NOTES ON SCHRODINGER MAPS

BENJAMIN DODSON

ABSTRACT. These are the notes for a course in Senegal.

1. THE DIFFERENTIATED SCHRODINGER MAPS EQUATION

In this course we will consider the Schrédinger map initial value problem
(1.1) Hp=0dxAp, on RxRY  $(0)= gy,

where ¢ : R x R — S? <+ R3. The Schrédinger map problem has a rich geometric structure and
arises in several different ways. For instance, it arises in ferromagnetism as the Heisenberg model
for the ferromagnetic spin system whose classical spin ¢, which belongs to S? — R? is given by
in dimensions d = 1,2, 3. See [CSUQQ], [NSU03]|, [PT91], and [TH13] for more details. On the
mathematical side, this problem may be thought of as a generalization of the usual free Schrodinger
equation,

(1.2) up = iAu, u(0, ) = up.
This is because the manifold S? is a Kahler manifold with the complex structure v € TpS? — ¢ X v.

Remark 1. To see why, suppose without loss of generality that ¢ = el andv = ¢4. Then pxv= e
and ¢ x (¢ x v) = —e3. Thus, if Jv=¢ x v, J? = —1I.

However, unlike , a solution to is decidedly nonlinear. Indeed, if ¢ solves then
|¢] = 1. Because of this, not only is it not true that if ¢; and ¢o are solutions to then ¢1 + ¢o
is also a solution to , but it is unclear what ¢1 + ¢o even means in the context of (1.1f), since
@1 + @2 will almost certainly not lie on S2. For this reason it is useful to consider the differentiated
Schrédinger map equation. Such an equation will still be nonlinear, but the derivate of a solution
to (1.1]) will at least lie in the space TsS?, which is a linear space.

Let ¢ : RYx (=T, T) — S? be a smooth function that satisfies (1.1)). Then consider the derivatives
(1.3) Omd(z,t), for m=1,..,d+1, 0441 = Oy

These are tangent vectors to the sphere at ¢(x,t). Suppose we have a smooth orthonormal frame
(v(t,z), w(t,z)) in Ty, +HS?. Then we can introduce the differentiated variables

(1.4) Y ="V O + itw - Oy b
Thus,
(1.5) Om® = vRe(Vr,) + wIm(m).
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In order to write the equations for v, we need to know how v(z, ) and w(zx,t) vary as functions
of (x,t). For this reason, we introduce the real coeffcients

(1.6) Ay =t w - 0.

Since |¢p| = |v| = |w| = 1 for all (z,%), (Omd,d) = (Omv,v) = (Opw,w) = 0 and (Ov,¢) =
—(dm®, V), (Omv,w) = —(Onmw,v), (Omw, d) = —(Om¢, w). Thus,

(1.7) Omv = —oRe(Vp,) + wAy,, Omw = —pIm(y,) — vAn,.
Lemma 1. The variables v, satisfy the curl type relation,

Proof. By direct calculation,
(0 + 1A pm = (8 +iA) ("0 - O + i'w - D @)
(1.9) = ("0 010m¢ +i'w - 90 ) + (00 - Ot + i Opw - O @)
Filtw - 90) ("0 - Opd) — (w0 - 00) (‘w0 - D) = (*0 - DD + ' - O ).
The last step uses the fact that ‘Ov - 9, = (*w - ) (*v - Omd) and Jw - Oy = —(*w - Ov) (*v -

Om®). O
Thus, with the notation D,,, = 0,, + 14, is equivalent to

(1.10) DY = Dty

Next, by direct computation and using the fact that (Ojw-0pmv = (w-019) (V-0 P) = Im(y) Re(Yp,),

(1.11) O A — OmAr = (0w - 0o —" Opuw - ) = Im(V1hm) = Q-

Thus, the curvature of the connection is given by

(1.12) D,D,, — D,,D; = igm.

Now suppose that the smooth function ¢ satisfies the Schrodinger map equation (1.1)). By direct

computation using (1.8), (1.9), (L.11), ¢ x v = w, and ¢ x w = —v,
(1.13)

d
Vap1 =" v-0ap10+i'w 04110 =" v- (P x Ag) +i'w- (¢ x Ap) = —("w-Ad) +i(‘v-Ag) = iZDzwl-
=1

Using (T10) and (T.12),

d d d
(1.14) Dy 1¥m =Dmthap1 =D » Dty =iy DiDithy + Y qrmt,

=1 1=1 =1
which is equivalent to
d

d d d
(1.15) Opthym +iAar1tm = iAm =2 Db — D (1A Ym =i AP + > I )1,

1=1 1=1 1=1 1=1
Doing some algebra,

(1.16)  (i0 + Ag)tom = =20y Ai0thm + (Apar + Y (A7 = i01A1))m — i Y Im(Withm ).
=1

=1 =1
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Remark 2. The reason writing the last term in (1.16|) in this way is to highlight the focusing nature
the differentiated equation. Indeed,

(1.17) i (Fim o = ~ 5 [P + 5Tt

which is a negative definite operator on . If the terms with A;’s in them could somehow be
removed, it is likely that (1.16]) could be analyzed in a manner analogous to [Dod15].

