde,  xeR.

As a warm—up, we will compute the Fourier transform of the normal distribution.
Theorem 41. For any & € R,

(11.3) e = /OO e g 2mint g

— 00

Proof. First, if £ = 0, then

0 e’} 0o 0 27
(/ e ™ dx)2 :/ / e~ @ty )dxdy :/ / e~ ™ rdfdr
(114) —00 —o0 J —o0 - 0 0 -
= 27r/ e~ rdr = / e “du=1.
0 0

Since (|11.3]) is symmetric, suppose £ > 0. Now consider a contour traveling from —oco to —R, then
to —R + i€, then to R + i, then down to R, and finally to co.

R R R
(11.5) / e~ (518 g :/ o8 o 2mist omE? go 6”52/ = e 2minE gy
—R —R _R

€ - \2 € 2 . 2 2 2
(116) / efﬂ'(R*‘r’LS) ds :/ efﬂ'R 6727rste7rs ds :O(gef‘n'R eﬂ'f )’
0 0
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’ R+is)? ¢ R? 2miRs ms” R? m&?
(11.7) / e (S RF) g — —/ e ™2 T qs — O(gem ™ ™),
3 0
—-R oo
2 2 1 2
(11.8) / e "™ dx, / e dr = O(—e ™),
—o0 R R

7TZ2

Therefore, since e™™* is holomorphic on C,

00 R
; 1
(11.9) 1= / e dy = et / e e 2 gy 4 O((&+ f)e_”RQ).
—o0 -R R
Therefore, taking R — oo,
(11.10) 1= / e e 2T g
|
Therefore, the Fourier transform of e~ ig e’”fz, and the inverse Fourier transform of e=™¢ is
e~
Now then, suppose f and f are continuous and satisfy
A A A’
11.11 < — < .
(11.11) @I rm OIS T
Proposition 19. If f satisfies (11.11)),
(11.12) fo) = [ e

Proof. 1f f satisfies (11.11]),
(1113) /627ria:£f(£)d§ _ li\r"r(l)/e—éﬂ€262ﬂ'i(lf£f(£)df _ li\r"r(l)/e—€7r€262ﬂ'iflf£/e—2ﬂ'iy£f(y)dyd£.
Applying Fubini’s theorem and Theorem [T}

(11.14) 11.13 :li\rlr(l)/f(y)/e_m£2€2ﬂ(z_y)£d§dy:2%6_1/2/6_%|I_y‘2f(y)dy.

Taking the limit as € \, 0, combined with the fact that f is continuous, proves the proposition. [

Now introduce a class of functions. For each a > 0, let F, be the set of functions f that satisfy
the following two conditions:

(1) The function f is holomorphic in the horizontal strip
(11.15) Se ={z€C:|Im(z)| < a}.

(2) There exists a constant A > 0 such that

, A
(11.16) |f(z+iy)| < 1122 for all reR and lyl < a.
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For example, e~ belongs to F, for all a. Also, the function

1 c
w2+ 22’

(11.17) f(z) =

belongs to F, for 0 < a < ¢, since f has simple poles at z = +ci.
Another example is provided by f(z) = m, which belongs F, whenever |a| < % By the

Cauchy integral formula, if f € F,, ") € F, for any n when 0 < b < a.
Theorem 42. If f belongs to the class F, for some a > 0, then
(11.18) (6)] < Be2mil,

for any 0 < b < a.

Proof. Recall that

oo

(11.19) f(e) = / e~ 2 f (1) da.

— 00

When b =0, (11.16) implies that (11.18]) holds when b = 0.
Now suppose 0 < b < a and suppose that & > 0. Integrating (11.19) along the contour x — b,

(11.20) / fla — ib)e 2 @=E e = = 2mb / fl@ —ib)e ™" da.

Then (11.16) implies that (11.20) < Be 2™ = Be=2mll when ¢ > 0. Now then, since f is
holomorphic on the strip {z + iy : |y| < a}, let Ry be the contour traveling from R to R — ib; then

from R — ib to —R — ib; then from —R — ib to —R. Then

R
(11.21) / f(x)e 2 @8 dg 4 f(z)e™2m= = 0.
-R Ry
Now then, by (11.16)),
b b A
(11.22) [ il [ 5R v < 5
0 0
Therefore, by (11.20]) and (11.21f), for £ > 0,
r : 1
(11.23) \/ f(x)e 2™ dy| < Be ™ + O(=).
R R
Taking R — oo proves (|11.18). When ¢ < 0, the computation is the same, but instead shift the
contour to x + ib. (]

Theorem 43. If f € F, then the Fourier inversion formula holds, namely
(11.24) flx) = / f(&)ermi=éde, forall  xeR.

Proof. The proof of this theorem uses the simple identity

Lemma 10. If A >0 and B is real, then [~ e~ (AT1B)Sq¢ = ﬁ.
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Proof. Since A > 0 and B € R, |e~(A+1B)¢ < ¢=A& 50 the integral converges. By definition,

11.25 OO e~ (A+iB)E g 1i B o (A+iB)E g 1 e—(A+iB)¢ R 1
2 /o R, =il =T
|
Now split

0 4 0o ‘ 0o .
(1126) / f(g)e%mxidg _ / f(€)€27rz$§d€ 4 / f(€)62m£fd£.

o o 0
Now then, for £ > 0, following Theorem
(11.27) () :/ Flu — ib)e2miu=itE gy,

By Fubini’s theorem and the decay properties of f,

/OO f(f)e%rimidg — /oo /OO fu— ib)e*2ﬂi(u7ib)§e2wiw§dud£

(11.28) :/DO f(u—ib)/ e 2mi(u—ib— m)fdgdu—/ Flu— ib) 1 du
0

. 27h + 2mi(u — x)

1 Mdu_i/ £(©)
L

o ) u—ib—x = 2mi (-

dg,

where L; denotes the line {u — b : u € R} transversed from left to right. Also,

0 0 o]
/ f(f)eszEdf _ / / f(u + ib)672ﬂi(u+ib)562mx£dud§

S 0 o
. . —27i(u+tib—x)€ _ 3 !
(11.29) _[m f(u+zb)[me + dédu = / f(u+lb)—27rb+27ri(u—x)du
B * flutib) 1 [ f(Q)
__2772 _ u—i—zb—xdu_ 2mg L2<_de,

where Lo is the contour that is the real line along the real line shifted up by ib. Furthermore, from
(11.16]),

1
(11.30) /L = /Ryﬂbix y+0:(3),
b) 1
(11.31) /L P = Ryffzzlx v+ Oa(3).
f(R ~R 1
(11.32) |/ Rﬂjw II/ JERis) Hs ds| = Os(3)-

Now let v be the contour from —R — b to R — b, then from R — ib to R + ib, then from R + b
to —R + b, and then from —R + ib to —R — tb. Therefore, for R sufficiently large, by the Cauchy
integral formula,

(11.33) fla) = = f(C)dC:P/L 1) 4o — 1,/L f(od<+0(

2mi ), C—x 2mi Jp, C—x 27 ¢ —

)
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Taking R — oo proves Theorem O

Theorem 44 (Poisson summation formula). If f € F, then
(11.31) S ) =Y fn).
neEL neZ

Proof. Suppose f € F, and choose some 0 < b < a. The function 92,,172_1 has simple poles with
residue 2%” at the integers. Applying the residue formula, let v be the positively oriented rectangle
with vertices at —N — % — b, N + % — b, N + % + b, and —N — % + ¢b. Thus,

