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Abstract. Harmonic map theory is used to show that a convex
cocompact surface group action on a CAT(—1) metric space fixes
a convex copy of the hyperbolic plane if and only if the Hausdorff
dimension of the limit set of the action is equal to 1. This provides
another proof of a result of Bonk and Kleiner.

1 Introduction

The relationship between dynamical properties of discrete group actions on
metric spaces and rigidity theorems has a rich history: a prototypical result
due to Bowen [Bow] states that the Hausdorff dimension of the limit set of
a quasi-Fuchsian surface group I' acting on hyperbolic 3-space is equal to 1
if and only if T" restricts to an isometric action on hyperbolic 2-space (I" is
Fuchsian).
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A generalization of this result to surface group actions on CAT(—1) metric
spaces was originally conjectured by Bourdon [Bou|. It was later verified by
Bonk and Kleiner [BK] where they prove a more general statement about
quasi-convex actions.

In the special case when the space is a smooth Riemannian manifold
with pinched negative sectional curvature, a different proof of this result was
found by one of the authors [San] utilizing equivariant harmonic maps and
an inequality which compared curvature quantities of the harmonic map with
the Hausdorff dimension of the limit set. Here, we extend these techniques
to the general CAT(—1) setting using the harmonic map theory which has
been developed by Koraveer-Schoen [KS1,KS2] and Mese [Mes] to give a new
proof of the original conjecture of Bourdon.

The main theorem of this paper is the following;:

Theorem 1 Given a convex cocompact action p : m(S) — Isom(X) on a
CAT(—1) metric space X by the fundamental group of a closed, connected
oriented surface S with genus > 1 such that dimy(A) = 1, there exists a
hyperbolic metric h on the unwersal cover S of S such that the unique p-
equivariant harmonic map u : H? = (g, h) — X is totally geodesic and an
isometric embedding. Here, A is the limit set of this action and the Hausdorff
dimension is computed using any of the Gromouv metrics on J,X .

In the Riemannian setting, the above theorem has been proved by one
of the authors [San] and also by Deroin-Tholozan [DT]. In the CAT(—1)
setting, the work of Mese [Mes]| establishes the existence of a metric (of low
regularity) on S for which the associated equivariant harmonic map is con-
formal. Moreover, where it makes sense, this metric is the pullback metric
of the associated harmonic map. The main challenge overcome in this paper
is a comparison result (see Lemma 13) which allows us to trade this irreg-
ular metric for a smooth metric in the same conformal class to which the
arguments of [San| can be directly applied.

Theorem 1 immediately yields a new proof of the conjecture of Bourdon
[Bou]:

Corollary 2 A convex cocompact isometric action p : m(S) — Isom(X)
on a CAT(—1) space X by the fundamental group of a closed, connected
oriented surface S with genus > 1 fives a convex copy of H? if and only if

dlmH(AF) =1.



The paper is organized as follows. A brief preliminary section settles
notation and states the fundamental existence result for equivariant har-
monic maps of surfaces to CAT(—1) metric spaces. Section 3 establishes
the primary technical result eluded to in the introduction which replaces a
conformal metric of low regularity with a comparable smooth Riemannian
metric. Section 4 recapitulates the basic arguments of [San| establishing an
inequality relating the curvature of an equivariant conformal harmonic map
to the Hausdorff dimension of the limit set. Finally, section 5 completes the
proof of Theorem 1 from which Collorary 2 immediately follows.

2 Preliminaries

Throughout this paper, S denotes a closed, connected oriented surface of
genus > 1, S ~ H? its universal cover, and T is the Teichmiiller space of
S. Furthermore, X denotes a CAT(—1) space, Isom(X) is the group of
isometries of X and p : m(S) — Isom(X) is a representation. We will
identify an element of m(S) as a deck transformation of S and an element
h € T as an equivariant hyperbolic metric on S (via uniformization).

Definition 3 Given a representation p : m(S) — Isom(X), a map @ : S —
X is said to be p-equivariant if

i(yr) = p(v)i(z), Ve S, vem(S)

Definition 4 A discrete subgroup I' of Isom(X) is said to be convez co-
compact if there exists a geodesically convex, I'-invariant subset of X upon
which I' acts cocompactly. A representation p : m1(S) — Isom(X) is said to
be convex cocompact if I' = p(m1(S)) is convex cocompact.

