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1. THE COMPLEX PLANE C

The complex plane arises naturally as a complete, algebraically closed field. One can easily
obtain polynomials whose coefficients lie in the field of rational numbers Q, but whose solutions do
not lie in Q. Take for example the equation
(1.1) z? =2.
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It is a well known fact that +/2 is not a rational number, although the coefficients of are
integers. However, it is easy to show using Newton’s method that v/2 is the limit of a sequence of
rational numbers. Therefore, the real numbers R are defined to be the completion of the field of
rational numbers, and R is a complete field.

A space is called complete if every Cauchy sequence converges. That is, if {z,}22 ; is a sequence
such that for any € > 0 there exists N(e) < oo where m,n > N(e) implies |z, — 2| < €.

This is not the end of the story, however, since it is still possible to obtain a polynomial whose
coefficients lie in the field of real numbers, but whose solutions do not lie in R. Consider the
equation

(1.2) 2 = —1.
Since 22 > 0 for every real number, (1.2)) does not have any solutions in R.

Therefore, define i to be the number satisfying i2 = —1, and let C be the numbers of the form
(1.3) z=x+iy, x,y€R, x=Re(z), y=Im(z).
The complex plane C is closed under multiplication and addition. Indeed, if z = x + iy and
w = u + v, since i2 = —1,
(1.4) z+w=(u+z)+ilv+y), 2w = (x + 1y)(u+ w) = (zu — yv) + i(yu + zv).

These operations obey the commutative, associative, and distributive properties.
Using the Pythagorean theorem in the plane, C has the natural norm |z| = /22 4+ y2. Let z
denote the complex conjugate

(1.5) f=ax—iy.
Then it is straightforward to verify from (1.4)) that
(1.6) 2| = 2® +y? = 22
Thus, C is a field, since for any z € C, z # 0, (1.6) implies that
1 z
1.7 - = —.
0D SN FE

The norm |z| also obeys the triangle inequality.

Proposition 1 (Triangle inequality).

(1.8) |2+ w| < [z] + |w].

Proof. Calculating directly from ,

(1.9) z+w=7z+w, ZW = Z,

which implies that

(1.10) |zw|? = zwzw = |2|*|w|?.

Therefore,

(1.11) |z +w|? = (z +w)(Z+ ) = 2> + |w|* + 20 + Zw < (2] + |w])?,

which implies . ([l

Remark 1. Note that zw + Zw s guaranteed to be a real number since

(1.12) 2Re(z) =z + Z, and 2Im(z) =z — Z.
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Every Cauchy sequence in R converging implies that every Cauchy sequence in C converges under
the norm |z|. Indeed, let z, = x,, + iy, and z = z+4y. Then 2z, — z if and only if 2,, — = in R and
Yn — y in R. Similarly, {z,}22, is Cauchy in C if and only if {z,,}52; and {y,}52, are Cauchy
sequences in R. Thus, C is a complete field.

Remark 2. By standard properties of limits, (1.3), and (1.4), if z, — z in C and w, — w in C,
then z, +w, — z +w and z,w, — zw in C.

The fact that C is algebraically closed follows from the fundamental theorem of algebra.

Theorem 1 (Fundamental theorem of algebra). If p(z) is a non-constant polynomial with complex
coefficients, then p(z) must have a complex root.

Proof. Suppose that for some n > 1,

(1.13) p(2) = anz" + ... + a1z + ag, an # 0, a; € C V0o <j<n.
Therefore, as |z| — oo,
(1.14) p(z) = a,2"(1+0(z71)),
which implies that
(1.15) lim |p(z)] = oo,
|2[—o0

so there exists 0 < R < oo such that

(1.16) inf [p(z)| > [p(0)],
|z|>R

and therefore,

1.17 inf = inf .

(1.17) Inf [p(2) = inf [p(=)|

Since p is continuous, there exists zyp € D which satisfies
1.1 = inf
(118) p(z0)] = i [p(2)],
where Dp refers to the disk of radius R, D = {2z € C: |z| < R}.
Lemma 1. If p(z) is a non-constant polynomial and (1.18)) holds, then p(zy) = 0.

Proof. Suppose by contradiction that p(zp) = a # 0. Since a polynomial in z can easily be rewritten
as a polynomial of the same degree in (z — zp) for any zg € C,

(1.19) a0+ =a+alQ), C=2-z,

where ¢ is a non-constant polynomial of order n. Therefore, for some k > 1, b # 0,
(1.20) q(¢) = bCF + ... + b,

The term bC* dominates the behavior of ¢(¢) for |¢| small,

(1.21) q¢) =u¢* +Oo(cFY),  as (¢ —0.

Therefore, take S* = {w : |w| = 1}. For any fixed w € S*,

(1.22) p(20 + ew) = a + bk e + O(F 1), as e \0.
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Since a # 0 and b # 0, choose w € S such that

b . a
(1.23) TR
Then,
(1.2 plzo + ) = (1 — |2[e¥) + O(e+)
which contradicts the minimality of p(zp) when e > 0 is sufficiently small. d
Therefore, p(z) has the root p(zg) = 0. O

Rewriting p(z) as a polynomial of order n in (z — z), since p(zp) = 0,
(1.25) p(z) = an(z — 20)" + ... + a1(2 — 20).

Dividing p(z) by (z — z9) gives a polynomial of order n — 1. Using Theorem [l| and arguing by
induction implies that p(z) has n roots in C.

2. THE UNIT CIRCLE

To solve (1.23)), define the curve

(2.1) y(t)=e",  teR.
Set
(2.2) et = c(t) +is(t).
By the chain rule,

d . .
(2.3) %e“ = ie'.

Observe that
(2.4) i(x +iy) = —y +ix,

which is orthogonal to x + iy. Therefore, travels on the unit circle, and by , || =1.
So 7(t) travels around the circle at speed one in a counterclockwise direction.

Another way to show this is to calculate |e|? = ¢(t)? + s(t)? = (e'*)(eit). Using the exponential
function power series, for z = it, t € R,

o ok

(2.5) =3 % _—
k=0
Remark 3. By the ratio test, converges for any z € C.
Therefore, |e*|?> = 1, and t — ~(t) has the image in the unit circle centered at the origin. Also,
(2.6) 7 (t) = ie" = |y ()] = 1.

Therefore, v(t) moves at unit speed on the unit circle, v(0) = 1, v/(t) = iy(¢), so y(t) travels in a
counterclockwise direction. From trigonometry,

(2.7) ~(t) = cos(t) + isin(t),
S0
it . . d it . .
(2.8) e" = cost +isint, —e" = —sint + i cost.

dt



This gives the formula for the derivatives for the cos(t) and sin(¢) functions. Next, using (2.5)),
(2.9)

etelt = ettt = cos(s+t) = (cos s)(cost)—(sin s)(sint), sin(s+t) = (sin s)(cost)+(cos s)(sint).
It is therefore possible to write any z = x + iy € C in polar coordinates. Let r = |z| and solve
(2.10) cosf = i, sinf = —.
|| ||

Equation (2.10) has a unique solution 6y € [0,27), however, § = 6y + 2n7 will also satisfy (2.10))
for any n € Z. Therefore, define

(2.11) Arg(z) = by, arg(z) = 6o + 2mn.

By direct computation,

(2.12) arg(z1z2) = arg(z1) + arg(z2),
however it is not necessarily true that
(2.13) Arg(z122) = Arg(z1) + Arg(zq).

Remark 4. Toke z1 = z9 = —1.

Since arg(|z]?) = 1,

1 z

(2.14) arg(z) = —arg(z), and arg(—) = arg(W) = —arg(z).

z
To solve ((1.23)), observe that the equation z¥ = 1 has k unique solutions on the unit circle.

Indeed,

(2.15) |2 = |2F =1,

so for any solution |z| = 1. Furthermore, e?* = 27" 50 €!"%" solves z¥ = 1 for any n, which gives
k unique solutions. Since the coefficient for z¥~! is equal to minus the sum of the roots,

Theorem 2. For any k, the sum of k equidistant points on the unit circle is zero.

The formula (2.7) may be used to compute the value of w. Let m be defined to be the small-

est positive number such that y(27) = 1. Then y(7) = —1 and (%) = i. Furthermore, from
trigonometry,
T 1 \/§ T \/g 1
2.1 =+ Y2 Ty=Y2,2
(2.16) W@ =2+ i yEH=L

We can use this fact to determine the value of 7. We know from (2.6) that the length of ~(t) on
0 <t < g is given by ¢, so for 0 < ¢ < 5, parameterize this segment of the circle by

(2.17) o(s) =(vV1—s2s), 0<s<7=sinp.

The length of this curve is given by

T T dS
2.18 l= "(s)|d =/ —_— = .
(2.18) [ o= [ sy
Therefore, from (2.16)),

1/2 d
(2.19) a

0 \/1—1}2.

=
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Making a power series expansion,

o0

m a 1
2.2 Z = n_ ()2l
(2.20) 6 z::o 2n+1 (2) ’
where a,, are defined recursively by
2n +1
(221) apg = 1, Ap+1 = man.