(11.35) > f(n)z/ %d&

In|<N 7

Letting N — oo, ({11.16]) implies
> f(z) / f(z)
11. = “a - . - “a - . .
( 36) f(n) / e2miz _ 1dZ Ly e2miz _ 1dZ

nez L
When z € Ly, [e>™(@=®)| = |e2mb+2miz| > 1 Using the expansion when |w| > 1, -5 =
w32 Jw™™. Therefore,
1 —2mi = —2min
(11.37) e el D Dt
n=0
Therefore,
(11.38)
f(z)(672ﬂ'iz Z 6*27Tinz)d2’ = Z/ f(2)6727ri(n+1)2d2 = Z/ f(l')e*QM(nJrl)xdl, _ Z f(nJrl)'
Ly n=0 n=0" L1 n=0" ~° n=0

We use the fact that f is holomorphic, so it is possible to shift the contour from L; to the real line.
When z € Lo, |e*™#| < 1, so

1 o - 2minz
Then,
(11.40)
1 0o _ ) . 0 o ' -
- f(Z)Wle = / f(Z)(Z ™) dz = Z/ f(2)e*™ " dz = Z/ f(z)e*™ e dy = Z f(=n).
Lo € - Lo n=0 n=0 Lo n=0Y —x n=0
Adding (11.38) and (11.40) proves the theorem. d

The Poisson summation formula has a number of important applications. Recall that the Fourier

2
transform of e~ ™*
—7rt(av+a)2

is e~ 7€, Applying a change of variables formula, the Fourier transform of

e i $~1/2e—mn®/tp2miag Applying the Poisson summation formula,

(11.41) Z e mtnta)? _ Z 4=1/2—mn? [t 2mina.

n=—oo n=—oo
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Thus, considering the theta function 6(¢t) =Y 0~ et (11.41) implies

1
Likewise, Wl(m) is also its own Fourier transform. Thus, the Fourier transform of f(z) =
e—Zwiam . -~
cosh(zz) 18 f€) = Cosh(ﬂfw Therefore,
e e—2mian oo "
11.43 - = S —
A ,_Z_oo cosh( %) ,_Z_OO cosh(m(n + a)t)

12. PALEY-WIENER THEOREM

In this case we do not assume that f is analytic, but we do assume the validity of the Fourier
inversion formula,

(12. f@ = [ feema o jo= [ fwerta,
under the conditions |f(z)| < H‘_‘ﬁ, IF(©)] < %.

Theorem 45. Suppose | satisfies the decay condition |f(§)| < Ae=27l for some constants a, A >
0. Then f(x) is the restriction to R of a function f(z) that is holomorphic in the strip S, = {z €
C: [Im(z)| < b}, for any 0 < b < a.

Proof. Define

(122) fe) = [ i

and note that f,, is entire, by Theorem Moreover, f(z) may be defined for all z in the strip Sp
by

(123) 1) = [~ eemas

since the integral is bounded by Affooo e 2malél2mblel g¢ - which is finite if b < a. Moreover, for
A Sb,

(12.4) |f(z) — fa(2)| < A e~ 2maléle2mblel ge 0, as n — oo.
[€]>n
Thus, the sequence {f,} converges to f uniformly in S;, which proves the theorem. O

Corollary 18. If f({“) = O(e=?mlEl) for some a > 0, and f vanishes in a non-empty open interval,
then f = 0.

In particular, Corollary implies that it is not possible for both f and f to be compactly
supported.

Theorem 46 (Paley—Wiener theorem). Suppose f is continuous and of moderate decrease on R.
Then, f has an extension to the complex plane that is entire with | f(2)| < Ae* ™2l for some A > 0,
if and only if f is supported in the interval [—M, M].
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Proof. One direction is simple. If f is supported on [—M, M], then both f and f have moderate
decrease. Therefore, applying the inversion formula,

M ~ .
(12.5) f@wa[Mf@ém“%.

Since the range of integration is finite, we can replace x by the complex variable in C by

(12.6) ﬂd=[Mf@¥m%§

By construction, g(z) = f(z) if z is real, and g is holomorphic by Theorem 23] Finally, if z = z + iy,

M A
(12.7) l9(2)] < [M |f(&)le™?mvdg < Ae*™M 1AL

Now to prove the converse, that if |f(z)| < Ae2™™? for some A > 0, then f is supported in the
interval [—M, M].

Step 1: First suppose that f is holomorphic in the complex plane, and also satisfies the following
decay condition,

e2m M|y

(12.8) Fao+iy) < 45—

Under this stronger assumption f (&) =0if |¢] > M. Observe that if £ > M, since f is holomorphic
on C,

(129) fA(g) — /00 f(x)e—%rifwdx _ /Oo f({E _ iy)e_%ié(g”_iy)da;.
Then, by ,
(12.10) fer<a |

oo 1422

oo 2wt My—2nly
¢ do < Ce 2my(E—M)

Recalling that £ — M > 0 and letting y — oo proves that f({“) 0. When ¢ < —M, making a

similar argument and shifting the contour up by y > 0 proves f(£) = 0 whenever £ < —M.
Step 2: Now suppose that f only satisfies
(12.11) [z +iy)| < Ae2 MY,

This is a relaxation of (12.8)), but still falls short of the condition | f(2)| < Ae*™™I#|. Suppose & > M
and for € > 0 let

(1212) e p—_c

(1 +iez)?’

The quantity 0 has absolute value less than or equal to one in the lower half plane, and

1
1+i€z)?
m — las e\ 0. Since f satisfies the conditions of moderate decrease, f.(§) — f(§) as e \( 0,
since

~ ~ o0 1
(12.13) fo-fel< [ @i
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Now then, for fixed € > 0, we have

27 M|y|
(12.14) |fo(a +iy)| < A”E

1+a2°
Therefore, by Step one, we must have f(f) = 0, and therefore, f(g) = 0 after passing to the limit as

€ \( 0. A similar argument works for £ < —M, but in that case we use the factor m instead.

Step 3: To conclude the proof it suffices to show that the conditions in the theorem imply (12.11)).
To prove this, it suffices to show that if | f(z)| < 1 for all real 2 and |f(2)| < e*™MI?| for all complex
z, then

(12.15) |f(x +iy)| < e2™MWl,

Theorem 47 (Phragmen and Lindelof result). Suppose F' is a holomorphic function in the sector
S ={z:—-F <arg(z) < T} that is continuous in the closure of S. Assume |F(z)| < 1 on the
boundary of the sector and that there are constants C,c > 0 such that |F(z)| < Ce?| for all z in
the sector. Then, |F(z)| <1 for all z € S.

Remark 6. Some moderate restriction on the growth of F is needed. For example take F(z) = e

Proof of Theorem[A7] For € > 0, let F.(z) = F(z)e_€z3/2. We have chosen the principal branch of
the logarithm, so 23/2 = r3/2¢319/2 Therefore, F. is holomorphic on S and is continuous up to its
boundary. Also,

3/2 —erd/? cos(%)

(12.16) e | =e

Since —Z < 6 < T, cos(22) is strictly positive in the sector. Since |F(2)| < Cecl*l, F.(z) decreases
rapidly in the closed sector as |z| — oco.

Claim 2. |F.(z)| <1 forall z € S.

Proof of claim. Define M = sup,cz |Fe(z)|. Since F, decays to zero as |z| becomes large, we can
show that F(z) cannot achieve its maximum in the interior of S. Therefore, Fi(z) must achieve its
maximum on the boundary, and by construction |F,(z)| < 1 on the boundary. O

Therefore, letting € N\, 0 implies that [F(z)| <1 on S. 0O

Now we can show that if [f(z)| < 1 and |f(z)] < e>™™I2l then |f(z)| < e>™M¥l. Then we can
rotate the first quadrant to —7 < ¢ < 7 and the result remains the same. Then consider

(12.17) F(2) = f(z)e*™ M=

Then |F(z)] <1 on both the positive real axis and the positive imaginary axis. Therefore, by the
Phragmen Lindelof result, |F(z)| < 1 for all z € Q, and therefore, |f(2)| < 2™ for all 2z € Q.
Applying a similar argument to quadrant two concludes the bounds on the second quadrant. This
concludes the proof of the Paley—Wiener theorem. O

Theorem 48. Suppose f and f have moderate decrease. Then f(f) =0 for all £ < 0 if and
only if f can be extended to a continuous and bounded function in the closed upper half plane
{z=x+iy:y >0} with f holomorphic in the interior.
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Proof. First assume f (&) =0 for £ < 0. By the Fourier inversion formula,

(1218) f@) = [ Foemas,
0

which we can extend to the upper half plane by

(12.19) £ = [ foemt
0

Note that the above integral converges and that [f(z)] < A [;° 1_’?&2

d¢ < oo, which proves the
boundedness of f. The uniform convergence of

(12.20) falz) = /0°° f(&)ePm=4de,

to f(z) in the closed upper half plane establishes the continuity of f there and its holomorphicity
in the interior.