The solution ), for the above system ([1.10), (1.11)), and (1.16]) cannot be uniquely determined

as it depends on the choice of the orthonormal frame (v(z,t), w(z,t)). If w = ¢ x v, the system is
invariant with respect to a coordinate rotation in T¢SQ. Under such a rotation,

(1.18)

VY = €08 0(*0-0,, ) +sin (*w-0,, ) +i cos O(*w-Op @) —i sin O(*v-0,, ) = (cos O—isinO)e,, = e~ Vep,,,.
Plugging ([1.18) into (1.6},

(1.19)

((cos 0)w — (sin)v)" - O ((cos O)v + (sin @)w) = w' - B, v — sin? 0(0,,0) — cos? 0(0p0) = A — Omb.
In order to obtain a well-posed system, one needs to make a choice which uniquely determines the
gauge. Ideally, one may hope that this choice uniquely determines the A/, in terms of the ¥,,’s so
that the nonlinearity is perturbative.

1.1. Homework.
(1) Prove the dispersive estimates for a solution to (|1.2).

2. THE COULOMB GAUGE

One natural choice is the Coulomb gauge, where one adds the equation

d
(2.1) > OmAm =0.
m=1
In view of , leads to
d
(2.2) A = A O Im ().

=1

Thus, for a given gauge A,,, let 0 solve the elliptic partial differential equation
d
(2.3) A== 0mAp,
m=1

and then if A,, = A, +0,,0, (2.1) holds. We only need to find a gauge A, with sufficient regularity
such that it is reasonable to discuss a solution to (2.3)).

To that end, assume n € [1,00) N Z, ay, ..., a, € [0,00), and let
(2.4) D" =[—a1,a1] X ... X [—apn,ap].
For n =0 let D° = {0}.

Lemma 2. Assumen >0 and ¢ : D™ — S? is a continuous function. Then there is a continuous
function v : D™ — S? with the property that

(2.5) ¢(z) - v(z) =0, for any x e D"
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Proof. We argue by induction over n, the case when n = 0 is trivial. Since ¢ is continuous, there
is € > 0 with the property that

(2.6) |p(z) — p(y)] <2717, for any xz,y € D", with |z —y| <e

For z € D, we can write z = (2/,2,) € D" X [—ay,,a,). For any b € [—ay,,a,] let D} =
D1 x [~ay, b = {z = (2/,2,) € D" : 3, € [—an,b]}. By the induction hypothesis we can define
v:Dr = S? continuous such that

(2.7 ¢(z) - v(z) =0, for any reD”, .

Now extend the function ¢ to D™. For € as in (2.6)) it suffices to prove that if b0 € [—an,an],
0<V—b<ev:Dy — S?is continuous, and ¢(z) - v(z) = 0 for any z € Dy, then v can be

extended to a continuous function o : D — S? such that ¢(z) - 9(z) = 0 for any x € DJ.
Now let

. 1
(2.8) R = {(u1,uz) € R®* x R3 : |uy |, |uz| € (5,2) and lug - ug| < 27°},

and let N : R — S? denote the smooth function lying in the plane generated by wu; and us and
orthogonal to uy. We do this via the Gram—Schmidt orthogonalization process,

Uy — (T;Tf)UQ
(2.9) Nlui, us] = (u—lzw)
|u1 T Tuzl? u2|

Now construct the extension @ : Dy — S%. For 2/ € D" ! and x,, € [—an, V], let
. | Np(,b),¢(z',zn)] if x, € [b,V],
(2.10) ot ) = { v(z', ) if z,, € [—ap,b].
In view of (2.6), the function o : D — S? is well-defined, continuous, and ¢(z) - #(z) = 0 for any
x € Dy (]

It is possible to extend this argument to all of R™ on a compact time interval [—T, T if ¢(x,t)
converges to some @ € S? as |z| — oo for any fixed t € [T, T).

Lemma 3. Assume T € [0,2], Q,Q' €S?, Q- Q' =0, and ¢ : R? x [-T,T] — S? is a continuous
function with the property that

(2.11) lim ¢(x,t) = Q, uniformly in te[-T,T).