Given a convex cocompact representation as above, a p-equivariant map
u: S — X descends to a map

u:S— X/T. (1)

Definition 5 Given a hyperbolic metric i € T, the energy of a p-equivariant
map @ : (S,h) =H? = X is

E;}:/ \Vi|dh,
F
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where F' C H? is a fundamental of the action of m;(S), |Va|? is the energy
density function of @ as defined in [KS1], and dh is the volume form associated
with the metric A. Furthermore, we will denote

E} U] = / |Vii|*dh
U
for any measurable set U C H.

Definition 6 Given a hyperbolic metric h € 7T, a finite energy map u :
(S,h) = H? — X is said to be harmonic if EY[Q] < EF[Q] for any bounded
Lipschitz domain Q C S and any finite energy map o : Q — X with same
boundary values as .

Theorem 7 (cf. [KS1], [KS2]) Given a convex cocompact representation
p : m(S) — X and a hyperbolic metric h € T, there exists a unique p-
equivariant harmonic map u : (g, h) = H? — X. Furthermore, @ is locally
Lipschitz continuous.

3 Conformal Harmonic Maps

Definition 8 Given a hyperbolic metric o € T and a finite energy map
@ (S,h) = H? — X, let 7 be the pullback inner product structure defined
in [KS1] Theorem 2.3.2. If z = x4y is a local conformal coordinate on (S, h)
and {2, 2} are the coordinate vector fields, we obtain the locally integrable

8z By
functions
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Definition 9 Given a hyperbolic metric i € 7T, a finite energy map  :
(S,h) = H? — X is said to be conformal if
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where (z,7) are local conformal coordinates of (S,h). The local conformal
factor of u is the locally integrable function

2

@
or

The next result is well known. When the target space is a Riemannian
manifold it is due to Schoen-Yau (cf. [SY]), but the argument goes through
almost verbatim for the singular targets considered here. See for example
[GW].

Proposition 10 Given a conver cocompact representation p : m(S) —
Isom(X), there exists h € T and a p-equivariant conformal harmonic map

@:H?=(5,h) = X.
The following theorem is a summary of the results contained in [Mes].

Theorem 11 ( [Mes]) If h € T is a hyperbolic metric and i : (S,h) =
H? — X is a conformal harmonic map, then the local conformal factor \ with
respect to conformal coordinates of (x,y) € U C R? satisfies the following
properties:

(i) A€ Hyo(U),
(i) log A € WEL(U),

loc

(11i) X satisfies the weak differential inequality,

[@enogndiyz2 [ oxdsdy, woecxv)oz0 @
U U

where A\ is the Fuclidean Laplacian in coordinates (x,y) and

(iv) The zero set of A is of Hausdorff dimension zero; i.e.

dimy (D) =0 where D={z=(z,y) € U: \(z) =0}.

In (iv), we let \ be the representative function in the L'-class defined every-

where by
1
Azo) = lim —/ A(z)dzdy.
Dy (z0)

r—0 7'rr2
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Definition 12 Given p : m(S) — Isom(X), h € T a hyperbolic metric
and a p-equivariant conformal harmonic map @ : H> = (S,h) — X, the

pullback metric of @ is the equivariant (possibly degenerate) two-form G
defined locally by

G = Mdz® + dy?) (3)

where )\ is the local conformal factor of .

Lemma 13 Given p : m(S) — Isom(X), h € T a hyperbolic metric, a p-
equivariant conformal harmonic map u : H? = (g, h) — X and G defined by
(3), there exists a smooth equivariant conformally equivalent metric G° on
S satisfying the following properties:

(i) The Gaussian curvature K° of G satisfies K7 < —1.
(i1) If G is the hyperbolic metric, then G is also the hyperbolic metric.
(i1i) The metrics satisfy the inequality

G(V,V) < G,(V,V), ae qgeSVVeT,S.

PROOF. For k > 0 to be chosen later, let g = k~1h; thus ¢ is a metric
on S with constant Gaussian curvature —x. Define the p-invariant locally
integrable function

Q

f:E:§—>[O,oo). (4)

Let D = {(x,y) € R* : r = /2?2 +y?> < 1} and consider the scaled

Poincare disk

(D, w(r)(dz® + dy?))
where D = {(z,y) € R? : r = /22 + y? < 1} and

., 4

w(r) =~k m

In particular,
Alogw = 2kw. (5)

Fix ¢ € S and identify (S* ,g) to the scaled Poincare disk with ¢ corre-
sponding to the origin. For clarity, we will refer to the coordinates (z,y) as
the Poincare coordinates centered at q. Fix o > 0 and consider a smooth
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radially symmetric function ¢, with support contained in D,(0) := {(z,y) :
r < o} C D and the measure dv, = ¢,(r)dzdy on D supported in D, (0).
Via the identification of S to D, we can consider dv, as a measure defined on
S. Furthermore, by multiplying ¢, by an appropriate constant if necessary,
we can assume that