For the converse let
f(z +10)
12.21 ==
( ) f€76(z) (1—162)2

Then f. s is holomorphic in a region containing the closed upper half plane. Then we can show that
fes(€) =0 for all £ < 0. Indeed, if £ < 0,

(12.22) / f(z)e 2™@8dy = / [z + iM)e2m2892mME gy < O, se™2mMIEl
Taking M — oo implies fs,g(f) =0 for € > 0 and § > 0. Passing to the limit successively, we have
feo(€) =0 for all £ < 0. Finally, f(£) = fo,0(§) = 0 for all £ < 0. O

13. THE GAMMA FUNCTION

Definition 32 (Gamma function). For s > 0,
(o)
(13.1) I'(s) = / et dt.
0

This integral converges for s > 0, because near t = 0, the integral of +*~! converges when s > 0.

Proposition 20. The gamma function extends to an analytic function in Re(s) > 0 and is given
by the integral (13.1)).

Proof. Take the strip S5 = {0 < Re(s) < M}. Then the integral can be approximated by

0o 1/e
(13.2) I'(s) :/ e 't dt = 11\1%/ e 't tdt.
0 € €
Indeed,
€ oo
(13.3) ID(s) — Fu(s)| < / e~ teRe() =1y | / e HRe) gy 0,
0 1/e
uniformly in S5 as. O

Now then, it is possible to define T'(s) for other values of s using analytic continuation.

Lemma 11. If Re(s) > 0 then T'(s+ 1) = sI'(s). ThenT'(n+1) =n! forn=0,1,2,....
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Proof. By direct computation,

1/e d 1/e 1/e
(13.4) / a(e—ttS)dtz —/ e_ttsdt+s/ e 'ttt — 0,

as € \, 0. The first term converges to —I'(s 4+ 1) and the second term converges to sI'(s). Then,

(13.5) () = / e tdt = 1.
0
Therefore, I'(n + 1) = nl. O

Theorem 49. The functions T'(s) initially defined for Re(s) > 0 has an analytic continuation
to a meromorphic function on C, whose only singularities are simple poles at negative integers,
s=0,—-1,-2.... The residue of I'(s) at s = —n is %
Proof. Tt suffices to extend to Re(s) > —1. Define Fi(s) = @ I'(s + 1) is holomorphic in
Re(s) > —1 so F is meromorphic with possibly only a simple pole at s = 0 with residue 1. Then,
for Re(s) > 0,

r 1
(13.6) Fi(s) = LD g,

s

Therefore, Fi(s) extends I'(s) to a meromorphic function on Re(s) > —1. More generally, for
Re(s) > —m,

I(s+m)
13.7 Fo.(s)= ———"—.
( ) (S) (S+m_1)"'5
Then, F,,,(s) is meromorphic in Re(s) > —m and has simple poles at s =0,—1,...,—m + 1. Then,
I'(— -1)"
(13.8) ress=—nFm(s) = (=n+m) )

(m—1-n)(=1)(=2)---(-n)  n!

Also, F,(s) = I'(s) for Re(s) > 0. This gives the desired continuation of I'(s). Furthermore, by
construction, I'(s + 1) = sI'(s) for s # 0, —1, -2, .... Also,

(13.9) ress——nl'(s+ 1) = —nress—_,I'(s).
When s =0, I'(1) = lims_,q sT'(s).
We may also split

1 e’}
(13.10) F(s):/ e_tts_ldzH—/ e tt5at.
0 1

The integral floo e '571dt is an entire function. Taking a power series,

(13.11) /1 e 't = i /1 D g1y — f: i
’ o —Jo nl nl(n+s)

Therefore, when Re(s) > 0,

- (71)n >~ —tys—1
(13.12) F(S)_;n!(nm+/1 et Lt
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This gives a meromorphic function with poles at the negative integers with residues (le!w at s = —n.
Next,

1319 Yoy G s

’ Onln+5 — n+s N+1n!(n+s)'
When N > 2R, ﬂ is a meromorphic function on |s| < R with poles at the desired points. If
|s| > R then |n(‘(n+q) —= 50 the sum converges. O
Theorem 50. For all s € C,
T
13.14 r's)r(1—s) = .
(13.14) (0 =9) = 2

Proof. Observe that T'(1 — s) has simple poles for s = 1,2,3,... and I'(s) has simple poles at
s = 0,—1,.... Therefore, I'(s)I'(1 — s) is meromorphic on C and has simple poles at the integers.
Furthermore, observe that I'(s) has a residue of (_nll)n at the integers n = 0,—1,—2,.... Since
I'(l1-s)=nlats=n=0,—1,-2,..., the residues match. Therefore, to prove , it remains
to prove equality for 0 < s < 1.

Lemma 12. For0<a< 1,

oo} ,Uafl T
13.15 dv = .
( ) A 1+ov" sin(wa)
Proof. Make the change of variables v = €*, dv = e®dx. Then,
oo ,Uafl 0o o T
13.16 dv = dr = .
( ) /0 110" [w1+e$x sin(ma)
The last equality uses Lemma[7} Now then,
(13.17) r(l—-s)= / e “u du = t/ e "H(vt) " Sdv.
0 0
Therefore,

o0

L(1-s)(s) = /OOO e HTIT(1 — s)dt = /0 e st /OOO eVt (vt) " Sdv)dt

= /00 ‘/Oo etV =5 dudt = /OO v dv = il = il .
o Jo o l+w sin(r(1—s))  sin(ws)

Therefore Theorem [0l is true. O

(13.18)

Then if s = 1, since I'(s) > 0 when s > 0, I'($) = /7.

Theorem 51. The function I' has the following properties.

(1) The function ﬁ is an entire function of s with simple zeros s = 0,—1, =2, ... and it vanishes
nowhere else.

(2) The function F( y has the growth

1
13.1 < Cg|s\log\s|.
(13.19) |7F(s)| < Che
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Therefore, ﬁ\ is of order one such that for all ¢ > 0 there exists C(e) such that |g S)|
C(e)eClsI™™

Proof. Recall that

F(l _ )SIDTFS-

() ™

The simple poles of T'(1 — s) at s = 1, 2,3, ... are cancelled by zeros of sin(ws). Therefore, ﬁ is
entire with simple zeros at s =0, —1, —2,. Now then,

(1321) /OO efttRe(s)dt < 6(Re(s)+1)log(Re(s)+1).
1

(13.20)

Indeed, by Stirling’s approximation, if Re(s) < n < Re(s) + 1,
(13.22) / e—ttRe(s)dt < / e—ttndt =nl < e(Re(s)+1)log(Re(s)+1)_
1 0

Therefore,

(13.23) %s) _ (Z% - n(;lin_ S))ginf:rs) o /loo e Sm;m).