3. MATRIX REPRESENTATION OF COMPLEX NUMBERS

The group of complex numbers can be represented by a two dimensional algebra of commuting
matrices. Observe that for ¢ € R, the operation ¢ : v — cv is represented by the dilation matrix

(3.1) (g 2) .

Next, the action of ¢ on « + iy is given by i(z + iy) = —y + iz, which is a ninety degree clockwise
rotation, given by the matrix

0 -1

o) (03,
Lemma 2. A matriz commutes with (3.2)) if and only if it is of the form

a —b
» (o)
Proof. By direct calculation,

0 —1\[a b 0 1 d —c
@ GG 0)=(a %)
Therefore, a matrix commutes with (3.2)) if and only if « = d and b = —c. O
By the distributive property, (3.1)), and (3.2)), a + b can be represented by the matrix

a —b
o) ().
Indeed,

a —=b\ [(z\ far—0by

(3.6) (b a) (y) o (bz +ay) ’
which corresponds to

(3.7) (a+ib)(z + iy) = (ax — by) + i(ay + bz).

Furthermore, since the column vectors in (3.6 are the vectors

a 0 -1 a
(3.8) (b> and (1 . ) <b> ,
(3.9) a —b\ (z —y _ (ax— by —bxr—ay ’
b a y o bx +ay ax —by
so the algebra of matrices of the form (3.6)) corresponds to the algebra of complex numbers of the
form a + ib.



A function f is called complex differentiable at z with f’(z) = a + @b, if and only if

(3.10) lim 2 [f(z+ h) ~ ()] = J'(z) =a+ b

Rewriting (3.10), if h = hy + iho,

(3.11) f(z+h) = f(2) + f(2)h +o(h) = f(2) + (a(z) +ib(2))(h1 + iha) + o(h).
Rewriting in matrix notation,

(3.12) fet+h) = f(2) + <‘; ‘ab) (Z;) + o(h),

which will be useful shortly.
Let 2 C C be an open set. A set is called open if for all zg € €2, there exists €9 > 0 such that

(3.13) D, (z0) ={z:]z— 20l < e} CQ.

Definition 1 (Holomorphic). A function f : Q — C is called holomorphic if and only if it is complex
differentiable and f’ is continuous on 2. Another term for holomorphic is complex analytic.

It is straightforward to verify that the function f(z) = z is holomorphic, since

1
(3.14) E[(z—i—h)—z] =1
On the other hand, f(z) = Z is not holomorphic, since
1 h
(3.15) L tm - s =2

Of course, f(z) = 7 is a differentiable function from R? — R?

(3.16) ren= (%)

-y

z,y)

Let f: R? — R? be a differentiable function, f(x,y) = (ng,y)) It is known from multivariable
calculus that if f is differentiable,

ou  ou
(3.17) Df(x,y)= |5 8|,
9z By
and furthermore,
h
(3.18) o+ i +12) = feo,n) + Df o) (1) +o(0)

Comparing (3.15)) to (3.18)) yields a number of important facts about holomorphic functions.

Proposition 2. If f: Q — C is holomorphic, then % and 2—5 exist and are continuous on ), and

of _1of _
or idy
Proposition 3. If f : Q — C is C' and % = %g—g, then f is holomorphic.

Proof. Propositions [2 and [3| follow from (3.8]). O

(3.19) 7(2).
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Proposition 4. If f € CY(Q), then f is holomorphic if and only if for all z € 0, Df(2) and J
commute.

Proof. This follows from (3.4) and (3.8). O

4. SOME HOLOMORPIC FUNCTIONS

We are now ready to show the existence of some more holomorphic functions.

Proposition 5. If f and g are holomorphic on Q, then so are (fg)(z), f(2) + g(z), and cf(2),
where ¢ € C is a constant. Furthermore,

(1) L(f9)) = @R, ) = (), () = ef ()

Proof. The proof uses the limit definition of the derivative and the usual computations from calculus.
O

A corollary of this fact is that every polynomial is holomorphic.
Corollary 1. Every polynomial is holomorphic.
It is also possible to prove the usual chain rule computations to prove a chain rule.

Proposition 6 (Chain rule). Let Q, O be open sets in C. If f : Q@ = C and g : O — Q are
holomorphic, then fog: O — C is holomorphic, and

d
(4.2) 2 /09(2) = f'(9(2))g' ().
Combining the chain rule with the computation
1 1 h h
(4.3) - =————5=—— to(h),

z+h z  z(z+h)
Proposition 7. If f : Q — C is holomorphic, then ﬁ is holomorphic on Q\ S, where S = {z €
Q: f(z) =0}, and on Q\ S,
d 1 f'(z)
4.4 — =— .
4 TG

Moving on from polynomials, next consider the power series. First, let

o0

(45) S

k=0

denote a series. Then define the sequence s,, = ZZ:O zi. The sequence s, converges as a sequence
if and only if >, 2 converges.

Lemma 3. Assume that
(4.6) Dz < 0.
k=0

Then s, is a Cauchy sequence.



Proof. Since Y_}_ |zx| < A, for any n,

(4.7) Sn = Z |2k ]
k=0

is a bounded, monotone sequence. Since a bounded, monotone sequence converges in R, for any
e > 0, there exists M (e) < oo such that for any n,

n

(4.8) Z |zk] < e.

k=M (¢€)

Then by the triangle inequality, (4.8]) implies that for any m,n > M(e), |s,, — sm| < €, and therefore
spn is a Cauchy sequence. ([

Definition 2. A series that satisfies (4.6]) is absolutely convergent.

A power series has the form
(4.9) F(2) =" an(z = z0)"
n=0

Any such series has a radius of convergence, some 0 < R < oo such that (3.1)) converges absolutely
on the disk Dg(z9) = {2z : |z — 20| < R} and diverges for z such that |z — 29| > R. Let

1
(4.10) = lim sup |a, |*/",

n—oo
where R = oo if (4.10) =0, and R = 0 if (4.10) = oo.
5. HOLOMORPHIC FUNCTIONS DEFINED BY POWER SERIES

Proposition 8. The series (4.9)) converges whenever |z — zo| < R and diverges whenever |z — zg| >
R, where R is given by (4.10). If R > 0, then the series converges uniformly on any Dg/(zo) for
R’ < R. Thus, when R > 0, the series (4.9)) defines a continuous function on Dg(zg),

(5.1) f: Dgr(z0) — C.

Proof. When R = 0, Proposition |8 is true. For any R’ < R, there exists ¢ > 0 and N sufficiently
large such that

1
5.2 WV < )
(5:2) sup S R
Doing some algebra, for any n > N,
1

5.3 < —
(53 0l < e
Therefore, for z € D/ (20),

n R/ n
(5.4) lan(z — 20)"| < (7R, +€O) .

Therefore, (4.9) converges uniformly on Dg/(zp).
Meanwhile, for R < oo, for any z € C satisfying |z — 29| > R, there exists a subsequence
m(n) /oo such that

(5.5) | @y (2 — 20)™™ | > 1,



10 BENJAMIN DODSON

so (4.9) fails to converge. O

Proposition 9. If R > 0, the function defined by (3.1)) is holomorphic on Dg(zy), with derivative
given by

(5.6) fl(z) = Z nan(z — 20)" L.
n=1
Proof. Following (4.10)),
1

(5.7) lim sup |na, |1 = lim paT hmsup|an|n‘n T=—_.
n— 00  nroo n—00 R

Therefore, the right hand side of (4.9) converges on Dg(z) and diverges for |z — z9| > R. A related
theorem is the following.

Theorem 3. If the power series
(5:8) f(2) =) ar(z = =),
k=0
converges for some z1 # zg, then either (5.8]) converges for all z € C, or (5.8)) converges on a disk

of radius 0 < R < oo.

Proof. Since ap(z; — z0)¥ — 0, there exists a constant C such that |ax(z; — 29)| < C. Therefore,
the series will converge for |z — 2| < |21 — 20| O

Therefore, it only remains to prove that the right hand side of (3.8) is equal to f'(z).
Proposition 10. If (5.8) has a radius of convergence R > 0 and z1 € Dg(z9), then f(z) has a
convergent power series about z1,

(5.9) flz)= Zbk(z —21)", for |z —z1] < R —|z1 — 20].

Proof. Suppose without loss of generality that zo = 0. Setting f., () = f(z1+¢) when || < R—|z1],
using the binomial formula,

(510) fZl Zan 21 +C Zzan 7

n=0 k=0

which converges absolutely by the binomial formula. Therefore,

(5.11) F2(©Q) =D an(p)zp™

k=0 n=k
Therefore, (5.9) holds with

(5.12) b= an(P)zp”
n=~k
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Now then, to prove ([5.6)), (5.9) implies

(5.13) f(z14+h) = b0+b1h+§:bkh’“.
=2
Therefore, k
(5.14) et h;b i LGV
By the limit definition of the derivative,
(5.15) fl(z1) =by = inanz?_l.
n=1

6. INTEGRATING ALONG CURVES

Turning from integrating on a circle to an integral on a general curve in C, recall the fundamental
theorem of calculus in one variable.

Theorem 4. If f € C1([a,b]), then

b
(6.1) / F(t)dt = £(b) — f(a).