/ dv,(p) = / ety =1 (6)

S

If dg is the volume measure associated to the metric g, then we can write dg
in the Poincare coordinates (z,y) centered at g as

dg = w(r)dzdy.
Since

dvg _ @s(r)
dg  w(r)

and the hyperbolic distance (i.e. the distance with respect to metric h) of
a point (z,y) from (0,0) is dependent only on r, the above quotient is a
function dependent only on the distance from ¢ with respect to the metric
g = k~th. In other words,

dvy(p) = 1o (dy(q, p))dg(p).- (7)

Furthermore, since g is a scalar multiple of the hyperbolic metric, the function
ns(dg(q,p)) has the following property: if we denote the Laplacian in g with
respect to variables ¢ and p by Af and AP respectively, then for any (po, go) €

S xS,
A0 (dg (@, P))] 0)=(p0.a0) = L5710 (o0 2)) | .5 =po.00)- (8)

Indeed, if I is an isometry of the hyperbolic plane switching the points pg
and qg, then

Agne (do(@ D) py=(posae) = 247
‘(p,lI)Z 90,P0)

Nip.a)=(
) |(p7q):(po7qo)
Nip.a)=(

|(P:f1)= 10,90) "



We define a smooth function f7 : S — [0, 00) by setting

17(q) = exp ( /S log f duq)

and a smooth metric G? by setting
G = f%.

Since the metric g, the function f and the measure dy, are all p-invariant,
so is G7?. Jensen’s inequality implies

17(q) = exp ( / log £(p) dvy(p ) / £ () duy(p (9)

In the Poincare coordinates (z,y) centered at ¢ € S, we will write
G = \dz? + dy?), )= fuw, (10)

G? = ) (dz® + dy?), N = fw (11)

and the function p — n,(d,(p,q)) as n(r). With the above notation, we
compute in the Poincare coordinates (z,y) centered at ¢ to obtain

/glog f(z,y) An(r)dxdy + 2k

= /log Mz, y) An(r)dxdy — / logw(r) An(r)dzdy + 2k (by (10))
5 5

= [log Mz, y) An(r)dzdy — 25/ n(r)w(r)dzdy + 2K (by (5))
S S

= /S log AM(z,y) An(r)dzdy — (by (6) and (7))

> 2/)\( y)n(r)dxdy (by Theorem 11)

= 2 [ famtry)dady by (10)

Since

APy (dy(a, p))dg(p) = ﬁm(mw(mdazdy = A (r)dzdy,



we conclude

/g log £(p) A2 (dy(q.9)) dg(p) + 26 > 2 / Fe(dy(a.0)) dg(p).  (12)

To obtain the Gaussian curvature of G?, we compute

——Alog \?

(0 0)
1

= “Alog f°
w

(0,0)

1
+ —Alogw’
w

(0,0) (0,0)

= A </§10gf(p) dvq(p)> + 2k

= /S log f(p) Agne(de(q,p))dg(p) + 2
- / log £(p) APn,(dy(q,p))dg(p) + 25 (by (8))
> 9 / ) (dy(.p)) dg(p)  (by (12))

- 2/ ) (by (7)
> 2f7(0,0). (by (9)). (13)
In other words,
1
KU(Q) = —mﬁlog)\g ©0.0) S —1

which proves ().

If K7 = —1, then we must have an equalities in (13). In particular, we
have an equality in Jensen’s inequality (9) which implies that log f must be
a constant, say c. Thus, A = e“w. Furthermore,

[log Mz, y) An(r)dzdy = 2[ Mz, y)n(z, y)dzdy
S S

which then implies e = k and hence G = h. This proves (7).
We are left to prove (ii7). For a non-negative ¢ € C°(R?),

[(Agp) log f dxdy = [(Agp) log A\ dxdy — [(Agp) logw dxdy
3 S 5

> 2/90()\—/%)) dxdy,
3



where the last inequality follows from Theorem 11 and equation (5) after
integrating by parts.