Since | [~ e~ttsdt| < elBe(s)+Dloe(Re()+1) and |sin(mrs)| < e™l*l, so the second term on the right
hand side of ((13.23) is bounded by C;e2Is/loglsl,

Next, consider

(13.24) 3 m (D" sin(ms)

n+1—-s) =

If |[Im(s)| > 1, this sum is bounded by Ce™sl. If |Im(s)| < 1 choose k such that k — 3 < Re(s) <
k+ % Then for k£ > 1,

= (=)™ in(7s) 3 in(m in(ms)
B2 3Ty w -V <k—1)+; s

Both terms on the right hand side are bounded since S(iz(_”ss)) is a removable singularity. For k < 0,

Re(s) < 1 so

= —1" 1
(13.26) z_:o M <Ccy —

By the Hadamard factorization theorem,

Lemma 13. For all s € C,

(oo}

(13.27) ﬁ = [+ %)a*s/".

n=1
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Theorem 52. Suppose f is entire and has growth order po, that is, |f(2)] < AeB*”. Let k be the
integer so that k < pg < k+ 1. If a1, as, ... denote the non-zero zeros of f, then

(13.28) (2) = O T Bl =

n

where P is a polynomial of degree < k and m is the order of the zero at 0. Also, Fo(z) =1—z and
Ey(z)=(1- z)ez+zz/2+'“+zk/k, fork>1.

Proof of Lemma[L3 Since % is an entire function of growth order one, with simple zeros at s =
0,—1,-2

g eeny

T'(s)

Now then, since sI'(s) = 1 as s = 0, B=0. For s =1,

1 = S
13.29 — = AstB 1+ 2)e s/,
( ) e s l;[( + n)e

N
1= - e? lim (1+ l)6*1/71 — lim eAeXn=illos(l+5)— 7]
(13.30) () Nooo 220 T m N-voc
= ]\;lm eAe_(ij 1 n)-‘rlOgN—Hog(lJ,-N) —¢ 'YeA
— 00

O

Therefore, A = v + 2mik, k € Z. Since I'(s) € R whenever s € R, k = 0. Therefore, % is
essentially characterized as an entire function that satisfies:

(1) Simple zeros at s =0, —1,—2, ... and vanishes nowhere else.
(2) Has order of growth < 1.

Remark 7. The order of growth of a function f is given by p; = inf p, where | f(2)| < AePI#l” for
some A, B.

Definition 33. The constant v € R is Euler’s constant,

N1

(13.31) v = lim — —log N.
N—oco n
n=1
This constant is well-defined since
N N ntl 1 1

13.32 Yo —lgN=Y — - *d—E: 2 2
( ) n=1 n o n=1 N /1 ! / o N

By the mean value theorem, |% — %| < n—lz for n <z < n+ 1. Therefore, the right hand side of

(13.31)) is equal to

N—-1 1 1
1' n NT < ngi
(13.33) n;a + % 0<an < —.

Therefore, the sum ) a, converges.
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14. ZETA FUNCTION

The zeta function is defined for Re(s) > 1 by the convergent series
= 1
(14.1) C(s) = —.

ns
n=1

This function can be extended to the half plane in C, Re(s) > 1.

Proposition 21. The series defining ((s) converges for Re(s) > 1 and ((s) is holomorphic in
Re(s) > 1

Proof. If s = o + it then [n™%| = n~?. Then the derivative of

(14.2) - Z — Z log

which converges when o > 1. |

The analytic continuation of { to a meromorphic function in C relates ( and I' to the theta
function. Let

oo

(14.3) 0t) = > et = rl/?a(%).

Then as t \, 0, 6(t) < t~/2. Also, for t > 1, |6(t) — 1| < Ce™ ™.
Theorem 53. If Re(s) > 1 then

1 o0

14.4 RPN (s) = = [ w2V O(w) — 1]du.

2 2

0

Proof. For any n > 1, by a change of variables
14.5 —mn’u s/2—1d - = — s/2— L — —s/2F 2y
(14.5) / witi = o [ et) (nn?) =0 ()
Since 2 =>, e~

1 o] 0 o)
- / u5/271[0(u) _ 1]du _ Z/ us/27167ﬂ—n2udu
2 0 n=170

=7*/20(3) Z =P,

(14.6)

We will call this function £(s). O
Definition 34 (£ function). For Re(s) > 1
(14.7) §(s) = T 20(5)C(s).

Theorem 54. The function £(s) may be analytically continued from Re(s) > 1 to a meromorphic
function with simple poles at s =0 and s = 1. Also,

(14.8) €s)=€1—s), VseC.
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Proof. Let ¢(u) = a(u) . Because (u) = u=1/20(1),
Ou)—1  u'20(L)—1
2 2

1 1

(14.9) W) = = w20+ oo

Then whenever Re(s) > 1,

§(s) = 7 PL(H)C(s) = /0 "l () = /O u? e (u)du + / Ty

(14.10)

1 1 o)
:/ u8/2_1[u_1/2w(7)+ du+/ s/2 1 du
0 u’ o 2u 1 7
so by a change of variables,
1 1 o
(14.11) — e @ e .
S S 1

Therefore £(s) has an analytic continuation to all of C with simple poles at s = 0 and s = 1
Moreover, this integral is unchanged after interchanging s and 1 — s. ([

We can use this to meromorphically continue ((s) to C.

Theorem 55. The zeta function has a meromorphic continuation into the entire complex plane,
whose only singularity is a simple pole at s = 1.

Proof. Define

(14.12) C(s)=m

Since %%) is entire with simple zeros at 0, —2, —4, ..., the simple pole of £(s) is canceled out by the

zero of %5) Therefore, the only singularity of {(s) is at s = 1. a
There is another more elementary proof of extending ((s) to Re(s) > 0.

Proposition 22. There is a sequence of entire functions {0,(s)}% satisfying |0,(s)] < %,

where s = o + it and such that for a large integer N,

(14.13) > ni—/1 %: > bnls).

1<n<N 1<n<N
Proof. Let
(14.14) )= [ 15~ L

. n(s) = g — ~ pelde
By the mean value theorem, if s = o + it
1 1 |s]
(14.15) |nS — E‘ < o
|
Corollary 19. For Re(s) > 0,
1

(14.16) ¢(s) — o H(s),

where H(s) =Yo7 §,(s) is holomorphic in Re(s) > 0.

n=1
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sl so the series >~ 6, (s) converges uniformly

Proof. When Re(s) > 1, observe that since [0, (s)| <
for any Re(s) > 6 for any 6 > 0. If Re(s) > 1, the series Y n™* converges to {(s), and {(s) is analytic
in Re(s) > 1. Uniform convergence also shows that Y d,(s) is holomorphic when Re(s) > 0, and

thus ((s) is extendable to this half plane. O

Remark 8. The idea described above can be used to extend  to the entire complex plane.

Now for s =1+ it, the growth of {'(s) and {(s) is bounded by C.|¢|* for any € > 0.
Proposition 23. Suppose s = o + it with o, t € R. Then for each o9, 0 < g9 < 1, and every
€ > 0, there exists C. such that

(1) |¢(s)| < Ceft|r=o0%F€ for o9 < o and |t| > 1,
(2) |C"(8)| S Celtlc if 1 <o and |t] > 1.

Proof. Since we have the trivial bound |5, (s)| < -2, for any 0 < § < 1,

o0’

Is| 6, 2 \1-s
)

(14.17) [0n(s)] < (

Now choose § =1 — 09 + €. Then

1 1—og+e . 1
(14.18) () < I |+ 2080 3 .
n=1
Then by the Cauchy integral formula, if 09 > 1, s = 0¢ + it,
1 2 . .
(14.19) ¢'(s) = or ), C(s+re)e?ds,
so if 7 = ¢, the integral is in the half plane Re(s) > 1 — €, which proves the proposition. (]

15. ZEROS OF THE ZETA FUNCTION
Claim 3. For Re(s) > 1,

1

15.1 =

(15.1) ) =1l =
P
Proof. If 2K > N,
1 1 1 1 1

15.2 — < 1+ —+.+—)< < .

(5 ) Zns—H( +ps+ +sz)—H(1_p—s)—H(1_p—s)
n=1 p<N p<N P
The second to last inequality follows from the fact that
(15.3) L5
. s .

