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ABSTRACT. In this paper, we investigate the global geometric behavior of la-
grangian stationary surfaces which are lagrangian surfaces whose area is criti-
cal with respect to lagrangian variations. We find that if a complete oriented
immersed lagrangian surface has quadratic area growth, one end and finite
topological type then it is minimal and hence holomorphic. The key to the
proof is the mean curvature estimate of Schoen and Wolfson combined with
the observation that a complete immersed surface of quadratic area growth,
finite topology and L? mean curvature has finite total absolute curvature.

1. Introduction

In [SW], R. Schoen and J. Wolfson introduces the constrained variational prob-
lem of extremizing the volume amongst submanifolds of R?" which are lagrangian
and spanning a given boundary. This study of the “Lagrangian Plateau Problem”
is motivated by issues arising in nonlinear elasticity and mirror symmetry. (See
[SW] for references.) There, many interesting analogues of the classical Plateau
Problem are discussed. As in the classical minimal surface theory, it is natural
to pass from the local theory to the study of the global geometric behavior. In
this paper, we study complete surfaces for which the area of any compact subset is
critical for arbitrary compactly supported variations through lagrangian surfaces.
We have the following result.

THEOREM 1. A complete oriented immersed lagrangian surface ¢ : ¥ — R* with
quadratic area growth, one end and finite topological type is lagrangian stationary
if and only if it is stationary.

We note that a lagrangian stationary surface with boundary is not necessarily
stationary. The above theorem has the following corollary.

COROLLARY 2. A complete oriented immersed lagrangian stationary surface t :
Y — R*? of quadratic area growth, one end and finite topological type is holomorphic
(with respect to the complex structure J defined below).
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This paper is motivated by the Bernstein Theorem. The original statement, due
to Bernstein in 1951, says that complete minimal graphs in R? are planes. There
have been extensive work in generalizing the Bernstein Theorem (see for example,
[01] [02] [03], [X], [C], [BAC], [SSY], [FS],[dCP]). Most of the literature on this
subject assumes that the co-dimension is 1. Bernstein-type theorem for surfaces of
higher co-dimensional was investigated by M. Micallef [M].

Recall that the Euler-Lagrange equation for the area implies that a surface is
stationary if and only if the mean curvature vector vanishes identically. The point
of Theorem 1 is that we can prove the vanishing of the mean curvature vector of
a lagrangian surface even when it is stationary with respect to a smaller class of
variations of the surface, namely the competing surfaces are required to also be
lagrangian.

We note that the assumption in Theorem 1 that the surface has one end is essen-
tial. The infinite cylinder 22 +5% = 1 in R* with coordinates given by (21, 2, v1,¥2)
is lagrangian stationary but not stationary.

2. Preliminaries

A Riemannian manifold is a manifold M with a Riemannian metric g. We call
a submanifold ¥ stationary (or minimal) if the volume (defined by metric g) of any
compact subset is critical for arbitrary compactly supported variations. Using the
Euler-Lagrange equation, this property translates to the geometric property that
its mean curvature vector vanishes identically.

A symplectic manifold is an even-dimensional manifold M?" with a closed non-
degenerate one form w. This means that dw = 0 and if w(X,Y’) = 0 for all tangent
vector X then Y = 0. A submanifold ¥ of dimension n is said to be lagrangian
if the restriction of w vanishes identically on ¥, i.e. w(X,Y) = 0 for vectors X,Y
tangent to ¥ at any point.

A Kahler manifold M is an even dimensional manifold which has a Riemann-
ian metric g and a almost complex structure J which is orthogonal with respect
to g (i.e. g(JX,JY) = g(X,Y)) and parallel with respect to the Levi-Civita con-
nection defined by ¢. This makes M a symplectic manifold where the symplectic
form w is defined by w(X,Y) = ¢g(JX,Y). In such a manifold, we can consider
the following variational problem: given a class of lagrangian submanifolds of M
(for example, with fixed boundary or homology class), find one that extremizes the
volume. Deformations of lagrangian submanifold preserving the lagrangian prop-
erty are abundant and this makes the variational problem interesting. We call a
lagrangian submanifold lagrangian stationary if the volume of any compact subset
is critical for any compactly supported variation through lagrangian submanifolds.
A lagrangian submanifold which are stationary are special lagrangian (see [HL]).