For 7 € (0,0], choose a test function ¢ which approximates the charac-
teristic function of B,(0). We thus obtain

/ 2log fdx > 2/ A — kw dxdy.
OB (0) or B (0)

Using polar coordinates (r,6),

a 2w
g (/0 log f(r,0) d@)

de

r=r

27ra
- [ e

1

;/ 8_10ng6) 7_
2/ / — kw rdrd?.
T Jo

2m 2m
/ log f(p,0) df —/ log f(t,0) do
0 0

P a 2w
= /t g </0 log f(r,0) d@)
P2
> / —/ (A — kw) dzdydr.
t T JB-(0)

Multiply the above inequality by t and integrate with respect to t over interval
0, s] where s < p to obtain

r=7

TdbO

v

Thus, for p,t € (0,0) and t < p,

dr

r=T7

—/ log f(p,0) df — /IBS(O log f(t,0) dzdy

:/ / log f(r, ) d@dt—// log f(t,0) tdodt
£2
> /t/ —/ (A — kw) dedydrdt.
0 t T JB,(0)

Since we only need to prove the inequality of (zi7) for a.e. ¢ € S, we can
assume without the loss of generality that ¢ is a Lebesgue point for the
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integrable function logA. Thus dividing the above inequality by ms? and
letting s — 0, we obtain

3 | 1o .0) d—10g f(a)

)
> hm—2 / / / A — kw) dxdydrdt
s—0 778 7-(0)
P2
= hm— / / / A — kw) dxdydrdt
s—0 ’]TS 7—(0)
— llm—2 / / / — kw) dzxdydrdt
s—0 ms T(O)

r2
= / — kw) dzdydT

—hm—/ / / — kw) dxdydrdt. (14)
s—0 TS2 +(0)

Since |\ — kw| is a bounded function in B, (0), we conclude that given € > 0,
there exists ¢ty > 0 sufficiently small such that

£2
€ (0,ty) = / —/ (A — kw) dxdydr < e.
o 7 JB.(0)

(0,t9) = —2/ / / — kw) dxdydrdt < < —
™8 -(0)

We can now conclude that the limit that appears in (14) is equal to 0, and
therefore

2
/ log f(r,0) d0 > 27 log f(q / / — kw) dxdydt
0 T

Thus

By the definition of f?, we have

- [ ([ log £ 0)d8) ()l

Combining the above,

() > (g exp/ (/pl/T N — rw dmdych) n(r)(r) rdr. (15)

11



The function
- g |
S —1[0,00), v¥(q) ::/0 </0 ;/ o A d:z:dydr) n(r)w(r) rdr

is continuous by Theorem 11 (i). Furthermore, 9(q) > 0 for all ¢ € S since
Theorem 11 (iv) implies

/ Adxdy >0, V7 >0.
B (0)

Since v is also equivariant, this implies a positive lower bound for v; i.e.
min 5 (q) > 0. Moreover, the function

o P
q— / (/ —/ w dxdydT) n(r)w(r) rdr
0 o T JB,(0)

is constant. Thus, we can choose £ > 0 sufficiently small such that

/00 (/Op /]BT(O)()\ — KWw) dxdydT) n(r)w(r) rdr > 0.

Thus, (15) implies (ii7). Q.E.D.

4 Relation with Entropy

The purpose of this section is to state an inequality connecting the Gaussian
curvature of the pullback metric of a p-equivariant conformal harmonic map
with the with the action of p at infinity. This relationship was explored
earlier by Sanders and the argument below is based on [San].

Definition 14 Let I' be a subgroup of Isom(X). We define

5(I) == lim —IOgNIéR’ P)

R—o0

where

Nr(R,P) = |{y €T : d(P,vP) < R}|.

The number §(I") is independent of P € X and is a measure of the dynamical
complexity of the group I'.

12



Definition 15 Let I" be a subgroup of Isom(X). The limit set Ap of T
is the set of accumulation point of I'-orbits of a fixed point P € X in the
visual boundary 0,,X. Equivalently, Ar is the smallest non-empty, closed
I-invariant subset of 0,,X.

Theorem 16 ( [Co]) IfI" C Isom(X) is a discrete, conver cocompact sub-

group, then

The Hausdorff dimension is computed using any of the Gromov metrics on
Oso X .

Definition 17 The volume entropy of a smooth Riemannian metric G° on
S is
1 loo (BS’
e(GU) = lim OgVOG ( R (I))
R—o0 R

where B$”(z) is the geodesic ball of radius R centered at . The existence
of the limit in Definition 17 is proven in [Manl] Section 2.

Remark 18 For s > 0 and 2,y € S, the critical exponent for the Poincaré

series
Prlay)= 3 eere

yemL(S)
is (cf. [Co] Proposition 5.3)
log Ng?s)(R, x) - log#{y €T : dgo(yx,x) < R}‘

R 7

On the other hand, for (S,G,) as in Lemma 13, [Kn] Theorem 5.1 and
Corollary 5.2 shows that the Poincaré series P*(x,y) converges for s > e(G7)
and diverges for s < e(G7). In particular, we observe that

log N (R, =
6(GJ):]%LH;O & 7r1g)( )

(16)

Theorem 19 ( [Man1]) For a smooth Riemannian metric G on S,
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where hy,p, is the topological entropy of the geodesic flow with respect to the
Liouville measure. Moreover,

Ge Go
Koo < o W S
o <0 = h“’p(vchU(S)) e(v()zGa(S))

where Kgo is the Gauss curvature of the smooth metric G°.

