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Abstract

In this paper we study the behavior of harmonic maps into com-
plexes with branching differentiable manifold structure. Main exam-
ples of such target spaces are Euclidean and hyperbolic buildings. We
show that a harmonic map from an irreducible symmetric space of
noncompact type other than real or complex hyperbolic into these
complexes are non-branching. As an application, we prove rank one
and higher rank superrigidity for the isometry groups of a class of
complexes which includes hyperbolic buildings as a special case.

1 Introduction.

Let Y be a locally compact Riemannian cell complex. By this, we mean a
complex where each cell is endowed with a Riemannian metric smooth up
to the boundary and such that any of its faces is totally geodesic. Further-
more, we assume that Y has non-positive curvature (NPC) and a branching
Differentiable Manifold structure. Roughly speaking, this means that for any
two adjacent cells there exists an isometric and totally geodesic embedding
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of a complete Riemannian manifold containing both cells. We henceforth re-
fer to such complexes as DM-complexes and the images of the differentiable
manifolds as DM’s. For precise definitions, we refer to Section 2. The main
examples of such spaces are Euclidean and hyperbolic buildings. Our main
theorem is to show the following non-branching behavior of harmonic maps
into such spaces.

Theorem 1 Let X = G/K be an irreducible symmetric space of noncompact
type other than SOy(p,1)/SO(p) x SO(1), SUs(p,1)/S(U(p) x U(1)). Let T’
be a lattice in G and let p : I' — Isom(Y) a group homomorphism where Y
is an NPC DM-complex. If the rank of X is > 2, we assume additionally
that T is cocompact. If the rank of X is = 1, we assume additionally that the
curvature operator of any DM in'Y is non-positive. Then any p-equivariant
harmonic map u : X — Y is non-branching and totally geodesic. In other
words, the image of u is contained in a single DM of Y and u is totally

geodesic as a map into that DM.

Excluding the real and complex hyperbolic spaces from the domain is
essential. For example, the projection map onto the leaf space of a quadratic
differential on a Riemann surface (which is harmonic) branches near the
zero of the quadratic differential. From the above theorem, we deduce the
following superrigidity result for hyperbolic buildings.

Theorem 2 Let X = G/K be an irreducible symmetric space of noncompact
type, other than SOy(p,1)/SO(p) x SO(1), SUy(p,1)/S(U(p) x U(1)). Let
[ be a lattice in G and let p : T — Isom(Y') a reduced homomorphism where
Y is a hyperbolic building. If the rank of X is > 2 we assume additionally
that T' is cocompact. Then p(T') fizes a point of Y.

For the definition of reduced, we refer to Section 2. Finally, recall that a
harmonic map from a Kéhler manifold to a Riemannian complex is called
pluriharmonic if it is pluriharmonic in the usual sense on the regular set.
Our method also yields the following theorem.

Theorem 3 Let X be the universal cover of a complete finite volume Kdihler
manifold (X,w). Let I' = m(X), Y a hyperbolic building and p : T' —
Isom(Y) a group homomorphism. Then any finite energy p-equivariant har-
monic map u: X — Y is pluriharmonic.
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We note that the above theorems for the case of Euclidean buildings are due
to Gromov and Schoen (cf. [5]). The theory of harmonic maps into singu-
lar spaces and its application to rigidity theory has been used by a variety
of authors that includes Gromov-Schoen [5], Korevaar-Schoen [10], [11] and
Jost [6], [7], [8], [9].

Remarks and Acknowledgements. The question of superrigidity of hy-
perbolic buildings was first suggested by Mikhail Gromov. For alternative
approaches in the case of product domains, we refer to Gelander-Karlsson-
Margulis [4], Monod-Shalom [13] and Mineyev-Monod-Shalom [14]. We are
thankful to Piere Pansu for these references and to Nicolas Monod for many
useful discussions. We also thank the referee for many useful comments that
significantly improved the exposition of the paper. Finally, in order to keep
the conceptual transparency of this article, we defer the bulk of the technical

work analyzing the singular set of harmonic maps to the companion article
3]-

2 Harmonic maps

Recall that a metric space (Y,d) is called an NPC space if: (i) The space
(Y, d) is a length space. That is, for any two points P and @ in Y, there exists
a rectifiable curve ¢ so that the length of ¢ is equal to d(P, Q). We call such
distance realizing curve a geodesic. (ii) For any three points P, R, Q € Y, let
¢ :[0,1] — Y be the arclength parameterized geodesic from @ to R and let
Q: = c(tl) for t € [0,1]. Then

d*(P,Qy) < (1= t)d*(P,Q) + td*(P, R) — t(1 — t)d*(Q, R).
We now define our class of target spaces.