Just as in the stationary submanifolds, an important geometric property of a
lagrangian stationary submanifold ¥ of (M, w) concerns the mean curvature vector
H. To H, we can associate a 1-form « defined by «a(-) = w(H,-). In a Kéhler
manifold, a calculation [B], [W] shows that da = ric where ric(X,Y") is a two form
associated with the Ricci curvature (i.e. 7ie(X,Y) = Ric(JX,Y)). In particular,
if the manifold is Kéhler-Einstein (Ric = g) then do = w and « is a closed one-
form. By the Poincare Lemma, « is locally exact and there exists a locally defined
function 3 so that d3 = a. The Euler-Lagrange equation [Oh] implies that « is a
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harmonic one-form, or equivalently that 3 is a harmonic function in the conformal
structure induced by g.

We will study lagrangian stationary surfaces in Euclidean space R?" with the
standard complex structure J defined by

0 0 0 0

The symplectic form is given by w = Y7 | dz; Ady;. We note that if n = 2, there is a
one-to-one correspondence between special lagrangian surfaces in complex structure
J and complex surfaces in the complex structure J defined by

- 0 J =~ 0 o =~[ 0 o -~/ 0 0
J(azl)—auvj(axﬂ—‘am“’(ayl)—ayz“’(ayz)—‘aya

3. Proof of the main theorem

We will utilize the fundamental result of Schoen and Wolfson. In fact, a close
inspection of the proof of Theorem 1 in [SW] gives us Theorem 3 (which is a
slightly stronger statement than that in [SW]). We let « : ¥ — R* be a lagrangian
immersion where Y is a surface of finite topological type with connected boundary
0% and where ((X) is lagrangian stationary surface. Let B(p) be the ball of radius
p centered at the origin and assume that ¢(0) lies inside B($) and +(0X) lies outside
B(1). Let X1 denote the connected component of 0 in THUE)NBG)).

THEOREM 3 (Schoen-Wolfson). There is a constant C depending only on the
area of (X) inside the unit ball and the topology of ¥ so that

[ me<c
31

2

Theorem 3 is used to show the following.

LEMMA 4. Lett: Y — R* be a complete oriented immersed lagrangian station-
ary surface with quadratic area growth, one end and finite topology. Then

/|HI2SC
>

where C' depends on the topology of 3.

PROOF. Fix p € ¥ and assume without the loss of generality that ¢(p) = 0. Let
Uy, t — o0 be a compact exhaustion of ¥ with smooth boundary 0U; and p € Uy.
Since 3 has only one end, we can choose them so that U;’s have fixed topological
type and one boundary component. Let r(¢t) = min{|c(z)| : « € OU;} and U/ be the
connected component containing 0 of ¢~ (.(U;) B(%)) Since ¢ is an immersion
of a surface with quadratic area growth, ¢ is a proper immersion. Hence r(t) — oo
as t — oo and U] is also a exhaustion of . Let ¢; = %L. By construction ¢,(0U;)

lies outside B(1). By Theorem 3, the scale invariance of the L? norm of H and the
fact that ¥ is of quadratic area growth, there is a constant C independent of ¢ so

that
/ |H|* < C.
U

’
t
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We get the result by observing that

/\H|2: lim/ |H|? < C.
b t=oo Juyy
O

Additionally, we will show that a complete oriented immersed lagrangian sta-
tionary surface of quadratic area growth with one end has finite total absolute
curvature. This is accomplished by combining Lemma 4 with the Theorem 5. We
note that the Theorem 5 generalizes a result of Q. Chen [Ch] who proved that
a minimal surface of quadratic area growth and finite topological type has finite
total curvature. P. Li [Li] has shown that a complete surface with quadratic area
growth, finite topological type and whose curvature does not change signs outside
a compact set has finite total curvature. Since minimal surfaces has non-positive
curvature, Li’s result implies the theorem of Chen but it does not imply the case
stated in Theorem 5. Theorem 5 is proved by modifying the arguments of [Ch].