Theorem 20 ( [Man2]) For a smooth Riemannian metric G° on S,

1
Iy ——— _K (Td g < hLG
w/v()zGU(S)/S Vo hartier = Te

where hk. is the metric entropy of the geodesic flow with respect to Liouwville
measure.

Lemma 21 If G is the pullback metric on S associated to a p-equivariant
conformal harmonic map @ : H> — X and G°, Kgo are as in Lemma 13,

then
% lGG( / V l(G 12%¢; 11117-/, IXF)

PROOF. Since G is a smooth metric of negative Gaussian curvature on

5,
/ V—Kegoduge < h&. (by Theorem 20, [Man2])
VOlGo‘

< h & (by the variational principle)
=~ top VOZGG (S) Yy p p
= e & (by Theorem 19, [Manl])
— Vol (9) Y ’
= /Volg-(S)e(G7).

Thus,

/ vV _KGUdILLGU < 6 GU (17)

VOlGa

Fix z € S. Recall that
N¢ 1(5 (R,z) :=={y € m(9) : dgo(z,72) < R}.

™
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Using the fact that G is the pullback metric of @ together with Lemma 13
assertion (i7i), we conclude

Thus, letting I' = p(m(.5)), we have

Nii(s) (R @) < Ny (R, ().

1

Take logarithm, divide by R and let R — oo in the above inequality. We
then obtain e¢(G“) on the left hand side by (16). On the right hand side,
apply Theorem 16 to obtain

Ny sy (R, ,
lim —& 1<S>>}<z U) _ 1) = dimg(Ar).

R—o0

We thus obtain

(G7) < dim(Ar). (18)
Combining (17) and (18) yields

1 /=
—/ —KGGd[LGU S dlm'H(AF)
S

VOZGG (S)

5 Proof of Theorem 1

PROOF OF THEOREM 1. Let A be the conformal factor of @, G = \(dx?+dy?)
as in Definition 12 and G as in Lemma 21. By Lemma 21 and the assumption
that dimy(Ar) = 1, we have

/ \ —KGcrd[LGo S VOZG’J(S)
S

Since Kgo < —1, we thus conclude Kgo = —1. By Lemma 13 (ii), G is the
hyperbolic metric h.

For any p € S, identify p = 0 via normal coordinates and let (r,6) be
polar coordinates. For R > 0, define ¢ : Bgr(p) — X by setting

o(r,0) = (1 —r)a(p) + ra(1,0)

15



where, using a common notation in NPC geometry, the sum on the right hand
side denotes the geodesic interpolation. In other words, ¢ maps geodesics
emanating from p to geodesics emanating from u(p). Therefore,

o6 |? _ _
a_jf = &(a(1,0), a(p)) < d%((1,0).p). (19)
We next claim that
811 2 . d2 ((T79)7<T+679))
A — .

Indeed, since G is equal to the hyperbolic metric h and (r, ) are polar coor-
dinates for h

2 r4+e 2
lim de((r,6), gr +¢.6)) = lim (1 / VA(s, Q)ds)
e—0 € =0 \ € J,
o
= Ar,0) = a (r,0)

the last equality being because @ is conformal. On the other hand, again
since (r,#) are polar coordinates for h = G

lim dz((r,0),(r +¢,0))

_ 2
50 €2 - dG’((17 8),27) (21>
Combining equalities (19), (20) and (21) we obtain
06| ou |”
- < | Z= .
Sl o< |5 oo @)

Furthermore,

d(¢(1791)7 ¢(1a92)) = d(u(1791)>u(1792)) < dG((LQl)» (1792))'

Since we have shown that G is the hyperbolic metic, the CAT(-1) condition
implies that
d(gb(’f’, 91)7 ¢(’I“, 92)) < dG’((rv el)a (7", 92))

Thus,
oo’ d2(¢(r,0), ¢(r,0
‘ ] N G RAAR))
~ 12
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Notice that the derivation of the last equality is similar to that of (20). Thus
(22) and (23) imply that E® < E% but since @ is energy minimizing ¢ = .
Therefore, u maps radial lines emanating from p to geodesics. Since p is an
arbitrary point in S, this proves @ is totally geodesic. Q.E.D.
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