T—r 00
Then there is a continuous function v : RY x [T, T] — S? with the property that

(2 12) ¢(x?t) ' U(l‘,t) = 07 fOT a’ny (x?t) € Rd X [_T7 T]7
' lim, oo v(2,t) = Q" uniformly in t € [T, T].
Proof. Fix R > 0 such that

(2.13) lp(z,t) — Q| <271 if  |z| >R, and  te[-T,T).

Using Lemma [2] we can define a continuous function vy : Br x [~T,T] — S? such that ¢(z,t) -
vo(w,t) = 0 for (z,t) € Bg x [-T,T)], where Bg = {z € R?: |z| < R}.
Let Sg = {y € R" : |y| = R} and S, = {z € §* : #-Q = 0}. Then define the continuous function

(9(y, 1) - Q)vo(y,t) — (vo(y, ) - @)(y,1)
(¢(y7 t) ' Q)UO(y’ t) - (’UO(y’ t) : Q)¢(ya t)' ,

(2.14) w:Spx [-T,T) =+ Sh,  w(y,t) = |
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so w(y, t) is a vector in S}Q and in the plane generated by ¢(y,t) and vy(y,t). Since n > 3, the space
Srx[=T,T]is simply connected and compact, so the function w is homotopic to a constant function.
Thus, there is a continuous function w : Sg x [-T,7T] x [1,2] — SlQ such that @(y,t,1) = w(y,t)
and w(y,t,2) = Q’. Then define

x|zl

(2.15) vy (z,t) = N[@D(Rm, t, f)’ o(z, 1)),

for |z| € [R,2R)], and

(2.16) va(z,t) = N[Q', (z, 1)),

for || > 2R. The function v in Lemma [3| is obtained by gluing the functions vy, v, and vy
together. O

Now we define some Sobolev spaces for functions ¢ : R* x R — S? < R?. For ¢ > 0 and
de{1,2,..} let H® = H°(R";C?) denote the Banach space of C?-valued Sobolev functions on R?,
ie.

d

(2.17) H? ={f:R" = C*: ||fllmr = D_ 1 Fm)(fi) - (€7 +1)77272]"/? < o0},
=1

where F(,,) denotes the Fourier transform on L?(R"). Foro >0,d € {1,2,...}, and f € H°(R";C%),
define

d
(2.18) 117 = DD 1 F ey (F(E) - €17 172172,
=1

For 0 > 0 and Q = (Q1,Q2,Q3) € S? we define the complete metric space

(2.19) H) = HG(R"S* 5 R) = {f :R" - R : |f(z)| = 1, and f-Qe€H%},

with the induced distance

(2.20) a5(f,9) = If - gllue-

Let |[fllag = dg(f,Q) for f € HE. Let Zy = {0,1,..}. Ford € {1,2,..} and Q € S? define the
complete metric spaces

(2.21) H>® = H®[R";C) =Npez, HZ and  HZ =Noez, H,

with the induced distances.

2.1. Derivation of the modified Schrédinger map equations. Now suppose that T € [0, 1],
Q,Q" €S?% and Q- Q' = 0. Also suppose that

¢ € O([_T7 T] : Héo)v
(2.22) { 06 € C([-T,T] : H®),
Extend the function ¢ to a function ¢ € C([-T — 1,T + 1] : HE) by setting o(-,t) = (-, T) if
t€[T,T+1) and ¢(-,t) = ¢(-, —T) if t € [-T —1,T]. The function ¢ : R* x [-T — 1,T 4 1] — §?
is continuous and lim,_, . ¢(z,t) = @, uniformly in t. Apply Lemma |3[ to construct a continuous
function 9 : R® x [-T — 1,7 + 1] — S? such that ¢ - = 0 and lim,_,+, 7(x,t) = Q" uniformly in t.
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Now regularize the function @. Let ¢ : R™ x R — [0,00) denote a smooth function supported
on the ball {(z,t) : |x]* + > < 1} with [o.,p (2, t)dedt = 1. Since ¥ is a uniformly continuous
function, there exists ¢(9) with the property that
(2.23) |o(z,t) — (0% @) (x,t)] <2720, forany  (x,t) € R x [-T —1/2,T +1/2],

d—1 z 1

where . (z,t) = e tp(Z, £). Using a partition of 1, we can smoothly replace (0. )(z,t) with Q'
for |x| sufficiently large. Thus, we have constructed a smooth function v’ : R®x (=T—1/2,T+1/2) —
R3 with the properties

[V (z,t)] € [l — 27101 + 2710] for any (z,t) e R" x [-T,T],
(2.24) [V (z,t) - ¢(z,t)] <2719 for any (x,t) € R™ x [-T,T],
v'(x,t) = Q' for |x| large enough and te[-T,T).