Definition 4 Let E? be an affine space. A convex piecewise linear polyhedron
S with interior in some E' C E? is called a cell. We will use the notation S* to
indicate the dimension of S. A convex cell complex or simply a complexY in
E? is a finite collection F = {S} of cells satisfying the following properties:
(i) the boundary 0S of S* € F is a union of TV € F with j < i (called
the faces of S) and (i) if T9,S" € F with j < i and S°NT7 # 0, then
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T9 C St. For example a simplicial complex is a cell complex whose cells are
all simplices. We will denote by YO the i-dimensional skeleton of Y, i.e.
the union of all cells S7 where j < i. Y is called k-dimensional or simply a
k-complex if Y*+D = () put Y*) £ ().

Definition 5 A complex Y along with a metric G = {G®} is called a Rie-
mannian complex if each cell S of Y is equipped with a smooth Riemannian
metric G° such that for each cell S, the component functions of G° extend
smoothly all the way to the boundary of S. Furthermore, if S is a face of S
then the restriction G° to S is equal to G% and S’ is totally geodesic in S.

Definition 6 A k-dimensional Riemannian complex (Y,G) is said to have
the branching Differentiable Manifold structure if given any two cells Sy and
Sy of Y such that SN Sy # 0, there exists a k-dimensional C*-differentiable
complete Riemannian manifold M and an isometric and totally geodesic em-
bedding J : M — Y such that S U Sy C J(M). Such complexes will be
referred to as DM-complexes. Furthermore, by an abuse of notation, we will
often denote J(M) by M and call it a DM (short for Differentiable Manifold).

For the rest of the paper, we will also assume that the DM-complex Y is
locally compact and NPC with respect to the distance function d induced
from G®. Note that if Y is a Euclidean complex and we require that all
the DM’s to be isometric to a k-dimensional Euclidean space, then Y is
F-connected in the sense of [5], Section 6.1.

We now review the notion of harmonic map. Let {2 be a smooth bounded
n-dimensional Riemannian domain and Y an NPC complex. A map u : Q2 —
Y is said to be an L?-map (or that u € L*(Q,Y")) if for some (and hence all)
P €Y, we have

/Qd2(u(:c), P)dp < oo.
For u € L*(Q,Y), define the energy density |Vu|* as in [5]. Set
E(u) = /Q Vul2dp
and call a map u of Sobolev class W12(Q,Y) if E(u) < oo. Ifu € WH(Q,Y),
then there exists a well-defined notion of a trace of u, denoted T'r(u), which

is an element of L2(99Q,Y). Two maps u,v € W12(Q,Y) have the same trace
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(ie. Tr(u) = Tr(v)) if and only if d(u,v) € W,?(Q). For details we refer
o [10]. A map u : Q — Y is said to be harmonic if it is energy minimizing
among all W12-maps with the same trace.

Similarly, there is the notion of equivariant harmonic map. Let X be
the universal cover of a complete, finite volume Riemannian manifold X,
[' = m(X), Y an NPC Riemannian complex and p : m(X) — Isom(Y) a
homomorphism. Let u: X — Y be a p-equivariant map that is locally of
Sobolev class W2, Since the energy density |Vu|2 is ['-invariant it descends
to the quotient and we define

E(u) = /X Vul2dp.

An equivariant finite energy map wu is called harmonic if it is energy minimiz-
ing among all finite energy p-equivariant maps v : X — Y which are locally
of Sobolev class W12,

The main regularity result of [5] and [10] is that harmonic maps are locally
Lipschitz continuous. The key to Lipschitz regularity is the order function
that we shall briefly review. Let u : {2 — Y be a harmonic map. By Section
1.2 of [5], given x € Q) there exists a constant ¢ > 0 depending only on the
C? norm of the metric on €2 such that

w20 Ey(0)
I.(0)

is non-decreasing for any = € ). In the above, we set

o Ord“(z,0) =e

E.(0):= /Bo(x) \Vul*dp and I,(0) := /880(1;) d*(u, u(z))d¥(z).