Furthermore, if g € C([a,b]), then
d t
dt J,

In the study of the holomorphic functions on the open set 2 C C, consider the integral along the
path

(6.2) g(s)ds = g(t).

(6.3) v : [a, b] — Q.
Then if f: Q — C is continuous,
b
6.4 2)dz = )7 (t)dt.
(6.4) [ sz [ soono

Proposition 11. If f is holomorphic on  and v : [a,b] — C is a C' path, then
(6.5) [ #1@) = 160) - Fa(@).
¥

Proof. The proof uses the following chain rule.

Proposition 12. If f : Q — C is holomorphic and v : [a,b] — C is C*, then for a <t < b,

d
(6.6) 270 0) = (@O @).
Proof. This follows from the the chain rule in (4.2)). O
Then by the fundamental theorem of calculus, the proof of (4.5) is complete. O

It is possible to use these computations in connection with an antiderivative.



12 BENJAMIN DODSON
Definition 3 (Anti-derivative). A holomorphic function g : Q — C is said to have an anti-
derivative f on  provided f : Q — C is holomorphic and f' = g.

Each holomorphic function g : Q@ — C has an antiderivative for a class of sets 2 C C which
satisfy the following property: If a +ib € 2 and x + iy € 2, then the vertical line from a 4+ ib to
a + iy and the horizontal line from a + iy to = + ¢y lie in Q.

Proposition 13. If Q C C is an open set satisfying the above property, and g : Q@ — C is
holomorphic, then there exists a holomorphic f : Q — C such that f' = g.

Proof. By the fundamental theorem of calculus,

(6.7 o ()= gt2).
Also,
(6.8) LOF _ o(a+iy) + tim + / “lgt + iy + ih) — g(t + iy)]dt.
i 0y h—01th J,
Since g is holomorphic,
(6.9) (6.8) = g(z +iy),
so f is holomorphic. |

This computation may be used to give a second proof of

Proposition 14. If R > 0, the function defined by
(oo}

(6.10) £ =3 anlz = z0)"
n=0

is holomorphic on Dg(zp) with derivative given by

(6.11) Fl2) = nan(z—z)"".

n=1

Proof. For any k, consider

k k
(6.12) fi(z) = Z an(z — 20)", gr(2) = Z nan(z — 29)" .
n=0 n=1

Then fr — f and gx — ¢ locally uniformly on Dg(z). Also, for each k, f,(z) = gx(%). Therefore,
for any z € Dp(zp),

(6.13) fe(2) = a0 + / ar()dC.

o
where o, is a path from zg to z.
Making use of local uniform convergence,

(6.14) fe) =ao+ [ glc)dc.

Taking o, to be a path that approaches z horizontally, z = x + iy, 2o = x¢ + o,
Yy T

(6.15) f(z)=aop+ / g(xo + it)idt + / g(t +dy)dt,

Yo Zo
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(6.16) ()= g(2)

Meanwhile, taking o, to be a path that approaches z vertically,

(6.17) f(z)=aop+ / g(t + iyo)dt + /y g(x +it)idt,

Zo Yo

x

so therefore,
10f
E@iy('z) =g(2).

Since each gj is holomorphic, and therefore by Proposition the integrals of each g, are path
independent, and g — ¢ locally uniformly, the proof is complete. O

(6.18)

7. SQUARE ROOTS AND LOGS
Recall the inverse function theorem for functions from R” to R™.

Theorem 5. Let QO C R™ be open and let f : & — R™ be a C* map. Take p € Q and assume
Df(p) is an invertible linear transformation on R™. Then there exists a neighborhood O of p
and a neighborhood U of ¢ = f(p) such that f : O — U is one-to-one and onto, the inverse
g=f"1:U— 0 isC, and forx € O, y = f(x),

(7.1) Dg(y) = Df(x)~".
This result has the following consequence for holomorphic functions.

Theorem 6. Let Q@ C C be open and let f : Q — C be holomorphic. Take p €  and assume
f'(p) # 0. Then there exists a neighborhood O of p and a neighborhood U of ¢ = f(p) such that
f: O = U is one-to-one and onto, the inverse g = f~1: U — O is holomorphic, and, for z € O,

(7.2) g/ (w) =

Proof. Taking the matrix representation of the derivative, D f(z) is of the form

(7.3) (Z _ab) .

The inverse of this matrix is given by

1 a b
(7.4) 21 <b a)’
which satisfies (7.2)). O
This theorem can be applied to give an inverse function in the case when f :  — O is a bijection.
Consider for example the function f(z) = 22. In polar coordinates, if z = re?, 22 = r2e29,
Therefore, f(z) maps the right half plane
(7.5) H = {z € C: Re(z) > 0},

bijectively onto C\R™. Since f’(z) = 2z vanishes only at the origin, we have a holomorphic inverse

(7.6) Sqrt : C\R™ — H,
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which is given by
(7.7 Sqrt(re'?) = r1/2¢%/2, r >0, —T <0<
We can also write
(7.8) Vz =22 = Sqri(z).
Next, consider the inverse of the exponential function exp(z) = e*. Counsider the strip
(7.9) Y={r+iy: z € R, —m<y<m}
Since et = e%e™, we have a bijective map
(7.10) exp: X — C\R™.
Since d%ez = e” is nowhere vanishing, has a holomorphic inverse denoted as log.
(7.11) log: C\R™ = X.

Taking log 1 = 0 and since

d d 1
12 T p% — % | ——
(7.12) e =¢ :>dz 0gz =~
Thus,
71
(7.13) logz:/ —dc,
1 ¢

where the integral is along any path from 1 to z in C\R™. However, observe that since |, c %d( = 2mi
when C is a circle around the origin, we cannot use (7.13) to define the log globally.
Then, given a € C, define

(7.14) 2% = Powg(2), Pow, : C\R™ — C,
by

(7.15) 20 = etlosz,

Since e“T? = e%e?,

(7.16) 2070 = a5

In particular, ((7.16)) implies that for any n € Z, n # 0,

(7.17) (/™" = 2.
Then by (7.12),

d
(7.18) —2% =qaz""h
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8. THE INVERSE SINE FUNCTION
Defining the inverse sine function uses a global inverse function theorem.

Theorem 7. Suppose Q C C is convex. Assume f is holomorphic in ), and there exists a € C
such that

(8.1) Re(af'(z)) > 0, on Q.
Then f maps Q2 one to one onto its image f(€).

Proof. Take two distinct points zp, 21 € Q. By convexity, o(t) = (1 — t)zp + tz1 lies in Q for all
t € [0,1]. Then

L) = f(z0) _ /1 af (1= )20 + tz1)dt.
Z1 — 20 0

Then by (§1). §2) # 0. O

Remark 5. Compare this result to the global inverse function theorem when f: R — R when f is
monotone increasing or decreasing.

(8.2)

For example, consider the strip

(8.3) f]:{m—&—iy:—g<a:<g7 y € R}.
Take f(z) =sinz, f'(z) = cosz. Then for z € X,
(8.4) Recos z = cosz coshy for z€X.
Indeed,
i(x+iy) —i(z+iy) T ,—y —iT Y
Recos(x—l—iy):Ree e = ReS € te e
(8.5) , , 2 . 2
ey + e Te—Y + e~ Ty + eiT ey
= 1 = cos(x) cosh(y).

Therefore, f maps & one to one onto its image.

Theorem 8. The function sin maps Y one-to-one onto the set

(8.6) C\ {(=00,—-1]U[1,00)}.

Proof. To see this, observe that sin(z) = g(e’?), where g(¢) = £ (¢ — %) Observe that the image of
Y under the map z — e%* is the right half plane H. Next, the image of H under g is

(8.7) C\ {(=00,~1J U [1,00)}.
Proposition 15. Let
. 1 1
(8.8) h(¢) = g(i€) = (¢ + E)'
Since g(¢) = h(~i),
. 1.¢ 1 1 1
(8.9) h(—i¢) = 5(5 + _71.4) = Z(C - E).
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The function h given by (8.8) maps both the upper half plane U = {¢ : Im¢ > 0} and the lower half
plane U* = {( : Im(C) > 0} one-to-one and onto
(8.10) C\ {(=00, 1] U [1,50)}.

Proof. Observe that h: C\ 0 — C, and

(s.11) h(Z) = h(c)
Solving for h(¢) = w, if ¢ # 0,

(8.12) ¢ —2w(+1=0,
which has the solutions

(8.13) C=w+Vw?-—1.

Then for each w € C, there are two solutions, except for w = +1.

Then h maps R\ 0 onto (—oo, 1] U [1,00) two to one, except at & = +1. This takes care of
the two images on the real line with |z| > 1. Therefore, given ¢ € C\ 0, h({) = w belongs to
(=00, —1] U[1,00) if and only if ¢ € R.