Then define

(2.25) v(x,t) = N[V (z,t), ¢(x, t)],

with N as in (2.9). Therefore, the continuous function v : R® x [-T,T] — §? is well-defined,
o(x,t) - v(z,t) =0, and

(2.26) { Omv € C([=T,T): H®)  for  m=1,..,n,

O € C([-T,T] : H™).

Given ¢ satisfying and v satisfying , define
(2.27) w(z,t) = ¢(x,t) X v(x,t).
Since H? is an algebra for o > 5, we have

Omw € C([-T,T) : H*>) for m=1,..,n,
(2.28) { dow € C([=T,T] : H*).

Therefore, to summarize, we have constructed continuous functions v, w : R? x [T, T] — S? such
that ¢-v=¢ -w=v-w =0 and (2.26) and (2.28) hold.
Plugging (2.26) and (2.28) into (2.3), let

n

(220) Olavt) = [ eI D (i) Fony (Am) €. 1,
R m=1

where A,, = (0,,v) - w. This integral converges absolutely when n > 3. Since

(2.30) Ay = (Omv) - w,

(2.31) OmX,Orx € C([-T,T) : H™).

Replacing A,, with A,, + 0,,0, we have proved the following.
Proposition 1. Assume T € [0,1], Q € S?, and

e C(-T,T): HY),
(2.32) { ¢ € C([-T,T) :%“)-

Then there are continuous functions v,w : R x [-T,T] = S?, ¢-v =0, w = ¢ x v, such that

(2.33) Omv, 0w € C([-T,T] : H®), for m=0,1,....d,
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where 0y = 0¢. In addition, if

(2.34) Ay = (Omv) - w, for m=1,...,d, then Z OmnAm = 0.
m=1
Then by ,
(2.35) A = VD RIIm(vmi)],

1=1
where R; denotes the Riesz transform defined by the Fourier multiplier £ % and V™! is the
operator defined by the Fourier multiplier £ + |¢|~!. By direct computation, using (1.11]), (2.34)),

(L.13),
Adpiy =Y 001Ani1 =Y 0(Oni1 A+ Im(P1tni1)) = Y Odm (o 1)
— =1

=1

(2.36) =— > ORe(\iDpthy) =— > O0mBRe(ym) + > O1Re(Dpthm)
l,m=1 I,m=1 l,m=1
= - Z 0,0m, Re ¢l¢m Z al |wm|2
l,m=1 l ,m=1
Therefore,
(237) n+1 Z RlR Re ’(/)lwm Z wm'(/)m
I,m=1

2.2. Homework.

(1) Prove the paraproduct

(2.38) IVY2(f )l < CIVY2fllzellglzee + [ fllza [V 2gll oz,

_1 1 1 _ 1
where 17+;72 =g te =2 and p1,p2,q1,q2 < 00.

3. A QUANTITATIVE ESTIMATE ON THE INITIAL DATA WHEN n > 3

Now we are ready to reprove the small data result of [BIK07]. Observe that a solution ¢(z,t) to
(1.1) has the scaling symmetry

(3.1) p(z,t) = o(

That is, for any A > 0, if ¢(x,t) solves 1) then so does lb Then the norm ||¢g — Q”H"/?(Rn)
is preserved under the scaling transformation (3.1)).

Theorem 1. Assume n > 3 and Q € S®. Then there exists eg(n) > 0 such that for any ¢o € Hy
with ||¢po — Q|| gn/2 < €0 there is a unique solution

(3.2) ¢ = Sq(¢o) € C(R: HY),
of the initial value problem . Moreover,
(3.3) Sup [6(t) = Qll /2 < Clido = Qll g2,
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and

(3.4) sup |[¢(t)||mg < C(0, T, [|dollmg ),
te[—T,T)

for any T € [0,00) and o € Z.
The proof of Theorem [I| may be divided into three parts: a quantitative estimate on the initial

data, linear and bilinear estimates using the interaction Morawetz estimate, and a proof of the main
result.

Lemma 4. With the notation in the previous section, if ¢o(x) = ¢(x,0) has the additional property
oo — Qlljgns2 <1 and o9 = d + 10 then, form =1,....n,

{ [ (- O)ll nzz < Clido = Qlljgnses

(35) [ O)llgor s < Clldollz).  forany o' € [1,og]NZ.

Proof of Lemmaf] The main difficulty is that the construction does not give effective control of
the Sobolev norms of v and w in terms of ¢. For o € [—1,00), let V7 denote the operator defined

by the Fourier multiplier £ — |£]|?. For o € [f%, 5] let p, = ;%5 Then, by the Sobolev embedding
theorem,

, 1
(3.6) IV fllLee < CIV fllLror if —5 goga’gg, and feH™.