As a non-increasing limit of continuous functions,
Ord"(z) = lin% Ord“(z,o)
g —>

is an upper semicontinuous function. By following the proof of Theorem 2.3
in [5], we see that Ord“(x) > 1 (this is equivalent to the Lipschitz property
of u). The value Ord"(x) is called the order of u at .

We now recall the existence result for harmonic maps. First, we make
the following definition.



Definition 7 Let I" be a discrete group, Y an NPC space and Isom(Y") the
group of isometries of Y. A homomorphism p : T' — Isom(Y) is called
reduced if (i) p does not fiz a point at infinity of Y and (i1) there is no
unbounded closed conver Z CY, Z #Y preserved by p(T').

The above definition is the generalization in the NPC setting of the con-
dition that p has Zariski dense image in Margulis’ theorem. Our Definition
appears to be slightly different than the one in [12]. However, it follows from
[1] Corollary 3.8 that for the target spaces considered in this paper the two
definitions are equivalent, but we will not use this fact. The following ex-
istence statement of equivariant harmonic maps is well-known; for example,
see [5], [6] and [11].

Lemma 8 Under the same assumptions as in Theorems 2, there exists a

finite energy p-equivariant harmonic map u: X — Y.

PROOF. As in [5] Lemma 8.1 in the rank one case, there is a finite energy
equivariant map u : X — Y. In the higher rank case, this is automatically
satisfied by the assumption of cocompactness. Now since the property of p
being reduced in particular implies that p(I") doesn’t fix a point at infinity in
Y, we obtain as in [5] Theorem 7.1 that u can be deformed to a finite energy
equivariant harmonic map. Q.E.D.

3 The singular set

For a k-dimensional NPC DM-complex Y and a point P € Y, let TpY
denote the (Alexandrov) tangent cone of Y at P. As explained in [3], TpY
is an unbounded F-connected Euclidean cell complex obtained by taking
the tangent spaces to all the DM’s passing through P with the appropriate
identifications. Furthermore, the exponential map

expp : B.(0) C TpY — B.(P)CY

is defined by piecing together the exponential maps of all the DM’s containing
P.



Now let u : © — Y be a harmonic map. Recall from [3] that a point
xo € Q is called a regular point if Ord"(xy) = 1 and there exists oy > 0 such
that

u(Bay (20)) C XDy (a0 (Xo), (1)

where Xy C Ty(5,)Y is isometric to R*. In particular, y has a neighborhood
mapping into a DM. A point xg € € is called a singular point if it is not a
regular point. Denote the set of regular points by R(u) and the set of singular
points by S(u). One of the main results of [3] is the following theorem.

Theorem 9 (cf. [3]) Let Q2 be an n-dimensional Riemannian domain, Y a
k-dimensional NPC' DM-complex and u : 0 — Y a harmonic map. Then the
singular set S(u) of u has Hausdorff co-dimension 2 in ); i.e.

dimy(S(u)) <n — 2.

Following [3] we will stratify the singular set further into the following
subsets. Set
So(u) = {zo € Q: Ord*(zo) > 1},

ko :=min{n,k} and Sj(u) =0if j > kg+1orj < —1. Forj=1,..., ko, we
define S;(u) inductively as follows. Having defined S,,,(u) for m = j+1,j +
2,..., define S;(u) to be the set of points

v € S(u)\( _U (1) USo(u)>

with the property that there exists og > 0 such that
u(Bay (w0)) C exPy(y,)(Xo) (2)

where Xo C Ty(z)Y is isometric to R7 x Yy and Vs is (k — j)-dimensional
F-connected complex. Set
m k
S, (u) = Sj(u) and S (u) = | S;(w).

7=0 j=m

It was shown in [3] that



Lemma 10 The sets So(u), S1(u), ..., Sko—1(u), Sk,(u) form a partition of
S(u). Furthermore, the sets R(u), R(u)US,! (u) are open and the sets S, (u)
are closed.