Therefore, if w € C\ {(—o00,—1] U [1,00)}, then h({) = w has two solutions, both in C\ R.
Furthermore, the two solutions are reciprocals of each other, so given ( € C\R, ( € U & % e U~

|
The inverse function is denoted
(8.14) sin™!: C\ {(—o0, —1]U[1,00)} = X.
For z € %, sin?(z) € C\ [1,00), and therefore,
(8.15) cos(z) = (1 — sin? 2)'/2, ze3.
Therefore, by the inverse function theorem, g(z) = sin™' z satisfies,
(8.16) g(z) = (1 =212 z€C\{(—o0,—1]U[1l,00)}.
Therefore,
(8.17) sin~lz = /02(1 — V24,
where the integral is along any path from 0 to z in C\ {(—o0, —1] U [1, 00)}. O

9. HARMONIC FUNCTIONS ON A PLANAR DOMAIN

Suppose f € C*(Q) is a holomorphic function. Applying (a% + ia%) to the Cauchy—Riemann
equations, implies
o .o0.,0 0. . Of 0f

(9.1) (g*lafy)(%*lafy)f* @+87y? =

0,
on the open set  C C.
Such a function is called harmonic. More generally, if O is an open set in R", a function
f € C%*(O) is said to be harmonic on O if Af =0 on O, where
*f *f

2 Af=—=%+...+—=0.
(9.2) f 833%4— +€)x% 0
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Taking the real and imaginary parts of (9.1)), f = u + iv,
(9.3) Au =0, Av =0.

Therefore, if f € C*°(R) is a holomorphic function, the real and imaginary parts of f are harmonic
functions on ).

Many domains €2 C C have the property that if u € C?(f2) is a real-valued, harmonic function,
then there exists a real-valued harmonic function v € C?(f2) such that f = u + iv is holomorphic
on (.

Definition 4. v is said to be the harmonic conjugate of u.

Given a = a + ib and z = x + iy, let 7., denote a path from a + ib to a + iy, and then the
horizontal line from a + iy to « + iy. Next, let 0. denote the horizontal line segment from a + ib
to x + ib, and then the vertical line segment from = + ib to = + 7y. Let R, denote the rectangle
bounded for the four line segments.

Proposition 16. Let 2 C C be open, o = a+1ib € Q, and assume that the following property holds:
If z € Q, then Ry, C Q. Let u € C?(Q) be harmonic. Then u has a harmonic conjugate v € C?(Q).

Proof. For z € €, set

(9.4) v(z):/%z(—gud +—d /8 asds—/ 7 (t,y)d

Also set

- Ou ou T ou Y ou
(9.5) (z) = /Gaz(ad x + 8—d y) = /a 8—y(t,b)dt+/b %(:ﬂ,s)ds.
By the fundamental theorem of calculus,
ov ou 0v ou
(9.6) or _o”Ty(Z)’ o”Ty( z) = (%( z).

Furthermore, since R, C 0, by Green’s theorem, since u is a harmonic function,

(9.7) ﬁ(z)—v(z):/{mm( gZd +—dy // —“+—)dxdy_o.

Therefore, u and v satisfy the Cauchy—Riemann equations. ]
It is possible to prove this this proposition without Green’s theorem.

Proposition 17. Let Q C C be open, a = a + ib € ), and assume the following property holds: If
also z € Q) then ~,, C C.
Let u € C?(Q) be harmonic. Then u has a harmonic conjugate v e CQ).

Proof. Define v as in 1' Then a—; = —2%  Also, by (|9 7
v Ou 0%u ou T 0% ou
. — = — — —(t,y)dt = — —(t,y)dt =
08 e =gran- [ 8y2< )t = Grtan) + [ it = o).
Therefore, u and v satisfy the Cauchy—Riemann equations. O

Proposition 18 (Mean value theorem for harmonic functions). If u € C?(Q) is harmonic, 2y € €,
and Dy (z9) C Q, then

2m
(9.9) u(zo) = i/ u(zo 4 re'®)do.
2 0
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Proof. Since u is a continuous function,

1 2m )
(9.10) li 5 / w(z0 + r€®)d6 = u(z0).
T 0
Taking the derivative with respect to r,
(9.11) d 10 (20 + re'?)do L (20 +re?)d
. — e = — - e .
dr 2w J, we T 27 Jo Yrif0 T

By Green’s theorem,

1 2m " 1
(9.12) — ur (20 + re'’)df = —/ Audxdy = 0.

27(- 0 27T DT‘(ZO)
This proves . ]

Writing in polar coordinates,

(9.13) ulzo) = % / /D T(zo)u(z)dxdy.

With this, we can establish a maximum principle for harmonic functions.

Proposition 19. Let Q C C be a connected open set. If u : @ — R is harmonic on 2, then given
zo € €,

(9.14) u(zp) = sup u(z) = u is constant on Q.
z€Q

If, in addition, Q is bounded and u € C(Q), then

(9.15) supu(z) = sup u(z).
20 2€09

Proof. Equation (9.15) follows from (9.14) if 2 is bounded, since u must achieve a maximum
somewhere on 2. Thus, assume there exists zg € Q such that the hypotheses of (9.14) hold. Set

(9.16) O={¢Ce:ul) =u(z)}

Since zg € O, O is not empty. Moreover, by continuity, O is a closed subset of 2. Moreover, by
1' if there exists a a disk of radius p, D,({p) C €, since u is the supremum, u(z) = u((p) for
all z € D,(¢o). O

10. MORE HARMONIC FUNCTIONS
Corollary 2. If f(z) is a holomorphic function, and f € C>®(Q), given zy € €2,

(10.1) |f(z0)| = sup | f(2)] =f is constant on Q.
z€Q

If, in addition, Q is bounded, and f € C(S), then

(10.2) sup | f(2)] = sup |f(2)].
2eQ z2€00Q)
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Proof. If f =u 4+ iv, and v and v are harmonic functions, by the product rule,
(10.3) A(u? 4+ v?) = |Vul* + |Vol%.
Plugging this fact into the proof of Proposition

(10.4) u(20)? 4+ v(20)% < 1 (u(2)? + v(2)?)dzdy.

72 D, (20)
Moreover, equality holds if and only if [Vu| =0 and |Vv| =0 on D,(z). O
Next, Liouville’s theorem for harmonic functions on C.
Proposition 20. If u € C%(Q) is bounded and harmonic on all of C, then u is constant.

Proof. Choose any two points p,q € C. For all r > 0,

(10.5) u(p) ~ule) = — / /D ey /D ()],

Hence,

(10.6) Ju(p) — u(g)] < — / / 2)|drdy,
s A(pqr)

where A(p,q,r) is the set of points contained in D,(p) or D,(gq), but not both. Therefore,
A(p,q,r) ~r as r — oco. Taking r — oo in (10.6), since |u| is bounded, u(p) — u(q) = 0. O

Corollary 3. If f : C — C is holomorphic and bounded, and f € C*(Q), then f is constant.

Proof. Since f is holomorphic, f = u + v, where u and v are harmonic functions. Since |f]| is
uniformly bounded, |u| and |v| are uniformly bounded, and therefore, by Proposition [20} « and v
are constant. O

If f € C*(Q) is a holomorphic function, then since f = u + v, where u and v are harmonic
functions, so
2T

(10.7) f(z0) = Py f(zo +re?)db.
0
However, it is possible to prove (10.7)) without making the a priori assumption that f € C*°(9Q).

Theorem 9 (Cauchy integral formula). If f is holomorphic on the open set Q C C, and D,.(zp) C 2,
then

1o ; 1 f(©)
10.8 =— 0Ydp = — 22 dC.
(10,9 S = g0 [ SGorreti= oo [ S
Proof. As in the proof of Proposition

1 2m )

(10.9) n{% o f(z0 +7e?)do = f(20).

T 0
Taking a derivative with respect to r,
0010) &L [T s rean= - [T rtaretan= 1 [ s oic=o

. g 20 re or A 20 re’ e = omir oD, (o0) 20 = U.

O
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Corollary 4. If f is holomorphic on Q, then f € C*°(Q).

Proof. We can compute the derivative of ((10.8) directly.

(10.11) (d%)”f(Z) - CU /aD ( )(Cf(f;mdg'

2m

This integral converges for any n. |

11. CONSEQUENCES OF THE CAUCHY INTEGRAL FORMULA

The Cauchy integral formula may be extended to an integral on the boundary of €2, where € is
a bounded region.

Theorem 10. If f € CY(Q) is holomorphic on Q, then

(11.1) f(2)dz = 0.
o0

Proof. 1t is possible to take “bites” out of {2 with sets of the form R,. (]

Then the integral in Theorem |§| on D,(zp) can be moved out to 92, since

on C\ {z}.

Theorem 11. If f € CY(Q) is holomorphic, then for z € D,(z) C Q, f(2) has the convergent
power series erpansion

C*%o is holomorphic

(11.2) 1) =3 anlz = 20)",
n=0

with

1 () " (z0)
(11.3) =i | = 0
Proof. Suppose z € D, (). By Theorem [9]
(11.4) f(2) ! 1) dc.