Also by the fundamental theorem of arithmetic,

1 1 =1
(15.4) 11 (HE + ot ]ﬁ) <y =

ns
p<N n=1
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Therefore,
1 — 1
15. < —.
(15.5) H<1_p—s)— —
P n=1
This proves the product formula, (15.5), which then proves that ((s) does not vanish for Re(s) >
1. O

Corollary 20. The sum of the reciprocals of the primes diverges,

(15.6) > L

P p
Proof. Since ZnN:1 % oo, |) implies that
1

p<N
as N ' oco. Since

(15.8) log( ] 1_1 —)=>_ }D + ZO(Z%).

p<v - P <N
Since the second term on the right hand side of 1' is O(1), this proves > % ! oo. O

Theorem 56. The only zeros of ¢ outside the strip 0 < Re(s) < 1 are at the negative even integers
—2,—4,—6, ...

Proof. Since £(s) = £(1 — s),

1—
(15.9) T 20(S)¢(s) = 7 P21 - ),
S0
T(i=s
(15.10) C(s) = 77371/2#“1 —5).
I'(3)
Therefore, when Re(s) < 0, {(s) = 0 if and only if ﬁ = 0, which is true if and only if § is a
negative integer. O

Definition 35 (Critical strip). The region 0 < Re(s) <1 is called the critical strip.
Theorem 57. There are no zeros on the line Re(s) =1, ((1 +1it) #0 for allt € R.
Proof. Use the formula

1 =™
15.11 log(——) = —.
(15.11) w) =3
If Re(s) > 1 then
meS oo
15.12 1 _ TR o
(512 osct) = X <>

where ¢, = L if n = p* for some p;, ¢, = 0 otherwise. This formula holds for all Re(s) > 1 by
analytic continuation.
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Remark 9. The double sum converges absolutely, so we may sum in either order.

Next observe that for § € R,

(15.13) 3+ 4cosf 4 cos20 = 2(1 + cos 0)% > 0.

Thus,

Lemma 14. If 0 > 1 and t is real, then

(15.14) log |3 (0)¢* (o 4 it)¢ (o + 2it)| > 0.

Proof. Let s = o + it. Then,

(15.15) Re(n™°) = Re(e~ (o) logny — g=alosn co5(11og n) = n =7 cos(tlogn).

Therefore, by ,
log |3 (0)¢* (o + it) (o + 2it)| = 3log |¢(0)| + 4log |¢(o + it)| + log | (o + 2it)]
(15.16) = 3Re[log ((0)] + 4Re[log ((o + it)] + Re[log ((o + 2it)]

= Z cnn” 7 (3 4 4cos b, + cos26,,), where 0, = tlog(n).
Since ¢, > 0, this sum is positive. O

If {(1 +itg) =0, since {(1 + itp) = 0, ¢ must vanish to at least order one at 1 + itg. Thus,

(15.17) |C(o +itg)|* <C(o —1)*, o —1.
Since s = 1 is a simple pole for {(s),
(15.18) K@ <C(o—-1)"3 o—1.

Finally since ((s) is holomorphic near o + 2ity, |((o + 2itg)| remains bounded as ¢ — 1, which
means that the product on the left hand side of (15.16)) goes to zero. However this means that the
logarithm goes to negative infinity, which contradicts (|15.14]). (]

Proposition 24. For every e > 0 there exists a constant C, such that
1

(15.19) RO C.t),
when s = o +it, 0 > 1, and |t| > 1.

Proof. By Lemma

(15.20) 13 (0)¢H o 4 it) (o + 2it)] > 1.

This along with |((o + 2it)| < C¢|t|¢ from Proposition [23| implies that
(15.21) (o +it)]| > cl¢ T2 (@)][t] 7 = /(o = 1)° [~
This implies that for o > 1, |t| > 1,

(15.22) IC(o +it)| > ¢ (o — 1)3/4]t|=</4.

There are two cases to consider, depending on whether the inequality o — 1 > A[t|~5¢ holds for
some appropriate constant A.

Case 1: If 0 — 1 > AJt|~5¢ then
(15.23) ¢ +it)| > At~
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Case 2: If 0 —1 < Alt|~%¢, then select 0’ > o with ¢/ —1 = A|t|~5¢. Then by the triangle inequality,

(15.24) ¢(o +it)] = [¢(o" +it)] = [C(o” +it) — ((o +it)].
An application of the mean value theorem along with |('(o +it)| < C¢|t|¢ from Proposition [23| gives
(15.25) IC(o" +it) — C(o +it)| < "o’ —al|t] < "o’ — 1]|t]".
Therefore,
(15.26) IC(o 4 it)] > ¢ (o — 1)3/4t|=/* — (0" — 1)|t|°.
Choose A = (¢'/(2¢))*. Then we have o/ — 1 = A[t|=5¢, and
(15.27) (o) — 134t 7/t = 2" (0! — 1) ¢,
Therefore, in this case as well,
(15.28) IC(o +it)| > A”|t| 2.
Taking the reciprocal proves when |t| > 1. a

16. REDUCTION TO THE FUNCTIONS % AND %
Let A(n) denote the Von Mangoldt function
Definition 36 (Von Mangoldt function).

_J log(p) ifn=p™ for some prime p,
(16.1) An) = { 0 if otherwise,

and let ¢(x) denote the Tchebychev counting function
Definition 37 (Tchebychev v - function).

(16.2) by = 3 logp= 3" A(m) = 312 | (logp).

pr<e n<w p<z

Now let 7(x) denote the prime counting function,
(16.3) n(z) = #{p; <z : p; prime }.
We use the notation f(x) ~ g(z) if £&) 4 1 as 2 — oo. Proving the asymptotics of m(x) is

g(x)
equivalent to proving the asymptotics of ¥ (x).

x

Theorem 58. ¢ (z) ~x as x — oo if and only if w(x) ~ Togz 08 T — 00.

Proof. First suppose (z) ~ x.

log x log x
(16.4) () = Z[logp} logp < Y o p 87 = (@) log(a).
p<z p<z
Therefore,
165 U@) _ wla)loge
x x

Therefore, if ¢(z) ~ x,

1
(16.6) 1 < liminfw(z) 222,

T—00 €T
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Now fix 0 < o < 1.

(16.7) Y(a) > logp> > logp > (w(x) — w(z%))log a®,
p<z z*<p<z
SO
(16.8) Y(x) + ar(z®)logx > an(x)log x.
Divide both sides by x and make the trivial boundn(z%) < z®. Then for any a < 1,
1
(16.9) 1> alimsupw(z) 08T
T — 00 x

Combining (16.9) and (16.6) shows that ¢(x) ~ x implies 7(z) ~ &
Now suppose m(z) ~ @. Again from 1)

(16.10) Y(z) < log(z)m(z),
s0 m(x) ~ 1oz implies
(16.11) limsup% <1
Meanwhile,
(16.12) Z log(p) = Z log(p) + Z log(p) > log(z)O(x®) + (w(x) — %) log(x).
p<w p<ze z <p<z

Therefore, if @ ~ 1, then for any o < 1,

(16.13) lim inf M > o
T— 00 €T
This proves the converse.

Now let ¢ (x) denote the integral of ¥ (x).

(16.14) Pi(z) = / Y(u)du.

1
The asymptotics of ¥ (z) follow from the asymptotics of ¥ (x).
Proposition 25. If ;1 (z) ~ 22/2 as © — oo, then ¢(x) ~ x as x — oo.