THEOREM 5. If a complete oriented immersed surface ¥ C RF of quadratic
area growth and finite topology has the property that

[ <o (1)

then it has finite total absolute curvature and is conformally equivalent to a Riemann
surface minus a point.

PrOOF. By Sard’s Theorem applied to the distance function r(x) = |z| on X,
A(X N B(t)) is a one-dimensional submanifold of R¥ for a.e. t. We let O C R

be a set of such t’s. For ¢ € O, let ¥; be an union of ¥ () B(t) and the bounded
components of ¥ — B(¢). Since ¥ — ¥; contains no topological disks, x(X —%;) <0
and hence

—X(E) = —x(3) + x(E = %y) < —x(2).

Let H, K and A be the mean curvature vector, Gauss curvature and second
fundamental form, respectively. Since

) t—oo bR

we need to only show that there is a constant C; so that

/ K| <,
2t

for all ¢t. By the scale invariance of the above integral and the assumption of
quadratic area growth, we need to only show

/ K| <G (2)
312

where C1 is dependent only on the area of X () B(1).
We will let

K(t) = g -K, H(t):/E |H|? and A(t):/E |A%.
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By slightly deforming the surface if necessary, we may assume that the set [0, 1] —O
is finite. Hence the first variation formula of length applied to the family of curves

{0%:} gives
d
—/ |V?"|:/ kg—i—/ V.| Vr|
dt Jos, o, %,

where k4 is the geodesic curvature of 93, in ¥ and v is the velocity vector with
respect to the flow of ¥ which generates the curves 0%;. The co-area formula
formula gives

2
8ZtV 0| Vr| = 7 / |Vr|(V,|Vr]) = 2dt/ Vo |Vr|.

Furthermore, on ¥,

2—|Vr?+7-H
r

Ar =div(Vr) =
where Z is the position vector of ¥ C R*. So,

_ 24 7.
YISy Y]
dt %, dt >, dt >, T

Combining the Gauss-Bonet Theorem with the above, we obtain

g/ 2 |Vr24+&-H
[P

=K(t) + 2mx(Z +f—/ V.| Vr2.

dt r - 2 dt

Let 1/2 <ty < t; < 1. First assume tg, t; are contained in a connected component
of O. Integrating from ¢, to ¢y,

ty 9 _ 2 7 H t1 1
/ K(t)dt:/ Vr"+ & —/ 27rx(2t)—f/ v, |V,
to B =B r to 2 DI IR

A calculation shows

2
Vo V2| < 24|V 7| + — [V

Since [tg,t1] contains only regular values of r(z) by assumption, ¥;, — X4, is con-
tained in B(t1). Therefore,

’ K(t)dt < Co + C3[(H(t1) — H(to))"/ + (A(t1) — A(to)) /] (3)

to

where the constants Cy,C3 are only dependent on the area of 3 () B(1) and the
upper bound of —x(%;).
Now assume {¢} = [tg,t1] — O. We then have

t1 2 _ 2 . H
K(t)dt = lim / +/ Vrl” + 2
to =07 A Ve3¢ r
t1 1
f/ 2rx(2y) + = lim / +/ V,|Vr?
to 2 =0+ Yoy — iy Yi_ =X
1/2
Cy + C3 lim / + / |‘E[|2
=0 \Js, =S B3y

IN
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1/2
+C3 lim / + / |A|?
=0t \Jsy, —Sr. IS -5y