Consider the point (0, Py) € R/ x Yy, where P, is the lowest dimensional
stratum of Y5 7. Define a metric G on R/ x Y57 by pulling back the metric
on Y via the exponential map in a neighborhood of (0, Py). When studying
local properties of the harmonic map u : 2 — Y at xo € {2, we may assume
that u maps By, (xy) C Q into (R7 x Y37 G), where j > 0. We need the
following two lemmas.

Lemma 11 Letu = (u',u?) : (Byy(70),9) — (RIxYy 7, Q) be the harmonic
map with u(zo) = (0, Py) given above and j > 0. If we write u* = (uj)—1,._j
By (z0) — R, then ul € Wif(B%o (z9)) for any p € (0,00) and any I =
1,...,7. In particular, |Vul| is continuous in B%o(:zo).

PrROOF. Let R > 0 such that u(By,(x0)) is contained in a ball Bg of
radius R about (0, P,). For any DM M of (R7 x Y57, @), extend coordinates
on R/ to define coordinates of Byr N M. Since R7 x Yy 7 is a locally finite
complex there exist a finite number of distinct DM’s M, ..., My contained

in R’ x YQk_j . Define

C):= max max  sup ‘Mlms
l:l,...,L 'LyT:S:l’""k MZQ?R

where M is the Christoffel symbols of M; with respect to the coordinates
in Bop N M; as above. Let uZMl for « = 1,...,k denote the ¢th coordinate
function. Here, we emphasize that

wyt =l for I=1,...,j
by the construction above. In particular, note that u} = u%’ for any
[,I!/=1,...,L. Define
oul
(5 := max max max — .
1=1,..,.Li=1,.. ka=1,..n | Ox L% (B gy (w0) (M)
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For x € R(u), let M; be the DM containing u(Bj(z)) for some 6 > 0. We
have the harmonic map equation
OuMt gy M
oz OxP

Ault = —gefMITY ()

in Bs(z). Thus, for ¢ sufficiently small,
|Au}|Loo(35(z)) = |Au§wl|Loo(36(x)) S 001022 VI = 1, Ce ,j, (3)

where the constant C' depends only on the dimension n and the metric g of
the domain. Since dimy(Basg (20)\R(u)) < n — 2, we see that the inequality
4
(3) implies Auj € LP(Bse (29)) which in turn implies uj € W??(Beo (29)).
4
Q.E.D.

We now prove

Lemma 12 Let ) be an n-dimensional Riemannian domain, Y a k-dimensional
NPC DM-complex and u : 2 — Y a harmonic map. For any compact subdo-
main 0y of ), there exists a sequence of smooth functions {1;} with ; = 0 in
a neighborhood of S(u)NQy, 0 < 1, < 1 and ; — 1 for all z € Q\(S(u)Ny)
such that

lim [ [VVu[V¥] dp = 0.

PRrROOF. The proof of the Lemma follows by induction from the following

CLAIM. Assume that given any subdomain ) compactly contained in Q\S; (u),
there exists a sequence of smooth functions {1[),} with @/A)Z = 0 in a neighbor-
hood of 8§y (u) N, 0 <1 <1, ¢y — 1 for all x € Q\(S],,(u) N Q) such
that

lim /Q V4] dp = 0,

1—00
and

hm/Q VY| |Vi| dpt = 0.

Then given any subdomain €2y compactly contained in Q\S;_,(u), there exists
a sequence of smooth functions {1p;} with ; = 0 in a neighborhood of 8§ (u)N
Q, 0< ¢ <1, — 1 for all x € Q\(S; (u) N Q) such that

lim [ |Vy] dp =0,
1—00 JO)
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and
1im/Q VY| | V| dp = 0,