Proof. Since ¢(x) is increasing in z, for a < 1 < 3,

(16.15) 1 wdi<v@ < 2 [ ().
(1 - Oé)l‘ ax N N (ﬂ - 1)1’ T
Therefore, for any 5 > 1,
1
(16.16) Y(z) < mwl(ﬁl’) — P1()],
b)) _ 1 u(Ba) )
(16.17) . S Go 1)[ ()2 s ot
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This implies

: Y(z) 2 1
16.18 1 — < — - = — 1).
(16.18) imsup — ﬂ [ B } 5(B+1)
This proves limsup¢(z)/z < 1. A similar argument shows lim inf ¢ (z)/x > 1. |
Now we are are ready to relate ¢; and (. To see how, recall that
(16.19) log ¢(s L
SO
¢'(s) - o~ An)
(16.20) - T e
It is possible to use ((16.20) to write 11 (z) as a contour integral.
Proposition 26. For allc > 1,
1 c+ioo .’L‘S+1 CI(S)
16.21 T) = — — (= ds.
( ) (@) 2 /C_ioo s(s+ 1)( ¢(s) )
Proof. If ¢ > 0,
I 1-1 ifa>1
_ - — a =
(16.22) omi /HOO ™ { 0 “ ifo<a<1
Indeed suppose 1 < a = e, B =loga > 0. Then
a’ esﬁ
16.23 = =
( ) /() s(s+1) s(s+1)
is a function with simple poles at s = 0 and s = 1. The residue at s = 0 is 1 and the residue at
s=—11is =. Let T'(T) be the contour passing from ¢ —iT to ¢+ T and then making a semicircle
on the left hand side of the line ¢ + it. The residue formula implies
1 1
16.24 — ds=1——.
(16.24) e RIOLES R

Moreover, the integral over the half circle goes to zero. If 0 < a < 1 then the contour must go to
the right. In this case the contour contains no poles, and so the integral is zero.

Now then,
(16.25) b(u) =Y An) fulu)
n=1

where fp(u) =1if n <wu and zero otherwise.

(16.26) /1/) dufZ/ n) fo(u)du =" A(n /dufZA (z —n)

n=1 n<lx n<x

By direct computation,

(16.27)
1 c+io0o LIJS+1 c+ioco

) s — oS Al L (x/n) n
GIDl )%~ g;A()%@[%w P E:A 1= 2) = (@),

2m% Joljoo S
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This proves the proposition. O

It remains to be shown that v (x) ~ 22/2. There are two important facts that will be utilized in
this proof. The integral formula,

7 1 c+ioo IS+1 CI(S)
(16.28) P1(x) = o /Ciioo G D) (- 0s) Yds, ¢>1,
as well as
(16.29) C(1+4t)#0 vVt € R.

Fix ¢ = 2 > 1 and assume x is fixed, x > 2. Let v(T") be the path that travels along 1 - it, goes
around s = 1 as a three sided rectangle with sides {t —iT : 1 <t <2}, {2+it: —T <t < T}, and
{t+4T :1 <t <2}, and then continues along the path 1 + it. There are no residues in between,
and \il((j))| < A|t|" for any fixed 1 > 0. Therefore, |F(s)| < A’|[t|72%7, so

1 c+ioco 1
F(s)ds = F(s)ds.

16.30 — = —
( ) 27 c—ioo 211 ¥(T)

Now take the contour v(7,d). This contour travels along s = 1 + it until it ¢ = =7, then it
turns left and travels over to 1 — § — ¢T, then travels up to 1 —  + 7, then turns right and travels
back to the line Re(s) = 1, and finally goes to infinity. This contour consists of five lines, v, ...,
vs. For Re(s) > 0,

1

where H(s) is a regular holomorphic function. The residue of F(s) at s = 1 equals "”—22 Therefore,
1 2 1 s+1 /
(16.32) — [ F(s)ds=2 + 7,/ 2 S0y
20 Jyomy 2 2mi Jyrs s(s+1)" ((s)

Now decompose the contour and estimate each piece. There exists a T sufficiently large such that
| [, F(s)ds| < §2° and | [_F(s)ds| < §a®. This follows from [2'**] = 2* and [('(s)/((s)| <
Alt|*/?. Therefore,

= J1]!/2
2

(16.33) \/ F(s)ds| < Og;2/ dt.
Y1575 T t

Choose ¢ > 0 sufficiently small so that no other zeros are enclosed by the contours (T, 6) and v(T).
Then,
(16.34) |zt = 2270,

so there exists a constant Cp such that

(16.35) | [ F(s)ds| < Cpa?~°.
3
Finally,
1 22
16.36 / F(s)ds| < C/ / 1T do < O )
(16.36) IRCEEEY o

Therefore asymptotically, the term x2/2 will win against all the other terms. This gives us vy (z) ~
x2/2. This concludes the proof of the prime number theorem.
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17. JENSEN’S FORMULA

Recall the fundamental theorem of algebra, which says that if p(2) is a polynomial of order n,
then p(2) has n zeroes. Here, we obtain a bound on the size of |f(0)| from the location of the zeroes
in a disk.

Theorem 59 (Jensen’s formula). Let 2 be an open set that contains the closure of a disk Dg and
suppose that f is holomorphic in Q, f(0) # 0, and f vanishes nowhere on Cr. If z1,...,zn denote
the zeroes of f inside the disk (counted with multiplicities),

1 2m 0
(17.1) log | f(0 |—Zlog +—/O log | f(Re')|d6.

Proof. The function

(17.2) /(z)

(z—21) - (z—2n)’
is bounded near each z; and is defined on Q\ {z1, ..., z2xy}. Then, each z; is a removable singularity
SO

(17.3) f(z) =(z=2z1)-- (2= 2n)9(2),
where g(2) is holomorphic and nowhere vanishing on Dg. Then in a slightly larger disk, Theorem
[40] implies

(17.4) 9(z) = b3,
where h(z) is holomorphic in Dg. Therefore,
(17.5) l9(2)] = M| = R,
so log|g(z)| = Re(h(z)), and
1 27 ) 1 2 )
176)  loglg(0)] = Re(h(0)) = 5- / Re(h(Re®))do = / log |g(Re™®)[do.
™ Jo 2 0

Now consider the function f(z) = z — w, where w € Dg and z € Cg. The function f(z) has a
simple zero at w, and

1 27 .
log(%) + o /0 log |Re® — w|df
1 21 .
(17.7) = log(Jw|) — log R + —/ log R + log |¢®? — E|d€
2 0 R

1 27 )
= log(|w|) + %/0 log \e“g — %\d@.
Now for |a| < 1,
27 ) 27 )
(17.8) / log e’ — a|df = / log |1 — ae'|d6.
0 0

Since 1 — ae® lies to the right of the origin there exists some G(z) such that
(17.9) e = F(z) =1—az,
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for z in a disk of radius R > 1. Then log|F| = Re(G), so F(0) = 1 implies that log |F(0)| = 0.
Then by the mean value theorem

2m

(17.10) Re(G(z))dz = 0.
0

O

Jensen’s formula implies an identity linking the growth of a holomorphic function with the
number of zeros inside a disk. Let f be a function that is holomorphic on the closure of a disk Dg
and let ny(r) be the number of zeros of f in D,. If f(0) # 0 and f does not vanish on a circle Cg,
then

R 27
(17.11) /0 nn)E = %/0 log | £(Re™®)[d6 — log | £(0)].

- =
Indeed, (17.11) follows from (|17.1)) and

Lemma 15. If z1,...,zy are the zeros of f inside the disk Dy, then

R N
(17.12) /0 n(r)% = Zlog(i)
k=1

B

Proof. Compute

N N R
R dr
(17.13) D log(=—) = Z/ —.
k=1 |2k i1V lzel T
Rearranging the order of sums,
N R R
dr dr
(17.14) / — = / n(r)—.
kz:; lze] T 0 r

O

It is possible to apply this formula to determine a relationship between the growth of a function
and the number of zeros of the function in a compact disk.

Definition 38 (Order of a function). Suppose that f(z) is an entire function, and that there exists
a positive number p and constants A, B > 0 such that

(17.15) 1f(2)] < 4B vz ecC.
Then f has an order of growth < p. Let
(17.16) pr =1infp p satisfies (17.5)),

is the order of growth of f.
For example e* has an order of growth of 2.

