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PLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL TO 1

Question 1. [30 points] Do the following:

(a)

(b)

2
. e e+ 1
Find the general antiderivative of f(r) = ———-.
z(z? —1)
Strategy: Here, a straightforward substitution, viewing the numerator as the derivative of the denominator,

will not work. Hence, we will utilize a Partial Fraction decomposition of the rational function integrand to write
it as a sum of three degree-1 proper rational functions. Then we will integrate to find the anti-derivative.

Solution: Using the formula for writing this rational function as a sum of lower degree rational functions,
we get
z? 41 z2 41 A B C

:v(acQ—l)iac(:v—l)(;r—i—l):; z—1 z+1’
where each of A, B, and C are constants. Since the left-hand side must be equal to the write hand side, we can

re-combine the fractions on the right-hand side to determine the values of the unknown constants. Indeed,
z2 41 A B C  A@?-1) Bz(z + 1) Cx(x—1)

z(z2-1) z z—-1 241 =z@@2-1) z@-1)@+1) zz—-1+1)
 Az? — A4 Ba?+ Bz 4+ Ca2? —Cax  (A4+B+C)2?+ (B—C)z + (—A)
B z(z2 — 1) B z(z2 — 1) ’
Again, the denominators must be equal. Hence the numerators must be equal. Hence ecach coefficient on each
side must be equal. This gives us three equations in three unknowns:

A+B+C=1, B-C=0, —-A=1.
This is easily solved by A = —1, B=C = 1. Hence
22 +1 1 1 1

z@22-1) = z-1 z+4+1’

Thus

22 41 1 1 1 1 1 1
Y de=— [ =d d d
/ac(:vQ—l) /( ac+ac—1+:v+1) * /:v x+/ax—l x+/;v+1 *

=—In|z|+Injz—1|+In|z+ 1|+ K,

where K is simply the constant of integration (we already used a C' above).

Calculate

dx
222 — 4
Strategy: Due to the quadratic polynomial under the radical in the integrand, we will use an inverse
trigonometric substitution to solve for the anti-derivative.

Solution: Knowing that tan? @ = sec? —1, we use the substitution = 2sec 0, dz = 2tan 6 sec §, and we have

dx 2 tan 0 sec 6 2 tan 0 sec 0
= o= | —— - db.
z2vVz? — 4 4sec? 0v/4dsec? 0 — 4 4sec? 0]2tan 0|
Now since we have no interval on which to integrate, the absolute value signs are meaningless (we can effectively
“choose” an interval where tan 0 is positive), after cancelations, we get

dzx 1 1 1 1
- do = = 6df = —sinf + C.
/12\/90274 4/sec6’ 4/cos 4Sln +

We are not done yet, since the antiderivative we are seeking is a function of z and not . We will need to write
sinf in terms of z, and will employ a triangle to do this: Since z = 2secf, we see that 2 = cosd. Thus the
opposite side of a right triangle (side opposite to an angle theta) whose hypotenuse is x and whose adjacent side

is 2 is v/22 — 4. Thus sinf = 7"93574. The final answer is then

/ dx Va2 -4
2v/x2 —4  dx

Check his by differentiating the last expression to recover the integrand!



2 PLEASE SHOW ALL WORK, EXPLAIN YOUR REASONS, AND STATE ALL THEOREMS YOU APPEAL TO

Question 2. [15 points] Find the value of /4 tan® 0 sec* 6 df.

s
4

Strategy: We use a standard trigonometric substitution and an identity to rewrite the integrand as a polynomial
in one variable. Then we anti-differentiate.

Solution: First, note that the identity tan2 6 + 1 = sec? 6 will be quite useful here. Using this, and stripping
off a piece of the secant part, we get

/‘: tan® @ sect 0 do = /i tan® @ sec? 0 sec? 0 do = /i tan® 0(tan? 6 4 1) sec? 0 d6.
4 4 4
Now, use the substitution u = tan 6, du = sec? 6 df, where when 6 = — 71, = tan (72) = —1, and when 0 = 7,
T = tan (%) = 1. Then we get

A

/4 ‘can59sec49d9:/4

just —
4

tan® O(tan? 0 + 1) sec? 0 do

s
4

1 1 -
:/ u5(u2+1)du:/ (W +u’)du=— + —
-1 -1 8 6

[=2]
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Question 3. [15 points] Solve the following first-order Initial Value Problem:
2y — 2P = 2xy, y(1) =2.