We now prove the claim. For a subdomain €2; compactly contained in
O\S;_1(u), let Q5 be such that ; CC Qy CC Q\S;_;(u). Without the loss
of generality, we can assume that v = (u',u?) : Qy — (R/ x Y37, @) and
that Vul € WHP(Qy) N C°(Qy) for any p > 0 by Lemma 11. Furthermore,
we claim that |Vul| # 0 in S;(u) N Q. Indeed, if |[Vu!|(z) = 0 for some
z € Sj(u) Ny, then the Gap theorem in [3] implies that |[Vu?|(z) = 0 and
therefore also |Vul|(xz) = 0, contradicting the fact that x is a point of order
1. In particular, this means that there exists a neighborhood N C Q, of
Sj(u) N Q; and a constant dy such that

|Vu'| > 8 >0 on N. (4)

Below, we will use C' to denote any generic constant which only depends on
do, the dimension of n of © and the Lipschitz constant of u. For d € (n—2,n)
to be chosen later, fix a finite covering { B, (x;) : J = 1,...,1} of the compact
set Sj(u) N Q; satisfying

!
Z 7"5‘; <. (5)
J=1

We also assume
Bs, (z;) C N (6)

which is true if € > 0 is small and that z; € S;(u) N Q. Let ¢, be a smooth
function which is zero on B,,(z;) and identically one on Q\By,,(z;) such
that |Ves| < Or;t, [VVp,| < Cr;? and [VV V| < Cr;?. If ¢ is defined
by
e=min{p;:J=1,...,1},
then ¢ = 0 in a neighborhood of S;(u) Ny and ¢ =1 on Q;\U,_; Ba,,(2).
Let
0 = O\ Uy, By, (2)

and let {¢;} be as in the inductive hypothesis. Now let ¢y = ¢*);. Then for
1 sufficiently large, we have

L1900l di <2 [ ol Vel dp+ Vi dp
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l

< C’Zr?‘l—i—/ﬂ|V@@i| di < Ce +e. (7)
J=1

Furthermore, we have
LIvullVioldn = 2 [ @b Vvl [Veldu+ | GVVul|V4idu
< 2 [ IVl [Veldu+ [ [VulViidp
For § € (0,1) to be chosen later, we write the first term as
2 [ ol VYl Vel dy
<

2 i |V V||V dpu

Uszl 2r 7 (TJ

1/2
< 2 ( / V[Vl 2 Tl du)
! B2r(7(mJ)

UJ:I

) 1/2
x ( / IVl [ V|20, du)
U{]:l BZTJ ('rJ)

1/2 l
:(f VUV IVl ) (03 r)
U{]:lB?"J (zg)

J=1

1/2

IA

Let py be a Lipchitz function which is identically one on By, (z;) and iden-
tically zero on Q\Bs,, (7)) with [Vps| < Cr;' and [VVp,| < Cr;?. Define

p=max{p;:J=1,...,1}.
As in [5] Theorem 6.4 on R(u), we will use the pointwise inequalities
1
§A|Vu|2 > |VVul|? — ¢|Vul? and (1 —€,)|VVul? > |V|Vul|?
with constant €, depending only on n which combine to imply
€| VVUl?|Vu|™ < A|Vu| + ¢|Vu| on R(u).

Since ¢?p?); = 0 in a neighborhood of S;f (u) N (UY_, Bs,, (x,)), we have that

/, YVl [ Vul 'GP Vol du
UJ—1B27'J (:L'J)
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< [ 1VVuPIVul Vel d
1 N c N
< = [ ANl Vel du+ = [ [Vulg?ot Vel dp

The second term of the right-hand side has the estimate

£/ |Vl p* i |Vl du < C/
€, JQ Ut

g=1Bar; (xs

l
VelP <y r.
) J=1
The first term can be rewritten
1 .
— [ IVul A0 Vel?) di
< O [ GIVulaERIVel) du+C [ GVl I Vulad: du

+C [ [Vu] < V(eIVel) - Vi > du
— (@) + (B) + (o).

By the mean value theorem,

(Vu'P+s)t — |Vul] 1
S )

(V'] + )72
for some ¢ € (0, s). Letting s = |Vu?|? + 2 < Vu!, Vu? >, we have

1 1
Vu| = [Vu'| + §(|VU1|2 + o) 2(|[Vu?|* 4+ 2 < Vu!, Vu? >).