Let ¢o(x) = ¢(z,0), vo(z) = v(x,0), wo(z) = w(x,0), Ymo(r) = Ym(z,0), Apmo(z) = An(z,0),
and let €g = |[¢po — Q|| yn/2 < 1. Now then, by (1.4), (3.6)), and the fact that |vg| = |we| = 1,

8

(3.7) [1t4m.0llLro < Ceo, for m=1,..,n.
Then by (233),
(38) ||V1Am’0||Lp1 S CE(), for m = 1, NN

which by (3.6) implies that || A, 0l|Lre < Cep for m =1, ...,n. Combining (1.5)), , and the fact
that for f € H*,

(3.9 IV¥flee= > oyt -0k flle, if  k€Zy  and  pE [pj2,po1jol
ki+...+kn=k
Thus,
(3.10) 1V o Lro + ||V wo || pre < Ceo,
and
(3.11) > mollzre + > IV Amollzer + IV w0l Lro + |V wol oo < Ceo.
m=1 m=1

Now prove by induction that

n n
(312) D IVHmolln + D IV Amollgmes + 19 ol + 94 ]l < Ceo,

m=1 m=1
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for any k € Z N |0, "gz] The base case k = 0 was proved in 1' Now suppose k > 1 and that
(3.12) holds for any &’ € [0,k — 1] N Z. Using (1.4), , and the induction hypothesis,

k-1
IV m.ollLow < CIVF ol o lvolle + C > IV goll oxir—s - V¥ Hug]| oo
k'=0
(3.13) 1
+C|IVE | or [fwoll e +C D> V¥ ol prww—s - V¥ Hawol| o
k'=0
which suffices to control the first term in
For the second term, using and -,
(314) ||vk+1Am,0||ka+1 S C Z Z Hvk ¢l,0”L”k’ . ||vk—k ¢l/70||ka—k’7

LI'=1k'=0
which suffices in view of the induction hypothesis and the bound on the first term. The bound on
the other two terms in (3.13]) is similar.

If n is even then Lemma [4| follows by taking k = 252. If n is odd, the bounds (3.12) hold with

_ n—3
k=152

(3.15) IV ol e + Vo w0l e < Ceo,  for o [%,”T_?’].
In view of the hypothesis and , we also have the bound
(3.16) IV ollire < Ceo,  for o€ [—%,”7‘2].
Now utilize the fractional Leibniz rule of (see also [Tay00]),
(3.17) IVY2(fg) = gV 2 fllze < CIV2gllnar || fl oz
1f + = % and q1,q2 € [pn/2,p—1/2]. Using and ,
e
(3.18) IV = mollz <O D0 D IVYA@uD G0 - DT ) e,

uo€{vo,wo} k=0

where D* denotes any derivatives of the form 8f L. 82", with k1 + ... + k, = k. Then the first
inequality in (3.5]) follows from (3.15)—(3.17) and the fact that |ug| = 1.

For the second inequality in 1) observe that ||t ollr2 < C’||¢0HH61?, since |vg| = |wp| = 1. Now
then, suppose o’ > %H Now then,

(3.19)
Pr— a’+ﬂ/2+z ||V Am OHLszpk o/+nj2 T Z ||vk+1U0HL2mL”k—a’+n/2 < O(H¢0HH8')7

Z ||
uoe{vo,wo}
for any k € [0,0' —1]NZ, where pa p_1p=2nifoc < —3 The bound (3.19) follows by induction
on k, using (L)), -, and (2.35)), along with the 1nequaht1eb (3-6), (3.11)), and
(3.20) Z 05" - OF ol L < Cligoll g )-

kit..4kn<o'— 24t
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Thus, we have shown that for initial data small in the critical Sobolev norm H™/2, the Coulomb
n—2

gauged initial data is small in H"= . ([l

The main technical difficulty to using small data arguments to prove a global well-posedness
result to lb lies in the quasilinear term —2¢ 27:1 A0y, Indeed, suppose for a moment that
this term were not there, and that

(3.21) (10 + Ag)tm = (Angr + Y (A7 = i00AD)) Y — i Y Im(Guthm ).
=1 =1

Remark 3. In the Coulomb gauge, Y ;. A, = 0. However, we will not use that fact here,
since this term could also be handled perturbatively using (2.2), and in any case, it is instructive to
perform the analysis even if we do not need to.

Since n > 3, recall the usual Strichartz spaces
(3.22) SOUR™ x I) = L LA(R™ x I) N LEL;;% (I x R™),
and for any o > 0,
(3.23) ST(R"x I)={f:VfeS}.