27 Joq (C— 20) — (2 — 20)

Making the infinite series expansion, since |z — zo| < |¢ — 20/,
1 1 e 20
11.5 = "
(11-5) (¢ —20) = (2 = 20) C—Zonz::o(C—Zo)

Plugging this series into (10.8) with 9D,.(zg) replaced by 99 gives ((11.2) and (11.3). |

Proposition 21 (Schwarz lemma). Suppose f is holomorphic on the unit disk D1(0). Assume
|f(2)] <1 for |z| <1, and f(0) =0. Then,

(11.6) |f(2)] < |zl
Furthermore, equality holds in (11.6)), for some z € D1(0) \ 0, if and only if f(z) = cz for some

constant of absolute value one.
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Proof. The hypotheses imply that g(z) = @ is a holomorphic function on D;(0). Therefore,
l9(2)] < L for z € D4(0), 0 < a < 1. Using the maximum principle, [g(z)| < % for all z € D,(0).
Taking a 71,

(11.7) lg(2)| <1, Vz € D1(0).
Therefore, (11.6) holds. Next, suppose that |f(zg)| = |20| at some zy € D1(0) \ 0. Then ¢ attains a
maximum at zg, which implies g(z) is constant on D;(0), so f(z) = cz. O

It is also possible to prove the fundamental theorem of algebra using the maximum principle.

Theorem 12 (Fundamental theorem of algebra). If p(z) = anz™ + ... + a1z + ag, a, # 0 for some
n > 1 is a polynomial of degree n, then p(z) must vanish somewhere on C.

Proof. If p(z) does not vanish on C, then f(z) = ﬁ is an entire function on C. Furthermore,

1 1 1

11.8 = — .
( ) p(z) 2" ap+ an_1271+ ...+ agz"
Then
1
11.9 lim |—|,
(11.9) Jim ||
exists and is uniformly bounded. Then, by Liouville’s theorem, ﬁ is constant. (|

12. MORERA’S THEOREM AND (GOURSAT’S THEOREM

Let € be a connected open set in C. If f : Q — C is holomorphic, then the Cauchy integral
formula and Cauchy integral theorem hold for f. Here, we establish a converse of the Cauchy
integral theorem, Morera’s theorem.

Theorem 13 (Morera’s theorem). Assume g : Q) — C is continuous and

(12.1) /g(z)dz =0,

whenever v = OR, where R is a rectangle with sides parallel to the real and imaginary axes. Then
g is holomorphic.

Proof. Holomorphicity is a local property, so assume without loss of generality that 2 is a rectangle.
Fix a=a+ibin Q. Given z € €, let v,, and o,, be piecewise linear paths from a to z. Then

(12.2) f(z)= / g9(Q)d¢ = z/by g(a+is)ds + /f g(t + iy)dt,

az

and

© y
(12.3) £() = / g()dc = / g(s + ib)ds +¢/ ol + it)dt.
Oaz a b
By (12.1), (12.2)) and (12.3]) are equal. Therefore,
of 10f
12.4 Y08 v_ i,
(12.4) T = 152 = (2
Thus, f: Q — Cis C' and satisfies the Cauchy-Riemann equations, so f is holomorphic. Therefore,
g is holomorphic. |
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Next, prove Goursat’s theorem, which shows that if f is merely complex differentiable, f is
holomorphic.

Theorem 14 (Goursat’s theorem). If f : Q — C is complex differentiable at each point of Q, then
f is holomorphic, so f € CY(Q), and in fact f € C=(Q).

Proof. Tt is enough to show that the hypotheses yield

(12.5) f(2)dz =0,
AR
for every rectangle R C €.

Given a rectangle R C Q, set a = [, f(z)dz. Divide R into four rectangles of equal size. The
integral over R is equal to the sum of the integrals over all four rectangles. Therefore, there must
exist one rectangle R; such that
(12.6) \ f(z)dz| > M.

oR, 4
Then, divide R; into four equal rectangles. One of them, R,, must have the property that
(12.7) | f(2)dz| > 472|al.
8R2
Thus, there exists a sequence of nested rectangles Ry with perimeter Ry, of length 2 *I(OR) = 27*b
such that

(12.8) (2)dz| > 47"al.

| f
IRy,
The rectangles shrink to a point p € €. Since f is complex differentiable,

(12.9) f(z) = f(p) + f(p)(z — p) + ollz — p).
Now then,
(12.10) fp)dz = f'(p)(z = p)dz = 0.

8Rk 8Rk
Therefore,
(12.11) | f(2)dz| < C627 727",

ORy,

Plugging (12.11)) into (12.8)), a = 0. O

13. MORE THEOREMS
Set L =0QNR and set QF = {z € Q: +Im(z) > 0}.

Proposition 22 (Schwarz reflection principle). Assume f : QTUL — C is continuous, holomorphic
in QF, and real valued on L. Then define g : Q — C by

(13.1) (=)= (), 2€Q'UL  g(2)=T(), ze9.
Then g is holomorphic on €.
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Proof. Tt can be verified that g is C! on O~ and satisfies the Cauchy-Riemann equations, so g is
holomorphic on Q\ L. Also, g is continuous on €.

To show that g is holomorphic on all of 2, g satisfies when v = 9R, and R C Q. The
same is also true if R C Q. Finally, if R intersects L, it is possible to split the integral on OR into
two integrals on rectangles. O

The Cauchy integral formula yields a locally uniform convergence result.

Proposition 23. Let Q C C be an open set and let f, : Q@ — C be holomorphic. Assume f, — f
locally uniformly (i.e. uniformly on each compact subset of ). Then f : Q — C is holomorphic,
and f], — f' locally uniformly on Q.

Proof. Let K C € be a compact set. Then choose a smoothly bounded O such that K ¢ O c O C
Q. Then, by the Cauchy integral formula,

(13.2) fu(2) = 5 B g”(cidc,
(13.3) fi(2) = %/@o (Cf”(?)zdg.

Since f, — f locally uniformly on 0O, the integrands in (13.2)) and ([13.3) converge uniformly on
O. Therefore, for any z € O,

1 f(Q)
(13.4) f(z)fﬁ/aoc_zdg, Vz e O,
so f is holomorphic on O, and
, 1
(13.5) £ =g [
so f! — f’ locally uniformly on O. O

It is also possible to produce an integral for the inverse of a holomorphic map.

Proposition 24. Suppose f is holomorphic and one-to-one on a neighborhood of Q, the closure of
a piecewise, smoothly bounded domain Q C C. Set g = f=1: f(Q) — Q. Then

(13.6) g(w) = % " mﬂdz, Vw € f(€2).

Proof. Set ¢ = g(w), so that h(z) = f(z) —w has one zero in Q, at z = ¢, and h'(¢) # 0. Indeed, if
h has a zero of order k at zg, then

(13.7) h(z) = (2 — 20)F(2)"

for some holomorphic function ¢(z) that is nonvanishing in a neighborhood of Q. Therefore, if f is
one to one, then f(z) —w = (z — z09)¢(z) for some holomorphic function ¢(z) on a neighborhood
of Q. Therefore,

1 h/ /
R E P B A SO
210 Joq  h(z) 21 Joaq z—20  @(2)

(13.8) )dz = C.
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14. LAURENT SERIES

The Laurent series is a generalization of the power series expansion, which works for functions
holomorphic in an annulus. Let

(14.1) A={ze€eC:rog<|z—20| <r}

be such an annulus, where 0 < 19 < 71 < 00. Let y; be the counterclockwise circles {|z — zo| = 7;},
so that A = 41 — ¥p. Then for any f € C*(A) holomorphic in A, the Cauchy integral formula
implies that for 2z € A,

112 1

o) = g [ 1) 10,

Voci

4_7

Now then, for ¢ € 71, since |z — 29| < |¢ — 20/,

I 1 1 - 7T R0y
(14.3) C_Z_ (¢ —20) — (2 — 20) _C—Zoj:O(C—ZQ).

Meanwhile, for ¢ € g, since |¢ — 20| < |z — 20|,

- B 1 1 ¢ — 2o j
(14.4) C—z (2—20)—(§—z0)_z—zojz::o(z—zo)'
Therefore,
(14.5) fR)= > an(z—2)", z€A,
where for n > 0,

_ 1 f(©)
(14.6) Ap = % /ﬂ WCK’
and for n < 0,
—n—1

(14.7) =5 / f(¢ dc.

Therefore,

Proposition 25. Given 0 < rg < r; < oo, let A be the annulus . If f : A — C is holomorphic,
then it is given by the absolutely convergent series , with

(14.8) 4y = Ldg nez,

" 2w ), (G2
where v is any counterclockwise oriented circle centered at zy of radius ro <1 <7r1.
Proof. The preceding argument can be applied to any annulus
(14.9) AP ={2eC:r) <|z—2| <1},

where 79 < 7, < r} < r;. Since f is holomorphic on A%, the integrals on 7 and 7; can be moved
to 7. O



25

When f has an isolated singularity at zg, we can take rog = 0. For example, take

322 +22+6
14.10 = —
(14.10) £ ="
Making a partial fraction decomposition,
22 14 3
14.11 =
(14.11) A e TE R P

In general, if

n—1

1 . d

a; n—
(2—7]20)j7 a; = — lim 7) ]p<2’)

~plz)
(14.12) fla) = ——7 = (n —j)! 2=z dz

(z — 2zo)"™ =
15. MORE LAURENT SERIES
Now consider the function
32244245 1 1 1
15.1 = = .
(15.1) /() (z—=2)(z+1)(z+3) z—2+z—|—1+z—|—3

Since f(z) is analytic in the disk, {z : |z] < 1}, the Laurent series in this region is a power series.
For an annulus centered at zp = 2, f(z) is analytic on the annulus {z : 0 < |z — 2| < 3}. The
term is okay. Now then, —= + —1- is analytic on {2 : |z — 2| < 3}. Then,

1

2—2 ' z+1 z+3

1 1 I (=)™ (z —2)"
15.2 — S N S A G2
(152) z+1 3+ (2-2) 3; 3n
Similarly,

1 1 I = (=)™ (z —2)"
15. — — -
(15.3) z+3 5+(2—-2) 5Z 5n

Therefore, for n > 0,

=" ="

(15'4) an = 5n+1 3nt+l °

Many of the same computations that we have done for convergent power series may also be
utilized for convergent Laurent series.