(a) = C/QWW|A(902P2|V<,DI5) dp
= O/QzﬁiIVUIIA(sOQPQIVsDP) dp
+C’/Q ;@@i(|Vu1|2 + c)_%(|VuQ|2 +2 < Vu', Vi >)A(@*p* V") du
= (a); + (a)s.
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For p and ¢ with % + % = 1 to be chosen later, we have

(@)1

IN

IN

<

C [ BVu| AR L) du
~C [ < VGITu), V(2 Vel) > dp
C [ 193] V| [9(62 2 Vl)] da+C [ 191V [V (2 Vol?)] dp
l —(1+49) ~ 1 1/p 5 1/q
¢ i+ ¢ ([ IvIvar dn) ([ 196096l dn)
J=1

1/q

! ) p (L
¢ Vb4 ([ VIVl dn) (Z r?‘”‘”Q)
J=1 @ @ J=1

Furthermore, using (4) and (6), we have

(a)2

<

<

1~ 1
C/Q §¢i(Wu1!2 + ) 2 (|Ve?? + 2 < Vul, Va? >)A (9?0 Vl?) du

C/Q(\Vu2|2 12 < Vb, Va? >) A0 Vel?) du
l
CY &) (/ V2| dy +/ 2 < Vul, Vil > du>
J=1 Q Br'(](xj)

l —(2+6) 1/2 1/2
> r (/ |Vu?|? du+2</ |Vu'!|? dﬂ) </ |Vu?|? d,u) )
J=1 & Q Q

! €
n—(2+6)+ 4%
c> ory, :
J=1

where €44, is the order gap for approximately harmonic maps into YQkfj as
described in [3]. Additionally,

(b)

<

C'/(2302,02]Vg0|5]Vu|A1ﬂi dp

C [ 1NV 1Vul (V] dyu+ C [ 2901V IVull V6] dn

l l
OS2y [V dp C 35 [ 9Vl [V dp
J=1 @ J=1 Q

13



and
!
— C’/Q V| < V(22Vo|’) - Viby > du < C 3 7,;(1+5) /Q Vi du.
J=1
Thus, we obtain
1 N
= [ VAl d
l - 1/p [ 1 5 1/q
< C Z r;(1+5)/ |Vis| + C (/ V|Vl ||P d/~b> <Z T;—(H )q>
J=1 Q Q —

1 . !
n—(246)+ 9ap B n
+C YT L S [ 9Vl [V dp
J=1 J=1 Q
Combining all the above estimates, we obtain

| 199ul V| dy

} R ip [ L ¢
S 9 CZT’;(I—HS)/ |VQ/}7,’ +C(/ |v|vu1||p d,u) <Z TJ_(1+5)Q>
Z o Q J=1
l 1/2
o o v ans o)
J=1

1/2
(CZT” ’M) —I—/Q|VVU| IVas| dp.

First we choose 0 < 0 < “¢2 and then choose d in (5) such that d € (n—2,n—
(246)+“2) and d < n— 2+5 Then choose g > 1 such that n—(1+39)q > d
and p such that ; + 5 = 1. Last fix ¢ sufficiently large such that

l !
Zr;(lJré)/ V| du, Zr;‘S/ \VVu| V| dp < e.
J=1 Q J=1 Q
We then have
| 19ul [Vl du

1/p 1/2
< 2 (Ce+ C (/Q |V |Vu'!||P du) €+ 306) (Ce)'/? +e.
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Finally, note that ¢; = 0 in a neighborhood S;1(uw) N (\ U,_; B, (z),
¢ =0in UB,,(x;) and hence ¢y = 0 in a neighborhood of S;(u) N ;. Since
€ > 0 is arbitrary, this proves the claim and finishes the proof of the lemma.
Q.E.D.

4 Proof of Main Theorems.

We first start with the following

Proposition 13 Let X be the universal cover of a complete finite volume
Riemannian manifold X with parallel p-form w and Y a k-dimensional NPC
DM-complex where each DM has a non-positive curvature operator. If I' =
m(X), p: T — Isom(Y) is a group homomorphism and v : X — Y a finite
energy p-equivariant harmonic map, then D*(du A w) = 0 in a neighborhood
of a regular point.