Theorem 60. If f is an entire function that has order of growth < p, then
(1) For some C > 0, r sufficiently large, n(r) < Cr?,
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(2) If 21, ...,z are the zeros of f with z; # 0 then for all s > p,

=1
17.17 < 0.
(17.17) ; AT

Proof. The function f has at most a zero of finite order at 0, so without loss of generality suppose

£(0) # 0. Then by (I7.2),

R dr 1 27 )
(17.18) / n(z) 2 = 7/ log | F(Re®)|d6 — og | £(0)].
0 x 21 0
Choosing R = 2r and using the fact that n(r) > 0,
2r dr 1 2m "
(17.19) [ @) < o [ toslse) a6~ 10g (0).
r z 2 Jq
Since n(r) is increasing,
2r 2r
(17.20) / n(a:)i—x > n(r) / iﬁ — n(r) log(2).
Plugging (17.20) into the left hand side of (17.19)),
2m 2m
(17.21) n(r)log(2) < / log | f(Re)|d < / log |AeBE"|do < C're.
0 0

Therefore, n(r) < Crr.

Now to prove (17.17). Since only finitely many zeros lie in the ball [2] < 1, 37 . 1 <; ., 2o l2k|7° <
oo for any s € R. Now then, for |zx| > 1, using (17.21)),

(17.22)
oo oo oo oo
STzl =00 D0 a2 () <0 277Ut < 00y "I < oo,
|z |>1 J=0 2 <|z|<2i+1 j=0 j=0 Jj=0

O

Remark 10. This estimate cannot be improved. For example, take

Tz —imz

e — e

(17.23) f(z)= — = sin(7z).
Then |f(2)| < e™*!, so f has an order of growth < 1, and
1
17.24 —
(17.24) EE:Z — <00,

precisely when s > 1.

For another example, consider the function defined by

oo

(17.25) f(z) = cos(z/?) = " (~1)"

n=0

2n)l”
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In this case then f is entire, | f(z)| < 6‘2‘1/2, and the growth of f is order % In this case [ vanishes
when z, = ((n+ 3)7)?, and

1
(17.26) > <%
n n

exactly when s > %

18. INFINITE PRODUCTS

The next question is whether it is possible to define a holomorphic function with zeros precisely
at z1, 29, ... with

(18.1) lim |z| = oo,

k—o0

and perhaps with |zj| satisfying a summation condition like (17.26]).

For finitely many zeros, it is known that for finitely many zeros z1, ..., zn,
(18.2) f)=(z—-21) (2= 2zk).
The infinite product [[,2 (1 + a,,) converges if
N
(18.3) lim (1+ay,)
N—00 el

exists.

Proposition 27. If 3" |a,| < co then the product [[,~,(1+ a,) converges. Moreover, the product
converges to zero if and only if one of its factors is zero.

Proof. If |2| < 1 then 1+ z = €!°8(1+%)_ Therefore,

N
(18.4) [T 1+ ay) = Xz tostitan),

n=1
Since |log(1 + 2)| < 2|z if |2| < 3, 25:1 |ay,| converges implies 25:1 log(1 + a,) converges. Also,
if 1 4+ a,, # 0 for all n then the product converges. O

Now consider and infinite product of holomorphic functions.

Proposition 28. Suppose {F,} is a sequence of holomorphic functions on an open set Q. If there
exists ¢, > 0 such that > ¢, < 00 and |Fp(z) — 1| < ¢, for all z € ), then

(1) TIo—, Fu(2) converges uniformly in 2 to a holomorphic function F(z),

(2) If F,,(z) does not vanish for any n then

(18.5) ) _ i BG)

Proof. To prove the first statement, write F,,(2) = 1 + a,(z). Then |a,(z)| < ¢, for any z € , so
the product converges uniformly on . Thus, []>7, F,,(z) is holomorphic on Q.
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N
(18.6) Gn(2) =[] Ful2).
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Gy — F uniformly on any compact set K C Q, which implies that Gy — F’ uniformly on any

compact K C €. Since Gy is uniformly bounded below on K,

G/ F/
18.7 N T
(18.7) Gy T F
uniformly on any compact K C €. Then since
G/ N /
18.8 N=h —n
(18.8) IR

the proof is complete.
Several examples of infinite products arise in the study of trigonometric functions.

Lemma 16.

1 1 1 2
(18.9) meot(mz) = Z = lim =4 Z _E

z4+n Nooco z4+n oz 22 —n2’
n=—oo \n|§N n=1

Proof. The function F(z) = 7cot(mz) satisfies the following properties:
(1) F(z+ 1) = F(z) whenever z is not an integer,
(2) F(z) =1+ Fy(z), where Fy(2) is analytic near 0,
(3) F'(z) has simple poles at Z and nowhere else.

The sum
. 1
(18.10) ]\}gnoo Z z+n’
In|]<N
satisfies the same properties, and thus, so does
=1
18.11 A(z) = F(z) — .
(18.11) B=FE- Y
n=—oo
Remark 11. This sum converges since for large n,
1 1 1 1 —2z

18.12 = — = .
( ) z+n+z+(fn) n+z n—z n?-—2z2

Since F'(z) and % both have simple poles of residue 1 at z = 0, the singularity at z = 0 for A(z)
is removable, and so by periodicity A(z) is an entire function. Moreover, since A(z) is holomorphic,

A is bounded on |[Im(z)| < 1. For |Im(z)| > 1, if z = z + 4y,
Iz —iTz —27y —2mix
(18.13) cot(mz) =it C 6 ¢

elimz _ p—imz e—2my _ p—2miz’

This ratio is bounded for |[Im(z)| > 1. Also,

o0

(18.14) lJrZ 22 _ 1' +Z 2(x + iy)

22 —y? —n? + 2xy’

n=1



70 BENJAMIN DODSON

This sum is bounded if |Im(z)| > 1. To see why, suppose without loss of generality that —% <z< %
Then, when |y| > 1,
2(x + iy) 21+ Jyl)
(18.15) Z' 2 _ 2 2 — I < Zlizglo’
e I A e eI
and
2(x +iy) 2(1 + |yl)
18.1 < ——=2 < 10.
1510 S ety 2
n>|y| n>ly| 2
Therefore, by Liouville’s theorem, A(z) is constant, so since A(z) is also odd, A(z) = 0. O
Lemma 17. The product formula for the sine function holds,
sinmz ad 22
18.17 = 1-——).
8.7 N (e
Proof. Let G(z) = sln‘(n-iwz) and P(z) =z 2 ,(1— sz) Away from the integers,
P(z) 1 & 22
18.1 == "
(18.18) P(z) z+nz::122—n2’
and
!
(18.19) (é((; = 7 cot(m2).
Then by Lemma
P P(z) P’ G’
80 FPE)_PEPE) GG,
G(z)"  G(z) P(z)  G(2)
so then % is constant. Taking z — 0 shows that ggzg =1. |

19. HADAMARD FACTORIZATION THEOREM

Now turn to the Weierstrass construction of an entire function with prescribed zeros.

Proposition 29. Given any sequence {a,} of complex numbers with |a,| — 0o as n — oo, there
exists an entire function f that vanishes at all z = a, and nowhere else. Any other such entire
function is of the form f(z)e9?), where g(z)is entire.

Since the sequence could allow for repetitions, the theorem actually guarantees the existence of
entire functions with prescribed zeros with the desired multiplicities.

Proof. First observe that if f; and fo are entire functions with the same zeros with the same

multiplicities, % has removable singularities at all the points a,. Therefore, % is a nowhere
vanishing entire function. Then by Theorem f1(2) = fa(2)e9). Therefore, it only remains to

prove the existence of an entire function that vanishes at all the points a,, and nowhere else.

For each integer k > 0, define the canonical factors by

(19.1) Eo(2) =1—2,  Ep(z)=(1—z)et=/24"k g p>1.