Let N° be the dual to S° and let N7 be the space of functions such that Vo f € N Using the
endpoint Strichartz estimates of [KT98| (since n > 3), global well-posedness for (3.21)) would follow
from

itA <
(3.24) €2 moll g2 gy S Wmaol 52 < Ceo,

and the bound
t

(3.25) | [ e 2P @] oo
0 52

where 1), is the vector ¥, = (W1, ..., ¥,)! and F (1)) is a vector with components m = 1, ..., n given
by

Sl e

(IxR™ 3 ([XRH)’

n n
(3.26) (Ani1+ Y (A7 = i00A) ) — i > Im(Prtpm ).
1=1 1=1
For any m = 1, ...,n, by the product rule and the fractional Leibniz rule,
n
(3.27) ||i;Im(wlwm>wz||Nn;z S ealnse

By a similar argument using the Littlewood—Paley theorem, (2.2)), and (2.37]),

2

(3.28) =it 320 g + A1l oz S [l

2

Leibniz rule, (2.35), and the Sobolev embedding theorem,

n—2 n—2
(3.29) IV Alllso SV T dull
L2L

For the term ;" A?t,,, it is enough to prove HA[||S7L72 < ||wgc||2n;2 Indeed, by the fractional
2

2n ||V || Lo L
1L2 wm’ L LY,

T
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which implies that

(3.30) IImeA ez Sl n

2 Sl e

Remark 4. The last inequality follows from the fact that the solution is small.
Therefore, by Picard iteration, the proof of global well-posedness of (3.21)) is complete.
3.1. Homework problem.

1) Prove (3.27)—(3.30).

4. CONSERVATION LAwS

The quasilinear term —2 ;" | A;9;1,, is more difficult in the case when 4; is at a low frequency
and 1, is at a high frequency. In that case, the I%\ in A; will not cancel out the contribution
of 9; to ¥,,. We would like to move the derivative from v,, to A;. The way to do that is to use
integration by parts and conservation laws.

A solution to (|1.1)) has two conserved quantities, the mass,

(4.1) Eo(t) = / 16(t,2) — Q|?dz,

and the energy

(12) Bi(0) = [ Y 0n0(a. 1) do.
m=1

Indeed,

@3 GEO=2[6-0ox 20 =2 [1Q.6xa0) =2 [(@.V(6x Ve) -

and

d n
(4.4) GEO =2 [ 30(000.0,(0 x 20)) = -2 [ (80,0 x 20) =0,
m=1
In particular, implies that

(4.5) %/ > [z, 1) dz = 0.

Now let P, be the LittlewoodPaley projection to frequencies |¢| ~ 2F. Plugging (1.16|) into (4.4)
with Py, replaced by 9.,
(4 6)

||Pwm||L2 = 2(Pthm, Pr(iDm — 2ZAlazwm —i(Apyr1 + Z — iAo — > Im( Qb))

=1 =1

= 2(Pethm, Pr(=2 Z AOihm — i(Ap1 + Z — LA = > I )n)).
=1

=1
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Next, decompose

(4.7) Pi( QZAlazwm n+1+z 7 —i0A)) Zlm@wm)m) =Ni1+Ni2+ N3,
=1

=1

where

Nii = Pi(i(Ant1 + Z — 101A))m = Y Im(Grth)th),

=1

(4.8) N = Pk(—2ZAlalwm) +2> " A0 P,

=1 =1

Niz=—2 Z A0y Pithp,.

1=1
To prove Theorem (1] it suffices to prove a bound on the terms in the right hand side of (4.8]).

Theorem 2. Let ay, denote the frequency envelope

. n—2 .
(4.9) = sup 2™ 10 H (2975 | Py | 12) = sup 2 B Py | s
J J

Then if I is an interval for which lb is locally well-posed and HwT”LmH% < 2||¢T(O)|\Hn74,

we have the bound,

(4.10) Nk Pitbellzy o) + INk2 Petallzy ) S €270
Furthermore, for any o € Z4,
(4.11) ax(o) = sup 2710 F (217 Py, || 12) = sup 27 161 7F | Py, |

J J
Then we have the bound,
(4.12) N1 Petbellir oy + N2 Pitbell ) S €272 ag(0)”.
Proof of Theorem[l]. Using the result of [McGO7], it is known that equation is locally well-
posed for sufficiently regular initial data. Let I = [a,b] be the interval upon which local well—-
posedness holds and nggHLthnT_z < 2|4 (0 )|| . Plugging (4 into and integrating by
parts,
(4.13) 1Pitba (D% e < [1Pea (O oz + O(*ag).
Indeed, integrating by parts, the Coulomb gauge implies
(4.14) (Pithe, =2 A0y Piths) = 0.

