EXAMPLE: PROBLEM 3.6.17 OF THE TEXT

110.302 DIFFERENTIAL EQUATIONS
PROFESSOR RICHARD BROWN

Problem. Find the general solution to
22y —3zy' + 4y =2 Inz, x>0,

given that y(x) = z? and y5(7) = 2? In z form a fundamental set of solutions
to the homogeneous version x%y” — 3y’ + 4y = 0.

Strategy. We use the method of Variation of Parameters with Y (z) = u1(z)z% + uz(z)z? Inz. To
do this, we will need to place the ODE in its standard form to retrieve the non-homogeneous part,
g(t). Here, the standard form is y” — 2¢/ + I%y =Inz. So g(z) =Inz.

Solution. With the assumed form for Y (z), we get the system

uhz? + uhrilnz =0 or i +ublnz =0 (1)

w2z + uh(2zInx + x) = Inx or 2u’1+u/2(1+21nm):h17x. (2)

Using the simplified system at right, we multiply Equation 1 by —2 and add to Equation 2 and get
uy (—2lnz+1+2lnz) = ID%, or uh = hl%, SO ug = %(lnaz)Q.

Substituting this back into Equation 1, we get

1 In x)? 1
u’1+u’21naﬁ—0—u’1+<nx>lnx, oru’lz_(i 3
xr

Thus our particular solution to the ODE is
Y(z) = ur(2)yi(z) + ua(x)y2 ()
1 1
= —g(ln z)3x? + 5(1111‘)2.%2 Inx

1
= éxQ(ln z)3.

And our general solution to the ODE is

1
y(x) = c1a® + cox*Inz + éxQ(ln )3,
We can also have done this directly using the integrals constructed in the book. To see this, first
we calculate the Wronskian of the two homogeneous solutions:

22 2?lnz

2¢ 2zlnx +x

3

Wy, y2) = W(z% 2% Inz) = =22%Inz + 23 — 223 Inz = 23,

which is never zero on the interval x > 0.
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Then

Ul (37) = 23

W(ylu y2)

x)_/ylgdw__/zln:c
W(y17y2)

The rest of the result follows.

and

Y9 _/ (z?Inz)(Inx) J

T = —/ (hl;)Q dx =

1
—g(lnx)?’,

1
/de_

(Inz)?.