Proposition 26. Assume f(z) is given by the series (10.5)) converging for z € A, forry < |z—zo| <
r1. Then f is holomorphic on A, and

(15.5) f(z) = Z nan(z — 20)" 7, ze A
n=-—oo
Proof. Choose R; such that
1
(15.6) — = limsup |a,|*/™,
Rl n— 00
and
(15.7) Ro = limsup |a_,|*/™.

n—oo
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As before,
(15.8) > an(z - 20)",
n=0

converges absolutely for |z — zg| < Ry and diverges for |z — z9| > Ry, and

-1
(15.9) Z an(z — 20)",
converges absolutely for |z—zy| > Ry and diverges for |z2—zy| < Ry. Once again, since lim,,_, o, n/" =
1, the same computations may be made on A.
Taking
(1510) fl/(z) = Z an(z - ZO)na

n=-—v

fu — f locally uniformly on A, so the limit f is holomorphic on A, and f; converges locally
uniformly to f’. d

For example, do the Laurent expansion for

11
_ 1/z _ = =
(15.11) flz)=el7=>" o
n=0
Clearly Ry = oo since a,, = 0 for n > 0. Now then,
(15.12) lim |a_,|”Y™ = lim (n!)*/" = oo,

n—oo n— oo

so Ry = 0.

16. SINGULARITIES
The function f(z) = 1 is holomorphic on C\ {0} and has a singularity at z = 0.

Definition 5 (Isolated singularity). A point p € C is an isolated singularity if there is a neighbor-
hood U of p such that f is holomorphic on U \ {p}.

So then, 0 is an isolated singularity for f(z) = % An isolated singularity is said to be removable

if there exists a function f holomorphic on U, where f = fon U\ {p}. If p is a removable singularity,
then f is bounded near p. The converse is also true.

Theorem 15. If p € Q and f is holomorphic on Q \ {p} and bounded, then p is a removable
singularity.

Proof. Consider the function g : 2 — C defined by
(16.1) 9(2) = (z=p)?f(z),  2€Q\{p}, g(p)=0.

Since f is bounded, ¢ is continuous on 2. Also, g is complex differentiable at each point of €2, since

(16.2) g(2)=20-p)f(2) +(z=p)°f(2), =2€Q\{p}, ¢')=0.
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Therefore, by Goursat’s theorem, g is holomorphic on 2, so on a neighborhood U of p, g has the
convergent power series

(16.3) g(z) = Z an(z —p)", zeU.
n=0
Since g(p) = ¢'(p) =0, ap = a1 =0, so
(16.4) 9(z) = (z =p)’h(z),  h(z) =) ansa(z-p)", z€U
n=0

Comparing to (16.1), h(z) = f(z) on U \ {p}, so set
(16.5) f) =1, zeQ\{p},  f(p)=hb.
O

An isolated singularity p is said to be a pole if |f(z)| — oo as z — p. Therefore, there exists a
neighborhood U centered at p such that |f(z)] > 1 on U\ {p}. Thus, g(z) = ﬁ is holomorphic

on U\ {p}, and g(z) — 0 as z — p, so g has a removable singularity on U. Therefore, g has a
convergent power series expansion on U,

(16.6) 9(2) = an(z—p)",
n==k

where aj, is the first nonzero coefficient in the power series. Therefore,
(16.7) 9(z) = (= =p)*h(2),  h(p) = ax #0,
with A holomorphic on U.

Proposition 27. If f is holomorphic on Q\ {p} with a pole at p, then there exists k € Z* such
that

(16.5) f(2) = (2 = p)*F(2),
on Q\ {p}, with F holomorphic on Q, and F(p) # 0.

If k=1, f has a simple pole at p.
A function holomorphic on Q except for a set of poles is said to be meromorphic on 2. One
example of such a function is

(16.9) tan z =

which is meromorphic on C, with poles at {(k + )7 : k € Z}.

17. MORE SINGULARITIES AND ZEROS

Proposition 28. If f : C — C is holomorphic and |f(z)] — oo as |z|] — oo, then f(2) is a
polynomial.

Proof. Define the function g : C\ {0} — C defined by

(17.1) 9(z) = (=)
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Since |g(z)| — 0o as z — 00, g has a pole at 0. Then, by Proposition [27]
(17.2) 9(z) = G (2),

on C\ {0} for some k € Z", with G holomorphic on C and G(0) # 0. Then,

k—1
(17.3) G(2) =Y _g;7 +2"h(2),
=0
and therefore,
k—1
(17.4) g(z) = g;zF+h(2).
§=0
Therefore,
k—1 1
(17.5) 12) = 047+ h(2),
§=0
SO
k—1
(17.6) f(2) =) 92",
j=0

is holomorphic on C, and approaches h(0) as |z| — oco. Therefore, by Liouville’s theorem, the
difference is constant, so f(z) is a polynomial. O

An isolated singularity of a function that is not a pole or a removable singularity is called an
essential singularity. An example of an essential singularity is the function f(z) = ex.

Proposition 29 (Casorati-Weierstrass theorem). Suppose f : Q\ {p} — C has an essential singu-
larity at p. Then for any neighborhood U of p, the image of U \ {p} is dense in C.

Proof. Suppose there exists a neighborhood U of p such that the image of U \ {p} omits a neigh-
borhood of wy € C. Replacing f(z) by f(z) — wp, suppose without loss of generality wy = 0.
Then

(17.7) g(z) =

is holomorphic and bounded on U \ {p}, so g(z) has a removable singularity at p, so g(z) has a
holomorphic extension on U. If §(p) # 0, then p is a removable singularity for f. If g(p) = 0, then
p is a pole of f. |

Definition 6 (Zeros). An analytic function is said to have a zero of order m at zg if

(17.8) fz0) = . = ™ D(z0) = 0,

and

(17.9) £ (20) # 0.
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Suppose f has a zero of order m. Then
(17.10) f(z) = Z f(j)(zo)f,(z —20)” = (2 — 20)"9(2),
‘ J:
j=m

where g(z) # 0 in a neighborhood of zy. Therefore, if a sequence of zeros of f converges, and f is
analytic, then f must be identically zero.

18. RESIDUE CALCULUS

Suppose f is holomorphic on an open set €2, except for isolated singularities at points p; € €.
Each p; is contained in a disk D; CC €2 on a neighborhood of which f has a Laurent series

oo

(18.1) F2) = anlpy)(z—p)"

n=—oo

Definition 7 (Residue). The coefficient a_1(p;) of (z —pj) ™" is called the residue of f at p; and
is denoted Resy, (f). Then

1
(18.2) Resy, (f) = o /aDj f(z)dz.
If, in addition € is bounded, with piecewise smooth boundary, and f € C(Q,{p;}), assuming
{p;} is a finite set, then by the Cauchy integral formula,

(18.3) , f(2)dz = %:/BDJ_ f(2)dz = 2mi ;Respj(f).

The residue formula has a number of applications. For example, we can compute

(18.4) / T _dr

o 1+ a2

The function f(z) = (1+22)~! is a meromorphic function, with simple poles at z = +i. The residue
at ¢ may be computed

(18.5) lim(z — ) L _1

= lim .

Therefore, if v is a positively oriented contour that contains ¢ in its interior, but not —¢, then

(18.6) / L

Z22+1

In particular, let vz denote the contour from —R to R, and then the semicircle Re?, where 0 <
0 < m. Then

1
18.7 — dz=n.
(18.7) | =
Then,

T R 0 1
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0
(18.9) /R . - +0(l)
. L Tia? =7 =)
Taking R — oo,
o 1
18.1 ——dr =m.
(18.10) /_ool+x2dx v

1

We also know the antiderivative of 1,

Next, consider the integral

(18.11) /Oo LI

oo L+t

which is arctan(z).

The function H% has four simple poles, at z = e'%, eiSTW, ¢, and ¢ . Since
(18.12) lim 2% +i = 24, and lim 2% —i= —2i,
zﬁei% Z—H?i%T7r

1 1 1 1 _ami
18.13 hm ——— — . w — 76_77
( ) e F (24 0)(z+e'n)  dietn 4

1 -1 1 1

z—)el‘%r (’Zg - Z)(Z +e'a ) 4i eta 4

Therefore, for any g,

1
(18.15) / =
TR

Since

1 ; 1
18.1 —— Rie"dh = O(—=
(13.16) /HR%MRW a0 = 0(5).