Strategy: This is a linear, first order differential equation. We solve it by first calculating the integrating
factor, multiplying the entire equation by the integrating factor, then integrating. We finish by solving for the
unknown function.

Solution: To start, we manipulate the ODE to see if it is linear by placing it in standard form:
22y’ — 2%e® = 2y
22y’ — 2zy = a%e®

1
- :v2y'—2;ry::v e
x

y — —y=zx"e”.
T

This gives us an integrating factor that uses the linear term —% (this is our P(z) in the standard form ¢’ + P(z)y =
Q(z).) Thus the integrating factor is:

efP(a:)dz :ef(—%)dx :e—Qf%dx — 672111\17\ — eln\z\_2 — 2 = i
2
x

Multiplying through, we get

1 2
o |:y/77y — 13€z:|

2 x
1, 2 .
- = ze
2y T Y

d[1
pr {;y} = ze”.

(In the last equation, we understand that the whole idea behind the integrating factor is that the resulting left-hand
side is not the total derivative of a product, and we can write it that way.)
Now, integrating each side with respect to x, we get

[(E 1) e fore

1 x
—y = [ ze¥dx
22 Y /

=(z—1)e" +C.
We can now solve for the unknown function y(z), and get
y(z) = 2?(x — 1)e® + Ca.
Finally, using the initial data, at the point (1,2), we see that
2=y(1) = (1)?(1 - e +C(1)=C
so that C' = 2 and our particular solution to the IVP is
y(x) = 22 (x — 1)e® + 222
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Question 4. [20 points] For the parameterization

do the following:

(a)

(b)

at

x(t) =2t +2 — wsint ol
y(t) =1+ 7mcost,

-3 -2 -1 /f 2 ‘3\4

Find the equations of all tangent lines to the curve at the point (2,1).

Strategy: We calculate the values of the parameter ¢ which correspond to the point (z,y) = (2,1). Then we
use the parameter form of the equation for the slope of tangent lines to a parameterized curve to find the slopes
of the tangent lines. The point-slope formula can then be written out explicitly for the equations of the tangent
lines.

Solution: First, note that the values of ¢ for which the curve is at the point (2,1) in the zy-plane must
satisfy

2=ux(t) =2t +2—7sint

1=y(t) =1+ wcost.
Solving the second, we get y(t) = 1, when cost = 0. This is true when t = (2n 4 1)%, for n € Z (basically
an ODD integer multiple of 7). However, to simultancously solve z(t) = 2, we would need 0 = 2t — wsint, or
t = T sint. While this may be hard in general to solve, we only need to check it at the solutions we found for

y(t) = 1. Solving, we only find two places where both equations are solved by the same values for t: ¢ = i%.
The slope of the tangent line to the curve at t = tg is given in parametric form by

(%’ % [1+ 7 cost] )
@ — t=to _ t=to, _ —sintg
dx . 2 —mcosty
(@(to).w(to)) % 42t +2 — 7sint] 0
t=to t=tg

Evaluating at the two values of ¢ we found that correspond to (2, 1), we find

dy

dy
dx

dx

M|

(=(5)u(%)) (=(=%)w(-3%))

Hence our two tangent lines to the parameterized curve at the point (2,1) are

y—l:—g(ax—Q), and y—l:g(a}—Q).

Other than the point at the top of the loop, find the (z,y)-coordinates of a point on the curve
where the tangent is horizontal (you cannot see it in the window for the graph provided).

Strategy: We calculate all values for ¢t where the slope of the tangent line is zero, and evaluate the (z,y)
coordinates for any of them that does NOT correspond to the top of the loop in the picture.
Solution: We solve the equation for ¢ given by

dy _ —sint

2 —mcost

ICIORTO)
Really, we just need the condition that the numerator — sin¢ = 0, while ensuring that the denominator 2 —m cost
is not equal to zero at those places. We find that the numerator is zero when ¢ = nw for n € Z. And the
denominator is NEVER zero at these points (it is either 2 — 7 or 2 + 7 here).
6Going back to the original equations, we find that if we choose ¢t = 0, we get z(0) = 2, and y(0) =1 + 7. But
this IS the top of the loop, so we discard this one. Choose any other integer value of n, in t = nw and we are
good. For t = 7, we get (z(w),y(w)) = (2 + 2,1 —7), for example. Incidentally, here is a more complete picture
of the parameterized curve. See the zero-tangent places?