The integer k is called the degree of the canonical factor. Note that log(1—2z)+ [z 4+ % +...+ %} =
O(z"+1). Therefore, Ey(z) = 9=,
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Lemma 18. If [z| < 1, then |1 — Ey(z)| < c|z[F*1 for some ¢ > 0.

Proof. This follows from the fact that E(z) = 9" Since log(l1—2) = — Z;’il ZJ—J converges
uniformly when |z| < %, log(1—2)+ 25:1 ZJ—J =— E;i,Hl ZJ—J < 2|z|*+1. In particular, this implies
(19.2) |1 — Ep(2)| < cfz|FT.

The constant c is independent of k. We can take ¢ = e and then ¢ = 2e. ]

Suppose that we are given a zero of order m at the origin and that ai,as, ... are all non—zero.
Then define the Weierstrass product by

oo
—_— ,m ?
(19.3) f(z) =2 gEn(an).
This function has the required properties: it is entire with a zero of order m at the origin and
zeros at each point in the sequence {a,}, and f vanishes nowhere else. To show this, it suffices to
show that the infinite product converges uniformly on any disk |z| < R. Consider two cases
separately: |a,| < 2R and |a,| > 2R. Since there are only finitely many |a,| < 2R,

z
19. m —
(19.4) = ] En(an),
lan|<2R

is an entire function. On the other hand, when |z| < R and |a,| > 2R, | =] < 3,

Z Fntl o _©
(19.5) |1—En(an)|§c|an| < il
Therefore, the product

z

(19.6) 11 En(a),

lan|>2R
defines a holomorphic function on |z| < R, and that vanishes only at z = a,, for some n. ([l

Hadamard refined this result by showing that in the case of functions of finite order, the degree
of the canonical factors can be taken to be constant, and then g is a polynomial. This is because
Theorem [60]implies that if f has order of growth < p, n(r) < Cr® for all large r and Y |a,|~* < cc.

Theorem 61. Suppose f is entire and has growth of order py. Let k be the integer such that
k<po<k+1. Ifay,as,... denote the non—zero zeros of f, then

(197 (2) = O T B 2,
n=1 n

where P is a polynomial of degree < k and m is the order of the zero of f at z = 0.
The proof of Theorem [61] uses a few lemmas.

Lemma 19. The canonical products satisfy

1
(19.8) B2 2 e,y <,
and
76, 2 k . 1
(19.9) Bi(2) > L —2le= " a2 5
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Proof. 1f |z| < 1 then make use of the power series expansion of log(1 — z),
(19.10) Bi(z) = o805 270 = ¢~ Dinn /7,
Since |e*'| > e~ and 3722, | 27/ < ¢[z|**! when |z| < §, which proves (19.8).

For the second inequality, observe that if |z| > %,

(19.11) |Ek(2)| — |1 _Z||ez-‘4-z2/2-&—...-§—zk/}’c|7
and there exists ¢/ > 0 such that
(1912) |€z+z2/2+...+zk/k‘ Z efc/|z|k.

O

To prove Hadamard’s theorem, it is necessary to find a lower bound for the product of the
canonical factors when z stays away from the zeros {a,}.

Lemma 20. For any s with pg < s < k+ 1, we have
(19.13) | H Ek ‘ > eclzl®

except possibly when z belongs to the union of disks centered at a, of radius |a,|*~! for n =
1,2,3,....

Proof. First write

(19.14) ﬁEk( H En(= H Ek

lan|<2|2] On lan|>2|z|
By -7
(19.15) H Ek H |Ek( )| > H 7C‘Z/a"lk+l > efclz‘w—l Xlan|>202| \an|_k_1.

lan|>2]|z| lan|>2|z| lan|>2|z]
Since |an| 7! = |an| *lan|*TF L < C|a |=%|z|*~*k—1. Therefore, since 3_ |a,|~* converges,
(19.16) - TI Ey(— | > e cl*l,
lan]>2]z]
for some ¢ > 0.
To estimate the first product, write
(19.17) I B )|> I1 \1——| [T e<=""
lan|<2|z| lan|<2|z| n lan|<2|2|
Now note that
(19.18) H e lz/anl® _ o=c'121* (0, <2z lan| 7"
lan|<2|z|
Since s > pg >k, |a,| ™% = |an|"%|an|*7F < Cla,|~%|2|*7F, thereby proving
(19.19) [T e<l¥/el" >eel,

lan|<2|z|
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Now then, when z does not belong to a disk of a radius |a,| %! centered at a,, |a, —z| > |a,| 7%~ .
Therefore,
z Qp — 2 e _ ke
(19200 JT n-=I= I =—=1= I[ loal™ Maul™'= J[ laal™
lan|<2]z| " Janl<2lzl " lan|<2l2| lan|<2l2|
The estimate for the first product follows from the fact that
(19.21) (h+2) S logleal < (k +2)n(2]2]) log(2]2]) < cl2|” log(2lz]) < ¢z,
lan|<2|2|
if we take pg < p < s. Therefore, [[|, \<o./1— 2|2 el O
Corollary 21. There exists a sequence of radii ry, ra, ... with ry,, — 0o such that
ad z .
19.22 Ep(=)| > ecl?l", = .
(19.22) Ig ’“(an”*e for |zl =r

Proof. Since Y |a,|7#7! < oo, there exists an integer N such that >\ |a,|~*~! < 1. Therefore,
for any two consecutive large integers L and L + 1, there exists some L < r < L + 1 such that the
circle of radius r does not intersect the forbidden disks in the previous lemma. Indeed, this follows

from the fact that the union of the intervals I,, = [|a,| — ‘an|1k+1 lan| + |an|1’v+1 |, n > N has measure
< 1. Therefore, apply Lemma [20] with |z| = 7 to prove the corollary. O

Proof of Theorem[61] Let
[e.e]
z
19.23 E =zM Ey(—).
(1929 == TIAG)

To prove that F is entire, observe that by Lemma (19.23)) is entire. Moreover, E has the same
zeros with the same multiplicities as f, so % is holomorphic and nowhere vanishing. Therefore,

(19.24) é(é)) e

for some entire function g. Furthermore, since f has growth order py and using the estimate from
below from Corollary

(19.25) eFelol) _ | f((z))| < el
z

=

when |z| = r,,. This proves that

(19.26) Re(g(2)) < C|z|*, for |2| = rm.

The proof of Hadamard’s theorem follows from the following lemma.

Lemma 21. Suppose g is entire and u = Re(g) satisfies

(19.27) u(z) < Cr®, whenever |2 = rim,

for a sequence of positive real numbers r, — 0o. Then g is a polynomial of degree < s.

Therefore, (19.26)) implies that g is a polynomial of degree < s. |
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Proof of Lemma[21] Since g is entire, expand ¢ in a power series centered at the origin,
oo

(19.28) g(z) = Z anz".
n=0

The Cauchy integral formula implies
1 2m

b i0y —in0 1y | anr™ ifn >0,
(19.29) o7 ), g(re)e™"""do —{ 0 <0

Taking the complex conjugate,

1 2m

 _ Lo
(19.30) g(re®)e m0qd9 = 2—/ g(re?)enfdh =0,
TJo

2 Jy
whenever n > 0. When n = 0, taking the real part of both sides of ((19.29) gives

2
(19.31) 2Re(ag) = l/ u(re’®)do.
T Jo

Now then, since when n # 0, f027r e 0dp =0,
1 2 ) )
(19.32) anp = — [u(re?) — Orfle=™%dp, when n > 0.
Trh 0
Therefore, since u(z) < Cr?,

1 2 .
(19.33) lan| < — [Cr® — u(re?®)]dd < 2C7°~™ — 2Re(ag)r ™.
0

mr’
Remark 12. Equation (19.27) says nothing about a lower bound for u(z), and u(z) could be very

negative.

Letting » — oo along the sequence r,, — oo proves that a, = 0 for n > s. |
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