> 1 T
18.1 —dr = —.
aoam [t

19. MORE RESIDUE CALCULUS

The evaluation of Fourier transforms provides a rich source of examples to which to apply residue
calculus. For example, consider the problem of computing

o] iz
(19.1) / " _da.

oo L+ 22

This integral has simple poles at z = +4i. Moreover, the residue at z = i is ¢ * and the residue at

217
z=—11s —;—i. Then for £ > 0,
iz€
e
(19.2) / ——dz =me 5.
TR L+ z?
Taking R — oo,

e
— 10— ¢
(19.3) /_Oo T2 dx = e 5.
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Making the same computation for £ < 0,

os} 6iz§
— el
(19.4) /mngdx_m H)

It is also possible to use residue calculus to compute trigonometric integrals. Take for example,

(i —e=10)2

2 s 2 2
sin” 6 ——r
19.5 ——df = — .
(19.5) /0 5+ 4cosf /0 5+ 2(e? 4 e
dz

Since €% travels around a circle of radius 1 when 6 travels from 0 to 27, and if z = €%, df = 9

(19.6) :_1/ ﬁ@:_l ﬂ P
’ |2]=1 5+ 2(z + %) iz 4i J|1=1 523 4+ 224 4 222

Factoring the denominator,
1
(19.7) 22% +52° 4+ 227 = 22%(2 + 5)(,2 +2).

Therefore, (19.6) has a double pole at z = 0 and simple poles at z = —% and 2z = —2. Therefore,

7T[d (22 —1)? | (22 —1)? 4]
2'd2222+52+2 7" 2:2(z+2) =2

(19.8) 19.6) = ——[Res|z o+ Res|,__1] =

(19.9) =T -

T 2(=1)(0) 5(-1)? (i )_
2

T
T

N\C»J\ .

)()

W=

20. RESIDUE CALCULUS USING ALGEBRA OF PATHS

Next, consider the Fourier transform

20.1 as [Ty
(20.1) _/_OOZCOShg *

Take the integral over the the contour y(z) = x + 27i. Then compute

T — 27

(20.2) 2 cosh — (" 4+ e7%/?) = =2 cosh(g).
The poles of 71— T are exactly the points where cosh(3) = 0, or e*/? = —e7%/2 50 then €* = —1,
z=1im+ 127171' Therefore
oo iz€ (z — i) iz —£
e z —mi)e e
20.3 14 e72m / dx = 2mi i = 2 — =7e ¢,
(203) (L+e ) — oo 2cosh 5 v T cosh(%) mginh(%) e

Doing some algebra,

00 i y T
20.4 ———dr = .
(204) /_OO 2cosh 5 ¥~ Cosh €

It is possible to use the algebra of paths to compute the integral

(20.5) / ¢ _da,

—eo L+ €%
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when 0 < a < 1. Let g denote the contour from —R to R, then up to R + 2im, then left to

—R + 2im, then down to —R. Since % has a simple pole at z = im + 2nin, for all n,
az iam
(20.6) / L= = e,
v Lte e
Furthermore, we can show that when 0 < a < 1,
R+2mi eaz —R+2mi eaz
(20.7) lim dz, / dz=0
R— o0 R ]. —+ e? —R ]. —+ e?
Therefore, let
o) ea;v

20.8 A= dx,

(205) | e

(20.9) A— eZTriaA — _eiaTr.

Doing some algebra,

(20.10) A= "

sin wa

21. MORE RESIDUE CALCULUS USING ALGEBRA OF PATHS

Now apply residue calculus to an integrand with a double pole. For example, consider the integral

[es] eixE
21.1 = ——d R.
(21.1) u(§) /_OO e =
Then,
eiz&
(21.2) Resi(l Ty = ¢'(i),
where
21.3 o
. z) =
(21.3 o) = oo
Then,
(21.4) q6) = —i(l +€)et
Therefore, when £ > 0,
. ¢l ™ _
TR
Therefore, since u(§) is an even function of &,
] esz T B
Another example of this kind is the integral
o0 :L,a
21.7 B= —d
(21.7) | e

for some 0 < o < 1. Then define 2 = r®e®? for 0 < § < 27. Then z® is holomorphic on C\ R™.
Moreover, (z + iy)* has distinct boundary values when x > 0 as y \, 0 and y /0. Then let v be
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the curve going from 0 to Re* along the curve re’, followed by the counterclockwise circle from
Re* to Re'?>™=9) and then from Re*(?*"=¢) to zero along the path re*(>™=¢) r going from R to 0.
Then for any R > 1,

(21.8)
z¢ . 2% . 2% 2T oz 2T 3mia ina ria

/ T3 = miRessi(T g )+ 2miRes—— (o 5) = e B -Gre¥ = m(em/2-eimiert),
Next,

2m—e¢ a i

R « ,

(219) / HTezzoR’Lemde = O(Ra_l).

€ e '

Also, for any R > 0 fixed,
R aiea R «a
(21.10) lim [ —5eidr = / Y _d.
eNO Jo 14 r2e2ic 0
Meanwhile,
R a i(2m—€)a ) R a
(21.11) lim [ S _dr = —¢?mic T d.
eNO Jo 14 r2e2i2m—e) o 1+ a2
Therefore, taking R — oo,
(2112) (1 _ eQm’a)B _ ﬂ_(ema/Q _ 637ria/2)'

Doing some algebra,

sin(mwa/2) _

(21.13) B=n—
S T

22. THE ARGUMENT PRINCIPLE

Suppose 2 C C is a bounded domain with piecewise smooth boundary and f € C2() is holo-
morphic on €, and nowhere zero on 9€). The number of zeros, counted with multiplicity, may be
expressed in terms of the behavior of f on Q). We say that p; € Q is a zero of multiplicity &
provided,

(22.1) fOpj) =0, 0<i<k-1,  f®(p)#0.

Proposition 30. Under the hypotheses stated above, the number v(f, ) of zeros of f in Q, counted
with multiplicity, is given by

1 f'(2)
22.2 v(f,Q) = — dz.
(22:2) VD= 50 oo 7
Proof. Let D; be small, disjoint disks around p; € §2. Then, by the Cauchy integral formula,
1 ! 1 !
(22.3) R RO PR B AOF

: z = :
2mi Jaq f(2) 2mi Jop, f(2)
In a neighborhood D; of pj,

(22.4) f(z) = (z—p;)™ g(2),
with g(z) non-vanishing on D;. Therefore, on D;,

/ ) /
925 1) om0

&) " Gop) g
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Since “; ((zz)) is holomorphic on Dj,

(22.6) O P @/ o
o

2mi Jop, f(z) 27 D, 2 = Dj

O

Proposition @ has an interpretation in terms of winding numbers. Let C; denote the connected
components of 92, with proper orientation, and suppose C; is parameterized by ¢; : S' — Cj.
Then,

(22.7) fogpj: St —C\{0}
parameterizes the image curve v; = f(C;).

Proposition 31. With C; and v; as above,

(22.8) 271m, A ];/((ZZ)) dz = %m /7 j %.

Proof. Tn general,

(22.9) lémwm=[fuwxm%UMu

and

(22.10) L;@Mzzl%wﬂ%WDifwMﬂﬁ=A%Mﬂ%GmeAm%@Mt

1

In particular, taking v(z) = 7,

/C‘ f’(z)) P f/(%(t))w’.(t)dt _ [T ;f’(%(t))@;(t)dt

(22.11) F&) " o f(%oj(t))% ! o flpi(t)
= [ s G wa = [ i
]
Suppose ~ is an arbitrary continuous, piecewise C! curve in C \ {0}, say,
(22.12) v :[0,27] — C\ {0}, N (t) = r(t)e®®),
where () and 0(t) are continuous, piecewise C!, real valued functions of ¢, and r(t) > 0. Then,
(22.13) N (t) = [ (t) + ir (1) ()]e?®.
Computing,
(22.14) % / % - ﬁ ” 1/((;) dt = % 2ﬂ[7:((f)) + i/ (t)]dt.
B 0 0

Since 7(0) = () = r(27)e??2m)

27
(22.15) /0 7; ((;)) dt = logr(2r) — logr(0) = 0,
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and
(22.16) L ™ o) = L log2m) — 00)] = n(,0) € 2

A —_— = — mw) — =N .

2m Jo 2m T

This integer is called the winding number.

Since continuous, integer valued functions must be constant, the winding number is stable.
Proposition 32. If y9 and v, are smoothly homotopic in C\ {0}, then
(22.17) n(y0,0) = n(y1,0).

Proof. If 7, is a smooth family of curves in C\ {0}, for 0 < s < 1, then

1
Ll
T J,

(22.18) n(7s,0) =

is a continuous function of s € [0, 1], taking values in Z. Hence it is constant. O

23. ROUCHE’S THEOREM

Proposition 33 (Argument principle). If C; denote the connected components of OS2,
J
That is, the total number of zeros of f in 2, counting multiplicity, is equal to the sum of the winding

numbers of f(C;) about 0.