N

-15 -1 -5 5 10 15\
/ b\/z{
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Question 5. [20 points] Given the parameterization z(t) = $t> — 1 and y(t) = 3 — 4¢3 for t € R, do the

following: 5

(a)

(b)

Calculate the total arc-length of the curve
from t = 0 to t = /3. 3t

Strategy: We use the parameterized curve version
of the arc-length formula to directly calculate the quantity.

Solution: The arc-length L for a parameterized curve
on the interval t € [a,b] is

2 1 1\ 2
_l—

Since #/(t) =t and /() = 2, we get

V3 V3 V3 V3
= t2+t2 dt:/ t2+t4dt.=/ t2t+t2 dt:/ t t+t2dt.
/O Jors@a= [T e ma= [T

(The interval of integration is non-negative, hence we can pull out the #? from the radical as simply a positive
t.) Now, with the substitution u = 1 4 ¢2, du = 2t dt, (Note: we can also use the substitution u = tant here. It
will work), where when ¢t = 0, u = 1, and where t = /3, u = 4, we get

V3 41 172 o\ |
L:/ t\/t+t2dt:/ 5\/Edu:—(§ué)
0 1

2
0

1 3 1
= Z(4)2 — =
3() 3

Find the area between the curve and the z-axis from ¢t = 0 to t = 2.

Strategy: We present two ways to find this area A: via the parameterizations, and by eliminating the
parameter and recovering the zy-equation defining the curve.

Solution 1: First, note that from t = 0 to t = 0, we start at the corner in the graph and move down along
the lower piece. Thus, y can be written as a function of x here, and finding the area under the curve can involve
reconstructing the function y = f(x) by eliminating ¢. Hence we start this way. Since z = %tQ — 1, we can solve

for t and get t = v/2z 4+ 2. Thus
1 1 1 :
y(t):3—§t37 and y(ac):?)—g(\/238—}—2)3:3—5(233—}—2)%.

The area A between this curve and the z-axis is then found by standard integration by noting the limits as the
z-values of the curve for ¢ € [0,2]. These are z(0) = —1 and z(2) = 1. So

1 1 3 1 1 1 3 1 1 3
A:/ 3——(2z+2)2 d;r:/ 3d;r——/ (2x+2)2d:v:6——/ (22 +2)2 dux.
) 3 . 3/, 3/,

We make a simple substitution (not necessary if you can “see” it) v = 2z + 2, du = 2z dx, and when z = —1,
u =0 and when z =1, u = 4. We get

4 5
1/t 1/1 4 1/2 42 32
A:677/ (2:t+2)%dx=677(7)/u%duzﬁff(fu%) —6- - =62,
3/ 3\2/ /o 6 \5 o 15 15

Solution 2: The version of area under a curve when y can be written as a function of x for a parameterized
curve on t € [a, b] is given by

z(b) b 2 1 2 1
A= ydx =/ y()z' (t) dt = / (3 - —t3) tdt =/ (3t - —t4) dt.
z(a) a 0 3 0 3

We integrate directly to get

2
2 1 3 1 3 1 32
A:/ (3t—§t4) dt:<§t2—1—5t5) :5(2)2—1—5(2)5:6—5.
Y 0
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Possibly helpful formulae

1 1
sin28:§—500820 .COS2GZ§+§COSQG
e sin?0 4 cos’h =1 o tan’f + 1 = sec?
e sin 20 = 2 cosfsin O e cos20 = cos? 6 — sin? 0
sin (—0) = —sin @ e cos (—0) = cosf
in Acos B = + [sin(A — B) + sin(A + B)| 4 an(@)] = —
° = - — o — |tan” (xz)| =
sin A cos 5 sin sin = T2
0 sin 6 cos tan @
0 0 1 0
m 1 V3 1
6 2 2 V3
T V2 V2 1
4 2 2
T \/§ 1
3 2 2 \/g
5 1 0 -