1

Remark 5. Even if we ignore for a moment the Coulomb gauge, after integrating by parts, a term
like (3=, 014;)(Pitp;)? can be handled using the analysis of N 1.

Furthermore, by Young’s inequality and ( .i Sopai < e (0 )H2 . Therefore, (4.13]) implies
that
(4.15) 4= @) 2.0 )] e

LeH" T (Ian) =9
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Then by the results of [McGQT], the interval I must be both open and closed in R, and therefore
I=R. O

The estimates (4.13)) rely heavily on bilinear estimates. Moreover, due to the presence of the
quasilinear term — Y, A;0;1),, the proof will utilize the bilinear interaction Morawetz estimates of
[PV09], to take advantage of the conservation laws to integrate by parts.

To see this, define the Morawetz potential

(4 16)
y) mloVou x)dxdy + v(t,y 2(x y) mlaVu z)dxd
//| y| 4 [ ](ta ) Y //| (ta )| |J) yl I [ ](t, ) Y,

where u = P;1), and v = Pkwm, j and k could be, but need not be, equal. By direct computation,
if u =,

T q
dtM( ) = 2|V Ju(t, z)[? IILz ([0,T] xR

T J—
+/ /Iv(t,y)IQ(é zf Im[oV (Ni1 + Nia + Ni 3)|(t, 2)dzdydt
) —

T
+/ / lv(t,y)|? (i — z|) ~Im[Ni.1 + Ny 2 + Ny sVl(t, 2)dzdydt
0 _

T J—
42 / / Re[6(Ni 1 + Ny + Nis)](t,y) (i = zf - Im[oVo|(t, z)dzdydt.
0

Now then, by (4.10), the contribution of N1 and N2 to (4.17) can be bounded by 2*eaj
Meanwhile, integrating by parts and using the Hardy-Littlewood—Sobolev inequality and Hardy’s
inequality, the contribution of Ny 3 is given by

(4.17)

(4.18)
/ lv(t, |) Im[oV Z A Op)dxdydt + / lu(t, (é : z|) - Im[— Z Ai9wVuldzdydt
—|—2/ ZA;@;U ) - Im[oVv]dzdydt

1
= O(/ lu(t, y)|2H(A(t,x) + At y)|o(t, 2)|*|Vo(t, z)|dedydt)
O [ 0(t,9)P(0A(t.9) + 2A(t ) o(t, )] [Vu(t, ) dodydr) S 2o
Therefore, we have proved
(4.19) IPutallly S a2t

It is possible to wring even more information out of the interaction Morawetz estlmates when j is not
equal to k. Specifically, using the arguments in [PV09] it is possible to replace 2| |V| 2 Jult, )
with

(4.20) / / 0T gult, ) Pdrdydid,

PI1Zz , (0,7)xm)
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For any fixed w, using the Littlewood—Paley potential, (4.20)) combined with (4.18)) implies that if

(4.21) //|8w(v(t,x)u(t,x))\dedtdw :/|V(u(t,x)u(t,x))|2dxdygz’cw(”*l)a;a?.
The proof of (4.10)) will occupy the last lecture.

4.1. Homework problem.

(1) Prove the Littlewood—Paley theorem.

5. PROOF OF THEOREM

First compute

1P Pr@dllzy, S 1Pkl I Porstiallls + I Por-stiallZa I(Petba)(Per—stia)llzz

(5.1) I (Prtoe) (P<k—5¥a)llrz (Pr—s< <k45%a) (P<k—5¢e)llrz
SIPoe-r0vallzs + D0 I(Prthe) Pk, —sva)l72 -
" k—5<ki<k+5 ’

Replacing N1 + N2 + Ni 3 with (Petb,) Pe(12), and plugging into (4.17)—(4.20), we have proved
that for any j < k,

n—

in=1__k
[(Pjoa) (Peta)llrz, 2777 272 | Pjtballpge n2 |1 Petba |l Lo r

in=1__ k in—1 __ k
4927559 2||Pj¢m||L;>°Lg||sz—101/’x||i;%$+2j 2 2 2||Pk1,/1x||LtooLg||sz—101/1x||igm

jn—=1 __ k
(5.2) 4207273 | Pithallpgere Y (P, Vo) (P<iy—5%a) 12,
k—5<k; <k+5

n—1 _ k
+27°2 272 | Putby | e Y (P2, th2)(P<jy —5%) |2, -
J—5<51 <j+5

Now then, if I is an interval upon which the local well-posedness result of [McG07] holds,

(5:3) 1Petball e S an(o).