Proof. For any Cj,

(23.2) Y )

2mi Jo, f(2)

dz=n(v;,0), v = f(Cy).
O

The argument principle also holds for meromorphic functions. If f has a pole of order m; at p;,
then (19.6)) would give —m; for a disk of small radius around p;.

Proposition 34. Assume f is meromorphic on a bounded domain Q, and C' in a neighborhood of
0. Then the number of zeros of f minus the number of poles of f (counting multiplicity) in § is
equal to the sum of the winding numbers of f(C;) about 0, where the C; are connected components
of 0f.

Many times, the right hand side is more readily calculable than the left hand side. For example,
a useful corollary to the above result is Rouche’s theorem.

Proposition 35 (Rouche’s theorem). Let f,g € C1(Q) be holomorphic in Q and nowhere zero on
00). Also assume that

(23.3) 1f(z) =9 <|f(2)],  Vze o
Then,

(23.4) v(f, Q) =v(g,Q).
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Proof. Inequality (23.3) implies that f and g are smoothly homotopic as maps from 99 to C\ {0}.
Indeed, take

(23.5) fr(2) = f(2) =7[f(2) —g(2), 0<7<1
Therefore, f|o, and g|c, have the same winding numbers about 0, for each boundary component
Cj. |

Rouche’s theorem gives another proof of the fundamental theorem of algebra. Let
(23.6) flz)=2", and g(2) = 2" ¥ an_12""" + ... + ao.

For z sufficiently large, | f(z) —g(2)| < |f(2)|, and therefore, f and g have the same number of zeros
inside the disk {z : |z| < R}. It is clear that f has n zeros inside this disk, so g must have n zeros
as well.

Proposition 36. Suppose Q) is as in Proposition and let f € CY(Q) be holomorphic on Q.
Suppose S C C is connected, and SN f(OQ) = 0. Then,

(23.7) v(f—q,Q) is independent of qges.
Proof. Define the function,
1 '(2)
23.8 wlg) =v(f—q,Q :7./ dz.
(23.9 @=rf-a®)=g- [ 52
This function is a continuous function of ¢, so since ¢ : S — Z and S is connected, ¢ must be
constant. 0

Proposition 37 (Open mapping theorem). If Q C C is open and connected, and f : Q — C is
holomorphic and nonconstant, then f maps open sets to open sets.

Proof. Suppose p € Q and g = f(p). Then we have a power series expansion
(oo}

(23.9) F(2)=fp)+ ) an(z—p)",
n=~k

where ap # 0. Therefore, there exists a disk D,(p) such that f[p () is bounded away from gq.
Applying Proposition [36| to S = D.(q) for some € > 0, for all ¢’ € D.(q),

(23.10) v(f—d,Dp(p)) =v(f — ., (p)) = k.
Therefore, such points ¢’ are contained in the range of f, and are hit exactly k times, counting
multiplicity. ]

Proposition 38 (Hurwitz theorem). Assume f,, are holomorphic on each connected region Q and
fn — [ locally uniformly on Q. Assume each f, is nowhere vanishing in Q. Then f is either
nowhere vanishing or identically zero in €.

Proof. Since f,, — f locally uniformly, f is holomorphic on © and f; — f’ locally uniformly on €.
If f is not identically zero on 2, then the only zeros of f in Q are isolated. Let D be a disk in Q
for which f has zeros in D, but not in dD. Then f% — % locally uniformly on 0D. By 1)

1 7 (2)
23.11 — n
(23.11) 2mi Jop fn(2)

dz =0, for all n.
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Passing to the limit,

(23.12) V(f,D) = — / =0,

mi Jop f(2)

so f does not have any zeros in D. ([l

[\

24. INFINITE PRODUCTS

In addition to represented holomorphic functions as an infinite sum of functions, it is also useful
to represent a function as an infinite product of functions.
First, consider the product of numbers

(24.1) [1C +ax).
k=1

Disregarding the case when ar = —1 for some k, convergence of H,i\/le(l +ag) as M — oo amounts
to the convergence of
N
(24.2) lim (I+ax) =1, uniformly in N> M.
M — o0 iy’

In particular, we require ar — 0 as k — oo.
Writing out the product

N N
(24.3) (l—l—ak):l—i— Z aj + Z Qj, G, + ... Fap---an,
k=M j=M M<j1<ja<N
N N
(24.4) [T +a) 1< J] O+ lal) - 1.
k=M k=M
Now then,
N N
(24.5) log H (1+|ax|) = Z log(1 + |ax]).
=M k=M

k
Since = > 0 implies log(1 4 ) < x, and 0 < = < 1 implies log(1 4+ z) > £,

N N N
D laxl <log JT (1 +larh) < Y laxl.
.y k=M

k=M

(24.6)

DN | =

Therefore, limyr— o0 Hiv:M(l + |ak]) = 1 uniformly for N > M, if and only if chsz lag] — 0
uniformly in M — oo.
Another consequence is the following,

(24.7) If 1+ax #0, for all k, then Z lak| < 0o, = H(l +ay) # 0.
k k=1

Now replace the sequence (ax) of complex numbers by a sequence (fx) of holomorphic functions.
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Proposition 39. Let fi : Q@ — C be holomorphic. Assume that for each compact set K C § there
exist My (K) such that

(24.8) sup | fu(2)] < Mi(K),  and Y Mp(K) < oo
zeK b
Then we have a convergent infinite product
(24.9) [[@+ fr(2) = F(2).
k=1
In fact,
(24.10) [[a+ ()= Fz), as n-—oo,

k=1
uniformly on compact subsets of Q. Therefore, F is holomorphic on Q. If zg € Q and 1+ fi(20) # 0
for all k, then F(z) # 0.

Now assume that fx, gr : @ — C are holomorphic, and assume in addition that supy |gx| <
M. (K). Then one has the convergent infinite product

oo

(24.11) [T +9(2)) = G(2),

k=1
with G holomorphic on 2. Now then,
(24.12) L+ fu(2)) (1 + g (2)) = 1+ fu(2) + g (2) + fu(2)gx(2),
SO
(24.13) |fi(2) + gu(2) + fu(2)gr(2)] < 2My(K) + My (K)*.
Therefore,
(24.14) [T+ he(2) = H(z),

k=1
is a convergent infinite product, with H(z) holomorphic on Q. Moreover, for any n,
(24.15) [T+ A +ge(2) = []A + fiulz H 1+ gi(z

k=1 k=1 k=1
so therefore,
(24.16) F(2)G(z) = H(2).
Consider the infinite product
(24.17) S(z)==z]J-
k=1

If K is contained in the set {z : |z] < R}, Mp(K) < k2’ so S(z) is holomorphic on all of C.
Furthermore, S(z) = 0 if and only if z € Z. Also, all zeros of S(z) are simple.
A familiar function which has the same zeros as S(z) is sin(mz). Since

(24.18) lim ~ 5 (2) =

z—0 2
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compare S(z) to

(24.19) s(z) = %sin(ﬂz).
Lemma 4. For S(z) as in (24.17),
(24.20) S(z—1)=-5(2).
Proof. Since S(z) = limy, 00 Sy (2), where
Saz)=z][0-m) ==[[a-20+D)
(24.21) . . - ht ht
=z S O Gl R nz—n z—n c(z4n=1(z4+n
== 1T (59 = = mie —nd e n =G+,

Plugging in z — 1,

(2422)  Su(z—1) =

(n,)Q(z—1—n)(z—n)~-~(z+n—2)(z+n—1): Tt n n(2)
Taking n — oo,
(24.23) S(z—1)=-5(2).

Since sin(w(z — 1)) = —sin(nz), s(z — 1) = —s(z). Now take

1 1

(24.24) f(z) = 50 s
This function is holomorphic on C\ Z and satisfies f(z — 1) = —f(z). Furthermore,
(24.25) S(z) = zH(z), s(z) = zh(z),
with H and h holomorphic on C, with H(0) = h(0) = 1. Therefore, on some neighborhood O of 0,
(24.26) th) =1+ zA(2), ﬁ =1+ za(z),
Consequently, on O\ 0,

1 1

1 1
S Z(1+24(2)) = Z(1+ 2a(2)) = A(2) — a(2).

Thus, f(z) has a removable singularity at z = 0, setting f(0) = A(0) — a(0). Setting f(—k) =
(—=1)*[A(0) — a(0)] for each k € Z,

(24.27)

(24.28) f:C—C, holomorphic.
Lemma 5. We have f(z) — 0 as |z| — oo, uniformly on the set

(24.29) {z€C:0< Re(z) < 1}.
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Proof. Since

1 . _
(24.30) sin(x + iy) = Z(efy“‘r — ¥t
|sin(z + iy)| — oo as |y| — co. Meanwhile, for S(z),

2 _ 2 v —1
T2 > 1+ 2

so |Re(z)| <1 and |Im(z)| > 1 implies |S(z)| > |z|. Therefore, |S(z)] — oo as |z| — oco. O

)

2
(24.31) |1—%\21+y

Therefore, f(z) is bounded. Since f is holomorphic on C, f is constant. Finally, since f(z) — 0
as |z| = 00, 0 < Re(z) <1, f(z) =0. Therefore,

Proposition 40. For z € C,

0 2
(24.32) sinmz =z [[(1- %).
k=1
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