PROOF. The proof is very similar to [5] Theorem 7.2 so we will only
sketch the argument. Let zo € X be a regular point. As in [5], we will
work on the quotient X = X/I. Fix R > 0 and a nonnegative smooth
function p which is identically one in Br(z¢) and zero outside Bag(xo) with
|Vp| < 2R™'. Let ¢ be a nonnegative smooth function vanishing in a small
neighborhood of S(u) N Bag(xg). By Stokes theorem we obtain

0 = /X<D(1/)p2 * (du Aw)), D * (du A *w)) dpu
4 (—1yme /X Dp(x(du A w), D? % (du A %)) dp.
Combining the above with the Corlette formula
*D x (du Aw) = (=1)"'D x (du A *w)

in R(u), we obtain

/ (Vp*) A x(du A w), *D * (du A w)) du—l—/z/}p |D * (w A du)|* dp

/ Vp*((du A w), D* x (du A xw)) du.

15



By [2] the last two quantities are nonnegative. Hence for any € > 0, we have
0 < / DD % (w A du)[? du
Br(zo)

+ (—1)”/ V{x(du A w), D* * (du A *w)) dp
Br(zo)
< €

after taking R sufficiently large, 1 as in Lemma 12 and estimating the first
term as in [5] Theorem 7.2. By letting v — 1 we obtain D*(du A w) = 0 on
R(u). Q.E.D.

Corollary 14 Let X = G/K be the quaternionic hyperbolic space or the
Cayley plane, T a lattice in G, Y a k-dimensional hyperbolic building, p :
I' = Isom(Y) a group homomorphism and u : X — Y a finite energy p-
equivariant harmonic map. Then in a neighborhood of a reqular point, u is
totally geodesic (i.e. Vdu =0).

Proor. We apply Proposition 13 for w either the Quaternionic Kahler 4-
form or the Cayley 8-form to obtain in a neighborhood of a regular point
that D*(du A w) = 0. The statement about totally geodesic follows from the
above as in [2] Theorem 3.3. Q.E.D.

Proor or THEOREM 3. We apply Proposition 13 for w the Kaler form
to obtain in neighborhood of a regular point that D*(du A w) = 0. With the
same notation as in [2] Theorem 3.3 this implies that Vdu(w) = 0, which
immediately implies that u is pluriharmonic.

We now treat the higher rank case.

Lemma 15 Let X = G/K be an irreducible symmetric space of noncompact
type of rank > 2, T' a lattice in G, Y a k-dimensional NPC DM-complex,
p: I — Isom(Y) a group homomorphism and u : X — Y a finite energy
p-equivariant harmonic map. In addition, assume that I' is cocompact. Then
in a neighborhood of a reqular point, u is totally geodesic (i.e. Vdu =0).

ProOOF. The proof is similar to the one for the rank one case, once we
establish the Bochner formula of Jost-Yau. Our goal is to verify [6] Lemma
5.2.1. As in Lemma 14 we will work on the quotient X = X /I" which by
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assumption is compact. We start with [6] equation (5.2.4) and note that all
terms are tensorial except when we integrate by parts. Let 1 be a nonnegative
smooth function vanishing in a small neighborhood of S(u). We multiply
both sides of (5.2.4) by ), integrate over X and apply integration by parts
on the first term on the right-hand side. The resulting equation is similar
to [6] equation (5.2.5) except that all integrands get multiplied by the cutoff
function v and has an extra term

N«
/X<(97R50w5u1’57 Ugagzs) dpt

on the right-hand side. Since Ré(m(;uxﬁ is bounded, this extra term is exactly
of the form estimated in Lemma 12. Hence by taking ¢» — 1, we have verified
[6] equation (5.2.5) and therefore also (5.2.8).

The other point is to justify the formula

0= / |VVu|2d/H—/ Rfﬁ < Uga, Uys > d,u—/ < RY (e, Uy ) Uy, Uger > i
X X X
(8)
To see this, multiply the Eells-Sampson Bochner formula [6] equation (5.2.1)
by the cut-off function ¢ as above and integrate over X. Applying integration
by parts on the left-hand side, we obtain a term bounded by

’/ < Vi, V|Vl > du‘ <c [ |9Vullvy
X X

where ¢ depends on the Lipschitz constant of u. Note that the last integrand
above is again of the form estimated in Lemma 12. Hence taking ¢ — 1, we
have justfied (8). This verifies [6] Lemma 5.2.1 which in turn implies that u
is totally geodesic (cf. proof of [6] Theorem 5.3.1). Q.E.D.