Furthermore, since ¢, (0) € H*, if |I| is finite,

(5.4) > 2R (Pithe) (Per—sta)IZ2 (1) < oo
k

Summing (5.2)) in j and using (4.9) and the trivial bound ay, < e,

n—2
”qu/)xH%f)m + | (Petpe) (Per—sta) 2, S 2777 ey + akHPZk—lod)xH%fw

n—1 -n—1
tar Y (Petbe)(Pary—sta)llzz, +275 7 an Y 2777 || Pojaothllfs
k—5<k1 <k+5 i<k—5 7

(5.5)
+2 Ry 3T 2 S [|(Py ) (P —sta) 1z -

J<k=5 J—=5<71<j+5
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Squaring both sides, multiplying by 2¥("~2) and summing using Young’s inequality,

S 2D Py 250D (P, ) (Pt 2
k

(5.6)
St @S RO P [y e 2 (P (Pek- st 2 -
k k

Therefore, for € > 0 sufficiently small,

(5.7) > 2D Pudhollpy + 250D (Prthe) (Per—stta)lls | S €.
k
Plugging (5.7) into (5.2),
n—2
(5.8) [(Petpe) (Pek—5ta) 2, S 27577 eau,
and therefore,
(5.9) (5.1) < e*aj.

Now turn to (2.37). The contribution of " _, ¢y, to ||(Psz>Pk(An+lwm)”L% . is identical
to the contribution of (5.1]). Estimating the contribution of

(5.10) |(Peto) Pe( > RiRon(Re($rthm))tba )|z

l,m=1
is complicated by the Riesz transforms. Decompose
(5.11) Dhm = (P<p—she)? + 2(P<i—sts) (Por—s5ts) + (Psr—s5vs)?.
The analysis of the second two terms is straightforward. Indeed,
[(Prtbe ) Pr(Ri B (P<k—5%2) (Pok—52)) - o)1,

(5.12) S0 Pee) (Pary—s¥a)llrz Nl (Pethn) (Par—stba)ll 22
k—5<k1<k+5
HI(Prtba) (Per—sta)llz [ (Por-10%a)lZs .
and
(5.13)

|(Pitba) Pr(By B (Pok—s592) ) )llzy , S I1Petballes | Por—stallzs +lI(Prethe) Pek—sta)llzz, [1Pok-s¥allzs -

For the term

(5.14) 1(Ptbe) Pro(RiRon (P<k—5%2)*) ) L1 s

make a paraproduct of (P<g_5%,)?,

(5.15)  (Per—stn)® =2 D (Pithu)(Pejosths) + ) > (Pitha) (Pjy ).
j<k—5 §<k—5 j—5<j1 <min{j+5,k—5}

Since the term (P;jt,)(P<;—5t,) is localized to frequency |£] ~ 27, we can treat the Riesz projections
as L' convolution kernels. Since the bilinear estimates are translation invariant, the same bounds
hold for the first term in the paraproduct. For the second term, we may use the fact that bounds
in are smaller at lower frequencies. That is,

(5.16) 1(Pita) > Py (P 90)*) | r, S 270" D2 R adal

Ji°
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Thus, similar bounds hold for

(517) ||(Pk¢w)Pk(An+l¢w)”L;27
as hold for (5.1). The contribution of P.(— ), A;01%,) is identical to the contribution of A, 1%,.
For the contribution of Y} ; A?1),, decompose

1
(5.18) Ay ~ v ((P<i—s5%2)? + 2(P<p—sthe) (Pok—s5ts) + (Psr—sths)?).
By the Sobolev embedding theorem,
(5. 19)

I Wl( (P<—592)(Pok—5%2)+(Pok—52)?) s < 1Pok—5¥llLs ¥zl o pns2 S €llPor—stlls, -
: : : :

On the other hand, using analysis similar to (5.16)),

(5.20) H(wa>|1|<P<k sa)ls, S 278 e,
and
(5.21) I (Postha)tha) - e (Pepsten)?) 1z S 2757 .

|V\ IVI
This takes care of the contribution of Ny 1 to (5.10).

For Ny 2, observe that
(5.22) Py (P>k—5A1 - Og) — Poi—54; - 01 Pty ~ Py(P>r—5V A - 3) — Ps>p_sVA; - Py,
which can be handled in a manner similar to Nk’l. Finally, to handle
(5.23) Py (P<k—5A1 - Opy) — P<g—54A1 - O P,
observe that if ¢(27%¢) is the Fourier multiplier for Py, the Fourier transform of (5.23)) is given by

/ $(27%E) Ay ()21 (m) — / $(27*112) Ay (102,182 (n:)
m+n2=¢ n

(5.24) 1+m2=¢§

< / 2 H s [ Ay (12,0 () ~ (V P 4) Pt

where 13; = Pi_1 + P + Pr41. Thus, the contribution of Nk72 has a similar bound. The proof is
therefore complete.
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