But by Morse Theory, ¥;_. C ¥z, and hence
(Ztl - Ef—‘re) U(Ef—e - Eto) C Xy — E750

and equation 3 holds in this case. Repeating the above argument if necessary, we
see that equation 3 holds for all ¢y, t; € [1/2,1]. Using the equality

|A® = —2K + |H|? (4)
we obtain

I
5 [ (AW~ H@)d: < Co+ Cal(H(tr) ~ H(t)' " + (A1) ~ A1)
to
and using equation 1 we get
t1
A(t)dt < Cy +2C3(A(t1) — A(ty)) /2.
to

Now we can follow the iteration scheme of [Ch] to prove that this inequality implies
A(t) < C5 where C5 is dependent on Cs and Cy. Since equation 4 implies 2| K| <
|A|? 4+ |H|?, we have proved the first assertion of Theorem 5. The second assertion
of Theorem 5 follows from Huber’s result [H] that states that if the negative part
of the Gaussian curvature is integrable then the surface is conformally equivalent
to a compact Riemann surface with finitely many punctures with each puncture
corresponding to an end. O

We will now prove the main theorem. A similar argument in [SW] shows that
a closed lagrangian stationary submanifold has vanishing mean curvature vector.

PROOF OF THE MAIN THEOREM. By Theorem 5, a complete lagrangian surface
of quadratic area growth and one end can be expressed by a conformal immersion
t: Y — M where ¥ is a Riemann surface minus a point p. Let H be the mean
curvature vector of this immersion. Let O be a neighborhood of the zero section in
the normal bundle of ¥ where the zero section is identified with 3. We extend ¢ to
an immersion [ : O — M. I is then a local diffeomorphism and we can pull back
both g and J to O using I. Define a one-form on ¥ by setting a(-) = w(H,-). Since
Js la2dv, = Js |H|?dv, < 0o, a extends smoothly to 0 at p. Hence a can be seen
as a closed one-form on the Riemann surface ¥ and is locally exact by the Poincare
lemma. Let U C ¥ be a coordinate neighborhood of p with conformal coordinate
(z,y) and let h be a locally defined function so that dh = « in U. Since h is defined
only up to a constant, we may assume fU h =0 . We can choose a neighborhood
N CC U of p and a cut-off function so that ¢ = 1in U — N, ¢ = 0 in N and
[[Ve|| < (2diam U)~! where V and ||- || are gradient and norm with respect to the
conformal coordinates (and not the metric ¢) and diam U is given in terms of the
conformal distance. Define one-form & by

5 = { o in¥X-U
1 d(eh) in U
By construction, & is a locally exact one-form so that & = 0 in a neighborhood
of p. Now define a one-form 3 on O by 8 = II*a. By construction 3 is locally
exact. There exists a unique vector field V' on O so that 5(X) = w(V,X). By
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construction, V' is locally hamiltonian. Hence if F} is the flow defined by V near ¥,
then F} is a symplectic transformation. This implies F;(X) is a lagrangian surface
and I(Fy(Y)) is a lagrangian variation. Noting that V' = H on ¥ — U, the first
variation of area gives

0:/g(V,H)dvg:/ |H\2dvg+/g(V(g0h),H)dvg.
p x-U U

Here V and |- | are the gradient and norm with respect to the metric g as before.

Hence,
1
| mpan <5 [ 9hRan,+ 5 [ 1k,

By using the conformal invariance, we obtain

/U 19 (oh) | dedy =

[ @ivnp +2wvh+h2uw2>dmy
U

< [ VBIR + gr IVB + 29|y

< /||Vh||2dmd +w</ ||Vh||2da;dy)1/2
+W/Uh2dxdy

<

1/2
c(/ ||vh||2+2(/ ||vh||2dxdy> )
U U

The last inequality uses the Poincare inequality

1 _
———— [ ¥ <C Vh||*dzd
(diam U)Q/U - /UH [Fdady
(since we can assume that U is a ball in R?) Since [, |H|* < oo, by choosing U
sufficiently small we have

/ ||V h|[>dzdy :/ |H?dv, < €
U U
for any e. Hence
/ [H[2dv, < (C + 1)e + 272
s-U ’

for any € and this shows H = 0. O
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