PROOF OF THEOREM 1. The first step is to show that if v : [0,1] — X is
a constant speed parametrization of a geodesic, then wo~ is a constant speed
parametrization of a geodesic in Y. Let 2y = 7(0) and ; = y(1). Let S be a
hypersurface perpendicular to v/(1) at ;. Forr > 0,let ¢ : B,(0) C R" ! —
S be a parametrization of S near x1. Define ¥ : B,.(0) x [0,1] — X by setting
t — W(E,t) to be the constant speed geodesic between xy and ¥(§). This map
is well-defined and smooth since X has non-positive sectional curvature. In
fact, its restriction to B,.(0) x (¢,1) is a diffeomorphism for any e. We claim

17



that there exist zo; — z¢ and z1; — w7 such that if 4, : [0,1] — X isa
constant speed parametrization of a geodesic between zy; and xy;, then ~;
maps the open interval (0, 1) into R(u). To prove this claim, we observe that
for ¢; — 0, there exists &; € B, (0) such that {&} x (€,1) N¥T~(S(u)) = 0.
Indeed, if {£} x (e,1) N ¥ H(S(u)) # 0 for all £ € B, (0) C R"!, then
dimy (U~'(S(u))) N B, (0) x (€,1)) > n — 1; but on the other hand, ¥
restricted to B, (0) x (&;,1) is a diffeomorphism, contradicting the fact that
dimy(S(u))) < n — 2. This proves the claim by letting xo; = V(& €;),
21 = Wy(&,1) and 4 : [0,1] — X be defined by 7i(t) = U(&, & + (1 — €)t).
By Corollary 14 and Lemma 15, we have Vdu = 0 in R(u). Thus w o ~; is
a constant speed parametrization of a geodesic. By the continuity of u, this
then implies that v o 7 is also.

To complete the proof of the Lemma, it suffices to show that there is no
point zo € X such that u bifurcates into different DM’s at u(zo). Choose
an arbitrary point o, € X and identify xo = 0 via normal coordinates.
Assume without loss of generality that Y is locally isometrically embedded
in R®, u(0) = 0 and that T,)Y is also isometrically embedded in R¥.
For A > 0 sufficiently small, define uy : B1(0) — A™'Y to be the map
ux(r) = M lu(Az). Since u maps geodesics to geodesics, uy maps geodesics
to geodesics of A™'Y. From this we can see that u,, as a map into R¥, is
uniformly Lipschitz continuous and converges uniformly on every compact set
to a degree 1 homogeneous minimizing map u, : B1(0) — T,y C R¥. By
Proposition 3.1 [5], u, maps into a k-dimensional flat F' of T,,)Y. Observe
that exp, ) F' and u(B,(0)) are both a union of geodesics emanating from
u(0). Thus if u bifurcates into different DM’s at 2o = 0 (i.e. u(B,(0)) ¢
exp, () £ for any o > 0), then there exists a geodesic 7 emanating from 0
such the geodesic u oy only intersects exp,) £ at u(0). On the other hand
since u, is of degree 1

(uov)(0) =u, 0y (0) € F

is a nonzero vector and since u oy is a geodesic this implies uo~y € exp, ) F,
a contradiction. This shows that there exists no point at which u bifurcates
into different DM’s. Q.E.D.

PrRoOF OF THEOREM 2. First, by Lemma 8 and under the same assump-
tions as in Theorem 2, there exists a finite energy p-equivariant harmonic map

18



uw: X — Y. Since by assumption there is no invariant unbounded convex
closed subset of Y (other than Y itself) preserved by I', Theorem 1 implies
that Y must be equal to its DM, hence Y ~ H*. Now again by assumption
the image of v must be bounded or equal to Y ~ H*. In the first case u is
constant, whereas the second case means that u is onto hence an isometry
(cf. [2]), which is impossible by assumption. This implies that u is a constant
map which in turn implies Theorem 2. Q.E.D.
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